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Abstract

This paper is devoted to the approximation of integrated semigroups with respect to space
and time variables. The presentation is given in the abstract framework of discrete approximation
schemes, which includes finite element, finite difference, and projection methods.

Mathematics Subject Classification by Zentralblatt MATH: 34G10, 47D06, 65J20, 65J22.
Keywords and phrases: Abstract differential equations, Cpy-semigroups, integrated semigroups,
Trotter-Kato theorem, discretization methods, difference schemes, stability of difference schemes, dis-
crete semigroups, Banach spaces.

1 Introduction

Let B(FE) denote the Banach algebra of linear bounded operators on a complex Banach space E.
The set of all linear closed densely defined operators in £ will be denoted by C(E).

Let A be the generator of a Cy-semigroup exp(tA), t > 0, and consider in the Banach space E the
Cauchy problem

(1.1) u'(t) = Au(t) + f(t), t >0,
(1.2) u(0) = u®,

with some function f(-) € C([0,T]; E). Usually, one assumes u’ € D(A) in order to obtain well-
posedness.

Definition 1.1 A function u(-) is called a solution of (1.1) in the classical sense if
u(-) € CH[0,T]; E)NC([0,T); D(A)) and u(-) satisfies (1.1) — (1.2).

It is known that the mild solution of (1.1)-(1.2) is defined by the function

(1.3) u(t) = exp(tA)u’ + | "exp((t — 5)A) f(s) ds.

If u(-) in (1.3) is continuously differentiable, then such wu(-) is a classical solution of (1.1)-(1.2). If
one puts f(s) = exp(sA)z, s > 0, then boundedness of Au(t) = exp(tA)Au’ + tAexp(tA)z ast — 0
implies that A generates an analytic Cy-semigroup. But even if A generates an analytic Cy-semigroup
and if f(-) € C([0,T]; E), then u(-) from (1.3) is generally not a classical solution (see [30]). Therefore,
in the numerical analysis of these equations one can only expect a maximal regularity inequality with
a logarithm. Actually, if (1.1)-(1.2) is coercive well-posed in C([0,T]; E), then either A is bounded or
E contains a subspace isomorphic to ¢y (see [11]).



Therefore, in order to have well-posedness of (1.1) — (1.2) one needs to impose some smoothness
assumption on f(-) in case of a Cy-semigroup. For instance, one may assume that f(-) € C*([0,T7]; E).
The situation changes dramatically if the operator A satisfies weaker conditions than those for a
generator of Cy-semigroup.

In the literature [2, 14, 17, 18] there has been quite some interest in solving problem (1.1)-(1.2)
under conditions weaker than those for a generator A of a Cy-semigroup, namely under the condition
that A generates an integrated semigroup €', ¢t > 0, or a C-semigroup S(t), t > 0. For example, the
Schrodinger operator iA generates a Cy-semigroup on LP(IR") iff p = 2. Moreover, if a > n)| % — %|, then
1A generates an a-times integrated semigroup. The starting point for this paper is the observation
that there seems to be no systematically developed approximation theory for integrated semigroups,
not even for the homogeneous case.

In recent years a rather general approach has been developed for studying the approximation of
solutions of Cy-semigroups. We give here a short historical overview of some simple general results
from this approach. Let us consider a well-posed Cauchy problem in a Banach space E with some
operator A € C(E)

(1.4) u/'(t) = Au(t), t € [0, 00),
' u(0) =u’ € E.

If A generates a Cy-semigroup exp(-A) then, as is well known, the generalized solution of (1.4) is
given by u(t) = exp(tA)u’ for t > 0. The theory of well-posed problems and the numerical analysis
of these problems have been developed extensively, see for instance the papers [13, 15, 23, 25]. Let us
consider a general discretization scheme obtained from the a semidiscrete approximation of (1.4) in
some Banach spaces F,, :
(15) ul,(t) = Ayu,(t), t €[0,00),

’ un(0) =ul € E,,

Here we assume 12 Pu0 and operators A, € C(E,) that generate Cy-semigroups, consistent with the

operator A € C(E). For a precise definition of discrete convergence of elements and operators see
Section 3.
First, we state the following version of Trotter-Kato’s Theorem for general approximation schemes:

Theorem 1.1 [28] (Theorem ABC') Assume that A € C(E), A, € C(E,) generate Cy-semigroups.
Then the following conditions (A) and (B) are equivalent to condition (C).

(A) Consistency. There exists X € p(A) NN, p(A,) such that the resolvents converge

(AL, — A) 2B (AT — A) L,

(B) Stability. There are some constants M > 1 and w, independent of n such that || exp(tA,)| <
M exp(wt) fort >0 and any n € IN;

(C) Convergence. For any finite T > 0 one has maxepr) || exp(tAn)ud — pnexp(tA)u’]] — 0 as

0

P
n — oo, whenever ul——u® for any u® € E,,u’ € E.

Remark 1.1 Condition (A) of this Theorem is equivalent to compatibility of the operators (A,, A).

Theorem 1.2 [23] Let operators A and A, generate analytic Cy-semigroups. The following condi-
tions (A) and (By) are equivalent to condition (C).

(A) Consistency. There exists X € p(A) NN, p(A,) such that the resolvents converge

(AL, — A) P 2B (AT — A) L,

(B1) Stability. There exist constants My > 1 and wy independent of n such that for any ReX > wy

AL — A7 < for all n € IN;
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(C1) Convergence. For any finite > 0 and some 0 < 6 < 7 we have

max) | exp(nAn)ul — pnexp(nA)u’]| — 0 as n— oo whenever ul—-u’.

neE(f,p
Here (0, 1) ={z € X(0) : |z| < u}, and 2(0) ={z € @ : |argz| < 0}.

Normally one assumes that conditions (A) and (B) for the corresponding Cy-semigroup are satisfied
without any restriction of generality if discretization processes in time are considered. We denote by
T,.(+) a family of discrete semigroups as in [15], i.e. T),(t) = Ty, (7)), where k,, = [£], as 7, — 0,n —

Tn

00. The generator of the discrete semigroup is defined by A, = %(Tn(Tn) — 1,) € B(E,) so that
To(t) = (In + T dAy)*, for t = k7.

