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Abstract

We rewrite Arthur’s asymptotic formula for weighted orbital inte-
grals on real groups with the aid of a residue calculus and extend the
resulting formula to the Schwartz space. Then we extract the available
information about the coefficients in the decomposition of the Fourier
transforms of Arthur’s invariant distributions Ip/(7) in terms of stan-
dard solutions of the pertinent holonomic system of differential equa-
tions. This allows us to determine some of those coefficients explicitly.
Finally, we prove descent formulas for those differential equations, for
their standard solutions and for the aforementioned coefficients, which
reduce each of them to the case that ~ is elliptic in M.

Introduction

Weighted orbital integrals are the local contributions to the geometric side of
the Arthur-Selberg trace formula. They are defined for connected reductive
linear algebraic groups G over a local field F'. A weighted orbital integral is
a certain distribution supported on a conjugacy class {z 'yz | x € G(F)} in
the group G(F) of F-rational points and depends on a Levi R-subgroup M
of G containing . Its value on a test function f is denoted Jy (7, f), and
it is tempered in the sense that it extends to a continuous linear functional
on Harish-Chandra’s Schwartz space C(G) of rapidly decreasing functions
on G(R). The precise definition will be recalled in the section 1. This paper
is a contribution to the calculation of the Fourier transform of weighted
orbital integrals. For a survey of this subject we refer to [15]. It is important



for certain applications of the trace formula, e. g., for the determination of
Gamma factors of zeta functions of Selberg type.

We first recall the notion of invariant Fourier transform. Let e, (G) the
set of equivalence classes of irreducible tempered representations 7 of G(R).
Temperedness means that

w(f) = / @) dg

is well defined and bounded for f € C(G), where we have fixed a Haar
measure dg on G(R). The character tr(f) is then a tempered distribution
(evaluated at the test function f) that determines the class of 7. For fixed f,
it can be viewed as a function f on Iiemp(G). We denote the image of the
space C(G) under this invariant Fourier transform by Z(G). By definition, a
tempered distribution 7 : C(G) — C has the Fourier transform I : Z(G) — C
if

A A

I(f) = 1(f)
for all f € C(G). It is then necessarily invariant under inner automorphisms
of G(R).

The weighted orbital integral Jy/(7, f) is non-invariant unless M = G,
as are the weighted characters ¢y (7, f) for m € Ilemp (M) that are the local
contributions to the spectral side of the trace formula. Starting from these
two families of distributions, Arthur has constructed in [2] tempered invari-
ant distributions Ip/(7, f) and used them to reformulate the trace formula
in invariant form. It is these distributions for regular semisimple v whose
Fourier transforms we are actually interested in. Since our methods involve
differential equations, we consider the groundfield F' = R only.

In order to describe the Fourier transform, one needs a description of the
tempered dual iy, (G) together with the space Z(G) of functions on it. A
Levi subgroup L of GG is by definition a Levi component of a parabolic sub-
group P of G. Starting from a tempered representation o of L(R), one can
produce a tempered representation of G(R) using pull-back under the natural
homomorphism P — L followed by induction. For generic o, this yields an ir-
reducible representation o%. Every tempered representation is a direct sum-
mand of a representation induced from a square-integrable representation,
and most of Iiemp(G) is covered by the ranges of the sets IIo(L) of equiva-
lence classes of square-integrable irreducible representations under induction.
Moreover, the group of unramified tempered characters L(R) — U(1) (i. e.,
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characters factoring through R, ) acts freely on Ily(L) and provides it with
the structure of a smooth manifold (in fact, a union of Euclidean spaces)
such that fr(0) = f(0) extends to a Schwartz function invariant under a
Weyl group Wi

The description of Z is complicated by the reducibility of induced repre-
sentations. As a remedy, Arthur has introduced in [7] the set Tiemp(G) con-
sisting of virtual tempered characters, which are certain linear combinations
of the (characters of the) constituents of a single induced representations.
One defines induction Tiemp(L) — Ttemp(G) in the obvious way and defines
the set Ton(G) of elliptic elements as those which are not induced from a
proper Levi subgroup. This is again a union of Euclidean spaces, and Z can
be identified with a direct sum of Wp-invariant Schwartz spaces on Ty (L)
over all Levi subgroups up to conjugacy.

It turns out that the Fourier transform I5;(7) of Iy;(7) is a measure whose
atoms modulo ia}, are always contained in a certain subset Tyis(G) that can
be larger than T, (G). Using the local trace formula, Arthur has proved in [§]
that

hitro) =3 [ Dr (7, 7)1 (7) dr
2] Y Wr\Taise(L)

for suitable smooth functions ®,s, where ¢ runs through Z(G) and the
measure dr is invariant under iaj.

Weighted orbital integrals as well as the distributions Ij;(v) satisfy a
system of linear differential equations as functions of v running through the
regular points in a maximal torus 7" of G. This translates into a system
of differential equations satisfied by the Fourier transforms ®,,. It has
been proved in [14] that there is a basis of standard solutions ¥, on certain
sectors depending on a parabolic subgroup P that are characterised by their
asymptotic exponents p € t* as v — oo. It follows that, roughly speaking,

Curp(v.7) =3 > k(W)W (v, ),

pw SDODM

where S runs through the Levi subgroups containing M and p runs through
the parameters of the infinitesimal character of 7, which is assumed to be
regular in a suitable sense. In order to determine the coefficients ¢ as func-
tions of p and 7, one has to study the asymptotics of both sides as v tends
to infinity and to the singular set in T'(R).



Arthur has proved in [11] an asymptotic formula for the distributions
In(7y, f). This is somewhat subtle because just moving v would give zero
tautologically. Thus one has to modify f with the aid of a Schwartz multiplier
at the same time. For Arthur’s purposes of endoscopy, it was sufficient to
work with test functions f in the Hecke algebra. The answer was given by
a contour integral in the complexified set T'(M) that avoids the poles of the
intertwining operators on Tiemp(M ). He has sketched an argument to prove
the existence of the limit for Schwartz functions f € C(G) that we take for
granted.

Our aim in this paper is to convert the asymptotic formula into an ex-
pression that makes sense for Schwartz functions. This is done by shifting
the contours of integration to the subset Tiemp(M) and taking care of the
poles of the integrand by a suitable residue calculus. Next we study the
asymptotics under the action of the multiplier on the expression in terms of
Dy As a result, we get a formula for those coefficients ¢f ; (1) for which
~* is not decreasing on the sector corresponding to P. In order to determine
the remaining coefficients, one would have to know the asymptotics of the
standard solutions WY, at the singular set, which are not yet available in
general.

It is known that the distributions Ij;(7y) satisfy descent formulas, which
reduce their study to the case that 7 is elliptic in M. We prove similar
descent formulas for the differential equations, their standard solutions W,
and the coefficients cg .- As an application, we obtain an explicit formula for
®7 7, where T is a split maximal torus, which was announced in [15].

This work was supported by the German Research Council (DFG), within
the CRC 701.

1 Weighted orbital integrals and invariant dis-
tributions

If G is a connected reductive linear algebraic group defined over R, we write
ag for the real Lie algebra of the largest R-split torus in the centre of G. This
is the only exception from our general rule to denote the complex Lie algebra
of any algebraic group by the corresponding lower-case gothic letter. We
have a natural homomorphism H¢g : G(R) — ag such that Hg(exp H) = H
for H € ag. For every A € ag ¢ and 7 € II(G), we set mA(g) = m(g)erHal9)),



Every parabolic R-subgroup P of G has a Levi decomposition P = M N,
where NV is the unipotent radical of P and M is a connected reductive R-
group just like G. The set of roots of ay; in N will be denoted by >p and
the subset of reduced roots by ¥%. We fix a maximal compact subgroup K
of G(R); then G(R) = P(R)K. Writing Hp(mnk) = Hy(m) for m € M(R),
n € N(R) and k € K, we obtain a continuous map Hp : G(R) — ay,.

The set P(M) of parabolic R-subgroups P with given Levi component M
is in bijection with set of chambers a}, = {H € ay : a(H) > 0 for a € Zp}.
For every x € G(R), consider the following volume of a convex hull in a§, =
ay/ag:

v (z) = volga conv{—Hp(z): P € P(M)}. (1)

This function is left M-invariant, because Hp(max) = Hy(m) + Hp(x).

