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Abstract. Let k be a perfect field of characteristic p > 3. We classify p-
divisible groups over regular local rings of the form W (k)[[ty, ..., ¢, u]]/(u®+
pbe_1ut" 4. ..+ pbiu+pby), where by, ..., b._1 € W(k)|[[t1, ..., t,]] and by is
an invertible element. This classification was in the case r = 0 conjectured
by Breuil and proved by Kisin.
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1 Introduction

Let p € N be an odd prime. Let k be a perfect field of characteristic p. Let
W (k) be the ring of Witt vectors with coefficients in k. Let r € NU{0}. We
consider the ring of formal power series

S == W(k)[[t1, ..., tr,u]].
We extend the Frobenius endomorphism o of W (k) to & by the rules
o(t;)) =t and o(u) =uP. (1)
If M is a G-module we define
M =6 ®,s M.
Let e € N. Let

E(u) = uf + Ge_u® ' 4+ -+ agu+ ag
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be a polynomial with coefficients in W (k)[[t1, ..., t,]] such that p divides q;
for all i € {0,...,e — 1} and moreover ao/p is a unit in W (k)|[[t1,...,¢]].
We define
R:= G/EG;

it is a regular local ring of dimension r+1 with parameter system ¢y, ..., t,, u.
The following notion was introduced in [B] for the case r = 0.

Definition 1 A Breuil window relative to & — R is a pair (Q, ¢), where Q
is a free G-module of finite rank and where ¢ : Q — Q') is a S-linear map
whose cokernel is annihilated by E.
As ¢[£] : Q[1] — Q[L] is a S[+]-linear epimorphism between free &[+]-
modules of the same finite rank, it is an injection. This implies that ¢ itself
is an injection. We check that C' := Coker(¢) is a free R-module. For this,
we can assume that C' # 0 and thus that the &-module C' has projective
dimension 1. Since G is a regular ring, we have depth C' = dim 6—1 = dim R.
As C has the same depth viewed as an R-module or as a &-module, we
conclude that C'is a free R-module.

The goal of the paper is to prove the following result whose validity is
suggested by previous works of Breuil and Kisin (see [B] and [K]).

Theorem 1 The category of p-divisible groups over R is equivalent to the
category of Breuil windows relative to & — R.

This theorem was proved by Kisin [K] in the case » = 0. We prove the gen-
eralization by a new method which uses the theory of windows and displays
developed in [Z1], [Z2], and [Z3]. One can easily get a version of Theorem 1
for p = 2, provided one restricts to connected p-divisible groups over R and
to “connected” Breuil windows relative to & — R. One can view Theorem 1
as a ramified analogue of Faltings deformation theory over rings of the form
W (k)[[t1,-..,t;]] (see [F, Thm. 10]). The importance of Theorem 1 stems
from its potential applications to modular and moduli properties and aspects
of Shimura varieties of Hodge type (see [VZ] for applications with r = 1).

As in the case r = 0 (see [K]), Theorem 1 implies a classification of finite
flat, commutative group schemes of p power order over R.

Definition 2 A Breuil module relative to & — R is a pair (M, ), where
M s a G-module of projective dimension at most one and annihilated by a
power of p and where ¢ : M — M) is a S-linear map whose cokernel is
annihilated by E.



Theorem 2 The category of finite flat, commutative group schemes of p
power order over R is equivalent to the category of Breuil modules relative to
G — R.

The first author would like to thank MPI Bonn, Binghamton University,
and Bielefeld University for good conditions to work on the paper. The
second author would like to thank Eike Lau for helpful discussions.

2 Breuil windows modulo powers of u

We need a slight variant of Breuil windows, which was also considered by
Kisin in his proof of Theorem 1 for r = 0.

For a € N we define &, := &/(u); it is a p-adic ring without p-torsion.
Clearly E is not a zero divisor in &,. The Frobenius endomorphism ¢ of &
induces naturally a Frobenius endomorphism o of G,,.

We write

E = E(u) = u® + pe, (2)

where € := (a._1/p)u¢t + ...+ (a1/p)u+ (ag/p) is a unit in &. As u® and
p®(—e€)® are congruent modulo the ideal (E), we have identities

S./(E) =6/(E,p*) = R/p"R.

Definition 3 A Breuil window relative to S, — R/p*R (or over &,) is a
pair (Q, ¢), where Q is a free S,-module of finite rank and where ¢ : QQ —
Q') is a S-linear map whose cokernel is annihilated by E and is a free

R/p*R-module.