Theorem 1.3 [28] (Theorem ABC — discr) The following conditions (A) and (B') are equivalent to
condition (C").
(A) Consistency. There exists A\ € p(A) NN, p(A,) such that the resolvents converge
(AL, — A) P EBO0 — A
(B') Stability. There exist constants My > 1 and wy € IR such that

IT.(®)]l < My exp(wit) fort € IRy = [0,00),n € IN;

(C") Convergence. For any finite T > 0 one has maxyeo 1) || T, (t)ul — pp exp(tA)u’|| — 0 as n — oo,

0
n

whenever u® —su° for any u® € E,ul € E,.
Theorem 1.4 [28] Assume that operators A € C(E), A,, € C(E,,) are given that generate Cy-semigroups.

Assume also that conditions (A) and (B) of Theorem 1.1 hold. Then the implicit difference scheme

Un(t + 1) — Uy(t)

Tn

(1.6) =AUt +7), Un(0) =

n?

is stable, i.e. ||(I, — TaAn) % | < Mye*!,t = k,7,, € IR, and gives an approzimation to the solution

of the problem (1.4), i.e. U,(t) = (I,, —TnAn)_k”ugL exp(tA)ud uniformly with respect to t = k,7, €

P
[0, 7] as u2—u’,n — oo, k, — 00,7, — 0.

Note that in this case T,(1,,) = (I, — T Ap) " and A, = (I, — 7 An) ™ = 1) /70 = Ap(In — T An) L
Theorem 1.5 [28] Assume that conditions (A) and (B) of Theorem 1.1 hold and condition

(1.7) mllAZ| < C,n e IN,

is fulfilled. Then the difference scheme

Un(t+7,) — Upn(t)

Tn

(1.8) = AU, (t), Un(0) =’

n’

0
n

is stable and gives an approzimation to the solution of the problem (1.4), i.e. U,(t) = (I, + 1, An)* u
Pou(t) uniformly with respect to t = ko, € [0,T] as u—>u’,n — 00, ky — 00,7, — 0.



Theorem 1.6 [12, 23] Assume that conditions (A) and (By) of Theorem 1.2 hold and condition
(1.9) TallAnl] <1/(M +2), n € IN,

is fulfilled. Then the difference scheme (1.8) is stable and gives an approximation to the solution of

the problem (1.4), i.e. Up(t) = (I, + T An)frul —5u(t) uniformly with respect to t = k,t, € [0,T] as

o P..0
u, —u’,n — oo, k, — 00,7, — 0.

In this case we have T),(7,) = I,, + 7, A, and A, =A,.
Let us introduce the following equivalent conditions:
(B}) Stability. There are constants M’, w’ such that

/

lexp(tA,)]| < M'e", | Auexp(td,)] < e, 1 € IR,
(BY) Stability. There are constants M”,w” and 7* > 0 such that
(I — T ) 75| < M" e 5™ ||kry An (I, — T Ay)7F|| < M"e“"*™ 0 < 7, < 7,0,k € IN.
Theorem 1.7 Conditions (A) and (BY) are equivalent to the condition (Cy).
Remark 1.2 Note that conditions (By), (By) and (BY) are equivalent, see [26].

Let us recall that the constant Ms in condition (B), which defines o € (0, §) by Masina < 1 [16],
satisfies

(1.10) (A, — An) 7Y <

M,
py— for all A € X(7/2 + «).
Recall that there exists a unique Padé approximation of degree (p.q) for e=* given by the formula

Ry (2) = Ppy(2)/Qpq(2), where

Xp:p+q 7)\pH(—=2)’ zq: (p+q—7)q'?
= (p+olllp -4t Opa =+ a)lila—)Y

z

Definition 1.2 A rational approzimation 1, ,(-) € m,, for e * is called

(a) A-acceptable if |r,,(2)] <1 for Re(z) > 0;
(b) A(9)-acceptable if |r,,(2)| <1 for z€ X(0) ={z: -0 <arg(z) <8,z # 0}.

It is well known that R, ,(2), Ry—1,4(2), and R, 4(2) are A-acceptable. But for ¢ > 3 and p = ¢—3,
the Padé functions are not A-acceptable.

Since r(-) € m,, is an approximation of e, it is natural to construct the operator-function
7(7,A,)* which can be considered as an approximation of exp(t4,) for t = k7,. For simplicity, we
assume in the following Theorems of this section that || exp(tA,)|| < M.t € IR,.

—z

Theorem 1.8 [6] Let condition (B) be satisfied. Then there ezists a constant C, depending on r(-),
such that if r(-) is A-acceptable, then

|7 (T An)E|| < CMVE for 7, > 0,k € IN.

Remark 1.3 The term vk in Theorem 1.8 cannot be removed in general; in fact, there are examples
(see [9]), for which the inequality ||r(1,An)*|| > ek, k € IN, holds.
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We say that r(-) € m,, is accurate of order 1 < d < p+ ¢ if |[e™* — r(z)| = O(]2|*™) as |z| — 0.

Theorem 1.9 [9] Let condition (By) be satisfied. Then there is a constant C' depending on r, such
that if v is A(0)-acceptable, accurate of order d, and 0 € (/2 — o, w/2] with « from condition (1.10),
then

|7 (1. A)*|| < CM for 7, > 0,k € IN.

The difference scheme corresponding to the rational function r(-) of Pade type Ry 1(z) (also called
the Crank-Nicolson scheme) is given by the formula

Un(t + 1) — Upn(2) Un(t +7) 4+ Uy,(t)

1.11 = An ) Un 0) = 07
(111) 2 ) (0) =
. . . In+T_nA7L 1 In+T_nA7L T —1
It is easy to see that in this case T,(7,) = 721 and A, = (72 — 1n)/7 = An(ln — 3-A,) 7
n 2 n n 2

2 Preliminaries

Let us consider the Cauchy problem in the Banach space E

u'(t) = Au(t) + f(t), t € 10,77,
(2.1) u(0) =u’ € E,

where the operator A generates k-times integrated semigroup and f(-) € L*([0,T]; F). A function u(-)
is called a classical solution of (2.1) if it belongs to C*([0,T]; E) N C([0,T); D(A)) and satisfies both
equations in (2.1).