For f in the Schwartz space C(G) of rapidly decreasing L*-functions
on G(R) and for v € M (R) such that the centralizer G, of v in G is contained
in M, the weighted orbital integral is defined as

T, f) = D)2 /G g @)

where D() is the usual Weyl discriminant. Here we have fixed an invariant
measure on G, (R)\G(R).

It has been shown ([2], Lemma 8.1) that the integral converges and defines
a tempered distribution Jy/(y) on G(R), i.e., a continuous linear functional
on C(G). Note that vg is constant equal to 1, so that Jg () is the ordi-
nary (unweighted) orbital integral. This is the only case in which Jy/ () is
invariant (under inner automorphisms).

The characteristic function of the convex hull in can be written as
an alternating sum of characteristic functions of simplicial cones indexed by
the elements of P(M). Their Fourier transforms as functions of A € aj, ¢
converge for Re A in a certain chamber of aj;, and in the limit one obtains

e_A(HP(m))
=1 -
opr () Ali%pg(:m ROV

(2)

where 6p is the suitably normalized product of the linear functions defining
the walls of Ta}, which is the dual cone of the chamber a}.

For P € P(M), m € Iliemp(M) and A € aj; ¢, we realise the parabolically
induced representation Zp(my) in the compact picture, i. e. in a space of
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functions on our fixed maximal compact subgroup K that is independent
of A\. Given a second parabolic P' € P(M), the Knapp-Stein intertwining
operators Jpp(my) from Zp(my) to Zp(my) is defined on K-finite vectors by
a convergent integral for Re \ in a certain chamber and extends meromor-
phically to all A. The partial Plancherel densities pp/p are defined by

e () Jpppr (m2) Jpp(ma) = 1d.

If P and P’ are adjacent, i. e. when Ypip = Yp N X} consists of a single
element o, we write jup/p(7) = fio(7), so that in general

pwpip(m) = [ salm). 3)

T
aEEP,lp

It is known that p,(7y) as a function of A € ap; ¢ depends only on A(&).
One can choose normalising factors rpp (see [8]) such that the intertwin-
ing operators
Rpp(mx) = rpip(ma) " Jprip(m)
have no poles for Re A = 0 and satisfy, among other properties, an unre-
stricted transitivity. One has the (G, M) family

Rp/(/\,ﬂ', P) = Rpl|p(7T)_1RP/|P<7T)\), Pl S P(M),

which in analogy to (1) gives rise to the limit

Ry (m, P) = lim Z %.

Although Ry (w, P) is a priori only defined on K-finite vectors, and the
weighted character

O (f,m) = tr(Indis(, f)Ru (w, P))
only for f in the Hecke algebra H(G), one can show ([8], p. 175) that it
extends to f € C(G) and provides a continuous map
&y C(G) — I(M).

It follows from the transitivity and the intertwining property of Rp/p that
"y 1s independent of P € P(M), as the notation suggests. By definition, we
have

A

¢a(f) = f.
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There is a canonical choice for the normalising factors rp/p in terms of
local L-factors (see [4]), but in the analogous p-adic case they are not yet
available. In order to make the normalisation universally canonic, rewrite

Rp/()\,ﬂ',P) = Tp/()\,ﬂ',P)iljp/()\,ﬂ',P)
in terms of the (G, M) families

jpl()\,ﬂ',P> = Jp/|p(7T)71Jp/|p<7T,\),

rp(A\,m, P) = rp/|p(7r)_1rp/|p(7r,\),

which are defined as meromorphic functions on aj, - for generic 7. Arthur
has defined in [10] the (G, M) family

mpr(N, 7, P) = pupiyp(m) e p(mage) ™!

that can replace rp/(A, m, P) and gives rise to canonical weighted characters
orm(f, 7). Note that for these (G, M) families we have limits ry, (7, P) and
mys (7, P) in analogy to (1).

The invariant distributions that are the building blocks of the geometric
side of the trace formula are characterised as follows (see [2], section 10,
and [8], (3.5)). For all triples (G, M,~), where G is a connected reductive
R-group, M its Levi R-subgroup and v € M(R) such that G, C M, there
are invariant tempered distributions I5;(y) = I$;(y) on G(R) such that

Iu(v, ) =Y T4y, eu(f),
)

LelL(M

where L(M) denotes the set of all Levi subgroups of G containing M. Of
course, there is also a version I},(y) characterised by

()= Y Lt (v 0(f).

LeL(M)

2 The discrete part of the tempered dual

Recall that the tempered dual Iliem,(G) is exhausted by parabolically in-
duced representations Zp(o), where P is a parabolic R-subgroup with Levi



component M and o € IIo(M). The description of the space Z(G) of func-
tions on Ilemp(G) is complicated by the reducibility of Zp(o) the for some o,
that arises as follows.

If w belongs to the stabiliser W, of ¢ in W), then the normalised in-
tertwining operator R, pp(c) followed by translation with a representative
of w yields a self-intertwining operator of Zp(c). The elements w for which
that self-intertwining operator is a scalar multiple of the identity make up a
normal subgroup W2 that is also related to the partial Plancherel densities
in (3). The set X¢ of those a € (G, M) = 35 p for which pa(o) =0 is
a Toot system with abstract Weyl group W?. The reducibility of Zp(c) is
measured by the R-group R, = W, /W2. One can fix a chamber ¢ C ay; for
¥ and identify R, with the stabiliser of ¢ in W,.

In order to simplify the description of Z(G), Arthur has introduced in [7] a
set T'(G) (and renamed it t0 Tiemp(G) in [11]) as a replacement of [, (G).
It consists of G(R)-conjugacy classes 7 of triples (M, o,r), where r € R,.
The discrete part Tgisc(G) mentioned in the heading consists of the classes
of those triples for which the W2-coset of r contains an element w such that
the fixed-point set afy, equals ag. Often one does not distinguish between
the class 7 and the virtual character

f(r) = tx(R(r)Zp(o, f)),

which is linear combination of (the characters of) the constituents of Zp(o).

Parabolic induction from a Levi R-subgroup L extends to virtual repre-
sentations and defines a map Tiemp(L) — Tiemp(G). In fact, if 7 € Tiemp(L)
is represented by the triple (M, o, r), where r € RE, then the induced class
7Y € Tiemp(G) is represented by the same triple, where r is now viewed as
an element of the larger group R, = RS. The virtual character 7 is elliptic
if and only if a}, = ar, and so T (L) C Tyise(L).

If 7 € Ten(Ly) and 7 € Toy(Ls) are such that (Ly,7) and (L, 72) are
G(R)-conjugate, then clearly 7¢ = 7. Actually, the converse is also true.
Indeed, by Proposition 1.1 of [7] we may assume that 7; is represented by
(M, o,r;) with the same M and o. Now the r; are W,-conjugate, and so are
the aj, = aj.

If 7 € Tiemp(L) represented by a triple (M, o,r) and if Q, Q" € P(L), we
set

1qQ(1) = nge(m),  rqe(T) = ree(m),



where 7 is a constituent of Z5(o), no matter which one. In fact,

1q1Q(T) = prurru(0), 71Q(T) = rru|RU(0)

for any R € PX(M), where U and U’ are the unipotent radicals of Q) and Q’.
These functions give rise to (G, L) families and limits

mp(t, P) = mg(m, P), ri(r, P) = rp(m, P).

In analogy to (3) we have the product formulae

noe(m) = I ™. reuer) = 11 rs(). (4)
FeE1q FeE0/1a
where fi5(7) is the product of the ji,(0) over those o € X, whose
restriction to ay is a multiple of 3, and similarly in the case of the normalising
factors.

For the rest of this section we assume that 7 € Ty (L), again represented
by a triple (M,o,r). Let X be the set of those § € ¥*(G, L) for which
ps(T) = 0. The latter is the case if and only if there exists a € X! whose
restriction to ay is a multiple of 5. Since pn(0) = p—q(0), there is an even
number 2ng(7) of such roots a. As o is square-integrable, pi,(cy) has a
double zero at A(&) = 0 for o € XY . Thus, if § € X%, the function pg(7y) has
a zero of order 2n(7) and r5(7y) has a pole of order ng at A(5) = 0, where
A runs through a7 ¢.

Later we shall need the constants

i) = |RL,), n(r) =nC(r) =3 [ 2, (5)
F BeF

2

where F runs through the bases of (a¥)* contained in ¥f for some Q € P(L).
Changing () entails replacing some 3 by — 3, but the value of ng(7) and hence
n(7) remains unchanged.