We will call this shortly a &,-window. To avoid cases, we define &, := & and
R/p>®R := R and we will allow a to be co. Thus from now on a € NU {oc}.
We note down that a &,-window will be a Breuil window relative to & — R.
Next we relate &,-windows to the windows introduced in [Z3].

We consider triples of the form (P, Q, F'), where P is a free G,-module
of finite rank, @) is a &,-submodule of P, and F': P — P is a o-linear map,
such that the following two properties hold:

(i) E-P C Q and P/Q is a free R/p®R-module.

(ii) F(Q) C o(F) - P and F(Q) generates o(F) - P as a &,-module.
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As o(F) is not a zero divisor in &,, we can define F} := (1/0(FE))F : Q — P.
Any triple (P, Q, F) has a normal decomposition. This means that there
exist &,-submodules J and L of P such that we have:

P=J®L and Q=F-J®L. (3)
This decomposition shows that @ is a free &,-module. The map
FeoF :J®L—P (4)

is a o-linear isomorphism. A normal decomposition of (P, @), F') is not unique.

If Pis a free G,-module of finite rank and if P = L & J is a direct
sum decomposition, then each arbitrary o-linear isomorphism JoL — P
defines naturally a triple (P, Q, F) as above. We can often identify the triple
(]5, Q,F ) with an invertible matrix with coefficients in &, which is a matrix
representation of the o-linear isomorphism J & L — P. Each triple (P, Q, F)
is isomorphic to a triple constructed as (P, Q, F).

Lemma 1 The category of triples (P,Q,F) as above is equivalent to the
category of G,-windows.

Proof: Assume we are given a triple (P, @, F'). By definition F} induces a
G-linear epimorphism

FIQ9=6,0,s, Q— P (5)

Due to the existence of normal decomposition of (P,Q, F'), @ is a free &-
module of the same rank as P. Therefore Flii is in fact an isomorphism. To
the triple (P, Q, F) we associate the &,-window (Q, ¢), where

6:Q— Q)

is the composite of the inclusion () C P with (Flu)*l.

Conversely assume that we are given a 6,-window (@, ¢). We set P :=
Q'?) and we consider @ as a submodule of P via ¢. We denote by F} : Q —
P the o-linear map which induces the identity Q) = P. Finally we set
F(z) := Fi(Ex) for x € P. Then (P,Q, F) is a triple as above. O

Henceforth we will not distinguish between triples and windows i.e., we
will identify (Q,¢) = (P,Q, F). We can describe a normal decomposition
directly in terms of (Q,¢). Indeed, we can identify @ with J @& L via
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(1/E)id; @idy. Then a normal decomposition of (Q, ¢) is a direct sum de-
composition @ = J @ L which induces a normal decomposition P = Q(?) =
(1/E)o(J) @ ¢(L). If a € N, then each S,-window lifts to a &,,1-window
(this is so as each invertible matrix with coefficients in &, lifts to an invertible
matrix with coefficients in S,41).

3 The p-divisible group of a Breuil window

We relate &,-windows to Dieudonné displays over R/p®R as defined in [Z2],
Definition 1. Let S be a complete local ring with residue field £ and maximal
ideal n. We denote by W (n) the subring of all Witt vectors in W (n) whose
components converge to zero in the n-adic topology. From [Z2], Lemma 2
we get that there exists a unique subring W(S) C W(S), which is invariant
under the Frobenius F' and Verschiebung V' endomorphisms of W (S) and
which sits in a short exact sequence:

0— W(n) — W(S) — W(k) — 0.

It is shown in [Z2] that the category of p-divisible groups over S is equivalent
to the category of Dieudonné displays over W(.S).
For a € NU {oo} there exists a unique homomorphism

b0 6, — W(S,) (6)

such that for all x € &, and for all n € N we have w,(d,(z)) = " (2)
(here w,, is the n-th Witt polynomial). It maps t; — [t;| = (¢;,0,0,...)
and u +— [u] = (u,0,0,...). If we compose 6§, with the canonical W (k)-
homomorphism W (&,) — W (R/p*R) we obtain a W (k)-homomorphism

s, S, — W(R/p"R). (7)

We note that p is not a zero divisor in W (R).

Lemma 2 The element s (0(E)) € W (R) is divisible by p and the fraction
T = s (0(E))/p is a unit W(R).