The k-times integrated semigroup is a family of bounded linear operators e, that is strongly
continuous in ¢ € [0, 00) and satisfies the equation

(2.2) - A/ Ads + t>0.
Let us define the function
= ey’ +/ (b=e) s, tel0,7T].

If there is a classical solution of (2.1), then v(-) € C**1(]0,7T); E) and v®)(-) = u(-). If the k-times
integrated semigroup is exponentially bounded, i.e. |[el4|| < Me“!,t € IR, then resolvents exist and
satisfy

(AN — A)7L=)\F /OO e MelAdt  for A > w.
0

Let us consider the problem (2.1) when k = 1.

If we have a once integrated semigroup and f(-) = 0, u® € D(A?) then the solution of (2.1) is given
by u(t) = (e!4u®);. As an example, let us approximate (2 2) in this case as follows €74 ~ 7AeT4 + 71.
We can write the approximation to et in the form

(2.3) W(r)=1(I—-7A)"
It is also well-known that a once integrated semigroup satisfies the equation

(2.4) eAeth = [ (e et Mdr  for any st > 0.
0



Setting s = 7,t = k7, one obtains a discrete 1-times integrated semigroup using the approximation

el et relfriTA _ Telh.
This leads to the difference scheme
(2.5) W((k+1)7)=W(EnNW(r)/r+W(r), W(r)=7U—-71A)7",

from which the discrete approximation function of ¢4 can be calculated. The expression (2.5) is
the analog of the scheme (1.6) for Cpy-semigroups (see Proposition 4.2 for details). In this paper
we are going to construct a general approximation theory for exponentially bounded once integrated
semigroups.

3 Discretisation of integrated semigroups in space

The general approximation scheme, due to [29] can be described in the following way. Let E,, and F be
Banach spaces and {p,} be a sequence of linear bounded operators p, : E — E,,p, € B(E, E,),n €
IN ={1,2,---}, with the property:

(3.1) |lpn| £, — |||z as n — oo for any z € E.
From (3.1) it follows (see [29]) that ||p,|| < C,n € IN.
Definition 3.1 The sequence of elements {x,},x, € E,,n € IN, is called P-convergent to x € E iff

|xn — pnz|lE, — 0 as n — oo. We write this as T,

Definition 3.2 The sequence of bounded linear operators B, € B(E,),n € IN, is called PP-convergent
to the bounded linear operator B € B(E) if for every x € E and for every sequence {x,}, x, € E,,n €

IN, such that xninc one has Bn:anB:c. We then write Bnt.

Remark 3.1 If we set E, = E and p, = I for each n € IN, where I is the identity operator on E,

then Definition 3.1 leads to the traditional pointwise convergence of bounded linear operators which we
denote by B,, — B.

Since our infinitesimal generators are generally unbounded we consider the notion of compatibility.

Definition 3.3 The sequence of closed linear operators { A, }, A, € C(E,),n € IN, is called compatible
with a closed linear operator A € C(E) iff for each x € D(A) there is a sequence {x,},x, € D(A,) C

E,,n € IN, such that xnlx and AnanAx. We write (A, A) are compatible.

Note, that (A,, A) are compatible if resolvents converge (AI, — A, )~ 25 (A — A)~L.
Let us define the space

(En,E) = {{z,}, 2, € E, : there exists z € E such that z,,— >z},

where the norm of an element z = {x,} € ¢(E,, F) is defined as

Rn e, 5) = sup[la]E,

We also introduce the space

[®(E,) = {{z.}, 2, € E, : with a norm sup ||z, ||, < oo}.

Next we show that these two normed spaces are closed.
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Lemma 3.1 The spaces ¢(E,, E) and [*°(E,) are closed. Consequently, c(E,, E) is a closed subspace
of I®(E,).

Proof. It is clear that [*°(F),) is closed. We now show that ¢(F,, F) is closed as well.
Let g™ = {2} € ¢(E,, E) be a Cauchy sequence in ¢(E,, F), i.e.

(32) |77 = ) = sup [l = k]| =0, ks — oc.

For every € > 0 there exists K € IN such that
(3.3) 2™ —2F|| < €e/4, m, k> K,Vn € IN.

Since FE, are Banach spaces, one obtains z' — x, as m — oo in E,. Define § = {x,}. We have to
show that § € ¢(FE,, E) and y™ — § in ¢(E,, E) as m — oo.
By definition, for every §™ € ¢(E,, E) there exists 2™ € FE such that

(3.4) |z — ppa™|| — 0as 1 — oo.

We show that {z™} is a Cauchy sequence in E. Using (3.1), for every fixed m,k > K, there exists
some No(m, k) € IN such that

la™ — &™)l < /4 + llpa(a™ = 2®)]l, 0 > No(m, k).
Since (3.4) holds we can choose Ny > Ny(m, k) such that
25, = pvy ™ ||, 125, — Py [y, < €/4.
Hence

g e/A+ [pw (=" — =) v,

<
< /At ol —pma™ v+ llak, —pwat v + 2%, — 2k v
<

€

|z™ —

for any m, k > K. This proves that {z™} is a Cauchy sequence in F. Let x € FE be an element such

that 2™ — z in E. Then z,——z, where {z,} =y, e gy € c(E,, F). In fact, for given ¢ > 0, take
m = K. Then there exists Ny € IN such that for n > N,

o — pu™|| < €/4,

and
[pnz®™ — puz| < Ce

since [|2% — z|| < e. We have for n > Ny,

e = puzll < Now — 2y |+ 2y — paz™ ||+ Ipaz™ — pozl|
< €/d+€/4+Ce< (14 C)e.