Lemma 1 The stabiliser W, of T in W, acts transitively on the set of cham-
bers of XL in ar. In particular, it contains the reflections with respect to the
elements of ¥X. The virtual character 7¢ belongs to Tys(G) if and only if
3 spans (a$)*.



Proof. The chambers of ¥ in a; are of the form ¢ N az, where ¢ is an
r-stable chamber of ¥ in a,,. Suppose that ¢ C ay; is another chamber of
this kind. Since W2 acts simply transitively on the set of chambers of ¥,
it contains an element w such that ¢ = wc’. The element wrw tr=! of W,
belongs to the normal subgroup W2, and this element stabilises ¢, so it must
be the identity. It follows that w commutes with r, so it stabilises a; and
restricts to an element of W; which maps ¢Nay to ¢ Nay. It is clear that w
fixes 7, so the restriction belongs to W,.. This shows the transitivity.

Given 8 € ¥, let Lg D L be the Levi subgroup such that az, is the kernel
of 3, and let P, P} be the two elements of P*#(L). Then 1Py Py (T) = pp(T) =

0 and hence 3 € Y5°". By what we have proved, W,° acts transitively on
the set {a}JSB7 aJI;é}, so it must contain the only nontrivial element of WLL 7,

viz. the reflection with respect to .
Let H € az, such that B(H) = 0 for all € XL, i. e. a(H) = 0 for all
a € X, For all w € W2 we have rwH = rH = H. If 7¢ € Tyo(G), then
there exists w € W2 such that a}¥ = ag, and it follows that H € ag. This
shows that ¥t spans (a%)*.
Conversely, suppose the latter is the case. Then we can choose roots aq,
.., @, € X whose restrictions to a¢ form a basis of the dual space. Let
s; denote the reflection with respect to a; and set wy = sy-+-s, € W2. It
suffices to show that a);° = ag. Thus, let H € ay; be a fixed point of rwy.
Since the closure of ¢ is a fundamental domain for the action of W2, we
can find w in that group such that H lies in wc¢. This chamber is stabilised
by wrw™!, and after replacing r and all the s; by their conjugates under w,
H by wH and ¢ by we, we may assume that rwg fixes a point H € ¢. Now
woH equals r~'H, which lies in the fundamental domain ¢ of W2, so that H
must be fixed by wy. Applying s; to a point amounts to adding a multiple
of the vector ¢;, and applying wy amounts to adding a linear combination of
these vectors, which is zero in case of the point H. Since the &; are linearly
independent, each coefficient is zero, which means s;(H) = H and a;(H) =0
for all <. But H is also fixed by r, hence in ay, and by the choice of the «;
we have H € ag, as was to be shown. O
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3 Shifting contours

Let M be a parabolic R-subgroup of G and P € P(M). The asymptotic
formula in [11] is stated as an integral over a subset

TE(M) = {Ts T E T’temp(M>}

that involves the function my(7, P) from the previous section. (Of course,
the Levi subgroup in a triple representing 7 € Tiemp(M) will in general be
a proper subgroup of M and has to be denoted by a different symbol.) We
will shift the contour of integration to Tiemp(M).

Recall that Tiemp(M) is the disjoint union of the sets W \Ten(Ly) over
all conjugacy classes of Levi subgroups L; of M. More precisely, one should
consider the images of the sets Tyy(L1) under the induction map 7 — 7M.
Let To1(L1)* be the subset of those 7 which are trivial on exp az,. Then every
element of Ty (L1) can be uniquely written as 7\, where 7 € Ty (L1)* and

A € iay, .

Lemma 2 Let 7 € Tyy(Ly)*. Then for sufficiently small e € (a’)" and every
Paley-Wiener function ¢ on aj, ¢,

/ (N mar(r, P)dA =
ia’ilJrs

) de (LSt (r)pv. [ s(Nmi (), PN S)d.

LEL(Ly1) SEL(M) iar,
The same formula is true with m replaced by r on both sides.

The principal value means that we integrate over the complement of the -
neighbourhood of the union of root hyperplanes and let 6 — 0. Actually, we
could restrict summation to pairs (L, S) for which the constants df (L, S)
defined in §7 of [5] and n”(7) defined in (5) are nonzero. For such L and
all A € iaj, we have 7, € Tyisc(L) by Lemma 1.

Proof. The product formulae (4)) imply product formulae for the members
of the corresponding (G, L;) families, viz.

mQr()\,T,Q): H ﬁ%’—(T)y TQ/(/\,T,Q): H 7‘5(7)\)

s, p5(Tx/2) sexr T(7)

r
Qe
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for Q, Q" € P(Ly1) and X\ € a} . For every 3 € ¥(AL,,G), there are
meromorphic functions mj and 7 on C x Toi(L1)! such that

O B)ua(n) :
S = W), %),

A(B)rs(ma)
5(T2)

= T,B()‘(B)’ T)7

where the directional derivative is defined as 9(£)¢(7)) = L (Tarse)|imo for
any § € ay . Let us fix 7 and omit it from the notation It follows from
Harish-Chandra’s explicit formula resp. the construction of normalising fac-
tors in terms of L-functions in [6], (3.2) that mj; and rj; are functions of
moderate growth uniformly in every vertical strip of bounded width except
in a neighbourhood of a pole. Since 7 is trivial on expay,, the only possible
pole on the imaginary axis is a simple one at zero with residue —ng(7). In
the rest of the proof, we treat only the case of m, that of r being completely
analogous.

If we fix a parabolic @1 € P(L;) contained in P, then Corollary 7.3 in [3]
(with cg(z) =1 for § ¢ 5, ) provides the formula

mar (T3, ZVOI (a$,/ZFyy) Hmﬂ M), (6)
BeF
where the sum is taken over all F' C ¥ such that Fy={Bu|BEF}isa

basis of a]\G/[. Here BM denotes the projection of the “coroot” B € ar, to ay.
For any linearly independent set F' C >*(Ay,, G), there is a unique Levi
subgroup Ly € L£(L;) such that

P ={H€ay, [B(H)=0Vj3 € F}.

If 'y is a basis of a§;, then a§; ® af = af . We have fixed Haar measures
on these vector spaces, and the constant dfl(M , L) is such that for the
corresponding Plancherel measures and any ¢ € (a§,)* we have

/(G) H(N) d\ = d%}MLF/ / o1 + ) dudc.
i(a * *+e 1 *

Ly

When we substitute ¢(A)ma (73, P) in place of ¢()), the second factor is
independent of p and can be taken out of the inner integral. We use the
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isomorphism (a§))z — CF that maps ¢ to the point 2 with components

25 =( (3) and define a Paley-Wiener function on C* by

(ww>:/; o+ O) du

aLF)

Since the elements of F' C 22—21 are negative on aj, the point corresponding
to € is of the form —ep with negative components —eg.

As ¢ €i(af))* is extended to a linear functional on af vanishing on aj!,
we have ((f) = ((Ba). Thus our isomorphism is dual to the isomorphism
R¥ — af, that maps the standard basis to Fj; and takes the Lebesgue
measure to the Haar measure divided by vol(a§,/ZF)). Recall that the
Plancherel measure w on R corresponding to the Haar measure on R is the
Lebesgue measure divided by 27, and that Plancherel measures are inversely
proportional to Haar measures. Thus, for generic € € (a})™,

/ d(N)ma (T, P) d\ = ZdG (M, Lp) / or(2) [ mis(z8) wr,
i(af )r+e iRF—ep BEF

where wp is the product measure of copies of w, or rather its translate.
For every Paley-Wiener function ¢z on C and g > 0 sufficiently small
we have

1 ng(T
%LMﬂM%@“:§Mﬂ+_p/% sl
where iR as a contour is endowed with the upward orientation. The dif-
ferential form dz/2mi induces the measure w on the imaginary axis and its
parallel translates. After coordinatewise application it follows that for every
Paley-Wiener function ¢z on C¥ and every ep € RY with sufficiently small
positive components,

/RF_ or(2) [[ my(2)er = 3 %F(,T)p.v. o) T =) i,

Yl
BeF F' R R BeF"

where the sum is taken over all decompositions of F' into two disjoint subsets
Fand F”, and npr = [ 3. ns(7). On the right-hand side, we take principal
values along the union of the coordinate hyperplanes in the obvious sense.
Next we have to take the sum over all sets F' as above. To every I’ and its
partition into F’ and F”, we can associate Levi subgroups L = L € L(L;)
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and S € L£(M) defined by as = a,, Nay. Then af = af @ af, and the
sets ' C X and Fy, C X are bases of (af)* and (a3,)*, respectively.
Conversely, any such configuration L, S, F’, F" arises exactly once, hence
we can replace the summation over F' by summations over L and S. The
Hasse diagram below could be completed to a cube by the Levi subgroup
corresponding to ay; N ar, but that does not turn up in our argument.