Proof: We have »(E) € }/W(R) Since 7, is equivariant with respect to
o and the Frobenius F' of W(R) we get:

s (0(E)) = F(50(E)) € pW(R).
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We have to verify that wo(7) is a unit in R. We have:

Wo(T) = Wo(%x(0(E)))/p = o (E) /p.
As p > 3, the last element is clearly a unit in R. 0]
For a € NU {oo} we will define a functor:

S, — windows — Dieudonné Displays over R/p®R. (8)

Let (Q,¢) = (P,Q,F) be a G,~-window. Let F; : Q — P be as in Section
2. To (P,Q,F) we will associate a Dieudonné display (P’,Q’, F’, F]) over
R/p*R. Let P':= W (R/p"R) ®y,.s, P. Let Q' be the kernel of the natural
W (R/p"R)-linear epimorphism:

P'=W(R/p*R) ®n,.s, P — P/Q.

We define F' : P’ — P’ as the canonical F-linear extension of F. We define
F|: Q" — P’ by the rules:

Fi¢®y) = "¢oTR(y), forée W(R/pR), y€Q
Fl(V¢wr) = E® F(x), for{ € W(R/p*R), x € P.

Using a normal decomposition of (P,Q, F'), one checks that (P',Q’, F', F})
is a Dieudonné display over R/p®R.

Since the category of Dieudonné displays over R/p®R is equivalent to the
category of p-divisible groups over R/p®R (see [Z2]) we obtain from (8) a
functor

S, — windows — p — divisible groups over R/p®R. 9)

This functor is faithful because (8) is. In particular, for the p-divisible group
G associated to (@, ¢) = (P, Q, F') we have identifications of R/p®R-modules

Lie(G) = P'/Q" = P/Q = Coker(¢). (10)

In &, the elements F and p differ by a unit. Therefore the notion of
a Si-window is the same as that of a Dieudonné &;-window over R/pR
introduced in [Z3], Definition 2. By Theorem 6 (or 3.2) of loc. cit. we get
that the functor (9) is an equivalence of categories in the case a = 1. We
would like to mention that the contravariant analogue of this equivalence for
a = 1 also follows from [dJ], Theorem of Introduction and Proposition 7.1.
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Lemma 3 For each integer a > 1 the functors (8) and (9) are essentially
surjective on objects.

Proof: We prove the Lemma by induction on a € N. We already argued that
this is true for a = 1. The inductive passage from a to a + 1 goes as follows.
It suffices to consider the case of the functor (8).

Let P = (P',Q',F',F!) be a Dieudonné display over R/p*t'R. We
denote by P = (P, Q’, F', F]) its reduction over R/p®R. Then we find by
induction a S,-window P which is mapped to P’ by the functor (8). We lift
73 to a G4y 1-window P =(Q,0) = (P,Q,F), cf. end of Subsection 2. Let

: Q — P be obtained from F as in Subsection 2.

We apply to P the functor (8) and we obtain a Dieudonné display P” =

(P",Q", F", F!") over R/p**'R. By [Z2], Theorem 3 we can identify

(P/7 F/’ (I)l) _ (W(R/pa+1R) ®Ha+1,6a+1 ]5 _ ]5//7 F//’ (I)1>‘ (11>

Here ®; : )/ — P’ is a Frobenius linear map from the inverse image Q' of Q'

in P’ = P” which extends both F! and F! and which satisfies the identity

®,([p*]P") = 0 (this identity is due to the fact that we use the trivial divided

power structure on the kernel of the epimorphism R/p*™'R — R/p*R).
The composite map:

Ol p_p P
coincides with the composite map

Q-

We define Q* C P as the i inverse image of the natural map PP / Q
deduced from the identity P’ = W(R/p**'R) ®y,,,.&.,, P- The images of
Q and Q* by the canonical map P — P are the same. Therefore for each
y* e Q there ex1sts an y € Q such that we have y* = y 4+ u®z for some
z € P. Since F(u®zx) = 0 we conclude that F(y*) = F(y) € o(E) - P. This
proves that P* = (P, Q* F ) is a 6,4 1-window which lifts the &,-window P.
Let F : Q* — P be obtained from F' as in Subsection 2.

We claim that the image of P* via the functor (8) coincides with the
Dieudonné display P’. For this we have to show that the composite map

~. Fr ~

Q* p P 7, p/7



coincides with the composite map
Q* _ Q/ ﬂ) P/.