The P-convergence of x,, to x implies that §y € ¢(E,, E). Finally, by (3.2) and (3.3) it follows

157 = Gl = sup a7 = 2l =0, = ox.
This proves that ¢ — ¢ in ¢(E,, F).
Now we can derive a discrete version of Theorem 1.7.5 from [2].
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Theorem 3.1 Let f,(-) € C(IRy; E,) with || fu(t)]
n € IN. Let \g > w. The following are equivalent:
(i) The Laplace transforms f,(-) P-converge pointwise on (g, 00) to f(-) and the sequence { fo(-)},n €
IN, is equicontinuous on compact subsets of IR
(i) The functions f,(-) P-converge uniformly on compact subsets of IRy to f(-).
Moreover, if (ii) holds, then f(X\) = P-limy_.o fu(X) for all X > Xg, where f(t) := P-lim,_oo fn(t).

B, < Me“" for some M > 0, w € IR and all

Proof. By Lemma 3.1, ¢(E,, E) is a closed subspace of [*(E,). Define w(-) : IR, — [*°(E,) by
w(t) = {fu(t)}. Assume that (i) holds, from the equicontinuity of {f,(-)} we know that w(t) is
continuous. The P-convergence of f,(-) implies () = {f(\)} € ¢(E,, E) for all A > \,. Consider
the quotient mapping ¢ : (*°(E,) — [*(E,)/c(E,, E), then (gow)(A\) = ¢(w(N)) = 0 for all A > X,.
Since gow : IRy — [®(E,)/c(E,, E) is continuous, by the uniqueness theorem we have g o w(t) = 0
for all ¢ > 0, that is, w(t) € ¢(E,, E) for all t > 0. This implies that the f,(¢) P-converge pointwise.
Define f(t) = P-lim, . fn(t). We show that this convergence is uniformly on compact intervals of
IR, . Let [0,T] be such an interval. For every ¢ > 0, since f(¢) is uniformly continuous on [0, 77, an
91 can be chosen such that || f(t) — f(s)|| < e when ¢, s € [0,T] satistying |t — s| < ;. Since {f.(-)}
are equicontinuous on [0,7] one has ||f,(t) — fu(s)|| < € for |t —s| < §; and ¢,s € [0,T], where ¢; is
some positive constant. Next we choose m large enough such that 7'/m < §, and let t; = T'j/m for
j=0,1,---,m. Since fn(tj)Lf(tj), we find an n(m) € IN such that || f,(¢;) — pnf(t;)] < 2 for all
n>n(m) and j = 0,1,---,m. For any ¢t € [0,7T], there is a t; such that |t — ;| < d3 := min(J, d1).
Thus for n > n(m) we have

[fn(8) = o f O < ([Fn(8) = Salt)I + [1Fa(t5) = puf E)I + lpnf (8) = puf O] < (2 + Ce,

where C' = sup ||p,||. This prove that the f,(-) P-converge to f(-) uniformly on [0, 7.
The implication (ii) — (z) follows from the dominated convergence theorem.

Let us first consider a general discrete version of the ABC Theorem for integrated semigroups.

Theorem 3.2 (Theorem ABC —int) Assume that closed operators A, A,, on E and E, respectively
generate exponentially bounded k-times integrated semigroups. The following conditions (A) and (Bjn)
are equivalent to condition (Ci,y).

(A) Consistency. There exists A € p(A) NN, p(Ay) such that the resolvents converge

(AL, — A) P 2B (AT — A)~Y,

(Bint) Stability. There exist constants M > 1 and wy, which are independent of n and such that
ek || < M exp(wit) fort > 0 and any n € IN, and the sequence {ei*"p,x},n € IN, is equicontinuous
on compact subsets of IR, for every x € E.

tAn, 0 tA, 0

(Cint) Convergence. For some finite w > 0 one has maxcj ooy € “|le; "uy — ppeiu’|| — 0 as

0

P
n — oo, whenever ul——u® for any u® € E,,u’ € E.

Proof. Assume that conditions (A) and (B,) hold. In the same way as in Theorem 3.1 we introduce

the subspace co(E,, E), i.e. the space of the sequences which converge to zero, and put f,(t) =

e, — pnetdz, where z,—~z. From the convergence of resolvents (condition (A4)), one has that the

Laplace transforms of f,,(t) converge to zero. Then for any x € F there is a sequence {x,} such that
xnlx and by Theorem 3.1 max;co 1] ||62A”xn — ppetiz|| — 0 as n — oco.

Conversely, assume that (Cj,:) holds. To prove (A) and (Bjn), by Theorem 3.1 we only need
to show (Bjn). From (Cjy,) it follows that maxcp ) e‘“t||eZA”||B(En) < C. If this is not true, then
one finds sequences ||x,|| = 1 and t, € [0,00) such that e~ ||ef"*"x,| — oo. Then the sequence
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Yn = W converges to zero and satisfies e=“'n eZ"A”yn—m win e',fc”AO = 0 uniformly in £,, but
k n

this contradicts et ||e"4y, || = 1. The equicontinuity of {et*"p,z} follows as in Theorem 3.1.

When D(A) is dense, we have the following result:

Theorem 3.3 (T'heorem ABC —int —dense) Assume that a closed densely defined operator A on E
generates an exponentially bounded k-times integrated semigroup, and closed operators A, generate k-
times integrated semigroups on E,, respectively. The following conditions (A) and (B,,) are equivalent
to condition (CI,,).

(A) Consistency. There exists A € p(A) NN, p(Ay) such that the resolvents converge

(AL, — An) P 2B (AT — A)Y,
(B.,;) Stability. There are some constants M > 1 and wy, which are not depending on n and such
that ||et || < M exp(wit) for t >0 and any n € IN;

(Cl,.) Convergence. For some finite w > 0 one has maxc(p o) € “|el " ud — ppetu’| — 0 as
0

P
n — oo, whenever ul——u® for any u® € E,,u’ € E.

Proof. For u° € D(A), u® € D(A,) such that ugLuo and AanLAuO we have

¢ th — sk
B = | / et Apuldr + o
S .