G

< 7N
F
| e

M | L
L,

When we re-substitute the defining expression of ¢z on the right-hand
side, the argument of ¢ will lie in i(a%)*, and we have to make sense of wyn
and the product of the mj; over 8 € F". Like in the case of F', we have an

isomorphism iR" — i(a3,)*, under which the measure wp» corresponds to
vol(a3,;/ZFY,) times the Plancherel measure. Considering the composition

of natural isomorphisms a}! — a; — agF, we can write the coefficient in
front of the integral as

Ly

df (Lp, M) =df , (Lp,S)d}, (Lps, M).

The second factor in this product times the Plancherel measure on i(a3;)*
corresponds to the Plancherel measure on i(aif ")*, which in turn corresponds

to dif (L, Lpv) times the Plancherel measure on i(a}”)*. We can now combine
both integrals into one integral over i(a%)*. The resulting coefficient

déf‘ (L7 LF”)dgF// (LF7 S) - dgl (L7 S)

can be taken out of the sum over F”, which becomes

> vol(ay/ZEy) T[] ms(A(B)) = ma(rt, PN S).

FN ,BGF”

The sum over F’ gives rise to the coefficient n”(7). Finally, we replace ¢ by
a Paley-Wiener function on ia7, averaged over iag,. 0
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4 Temperedness

In §7 of [11], Arthur has sketched a proof that the limit in the asymptotic
formula exists uniformly for test functions f in the Schwartz space C(G) and
that the resulting distribution is tempered. However, that distribution is
given by an integral over the set T.(M) where the Fourier transforms f
of such functions are not defined. We are going to show that after shift-
ing contours to the set Tiemp(M ), the resulting expression does converge for
Schwartz functions.

This requires certain bounds in terms of infinitesimal characters of the
elements of Tiemp(M ), which we write again as 7™ where 7 € Ty (L1). Sup-
pose that 7 is the L;-conjugacy class of (M;,0,7) and that 77 is a maximal
torus in M;. Then the infinitesimal character of o is parametrised by a W™ -
orbit in ¢ that we denote t{(¢). The infinitesimal character of the virtual
representation 7 is that of any of its components. It is parametrised the
W-orbit () containing tj(c), and similarly ¢;(7") is the W™orbit con-
taining t;(0). We assume that a WW-invariant inner product has been fixed
on £ compatible with all the decompositions t;, = t-* @ar, c. If 7 € Toy(L1)*
and A € ia} , then

ti(m) ={p+A|peti(n}

We say that a function ¢ on Ty (Lq) is smooth and slowly increasing if for
every differential operator D with constant coefficients on a7 there exist a
natural number n and a constant ¢ > 0 such that

[ Do()| < c(L+ ()" for pet'(r).

Lemma 3 For all Levi subgroups L1 C M of G, parabolics P € P(M) and
smooth slowly increasing functions ¢ on Tan(Ly), the function

S o(run)mar(rh, P)

weW,

extends to a smooth slowly increasing function on Ty (L1)* x iay, . The same
15 true with m replaced by r.

Recall that my (7, P) and ry(71, P) are meromorphic functions of A €

aj, ¢ with poles along the hyperplanes A\(3) = 0 for each § € X,
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Proof. Due to formula (6) and its analogue, it suffices to consider the

functions } 5

[Tms00).0).  TTr0@).7)

BeF BEF
in place of my (M, P) and rp (74, P), where F' C ¥ is linearly independent.
It follows from Harish-Chandra’s explicit formula resp. the construction of
normalising factors in terms of L-functions in [6], (3.2) that

. ng(T ng(T
my@).) + 20 )7 4 22
A(B)
extend to smooth slowly increasing functions of 7,,. Thus we need only con-
sider the reciprocal of
mr() = [[A0)
BeF
in place of my(tM, P) and 7y (7, P).
We choose a chamber ¢ of X7, denote by 3t the set of those elements of
27 which are positive on ¢ and set

IL(\) = H )‘(B)

pext

Note that II.(wA) = e (w)ll(\), where e, : W, — {£1} is a character
independent of the choice of ¢. If we choose ¢ so that the kernel of a given
B € XL is one of its walls, then we get for the reflection s corresponding to /3
that e,(s) = —1.

Our expression becomes

(/5(7'1,),\) 1 Hc(w)\)
weZWT Mp(wd) — TL(N) 2 5T<w)¢(TwA)HF(w>\).

wGWT

Since II./Ilr extends to a polynomial, every term in the sum extends to
a smooth slowly increasing function. If s is the reflection corresponding
to B € X7, then the contributions of w and ws to the sum on the right-hand
side cancel for s\ = X\. Thus the whole sum vanishes for A\(3) = 0.

It follows from Taylor’s theorem that for every smooth slowly increasing

function ¢q that vanishes for A(3) = 0 there is a smooth slowly increasing
function ¢; such that

$o(T2) = A(B)1(72)
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and that )
|d1(Ta)] < sup (|¢o(ma)] + [0(8)do(Typ45)]) -

[tI<1
Applying this repeatedly to the last sum over W, we see that it is divisible
by II(\) as a smooth slowly increasing function. O

5 The asymptotic formula

Roughly speaking, the asymptotic formula of [11] describes the limit of
Ini(vx), where v € M,(R) and vx = yexp X, as X tends to infinity in
a certain chamber of a,;. More precisely, one fixes P € P(M) and r > 0
and lets ||.X || tend to infinity while a(X) > || X|| for every fundamental root

a of ap; in the unipotent radical of P. This is abbreviated as X - oo
'

In order to get a limit that is not trivially zero, one has to replace the test
function f € C(G) by a new function fy € C(G) that varies with X and is
characterised with the help of a multiplier ax as follows.

If My is a Levi subgroup of G, o € Ily(M;) and P, € P(M;), then
Zp, (o, fx) = 0 unless a conjugate of M; is contained in M, and if My C M,
then

Ip (o, fx) = ax(o)Zp (o, f),

where .
ax(0) = — Z e,
|WM1| weWpr,
Here v € 1a}, denotes the infinitesimal central character of o defined by
olexpH) = e’!")Id for H € ay;,. Note that for M = G one simply gets
fx(x) = (7).

If T is a maximal torus in M, then the lattice of cocharacters of T} over C
can be naturally embedded into t;, and for any element Z of its R-span and
any u € t{(0) we have v(Z) = Im p(Z). That is why in [11] the infinitesimal
central character was called the imaginary part of the infinitesimal character.

For a virtual character 7 € Tiemp(G) represented by a triple (M, o,7),
where o € IIy(M;) and r € R,, one writes

f(r) = te(R(r,0)Zp, (0, f))-
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It is clear that R
(fx)a(r) = ax(1)f(7),
where ax (1) = dx (o) if a conjugate of M; is contained in M and ax(7) =0
otherwise.
More generally, let L be a Levi subgroup containing M, and let 7 €
Tiemp(L) be the L(R)-conjugacy class of the triple (Mi, o, r), where r € RL.
Then one uses the notation

fulr) = f(79),

and by transitivity of induction we get

(fx),(7) = ax (1) fu(r),

with ax(7) = ax(7%) as above.

As with all objects that depend on Levi subgroups up to conjugacy, it is
sufficient to consider only Levi subgroups in £ = L£(M,) for a fixed minimal
Levi R-subgroup My. We write W for W .

The general structure of the Fourier transforms of the invariant distribu-
tions Ip/(7y) is given by Theorem 4.1 of [8]. It asserts that there are unique
smooth functions @y, on (M(R) N Greg(R)) X Tyisc(L) such that, for all

fec(a),

)

Ity ) = 3 ol Dar 1 (7. 7) fr(r) dr (7)

LeL |W | lesc(L)

and that @,/ 1 (v, 7) is invariant under W acting on the pairs (L, 7). More-
over, those functions are slowly increasing in the variable 7, which ensures
the absolute convergence of the integrals. In the special case that M = G,
the functions ®¢ 1 (v, 7) vanish unless 7 € Tey(L). We have written the con-
tragredient 7 of 7 as an argument of ®,, in order to simplify formulas in
the next section.