This follows again from the decomposition y* = y + u*“x and the facts that:
(i) we have F¥(y*) = Fi(y) (as we have F(y*) = F(y)) and (ii) the image of
u®“x in Q’ is mapped to zero by ®;. We conclude that P’ is in the essential
image of the functor (8). This ends the induction. O

4 Extending morphisms between G-windows

In this Section we prove an extension result for an isomorphism between G;-
windows. We begin by considering for a € NU {oco} an extra W (k)-algebra:

7o = S[[v]]/(pv — v, v")

with the convention that v := 0. In 7, we have £ = p(v + €) and thus the
elements p and F differ by a unit. We have an isomorphism:

To/pTa = (R/pR)[[V]]/ ().

We extend the Frobenius endomorphism ¢ to 7, by the rule:
o(v) = usP Yy,

By very definitions we can identify 7; = &; = &/(u).
We note that the endomorphism ¢ on 7 no longer induces the Frobenius
modulo p. But the notion of a window over 7, still makes sense as follows.

Definition 4 A window over 71, is a quadruple (P,Q, F, Fy), where P is a
free T,-module, Q is a T,-submodule of P such that P/Q is a free 1,/p7,-
module, ' : P — P is a o-linear endomorphism, and F; : ) — P is a
o-linear map whose linearization Ff - Q%) — P is surjective and for which
we have F(y) = pFi(y) for ally € Q.

As usual, Ff is an isomorphism and by composing the inclusion ) C P
with (F?)~! we obtain a 7,-linear map

6:Q— Q)

whose cokernel is a free 7, /pZ,-module.
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Proposition 1 Let (@1, ¢1u) and (Qz, ¢2) be two Breuil windows relative to
S — R. Let (Q1,¢1) and (Q2, ¢2) be the &y -windows which are the reduction
modulo u® of (Q1,¢1) and (Qa, P2) (respectively). Let & : Q1 — Q2 be an iso-

morphism of wmdows relative to &, — R/pR i.e., a &;-linear isomorphism
such that we have ¢y 0 & = (1® &) o ¢y.
Then there exists a unique isomorphism

a:TRsQ — 7T s Qs

which commutes in the natural sense with ¢1 and ¢o and which lifts & with
respect to the &-epimorphism T — &4 that maps v to 0.

Proof: We choose a normal decomposition Q1 = L& J. Applying &
we obtain a normal decomposition Q2 = L2 &b JQ We lift these normal
decompositions to &:

Oh=L®L and Q2= Jo @ Lo.

We find an isomorphism 7 : Q1 — @2 which lifts & and such that y(L;) = Ly
and v(J;) = Jo. We identify the modules ()1 and @)y via v and we write:

Q=Q1=Q2, J=J1=Jy, L=1L=Lo.

We choose a S-basis {e1,...,eq} for J and a G-basis {€gy1,. ...} for
L. Then {1®ey,...,1®e,} is a &-basis for Q). For i € {1,2} we write
b Q— Q) asa matrlx with respect to the mentloned G-bases. It follows
from the properties of a normal decomposition that this matrix has the form:

E-I; 0
Ai( 0 10)7

where A; and A, are invertible matrices in GL,(S) and where ¢ := r — d.
By the construction of 7, the G-linear maps ¢; and ¢, coincide modulo (u).
From this and the fact that £ modulo (u®) is a non-zero divisor of &/(u®),
we get that we can write

(AQ)_lAl = IT + ueZ, (12)
where Z € M,(6). We set

([ E-I; 0
o (B 0.



To find the isomorphism « is the same as to find a matrix X € GL,.(7T)
which solves the equation

and whose reduction modulo the ideal (v) of 7 is the matrix representation
of & i.e., it is the identity matrix. Therefore we set:

X =1 +vY (14)

for a matrix Y € M, (7).
As E/p = v + € is a unit of 7, the matrix pC~! has coefficients in 7.
From the equations (13) and (14) we obtain the equation:

p(I, +vY) = pC A NI, + o(v)a(Y)) A C.
We insert (12) in this equation. With the notation D := pC~'ZC we find:
uY = uD + (u®?/p)pC~ Ay o (V) A, C.
Since u° is not a zero divisor in 7 we can write:
Y — (u® Y /p)pC~t Ay o (V)AL C = D. (15)
We have (u“?~Y /p) = vu*®~2). Thus the o-linear operator
T(Y) = (u®V/p)ypC~ 1Ay o (Y)AC

on the 7-module M, (7) is topologically nilpotent. Therefore the equation
(15) has a unique solution Y = > > W(D) € M, (7). Therefore X =