<t = s|C(D) (| Antid | 5, + 1ud]l5,),

lei " — et

U2| E,

where Cy(T) is a constant depending only on M,w,T and k. This implies the equicontinuity of
{etAu0} on [0, 7] since ||A,ul||p, and |[ul||p, are uniformly bounded. By Theorem 3.1 we have

maxepo.r) |lef " ud — pneiu’|| — 0 as n — oo. This yields (C4,,), since D(A) is dense in E.

int
Corollary 3.1 Assume that A, A,, generate locally Lipschitz continuous k-times integrated semigroups
on E, E, respectively. Then conditions (A) and (Bl,,) imply (CI,).

(A) Compatibility. There exists X € p(A) N N,p(A,) such that the resolvents converge:
(M, — A) P PR (T — A
(B

int

) Stability-Uniformity. There are some constants M > 0 and w such that
e A — etdn || < MU for t,h > 0,n € IN;

(&

i) Convergence. For any finite T > 0 one has maxiep.1 ||ef"ud — poelu®|| — 0 as n — oo,

0

whenever u,,

Zou® for any ul € E,,u° € E.

Proof. From condition (B!,

) the condition (Bj,;) of Theorem 3.2 follows.
At last we give an ABC Theorem for analytic integrated semigroups.

Theorem 3.4 Assume that closed operators A, A,, on E and E, respectively generate exponentially
bounded analytic k-times integrated semigroups. The following conditions (A) and (Bir,) are equivalent
to condition (Cj1,).

(A) Consistency. There exists X € p(A) NNy, p(A,) such that the resolvents converge

(AL, — A) P2 (AT — A) L



(B",) Stability. There are some constants M > 1, 0 < 8 < w/2 and wy, which are independent of

n and such that the sector wy + gz /2 is included in p(A,) and
sup  [[(A —wi) RO\, A) /N < M

ACw1+Xg4r/2
for any n € IN, and the sequence {eZA”pnx}, n € IN, is equicontinuous on compact subsets of ¥ for

every x € .
(Cini) Convergence. For some finite w > 0 one has maxX.ex ) €

0

n

Proof. By Theorem 4.3 in [8], the first part of (B,
semigroups.

—wRezH z2An,,0

er"ul — ppeitul]| — 0 as

P
n — oo, whenever ul——u® for any u® € E,,u’ € E.

) is equivalent to the stability of the integrated

Remark 3.2 Trotter-Kato’s Theorem involving integrated semigroups was considered in [3]—[5]. This
subject was discussed also in 7, 20],[31] — [33].

4 Discretisation of integrated semigroups in time

In case when the operator A does not generate s Cy-semigroup the approach described in the Introduc-
tion fails in the following sense. There is no strongly continuous bounded linear family of operators
which represents the solutions and which could be successively approximated, i.e. the semigroup
family of operators, even if it exists like exp(tA), is not a Cy-semigroup anymore. But one can as-
sume that some other family of bounded linear operators exists, for instance e{4, t € IR, . There is a
way to construct approximations of such a family of operators by analogy to the approach from the
Introduction. The solution of the original problem

u'(t) = Au(t), t € [0, 00),

(4.1) u(0) =u’ € F,

where A generates a once integrated semigroup e{?, can be approximated by taking the discrete
derivative of the discrete once integrated semigroup. This approach will be the subject of a forthcoming
paper. In this section we consider discrete once integrated semigroups.

4.1 Explicit scheme

Let T,(7,) € B(E,), {r,} and 7, > 0, be a sequence converging to 0 as n — oo and A, = (T,(r,)) —
I,)/7. € B(E,). The once integrated discrete semigroup can be defined as We(t) := [i Tl/™lds,

where [s/7,] is entire part of number s/7,, i.e. it is Tnzgig”]_l([n + 7,4,). By definition we assume

that TnZg-tg”]_l(In + 7, An) =0 ast = 0. We can also give a formal definition

Definition 4.1 The discrete family of operators {W<(kt,)}, k= 0,1, 2,..., is called discrete 1-times
explicit integrated semigroup if W(0) = 0, We(r,) = Tuln, WE(27,) = A WE(T0) 0 + 27,1, and

Wk )WE(2T,) = WE((k + 1)7) + WE (k)70 — T2,

Proposition 4.1 The discrete 1-times explicit integrated semigroup in case ;1; U exists is given by
the formulas

We((k+1)7,) = WE(kr) Ly 4+ Tady) + Tl k=1,2,. ..,
k—1
Wekr,) =70 > (In + 70 An) = (I + 1, A" — L)AL, k=0,1,2,....

J=0

10



Proof. From Definition 4.1 it follows that

We((k+1)1,) = WE(kr) (Wi (21,) /T —In) + T I = Wj((k‘—1)Tn)(]n+7'nfln)2+7'n(In+7'n/uln)+7'nIn.

v

One gets We((k + 1)71,) = WS(kT)(1, + 1, A,) + 71, Therefore

(In + Tn/in)k+1 - [n 1 \k+1 1—1
4.2 We((k+1)r,) = = T = (I, + 1o Ap)t — L)AL .
(42) (1) = S e, — (1 4 7 A 1)

Theorem 4.1 (Theorem ABC —discr—int) Suppose that A, A, generate exponentially bounded once
integrated semigroups respectively. The following conditions (A) and (Bin:) are equivalent to condition

(Cint)-
(A) Consistency. There exists A € p(A) NN, p(Ayn) such that the resolvents converge
(AL, — A) 2B (AT — A) L
(Bmt) Stability. There are some constants M; > 1 and wy € IR such that the explicit discrete once
integrated semigroup WE(-) is stable, i.e.

t —
H / T7[18/Tn]d5’| < Ml exp(wlt) fOTt S ZR-!— = [07 OO),’N, S Z]V,
0

and {fét T,[LS/T”]pnxds} is equicontinuous on bounded intervals of IR™ for every x € F;
(Cint) Convergence. For some finite w > 0 one has max;ep .0y €| Ji TE/™u0ds — p,etu®| — 0 as
n — oo, whenever u®—>u° for any v’ € E,u° € E,.