Theorem 1 Let P € P(M), v € Mx(R) and f € C(G). Then

' _ |W0Ll| 2 nt ()
XlllTrr)loo In(vx, fx) = Z |WG| Z y le(T)‘)kLl(T)
" L17LE‘C TeT, ll(Ll 1 L
LicL
x Y, di > ot (wy, o )mi (M wP 1 S) dA
SeL(L1) weWOG/WOM
LiCcwMCS
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where nY (1) and k™1 (1) are defined in (5). The integrand is W§ -invariant
as a function of (L1, L, 7, \), and the integral-sum over T and X\ is absolutely
convergent.

For every family rpp of normalising factors as in [8], section 2, the
analogous formula for the limit of It,(vx, fx) with m3, replaced by 5, is
valid.

Proof. The special case of equation (7) with G replaced by M reads

Wi §
M= 3 M“ B, (7, Yo () dr

LiecM | Ten(L1)

for h € C(M). For X € ia},; we have

(I)%,Ll (77 TA) = (I)%,Ll (77 T>6A(HM ) :

Following [11], §5, we use this equation in the case A € aj, ¢ to extend the
definition of ®37, . If h € H(M), so that hyp, is a Paley-Wiener function,
this allows one to replace 7 by 7., which results in a shift of the contour of
integration like in Lemma 2. As in that lemma, we write the elements of
Toi(L1) in the form 7, with 7 € Ty (L)' and A € dar,. According to [7],
equation (3.5), the restriction of the measure on T (L;) to an iay,-orbit is
the image of the measure on iay, divided by k(7).

For the time being, let f € H(G). Note that yx € Greg(R) for X € af
sufficiently far away from the walls. According to Corollary 6.2 of [11], for
e € (ap)* small enough, the left-hand side of the equation in the theorem
equals

~

Ly
Z |WOM| Z kLl(T)l/ (I)%,Ll(%t/\)le(T/\)mM(T,{VI,P)d>\-

L1€£M| 0 |‘F€Teu(L1)1 tag, e
(8)

If we apply Lemma 2| this expression becomes

|Wo '| nL(T)
d
TSy gespd
1€L LGC (L1) T€Ten(L1)?
SeL(M)

pv. [ F(m) s, (o m (3, P S) A

*
L
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The value of this expression remains unchanged if we replace all occurrences
of M, P,~, Ly, L, S, 7 and \ by their conjugates under a fixed w € W¢'. The
same is true if we sum the resulting expression over w and divide by |[WE.
Now we denote the conjugated objects wlL;, wL, wS, wr and wA by the
original variables and obtain

VV0 nl(r
mr S SR Y s musid

weW§ L1 GL“’M Lel(L1) T7€Ten(L)?t
SGL(wM)
p.v. fr, (7’,\)<I>$%L1 (w7, f_k)miM(Tf\”M, wP N S)dA.
iay

We change the order of summation and integration to get

Wy
Z |]VV(;G|| Z / fru(r :m:- Z di,

Ly,LeL T€Ten(L1)?! SEE(L
LiCL
! v S (M wP N S)dA
X ‘WM‘ wM,Ly w’%T— )mwM(TA , W ) .
0 wGWG
L1CwMCS

Note that ®}7 ;. (v, 7) depends only on the M (R)-conjugacy class of 7, so the
term corresponding to w depends only on the right coset of w modulo WX.
In §7 of [11], Arthur has sketched a proof that the limit X o also

exists for f € C(G) and is a tempered distribution. Assuming that this
has been carried out, it remains to show that the above integral-sum con-
verges not only as a principal value, but absolutely and defines a tempered
distribution.

Substituting w! for w, we can write the sum over W§ as

Y O, O (WP )miF (wr)ih, PO ws).

wGWOG
wliCMCwS

We consider the partial sum over those w for which wl; equals a fixed Levi
subgroup L} C M. These make up a left coset modulo the stabiliser of L} in

WOG , whose quotient modulo WOL 1 equals Wi, We further restrict summation
to the elements w € Wy, for which wS equals a fixed Levi subgroup S’ > M,
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and among those to a left coset modulo WE{ . Finally, we restrict the sum

to those w for which w7 equals a fixed 7/ € Ty(L})!. They make up a left
coset modulo WE', and our partial sum becomes

|W01| Z ¢ML’ Y, T _w/)\/)mf/[( /)\/7PﬂS)

w EWSI
vl

where X' = w\. Now the convergence of the integral-sum and the continuous
dependence on f € C(G) follow from Lemma (3| applied to S’ in place of G.
Note that Corollary 6.2 of [11] has an obvious analogue for I},(y) with
ms (7, P) replaced by 7y (7, P) that follows from the same Theorem 6.1.
The corresponding version of our Theorem can thus be proved in a parallel
fashion. O

Corollary 1 Let P € P(M). Then there are unique smooth functions ®p,
01 Myeg(R) X Taise(L) such that, for all f € C(G),

W |
hm [M 'YX;fX Z (I)PL< ).fL( )

X500 = WG ey

and that ®p 1 (v,7) is invariant under W§ acting on the pairs (L, 7). Every
element of Tyisc(L) is of the form 1L for some Levi subgroup L, of L and
some T € Toy(L1), and we have

Cp(y, ) = ki, (et (r) Y df,

SEE L1)

X Z CI)wMLl(w% T)miy (FM wP N S),

'LUGWG/WM
LiCwMCS

where ki (1) = kX(7) /K" (7). In particular, ®pr(y,7") = 0 unless a conju-
gate of Ly is contained in M.

The formula is an easy consequence of Theorem [1 and the definition

(W L L
k ALY dN
/1:(1130([/) Z L| Z ( A)

L EﬁL TeT, ll(L iaz
n(r )750
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of the measure on Ty;s.(G), which is equivalent to equation (3.5) of [7]. The
smoothness of ®p;, follows from Lemma 3 by the argument in the proof of
Theorem|1, and this implies the uniqueness in view of the trace Paley-Wiener
theorem in [9].

Obviously, Corollary[1 has an analogue for the distribution I}, its Fourier
transform @}, ; and its limit ®};. The formula in the corollary can be
compared with the descent identity (4.7) in [8], as suggested in the concluding
remarks of [11]. Note that the functions ®37 ; have been determined in [12].

Example. Suppose that M = M, is a minimal Levi subgroup. Then L; = M,
T =0 € IIy(M) = Iiemp(M) is a finite-dimensional representation, and we
need only consider L € L(M). By a theorem of Harish-Chandra’s,

Y v (v, 0) = | DM ()| tro ().

Now |DM(expY)|'/? = el Ax(expY) for Y in a connected component U of
exp (T(R) N M(R),eq), where (¢¥)* = 1 and Ay denotes the denominator
of the Weyl character formula with respect to a system 3 of positive roots
of tin m. Thus, if p € t*(0) is X-dominant, then

OM \(expY,o) = U 3 M (w)er)

wGVV%u
for Y € U. Note that we have a split exact sequence
1—>W7M—>W$—>Wﬁ—>1,

where the stabiliser of 3 in W is mapped bijectively onto W (cf. [13],
Lemma 2). The formula in the corollary now specialises to

Br(expY,ot) = o) 3 M (w)en)

wEWJQ

x Y dSi(L, S)my (6, wP N S),
SeL(M)

where eM (w) = (—=1)#@="=2) provided o’ € Tyse(L).
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6 The differential equations

Let us recall from Proposition 11.1 of [4] the differential equations satisfied
by weighted orbital integrals. For every connected reductive R-group G, its
Levi subgroup M and maximal torus 7" C M, there exists a smooth map

Ot = 5 : T(R) N Greg(R) — Hom(Z(g), U (1))

such that, for all v € T(R) N G,ee(R), z € Z(g) and f € C(G),

SeL(M)

Here we use a Haar measure on G (R) = T'(R) independent of 7. We denote
by zs € Z(s) the image of z under the Harish-Chandra homomorphism, and
the smoothness of the map 0y, (t, z) is meant for fixed z, where it takes values
in a finite-dimensional space. The family of such maps is unique. Moreover,
05 (z) = 2z, which is the image of z under the Harish-Chandra isomorphism
Z(g) — Z(t)W, where W is the Weyl group of (g, t).