I, +vY € GL,(T) exists and is uniquely determined. O

5 Proof of Theorem 1

In this Section we prove Theorem 1. In Section 3 we constructed a functor
(see (9) for the case a = o0)

Breuil windows relative to & — R —  p — divisible groups over R (16)

which is faithful and which (cf. Lemma 3 applied with a € N going to oo)
is essentially surjective on objects. Thus to end the proof of Theorem 1, it
suffices to show that this functor is essentially surjective on isomorphisms
(equivalently, on morphisms). This will be proved in Lemma 4 below. For
the proof of Lemma 4, until the end we take a € N and we will begin by first
listing some basic properties of the rings &, and %,.
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5.1 On G, and %,

There exists a canonical homomorphism
S, — R/p"R

whose kernel is the principal ideal of &, generated by E modulo (u®¢). Let
SaC 6, 2Q

be the subring generated by all elements u"¢/n! over &, with n € {0,...,a}.
Then S, is a p-adic ring without p-torsion. There exists a commutative
diagram

Ga

| N

S, — R/p"“R,

where v(a) := inf{ord,(£;)| for n > a}. With the notation of (2), the hori-
zontal homomorphism maps u"¢/n! to (p™/n!)(—e€)". By [Z3], Theorem 6 or
3.2, the epimorphism S, — R/p"@R is a frame which classifies p-divisible
groups over R/p"® R. In what follows, by a S,-window we mean a Dieudonné
S,-window over R/p"(¥ R in the sense of [Z3], Definition 2.

Both S, and 7, are subrings of &, ® Q. Because of the identity

N AN
n! n! \p n!

we have an inclusion of W (k)-algebras:

S, C1,.
The Frobenius endomorphism ¢ of & induces a homomorphism
S, — 6.

It maps the subalgebra 7, C 6, ® Q to S,y C &,, ® Q. We denote this
homomorphism by
Ta 1o — Spa.
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Lemma 4 Let (Q1, ¢1) and (Qa, ¢2) be two Breuil windows relative to & —
R. Let Gy and Gy be the corresponding p-divisible groups over R, cf. the
functor (16). Let v : Gy — Gy be an isomorphism. Then there exists a
unique homomorphism (automatically isomorphism) o : (Q1, $1) — (Q2, P2)
of Breuil windows relative to & — R which maps to v via the functor (16).

Proof: For i € {1,2} let (Q;,&;) = (P, Qi, F}) be the &;-window which
is the reduction of (Q;, ¢;) = (P;, Q;, F;) modulo u°. Since the category of
windows relative to &; — R/pR is equivalent to the category of p-divisible
groups over R/pR, the reduction of v modulo p is induced via the functor (9)
by an isomorphism ¢ : (Ql,gzvﬁl) — (Qg,gzvb). Due to Proposition 1, the last
isomorphism extends to an isomorphism a : 7 ®g (Q1, $1) — T Qe (Q2, P2)
of windows over 7. As in the proof of Proposition 1 we can identify normal
decompositions ()1 = J1 ® Ly = Jo & Ly = Q3 and we can represent the
mentioned isomorphism of windows over 7 by an invertible matrix X €
GL.(T). Let X, € GL,(7,) be the reduction of X modulo v“.

The matrix X has the following crystalline interpretation. The epimor-
phism 7, — (R/pR)[[v]]/(v*) is a pd-thickening. (We emphasize that it is
not a frame in the sense of [Z3], Definition 1 because ¢ modulo p is not the
Frobenius endomorphism of 7,/p7,.) We have a morphism of pd-thickenings

Sa 7, (17)

| |

R/p" R ——= (R/pR)[[v]]/(v").