Proof. Since

00 00 (k4+1)7n
/ e MTWmlgr = > T,’f/ e Mdt
0 k=0 kTn
e)\'rn -1 \
= Tn[n - Tn !
e )
_ €ATn—1(€>\Tn—IIn_Tn_In)—1
ATy, Tn Tn
1 1
= In - An _17
ATy, ( Tn )

we get by integration by parts and by the stability condition (B,;) that

0o t ATn, 1 ATn 1 o
— Xt [s/7n] e —Lem - -1
] det = In — ATL )
~/0 c /0 " )\27_71 ( Tn )

which PP-converge to +(A — A)~! by (A). Since {5 T)}/™ds} are uniformly exponentially bounded

and equicontinuous on bounded intervals, the rest of the proof is similar to the proof of Theorem 3.2.

Remark 4.1 (1) Note that [™ Tls/™ds := W, (k7,) = T Zf;é(]n—i-m;ln)j is a discrete once explicit
integrated semigroup with W, (0) = 0 by definition. So [ TI*/™lds can be considered as the continuous
realization of discrete once explicit integrated semigroup, which means [} T\*/™lds = 7, Z?;&(In +

Tn;ln)j for (k—1)7, <t <kr,.

11



(2) Let us compare condition (Bjn) with condition (B) ), which is defined in the followin way:

wnt
there are some constants M > 1 and w € IR such that
|T¥|| < Me“*™ for all n,k € IN.

Condition (B} ) implies condition (Bin). Indeed we

int

have fort =kr, +7r and 0 < r < 1,,

| [ Tieimlas) = HZ /

) is the main hypothesis in [27). Condition (B!

int

Tjds +/ Thds|| < Z T Me“i™ 4 p Me ™ <

JTn j=1
S tMewan S Me(u)—l-l)t
Simalarly, one can show that in this case
t s
(4.3) | [ Tieimiag — [CTiEag) < Mesm e — o).

i) 1S equivalent to (4.3).
(3) We assume in this Section 4.1 that the discrete generators A, are bounded, i.e. A, € B(E,).
We will continue to use A, but keep in mind that in general |A,|| — 0o as n — oo.

Moreover, it is easy to prove that (B!

Theorem 4.2 Suppose that conditions (A) and (Bint) of Theorem 3.2 hold and
Tl AL A < Con e IN.

Then discrete explicit once integrated semigroup fo( + 70 A ) ¥/ ™lds is exponentially stable, i.e.

(44) || ZT" w+ Th n)]” < M, ewl‘l'nkn’

. . . . . . . _ ; P
and it gives an approrimation of once integrated semigroup, i.e. Ty, ngol(ln + T Ap ) ul ——etAyl

uniformly with respect to t = k,7, € [0,T] as u—-u’, n — .

Proof. Since

m—1
S L+ T A = (I, + 1A — L)A?
k=0

= (L= 72A2)™(I, — 7, n)-m—ln)A,;l
= (Lo =72 A" (L — >—mA—1—A;1)+<fn—r,%Ai>mA;1—A;1
= = m )" 3 A+ (I — T AL A — AT

then stability follows from estimates (1 + 7,7, A2|[)™ < Me*™™ and Theorem 4.5. To prove conver-
gence one can apply Theorem 4.1.

Remark 4.2 We can give a different proof of Theorem 4.2. Let us define an operator Q,, = —A, (I, +
T,A,) 7Y It is clear that operators A, + Q. = An(I, + 7A,) " 1, A, are uniformly in n bounded if
|7 A2|| < Constant. It follows by [19] or [22] that the operators Q, generate integrated semigroups
and by Theorem 4.5 one gets ||Tn2?;é([n — 7.Qn) 7 = ||Tn2§;é(fn + 7, AL || < constant.

12



Theorem 4.3 Suppose that conditions (A) and (Bl

int

) of Theorem 3.4 hold with wy =0 and

Sup 7, || Anll < < 2sinf, 0€ p(A,), nelN.

Then the statements of Theorem 4.2 hold.

Proof. Since A,, are bounded operators, they generate Cy-semigroups and the once integrated semi-
groups are given by ef*» = A1 ( tAn T ) We know that e/ are uniformly bounded, i.e. ||e}*"| < M.
If we show that ||(e n _ LAY — S b (1, + 1aA,)F|| < Ct, then stability, i.e. condition (Biy), is
proved. One can write

(€ — LAY = (I 4 T Ap)™ — L)AL = — /0 %(em“” I (I, + 5A4,)" ) dsALt =

= —/Tn — mApe™ A ([ g A ) 4 e A (] 4 sAn)m_lmAn)dsAgl =

1 fm
—/ sme™ ™A ([ 4 s A )" s A, = —/ sm(/ em(T"_S)’\(1+S)\)m_1()\]n—An)_ld)\)dsAn,
2mi Jo r

where the positively oriented contour I' is composed of I'y = {re™@*+7/2) . 0 < pr < R,} and 'y =
{R,e¥% :0+7/2 < p < —0+3n/2)} with R, satisfying 7,,R,, = p. First we can choose a positive v,
which depends only on 6 and g such that

11+ sA> =1+ %% —2srsinf =1 — sr(2sinf — sr) < 1 — ysr,
forany 0 < s <7,,0<r <R,. Thus for 2sinf —pu=v >0
1+ sz| <1—nsr, 0<sr<upu,zelj.