The analogue of the differential equation (9) with the weighted orbital
integrals Jys (7, f) replaced by the invariant distributions Iy/(7y, f) is equa-
tion (2.6) of [5]. As explained in [8], p. 197/198, it is also valid for f € C(G).
We combine it with Theorem 4.1 of that paper, which we recalled in equa-
tion (7). In that equation, we can interchange the differential operators
with the integration due to the estimates (4.4) of [8]. Moreover, (zf).(T) =
¥(2)fL(7), where y is the infinitesimal character of 7¢. We conclude that
the functions @y (y) = ®pr (7, 7) satisfy the differential equations

X)0u() = > (v, 25)s(7), (10)
SeL(M)

because both left and right hand side satisfy the symmetry condition (4.2)
of [8]. If the equations are satisfied for z € ker x, then they are satisfied for
all z € Z(g), because x(1) =1 and 9y,(vy,1) = 0 for M # S.

The differential operators in (10) can be pulled back to the Lie alge-
bra t(R) of T(R) under the exponential map and extended to meromorphic
differential operators 5]?4(}/, zg) on its complexification t. For any parabolic
R-subgroup P D T those differential operators are holomorphic on the sector

tp ={Y €t:|a(Y)| > 0 for all roots a of t in n},
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where n denotes the (complex) Lie algebra of the unipotent radical N of P.
Let L(P) = L(Mp), where Mp is the Levi component of P that contains 7T'.
A solution of the complexified system of differential equations

XUy (V)= D (Y, 25)Ts(Y) (11)
SeL(M)

is then a tuple of holomorphic functions ¥,; on tp indexed by the elements
M of L(P). The infinitesimal character x corresponds to a W-orbit in t* that
we denote by t*(x). As a consequence of the theorem on the holomorphic
dependence on parameters, the spaces of solutions Sp(x) fit together to a
holomorphic vector bundle Sp over the affine space of characters of Z(g),
which we identify with W\t*. For every subset E of t*(y) we have the
subset Sp(x, F) of solutions whose leading exponents are in E, and that is a
subspace of F is P-closed in t*(x) (i. e., closed under subtraction of any sum,
possibly with repetitions, of roots of t in n, cf. [14], p. 788). Let £ be an open
subset of t* such that its image under the natural map 7 : t* — W\t* is also
open and & is closed in 77! (7(£)). If for each x € 7(&) the set t*(x) N & is
P-closed, then the spaces S(x, t*(x) N E) make up a holomorphic subbundle
Sp(c‘:) of Sp|7r(g).

We will now recall from Theorem 5.8 of [14] the standard solutions. Sup-
pose that p is P-minimal (i. e., {u} is P-closed) in t*(x). Then for fixed
v € T(R)" there is a unique solution (V) aes(py of (11) such that

[ \Ifg<Y) = e“(y),
o If M # (G, then there exist positive constants C' and d such that

9a(Y)] < CY [ max =™

where o runs through the roots of t in n.

We refer to [14] for the series expansion of this standard solution and explicit
calculations for groups of low rank.

If the stabiliser W), of p in W is nontrivial, there are further solutions.
Indeed, if ¢ belongs to the space Hyy, (t*) of W,-harmonic elements of the
symmetric algebra S(t*), then (cWi)aer(p) is also a solution, where ¢ is
considered as a differential operator on t* applied in the variable pu.

Since the standard solution W, (Y') of is uniquely determined by P
and y, we use the notation W4 (Y, ). This function is holomorphic in both
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arguments as the limit of a normally convergent series of holomorphic func-
tions. Given L € L(P), we obtain another solution of the system (11) by
restricting WP to tp for M C L and setting the components with M ¢ L
equal to zero.

According to Theorem 5.8 of [14], the standard solutions W%, are the
building blocks of arbitrary solutions of the system of differential equa-
tions (10) in the following sense. If every element of t*(y) is P-minimal
in this set, then for any solution (®us)res(p) and any connected open subset
U of exp ™ (T(R) N P,ex(R)) there are unique elements ¢ (1) € Hyy, (t*) for
every M € L(P) such that

QuylexpY) = > Y (U (Y,p) (12)

pet(x) SEL(M)

for all M € L(P) and all Y € Up = U N tp. Note that expUp C Gyee(R).
Actually, the proof was only given for regular infinitesimal characters but
extends easily to this slightly more general situation, as for dimensional rea-
sons the standard solutions, augmented by harmonic differential operators as
above, still span the full space of solutions. We will write U* for the set of
connected components of exp™ (T'(R) N Mp,ee(R)).

There is a simple version of parabolic descent. If () is a parabolic subgroup
containing P, then tp C tg, and for any Levi subgroup M containing the
Levi component of () that contains T we conclude from the characterisation
of Ul that

v

o P
\@_@M

For p1 € t*(x) that is P-minimal in this set we deduce the equality
PU U
e () = e (n)

for U € U® using the uniqueness of these numbers. The applications of this
equality are limited. Given M € L(P), we cannot always find @ € P(M)
such that P C ). We defer a more detailed study of parabolic descent to
the next section.

Now we will apply the quoted results to the Fourier transforms @ 1,(7, 7).
A virtual character 7 € Tyisc(L) will be called P-semiregular if every element
of t*(7%) is P-minimal in that set, and we write T4...**®(L) for the correspond-

ing open subset. We see that for every M € L(P), U € UP, T € Tk (L)

disc
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and p € t*(7¢) there are unique elements cﬁ%(ﬂ 1) € Hy, (t°) such that

Oy p(expY,7) = Z Z CSL (7, W)W (Y, 1) (13)
pet(rG) SeL(M
for Y € Up.
An element 7 € T (L) will be called P-regular if [W,| is minimal

for every u € t(7%) and 7% ¢ Tys(L') for any Levi subgroup L' properly
containing L. Such elements make up a dense open subset Tiscreg(L), over
which we have a smooth covering {(7,u) | p € t*(7%)}, and the functions

PU : :
¢y (T, 1) are smooth on this covering.

Theorem 2 If M € L(P), U c¢ UP, 7 € TL "8(L) and pu € (7)), then

disc
cfﬁ;(T ) vanishes unless Re u(X) <0 for all X € a}.

Proof. We may assume by induction that the theorem is true for all Levi
subgroups S properly containing M and for all 7" € Tyi.(L') such that L'
is properly contained in L and 7% = 7. The basis of induction is a special
case of the inductive step as for M = G there are just no such S and for
7 € Ten(L) there are no such (L', 7).

We fix U, L and 7 € Th"8(L). Let ¢ be a smooth function on Ty (L)
not vanishing at 7 whose support is compact and contained in the 7aj-orbit
of 7 intersected with 7L _"#(L). There exists a Levi subgroup L; C L such
that 7 is induced from Tiy(Lq). If the support of ¢ is small enough, then due
to the regularity of 7 the pull-back of ¢ under induction extends to a smooth
compactly supported function ¢; on Ty;(L) that vanishes on the preimage
of Tyise(L') for L' € L(Ly) unless L' C L. Due to the trace Paley-Wiener
theorem (see [9]), there is a function f € C(G) such that fi, = 0 on Tuy(L')

unless L is conjugate to L, while

fL1 Tl
wGWL

for 7 € Tay(Ly). By construction, fL/ = 0 on Tyisc(L') unless L' is conjugate
to a Levi subgroup sandwiched between L; and L. According to (7) we have

wepV. ) =30 [ e ) ()

[L/ L' \leqc
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for Y € Up, where the sum is taken over all G(R)-conjugacy classes of Levi
subgroups which have a representative L’ sandwiched between L, and L. If
we replace Y by Y+ X, where X € a}, = ap Ntp, the left-hand side is rapidly
decreasing as X — oo by Corollary 7.4 of [1] or rather its analogue for the
invariant distribution Ip; (cf. [8], p. 213). Due to the inductive assumption,
the same is true for the terms on the right-hand side with L' # L and for
the contribution of Levi subgroups S # M to (13) in view of the definition
of U, and the continuity of cg ; on the support of ¢. We conclude that

/ Z CML X My )eu(Y)¢( 2) dA

* G
pEL ()

is rapidly decreasing as well. Here we have interpreted c]]\g;[f]L(T,\, i) as a har-
monic polynomial on t and inserted the additional argument Y.