By the crystal associated to a p-divisible group O over R/p"“R we mean
the Lie algebra crystal of the universal vector extension crystal of [J as de-
fined in [M]. The crystal of G; evaluated at the pd-thickening S, — R/p"“ R
coincides in a functorial way with S, ®g, QE”) =S8, ®e, P; (if G; is a formal
p-divisible group, this follows from either [Z1], Theorem 6 or from [Z3], The-
orem 1.6; the general case follows from [L]). Let éw be the push forward
of G; via the canonical homomorphism R — (R/pR)[[v]]/(v®). The diagram
(17) shows that 7, ®g an) = 71, ®s P, is the crystal of éz}a evaluated at
the pd-thickening 7, — (R/pR)[[v]]/(v*). The isomorphism v : G; — Gq
induces an isomorphism «, of S,-windows which is defined by a S,-linear iso-
morphism S, ®s P, — S, ®g P». Via base change of «, through the diagram
(17), we get an isomorphism (3, : 7, Qs (Q1, $1) — T, Qe (Qa, ¢2) of windows
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over 7, defined by an isomorphism 7, ®g (P, @1, F1) — 7, Qg (Ps, Qa, Fy).
We note that after choosing a normal decomposition a window is simply an
invertible matrix (to be compared with end of Section 2) and base change
applies to the coefficients of this matrix the homomorphism S, — 7,. The
system of isomorphisms (3, induces in the limit an isomorphism of windows
over 7:

B:T @ (Q1,01) = T @s (Q2, 2). (18)

We continue the base change (17) using the following diagram:

7, S, (19)

|

(R/pR)[[v]]/(v") — R/pR.

The vertical arrows are thickenings with divided powers. From «a, we obtain
by base change the isomorphism & since windows associated to p-divisible
groups commute with base change. But this shows that the isomorphism [
coincides with the isomorphism «a : 7 ®g (Q1,01) — 7 Qs (Q2, ¢2), cf. the
uniqueness part of Proposition 1.

We will show that the assumption that X has coefficients in & implies
the Lemma. This assumption implies that « is the tensorization with 7°
of an isomorphisms ag : (Q1,¢1) — (Q2,¢2). Let 79 : G — G be the
isomorphism associated to the isomorphism aq via the functor (16). As the
functor (9) is an equivalence of categories for a = 1, we get that 7 and ~
coincide modulo p. Therefore v = 7y and thus the Lemma holds.

Thus to end the proof of the Lemma it suffices to show by induction on
a € N that the matrix X, has coefficients in &,. The case a = 1 is clear. The
inductive passage from a to a+1 goes as follows. We can assume that X, has
coefficients in &,. Therefore the invertible matrix 7,(X,) € GL,.(7(7,)) C
GL,.(S,,) defines a Sy,-linear isomorphism

‘Spa ®6 Pl = Spa ®6 ng) - Spa ®6 an) = Spa ®6 P2

which respects the Hodge filtration i.e., it is compatible with the R/p*®® R-
linear map Lie Gy p/pvwe) p — Lie Gy g/pra g iInduced by 7.
Since 7,(X,) has coefficients in &,,, we obtain a commutative diagram
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of &,,-modules:

Gpa Res ng—) — s Lie Gl,R/p”(pa)R

| |

Gpa ®6 ng-) E— Lle GLR/pI/(pa)R.

Since v(pa) > a + 1, from (10) we obtain a commutative diagram

OHGaJrl Rea Ql 4>6a+1 s Q(la) — > Lie GLR/p(“Jrl)R (20)

| |

O —— 6a+1 ®G Q2 _ 6a+1 ®6 ng') - o Lle Gl,R/p(“Jrl)R

with exact rows. The left vertical arrow is induced by o(X,:1). On the
kernels of the horizontal maps we obtain a G, ;-linear isomorphism

Gut1 ®s Q1 — Gap1 Vs Q2. (21)

As FE is not a zero divisor in 7,1, by tensoring the short exact sequences of
(20) with 7,4, we get short exact sequences of 7,,;-modules. This implies
that the tensorization of the &, 1-linear isomorphism (21) with 7, is given
by the matrix X,,;. Therefore X, ; has coefficients in G,,;. This completes
the induction and thus the proofs of the Lemma and of Theorem 1. 0

6 Breuil modules

To prove Theorem 2 we first need the following basic result on Breuil modules
relative to & — R.

Proposition 2 Let (M, ) be a Breuil module relative to & — R. Then the
following four properties hold:

(i) The &-linear map ¢ is injective.

(ii) There exists a short exact sequence 0 — (@', ¢') — (Q,¢) — (M, p) —
0, where (@', ¢') and (Q, ) are Breuil windows relative to & — R.
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(iii) If (M, ) — (M, @) is a morphism of Breuil modules relative to & —
R, then it is the cokernel of a morphism between two exact complexes

0— (Q,¢) = (Q,0) and 0 — (Q',¢) — (Q,¢) of Breuil windows

relative to © — R.