+i(0+7/2)

For z =re € I'1, the integral over I'; can be estimated by

Ry .
/ e_m(Tn_s)rsme(l ’}/ST)m ldTHA || </ —m(Tn— s)rsm@e—fysr(m 1) dT’HA || <
0

eTH

[ A

since (7, —s) sin @ > 0 and 7y is positive. Moreover, since the function [0, 7,,] 3 s +— m(7,—s) sin 0+ysm
is linear, it reaches its minimum at O or 7,,. Thus one has

Ry .
< e’*{Tan/ 6—[m(7—n—s)sm@—l—ysm}rd,rHAnH < :
0 m(1, — s)sinf + ysm

2

o o o
2 - dsllAnll € —— LA, < L
o m(r, —s)sinfd + ysm min{mr, sin @, yr,m} min{sin 6, v}

for any m > 1. For A = R,e"? € Iy, choose 3 < 1 such that 7,||A4,| < Bu, then

1 1 1

I =407 < S Ay = B A= ARy = B = 3)

Therefore we can bound the integral over 'y by

3r/2—6 ) R d
C/e —mTn Ry, sinf ' HA || < C/ anRnsmeHA ||

a2 © Ro(1—B)

13



Also for A = pe? /1, € T'y, we have
11+ 7| < |14 pe @) = (1 + p® — 2usin )2 = [1 — p(2sinf — p)]V? < 1;

combining this with the inequality |1 + sA\| < 1 for A € I'; and 0 < s < 7,, the Maximal Modulus
Principle yields |1 + sA| <1 forall A € I', 0 < s < 7,. Thus we have

I / Tom( [T TINL 4 s\ AL, — A) 7NN dsA, |
0 o

Tn 2m,
C”/O smemmRasind gl A 1 < oI ) Aull < Citp

VAN

Since 7, ||A,|| < p < oo the Theorem is proved.

Remark 4.3 In Theorems 4.2-4.3 we assumed that exist A;'. However, if A generates an exponen-
tially bounded once integrated semigroup et satzsfymg |ef?]] < Me*t, then by [14] the once integrated
semigroup generated by A — wl is related to et by formula

t
HA—w] A—wl
et = e“’tel( wl) w/ 6“565( “I) gs.
0

One can show that elA “) s still exponentially bounded, but because of the choice of w > 0 one can

achieve 0 € p(A — wl). Because of Theorem 3.2 we can find ws > 0 such that 0 € p(A, — wsl,) for
any n > ng. Now one can construct an approximation of e in the following way

(4.5) eSWE(knty) — wgan;?;Oe‘”?’jT"We(]Tn)Eem t = knTn,

where WE(k,T,) is constructed by operators A, —wsl,. Of course, in (4.5) we can use different quadra-

ture formulas for approzimating the integral [, e‘”sei(A “D ds.

4.2 Implicit scheme

Let us now set T},(7,) = (I, — 7, A,)~'. Then in this subsection the discrete once integrated semigroup

can be deﬁned as [y Tl¥/mlds, i.e. as THEWT"](I — 7, An) ™7 where we put by definition TnZEZ‘T}([n —
TpA,) 77 = 0 for t = 0. Therefore, in this subsection we have a special choice of A, = A, (L, — 1 A7,
with the operator A,, taken from Theorem 3.2.

Definition 4.2 The discrete family of operators {W:(kr,)}, k = 0,
Tn

, 0,1,2,..., is called a discrete 1-
times implicit integrated semigroup if W' (0) = 0, Wi(7,) = 1n(I,, — T An)~

L and
Wik ) Wi(1,) = TaWE((k + 1)7,) — 1, W (T).

Proposition 4.2 The discrete 1-times implicit integrated semigroup in case of existence of Al is
given by the formulas

(4.6) Wi(k+1)7) = Wikn) (I, — 1At +Win), k=1,2,...,

(4.7) WEikT) =Y 7Ly — A7 = (I, — TnAn) " = L)A, E=0,1,2,....

||M?r
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Proof. From Definition 4.2 it follows that
Wi((k+ 1)) = Wikt )W (1) /70 + WE (7).
One gets Wi ((k +1)7,) = Wi(kr,)(I, — 7 An) "' + Wi (7). Therefore

(In - TnAn)_(k+1) - In

W;L((k? +1)7,) = (I, — A, — I,

Tn(]n - TnAn)_l - ((In - TnAn)_(k+l) - [n)Agl

Theorem 4.4 Suppose that A, A, generate exponentially bounded integrated semigroups respectively.
The following conditions (A) and (By) are equivalent to condition (Cipy).
(A) Consistency. There exists X € p(A) NN, p(Ay) such that the resolvents converge

(AL, — A) P EB O — A

(Bmt) Stability. There are some constants My, > 1 and wy € IR such that
t -
| [ 2/ mlas) < My explnt) fort € Ry = [0.50), n€ IN.
0

and {fg Tl/mlp,xds} is equicontinuous on bounded intervals of IRT for every x € E;
Cint) Convergence. For some finite w > 0 one has maxsep o) € || [L T1/™u0ds — p,etul|| — 0 as
g [0,00) 0Ln " Uy i

0

P
n — oo, whenever ul——u® for any v’ € E,u’ € E,.

Proof. Taking Laplace transform of fj T\*/™lds, as in the proof of Theorem 4.1 one gets

- " AT 1
0 0 A
AT 1
_ €A (™1, — (I, — 7y Ay) ™)™
1 — e A 1 —em
— —_— [n - nAn 71” - An -
1
PP (M — A7

A

Similarly, as in Subsection 4.1, we have f[j T/ T”}dsmeﬁf‘ uniformly on bounded intervals. Now the
result follows from Theorem 3.1.

Theorem 4.5 Suppose that conditions (A) and (Bin:) of Theorem 3.2 hold. Then discrete 1-times
integrated semigroup is exponentially stable, i.e. || Z;?:o Tullpy — AR 7| < Mye*' ™ and gives an
approximation to once integrated semigroup, i.e. Z?Zo Tn(In—TpAp) ™ Le’iAu% uniformly with respect
tot = kyr € [0, 7] as ul—"-u’,n — .

Proof. We only need to show that conditions (A) and (Bj,,) of Theorem 3.2 imply (By,). By the
stability condition (Bj,;) of Theorem 3.2, we know that

s e

) 7|)\_w|m+l,>\>w,
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where ()&m) denotes the m-th derivative with respect to A. By the formulas for derivatives of resolvents
(RN, ANS™ = (=1)mmIR(A, A,)™ and (1/A){™ = (=1)™m!(1/A)™ L, one obtains

m

(RO AN = 2}?@%AA>><wmmf

= > CL(=1/JIR(\ A (=1)" 7 (m — j)N (/2™
=0
= (=1)"m! Y R(\A,) /A",
j=1
and therefore »
17 M
15 22 VRO AN <
J=1 |1 - X|
Now choosing A = 1/7,, we have
- [n_ nAn_] < - leTnm
17 300 = o) ] € e <

J=0

Remark 4.4 In the uniformly Lipschitz case considered by Tanaka [27) one can even show ||TF¥| <
constant, k € IN. In general one assumes just (Bj,) from Theorem 3.2, then we have just last in-
equality in the proof of Theorem 4.5.