Let us fix a maximal torus 7} of L and a parameter u; € t§(7). We denote
by V the set of isomorphisms t — t; induced by elements of G(C). Then for
A € ia}, we have

€)= (" + ) | ve V]
We fix X and Y as above. With the notation
co(A, 1) = el FNEY) B (7',\, (1 + A, tX +Y)

we get

JX V) =3 [ e
veV iaz,
at
= Zv g O(Ta) (A }a:wﬁ)\)(vx) dA,
ve L

where the polynomial ¢,(\) in the variable ¢ has been reinterpreted as a
differential operator acting in the variable a. The left-hand side is rapidly
decreasing for ¢ — oo, so the Laplace transform

G(s) = /Ooog(tX +Y)e " dt

is holomorphic for Res > 0. If we plug in the formula for g, we can inter-
change the order of integration for Re s > 0 and get

=3 [ o e

veV Y

.
a=(u1+N)(vX)
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In our case the inversion formula

1 ] o+iR »
gtX +Y)= 57 ]%grgo - G(s)e™ ds
is valid for ¢ > 0 and o > 0.

Let Vi, ={v e V| Repy(vX) > 0} and ¢ = min{Re p; (vX) | v € V; }.
We may assume that the support of ¢ is so small that for any of its elements
A and any v € V we have |A(vX)| < £/2. Then the term in the formula for
G corresponding to a given v extends to a holomorphic function outside the
disc about p;(vX) with radius £/2. We may now interchange summation
and integration in the inversion formula if ¢ > 0 or if ¢ = ¢/2. Since the
result is independent of o, we conclude that

/ D (A 1)l NEX () dX = 0,

.
YL veVy

The function ¢ was arbitrary in a neighbourhood of 7, thus

veVy

for any Y € Up. Since ¢ depends polynomially on Y, the terms of the sum
are linearly independent as functions on Up. Consequently, each of them
must vanish, and the theorem is proved in the case 7 € Th.."¥(L).

If £ is an open neighbourhood of {u € t* : Repu(X) <0 for all X € a}},
then it follows that for all elements of T, "#(L) the tuple of functions

disc
@y (Ux,7) lies in the subbundle Sp(€) (or vanishes if t*(7) ¢ 7(€)). By
continuity, this is also the case for all 7 € T ¢(L). O

Now we are going to apply the asymptotic formula to the expression (13).

Theorem 3 Let T be a mazimal torus in the Levi component M of the
parabolic subgroup P of G. Let T € T:ﬁ_reg(L) be represented by (My,o,r),
where o € Mly(M;) and r € RE. For U e UY and Y € Up, we have

W
Bpp(expYr)= ML ™ U )
Wi, pet(rG M)
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where (19, M) denotes the set of all p € t*(t%) for which there exists
a G(R)-conjugate (Mj,d') of (M,o) such that M] C M and ula,, is the
infinitesimal central character of o™, and for which this remains true in a
netghbourhood of T.

Proof. As in the previous proof, we fix L, 7 and U and a function ¢,
which gives rise to a function f € C(G). If we plug in equation into
equation with (v, f) replaced by (exp Z, fx), where Z = X +Y, X € a},
and Y € Up, we get

ez f) = [ Y Y dn Ui 2 max(n)o(m) dr

peEL* (7§ Gy SeL(M)

We know from Theorem [2 that the coefficients cgjg (7, ;1) vanish unless e*X)

is bounded for X € a}. In this case, the functions W™ (Z, 1) with S # M
are exponentially decreasing as X - oo Moreover, |ax(7)| < 1 due to the

fact that the central character of a unitary representation is unitary. Since
the functions cf; ; are smooth on the support of ¢, we can take the sum over
S out of the integral, and the terms with S # M tend to zero by bounded
convergence. Thus we are left with

Xlim In(exp Z, fx)

P,r

— lim / Z cML@ 1, Z)e D b (7)) dA,

X—>oo
L pete(r

where we have interpreted cf/L ; as a harmonic polynomial in the variable Z
again. Now we replace X by tX with fixed X € a} and Y € Up. We rewrite
the left-hand side in the notation of Corollary [1/ and the right-hand side in
the notation from the proof of Theorem [2:

/ Opr(exp Y, a)o(Ty) dA

;o
L

= lim Z/ co(A, 1)etHFNEX G (7)) b(Ty) d.

t—o0 .
veV iag,

If Re(pr + A)(vX) < 0 for some X € af and some inner point 7, of the
support of ¢ then the contribution of v tends to zero as t — oo by bounded
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convergence. Therefore we are left with the terms for those v only in which
Re p(vX) = 0 and Re A(vX) = 0 for all A € iaj. Choosing a generic X, we
see that only those v contribute to the limit for which p; and all A € ia}
have purely imaginary values on vay,. Let us denote the set of such v by V;.

Let v € iaj, be the infinitesimal central character of o € IIy(M;) as in
the statement of the theorem. Then we have

n 1 —(WN)(u
ax (7)) = W Z e (N,
1

ueU(M,M)

where U(M, M;) denotes the set of embeddings ay;, — ayy, induced by ele-
ments of G(R) as in [11], §1. Since X is in the span of the cocharacters of T,
its image under v is in the span of the cocharacters of T;. We may assume
that 77 C My, so that Im(u; + \)(vX) = (v + A)(vX) for all A € iaj and

/ Opr(expY, y)p(Ty) dA
za*L

. H 1 tr(vX—uX) tA(vX —uX)
— tlir?o; ar] Z e | co(A e () dA.

| weU (M, M) i,

Since ¢, ¢ is smooth and compactly supported in A and depends polynomially
on t, the term for given u and v tends to zero unless v.X — uX vanishes
on aj. Choosing X generic, we see that this condition has to be satisfied
for all X € ay;. Let V5, be the set of all v € V; for which there exists
u € U(M, My) so that it is satisfied. It will then be satisfied for the whole
coset uWy, which is all of U(M, M;). By Lemmall, we have v € ia}, so that
the exponential term outside the integral disappears as well, and we get in
the original notation

/ Qpr(exp Y, 7y)o(1y) dA
ia},

t—00 ’WM1’ ia}

%%
= lim Z W] cﬁ%(ﬂ\,v*(ul +A),tX + Y)e(“1+’\)(vy)¢(7,\)d)\.
veEVs

The right-hand side is a polynomial in ¢, and from the existence of the limit
it follows that it does not depend on t. The terms for various v are linearly
independent as functions of Y, so each of them must be independent of ¢.
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Since ¢ was an arbitrary smooth function of compact support in a neigh-
bourhood of 7, the asserted equality follows. The definition of V5 can be
rephrased as the condition on 4 in the definition of t*(7¢, M). O

If we compare the expressions for ®p(expY, o) given in Corollary 1 and
Theorem (3, we can determine part of the coefficients cﬁ’?fL.

Example. In the example given at the end of the preceding section, let us
specialise to the case that ol € Ty (L). Then we have for all w € W& that
wp € (o, M) and

cﬁ%(aL,wu) = nt(0)eleM Z d$, (L, SYm?3, (o, w™ PN S).
SeL(M

In particular,

cﬁ%(o wp) = e%eM (w)Ymar(wa, P).

7 Parabolic descent

Weighted orbital integrals satisfy descent identities. If M C L are Levi
subgroups of G and v € M(R) N G.ee(R), then according to equation (1.5)
of [8] we have

T )= d§(L,S) 5 (v, fas), (14)

SeL(M)

where we can choose any Qg € P(S) for each S. We are going to prove
parallel descent identities for the differential equations satisfied by the distri-
butions I; and their Fourier transforms, for the standard solutions of those
differential equations and for the coefficients in the expression of the Fourier
transforms in terms of standard solutions.

Proposition 1 Let M C L be Levi subgroups of G and T" C M a mazimal
torus. Then, for all v € T(R) N Gyeg(R) and z € Z(g), we have

Z d$ (L, 8)05, (7, zs)-

SeL(M

Proof. We change variables for Levi subgroups in favour of a more sys-
tematic notation later in the proof and thus apply equation to Levi
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subgroups M; C M containing T', viz.

= Y A5, (MG (7, fae,)-

G1eL(My)

Replacing f by zf and observing that (z f)QG1 = 26,fqqs,,» we can apply
equation (9) to the right-hand side, and with the transitivity of the Harish-
Chandra homomorphism we get

")/,Zf Z d M G(l Z a]?/[11 (77251)Jg1 (77fQG1)'

GreL(My) S1e£G1 (M)

If d§;, (M, G) # 0, then a}l Na§} = 0 and hence a}f Na}} = 0for S €
LY (M;y). Given such S; and any S € L(M)NL(S;), we have dy; (M, Sl) #0
if and only if S is the unique Levi subgroup such that aM = aM1 &) aMl, and
thus
A5, (M,Gy) = ) dy, (M, 8))dg, (S, Gh). (15)
SeL(M)NL(S1)

The Hasse diagram may help keeping track of the various inclusions.