(iv) The quotient M7 /(M) is an R-module of projective dimension at
most one.

Proof: Let (p) := pG; it is a principal prime ideal of &. Then o induces
an endomorphism of the discrete valuation ring &,y which fixes p. Thus the
length of a &,)-module remains unchanged if tensored by o,y : &) — Sp).
One easily checks that

(M) = ) @oyy.0) Mip) = (M) ).

Let z,p be a regular sequence in &. As the G-module M has projective
dimension at most one and as M is annihilated by a power of p, the multi-
plication by z is a G-linear monomorphism x : M < M. Since no element
of &\ p& is a zero divisor in M, we conclude that M C M,). The S-linear
map ¢ : M — M) becomes an epimorphism when tensored with Sp). We
obtain an epimorphism of &,)-modules of the same length:

Py - My — (M)

As M is a finitely generated G-module annihilated by a power of p, the G-
module M, has finite length. From the last two sentences we get that ¢,
is injective. Thus ¢ is also injective i.e., (i) holds.
We consider free G-modules J and L of finite ranks and a G-linear epi-
morphism
JoL- M@

which maps the free G-submodule EJ @ L surjectively to o(M). Let 7 :
J & L — M be the unique G-linear map such that we have a commutative

diagram
EJ® L —— TIm(p)

Eid]"ridLT ¥

JOL — M
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whose vertical maps are isomorphisms. We consider a G-linear isomorphism
v:J®L— J9 & L which makes the following diagram commutative

J@®L - M©

x 4

JO) @ L),

The existence of ~ is implied by the following general property. Let N be a
finitely generated module over a local ring A. Let F} and F, be two free A-
modules of the same rank equipped with A-linear epimorphisms 71 : F; — N
and 75 : F5 — N. Then there exists an isomorphism 7y, : F}; — F, such that
we have 15 0 y15 = 77.

We set Q := J@® L and ¢ := yo (Fid;+id;) : J® L — J@ @ L),
Then the pair (@, ¢) is a Breuil window relative to & — R. We have a
commutative diagram

Q —— M
‘| ‘|
e
0@ T, A,

Hence 7 is a surjection from (Q, ¢) to (M, ). It is obvious that the kernel
of 1 (Q,¢) — (M, ¢) is again a Breuil module (@', ¢') relative to & — R.
We obtain a short exact sequence:

0— (Q/,¢’) N (Q,¢) — (Mﬂp) — 0.

Thus (ii) holds. Part (iii) is proved similarly to (ii).

As Coker(¢) and Coker(¢') are free R-modules and as we have a short
exact sequence 0 — Coker(¢’) — Coker(¢) — Coker(¢) — 0 of R-modules,
we get that (iv) holds as well. O

6.1 Proof of Theorem 2

We prove Theorem 2. Let H be a finite flat, commutative group scheme of
p power order over R. Due to a theorem of Raynaud, H is the kernel of an
isogeny of p-divisible groups over R

0—H—-G —G—N0.
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Let (@', ¢') and (Q, ¢) be the Breuil windows relative to & — R which corre-
spond by Theorem 1 to the p-divisible groups G’ and G. Let (Q', ¢') — (Q, @)
be the morphism that corresponds to the isogeny G’ — G. This morphism
is an isogeny i.e., it is a monomorphism and its cokernel is annihilated by a
power of p (as G' — G is an isogeny). Then it is immediate that the cokernel
(M, p) of (Q',¢') — (Q,¢) is a Breuil module relative to & — R. One can
check that (M, ¢) is independent of the chosen resolution of H and that the
association H — (M, ) is a functor.

Conversely let (M, ¢) be a Breuil module relative to & — R. By Proposi-
tion 2 (ii) we have a short exact sequence 0 — (@', ¢') — (Q, ¢) — (M, p) —
0, where (@', ¢') and (Q,¢) are Breuil windows relative to & — R. By
Theorem 1, the monomorphism (Q’, ¢') — (Q, ¢) gives rise to an isogeny of
p-divisible groups G’ — G. We obtain a functor which associates to (M, ¢)
the kernel of the isogeny G’ — G. This is a quasi-inverse to the functor of

the previous paragraph. Thus Theorem 2 holds. ([l
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