/\
/\/
\/

M,

After changing the order of summation, the expression for Jy, (7, zf) becomes

Z Z ds (M Sl) 77251 Z d S Gl JS1 (77 fQGl)

SeL(M) S1eLS5(My) G1€L(S1)

Using the descent identity for weighted orbital integrals again, we get

w2 f)= Y > i (M, S)on (v, 25,) Ts (7, f)-

SeL(M) S1eLs(My)

Since the Theorem is trivially true for R-anisotropic groups G, we may in-
ductively assume that it is true for G replaced by a proper Levi subgroup.
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If we subtract the last equality from equation (9), we see that all the terms
with S # G cancel, and we are left with

aM(’Ya Z) - Z dM1<M7 Sl)a]?/[ll(’yv 251) JG(/% f) =0.
Sleﬁ(Ml)

If 79 € T(R) N Greg(R), then the stabiliser of vy in Wy is trivial. Thus any
smooth function in a sufficiently small neighbourhood of v in 7T is of the
form Jg (v, f) for a function f € H(G), and our assertion follows. O

Next we consider the standard solutions of the system of differential equa-
tions (11). We fix a parabolic subgroup P of G and a maximal torus 7' C P
and denote again by L(P) the set of Levi subgroups of G containing the Levi
component of P that contains T'.

Proposition 2 For all Levi subgroups M C L in L(P), Y € tp and any
w € t* that is P-minimal in its W -orbit, we have

V(Y p) = > dG(L )Y, p).
SeL(M)

Proof. Since the standard solutions depend holomorphically on p subject
to the assumption of the Theorem, it suffices to consider regular p which
take purely imaginary values on t(R). As in the preceding proof, we will
change the notation (M, L) to (M, M). We may assume inductively that
the Theorem is true for M replaced by any Levi subgroup L of G properly
containing M. The basis of induction is a special case of the inductive step,
as for M = G there are just no such L.

Let z € ker y, where y is the infinitesimal character parametrised by .
Then, for Y € tp,

> 0N (Y 2s)UE(Y, 1) = 0.
SeL(M)

Let M; € L(P) be a Levi subgroup of M. From Theorem 1 we get, after
pull-back under the exponential map and meromorphic extension,

é]‘%'/[(}/, ZS) = Z dA]S\‘/Il(Mv Sl>5]€/[11(}/7 ZSl) = 0.
Sleﬁs(Ml)
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Starting with the pair M C G replaced by Levi subgroups M; C Gy, we
obtain for all Y € tpng,

Y O (Y2 )Y, ).
Sleﬁcl (M1)

We restrict Y to the set tp, multiply the equation with d§;, (M, G1) and sum
over all Gy € L(M;). Using equation (15), we can introduce an additional
summation over S € L(M) N L(S}) just as in the proof of Theorem [11 After
changing the order of summation, we obtain the vanishing of

S A (M, 8)05 (Yozs,) Y dS (S, G)RET(Y, p).

SeL(M) SyeLS(My) G1eL(S1)

Forming the difference with our earlier result, we get

Z Z di/h(M? Sl)

SGL‘, Sleﬁs(Ml)

x Ont (Y, zs,) | WE(Y, ) = > d(S.G)WE (Y, ) | =0.
G1€L(S1)

Due to the inductive assumption, all terms with S # M vanish. But when

S =M and d3, (M,S1) # 0, then S; = M, and we are left with

o | UL ) — Y d§, (M, G)T (Y ) | =0.
G1€£(M1)

A function on tp annihilated by all zp for z € ker x is a linear combination
of functions of the form e**¥) with w € W if 4 is regular. Under the further
assumption on p made at the beginning of the proof, these functions have
absolute value 1 for Y € t(R). For M # G, the expression in the brackets
multiplied by e #Y) tends to zero as Y - by definition of the standard

solutions, so it must vanish identically. For M = G this is also true by
definition. OJ

Finally, we turn to the coefficients in the expression of Fourier trans-
forms in terms of standard solutions. We keep P and T fixed.
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Proposition 3 Let U € U and 7 € TL (L), where L is a Levi subgroup

disc

of G. Then, for any Levi subgroups My C M in L(P), we have

CML T, 1) Z d Z Cf/fqig(WT 11)-

SeL(M) wewg\wg

Proof. On one hand, we can plug in the descent formula from Theorem
into equation (13) and get for Y € Up

(I)ML(GXPYT Z Z Z d}?ﬁ(M,;SH)

MG’L* TG) SEﬁ 516[,5 M1)
P,U PNSy
X Csp, (7, /J)\I/Ml (Y, ).

On the other hand, we can use the descent formula (4.3) of [8] for the Fourier
transforms of the invariant distributions I;, which reads in our notation

(I)ML ’Ya E d M Gl) E : (I)]\G/[lth(’y,wT),
GlEL(Ml) TUEWOGl\WOG
wLCGy

Here we plug in the analogue of equation (13), namely
PNGh,
S5 plexpY,ur) = Y o e (wr p) U (Y, p).
pet (wrC1) S1€LG1 (My)
If we change the order of summation, we obtain

Qprp(expY, ) = Z Z Z d (M, Gy)

MG{*(T ) S1€L(M1) G1eL(S1)

PNG1,U PNSt
> egar (wr WY, ).
weWS\WE
wLCGq
pet (wrc1)
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Next we plug in equation and change the order of summation once more.
If we compare the two expressions for @,/ (exp Y, 7), we see that

Y>> A (MSy

pet(rG) SeL(M) SyeLS (My)

X cSL T, 1t) Z dg (S, Gh) Z cgpgi (wr, p)

G1€£ 51) wEW()Gl\WOG
wLCG1
pets(wrc)

X WS (Y, i) = 0.

We may assume inductively that the Theorem is true with M replaced by a
Levi subgroup S properly containing M. The basis of induction is a special
case of the inductive step, as for M = G there are just no such S. Using the
inductive assumption, we are left with the terms in which S = M and hence
Sl = Ml, 1. e.

Z CML T, 1) Z dg, (M, Gy) Z Cﬂffi (wT, 1)

pet(r9) G1eL(My) weWOGl\WOG’
wLCGy
pet (wrC1)

x etY) = (.

We may again interpret the coefficients ¢ as polynomials of the variable Y
rather than differential operators on ti. Exponential functions with different
exponents, multiplied by polynomials, are linearly independent on Up. [

Finally, we can deduce a version of the descent identity (13) in which the
roles of ¢ and ¥ have been switched.

Corollary 2 ForY € Up and 7 € T\ "*(L) as in Theorem |3, we have

disc

bV = Y Y Y I iy,

SELM) weWS\W§ pets (wrs)
wLCS
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To see this, we rewrite equation for a Levi subgroups Sy in place of M

as
n(expY,T) Z Z el (T ) WEN (Y, )
pet*(rG) G1eL(S1)

Dg

and plug in the descent identity from Theorem [3/in the form

Z 2 : PNM,U
MeL(My) weW({”\WG
wLCM
pett (wrM)

Here we plug in equation (15) and change the order of summation to obtain

O, r(expY,7) Z Z

net(rG) SeL(Sh)

PNM,U
§ dMl(M7 S1) § CMT,wL (wT, )
MeLS(My) weWM\W§
wLCM

pet (wrM)

XY dG (S GREN(Y, p).

Glell 51)

According to Theorem 2, the last line equals WE(Y, 11). In the second line,
we split the sum over w as

PAM,U
Z Z CM1 w’ wL(w wT, IU“)
weWF\W§ w' eWM\Wg
wLCS w'wLCM
MEt*(wTS) uet*(w’wTM)
and apply Theorem 3 with (G, M, S, L, 7) replaced by (S,S1, M,wL,wT),
which gives

O plexpY,m)= Y > D g (wr ) E(Y, p).

pet(7¢) SEL(S1) weWy \WE
wLCS
pet (wrd)

Changing the order of summation and renaming S; to M, we obtain the
assertion.
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Example. 1f we specialise to a split maximal torus 7' = M = M, in the
example from the end of the preceding section, so that o is just a unitary
character of T'(R) with differential p1, then ¢f. (0, wp) = ma(wé, P) for all
w € WS =W, and

O r(expY, o) = Z Z m5,(wé, PN S)WE (Y, wp)

SeL weW

for Y € tp(R) and o € Hi;;fg(T). The version of this result for normalising
factors r was stated as Theorem 7.2 in [15], where the contragredience sign

on o was missing.
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