4.3 Crank-Nicholson scheme
In this subsection let us consider T, (7,) = (I, + 2 A,) (L, — 2-A,)7", so that A, = Ap(L, — 2 A"

Definition 4.3 The discrete family of operators {W<(kt,)},k = 0,1,2,..., is called a central dif-
ference discrete 1-times integrated semigroup if W4 (0) = 0, W(r,) = 7,(I, — 2 An) 7", and

cd cd
Witk + 1)7,) + Wit(kra) %ng(%).

vad(kvrn ) vad (Tn) = Tn

2
Proposition 4.3 The discrete central difference 1-times integrated semigroup is given by the formulas
L+ %A,
W;;d((k + 1)Tn) WCd(l{? )ﬁ WCd(Tn) k= 1, 2, ey
I, + A,
(4.8) Wel(kr,) = ((7%)‘6 _ 1n>A;1, k=0,1,2,....

Proof. From Definition 4.3 it follows that

We((k + 1)7,) = ch(m)(zwcd(fn) 7 — ) W),

One gets We((k + 1)7,) = W (kr,) (2(In — A - In) + Wed(r,). Therefore

2

I+ A,

cd . cd
Wik )7) = Wykr) 2

+ We(r,).
Using the identity I”+ pAn I, = <In +2A, - (L, -5 )>( — 2 A,)7" we get the following.

TnA
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Theorem 4.6 Suppose that A and A, generate exponentially bounded integrated semigroups. The

A

following conditions (A) and (Bynt) are equivalent to condition (Cipe).

(A) Consistency. There exists X € p(A) NN, p(Ay) such that the resolvents converge
(AL, — A) P 2B (AT — A) Y

(Bmt) Stability. There exist constants My > 1 and wy € IR such that

t —
|| / T7[18/Tn]ds|| < Ml eXp(wlt) fO’f’t € lR-i— = [07 OO),?’L S EV?
0

and { [ Tls/™lp,xds} is equicontinuous on bounded intervals of IRY for every x € F;

(Cint) Convergence. For some finite w > 0 one has max;ep .0y €| Ji T/ ™u0ds — p,etu®| — 0 as

0
n

Proof. As in Theorem 4.1, using relation [5° e~ [¢ T8/l dsdt = e”—f\_l(e’\m[n —T,)7 !, one gets

P
n — oo, whenever ul——u® for any v’ € E,u’ € E,.

o : AT 1
/0 e_At/O T,LS/T”]dS dt = - A (eAT" — (I + 7 An/2)(I - T”A”/2>_1>_1
1 —e ™ 1—eAm
= L s A (14 e Pm)A, /2)
Mn( oA /2)( - (1+e7™)A,/2)
rp 1 1
— —(AM - A)"".
LT 4)

Thus we obtain the convergence of [j T)*/™lds to e}* from Theorem 3.1.
Theorem 4.7 Suppose that conditions (A) and (Bint) of Theorem 3.2 hold and
Tl Anll, 1451 < €, ne IN.

Then the discrete central difference once integrated semigroup [, (%)[S/Tn]ds s exponentially
stable, 1i.e.

I, +1,A,/2;
(4.9 Iy (T2 < gyt 0 <k, < T

I, — 1,A,/2

and it provides an approrimation of the once integrated semigroup, i.e.

In—l—’TnAn/Q ; P
—In A )]uoﬁe’f‘uo

k
Tnzjlo( n )

0

uniformly with respect to t = k,7, € [0,T] as unLuo, k, — 0o,n — 0.

Proof. To prove stability of (4.8) in the form TnZg?zl(ﬁ"J_r:zZi")j = 158 (I, — 7.Qn) ™, where
n 2 n

Qn, = A(I, + 1,A,/2)7L, we apply Theorem 4.5. Let us consider the difference (Q, — A,)z, =
A (I, + 1A, /2) 11, Az, /2. The operators (Q,, — A,,) are uniformly bounded if ||, A2| < constant
and they commute with A,. By Theorem in [19] or [22] we find that the operators @, generate
exponentially bounded once integrated semigroups and under condition ||7, A2 || < constant we obtain
stability by Theorem 4.5. So one has

L+ 1,A0/2 L, +1,A,/2
nz’?ﬁ—l n TR TN I, —1,A, N~ = nEki n TR TN I, A, 2)-1
g (PP Ry, 4,27 = e, (1, ),
and the estimate || In+TiAn/2 | = ||§Z;:’;ﬁ;ﬁ|| <N =1 AZAL 2] == < 00, since 7,[| A% || < constant.
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Theorem 4.8 Suppose that conditions (A) and (B

int

) of Theorem 3.4 hold with wy =0 and

(4.10) sup 7, || An|| < < 2sinf, 0€ p(A,),n € IN.

Then the discrete central difference once integrated semigroup f(f T, (1) */™\ds is exponentially stable,
i.e. (4.9) holds. Moreover, it gives an approximation of the once integrated semigroup in the sense
that

k

no 1,4 TR A2

Ty ([jLT—/)] 0 2,6t as n — oo,
k=0 in — Tn n/2

uniformly with respect to t = k,7, € [0,T] as u®—-u’, n — .

Proof. One can write

(e — 1) 471~ ((

[n—i_T—M’n_I —1:_/Tndiemﬂ SAL(LM
S

-1 _
In—’TnAn/Q) SA /2) )dSA" N

_ [mms? =) I, + sA,/2\m—1 A3 -1

1 /™ ms? B (1 + sA/2)m-L )
= — - m(Tn 8))\ . 1 9
2m1 / 4 (/Fe (1 _ S)\/2)m+1 ()‘In An) d)\)ds Am

where the positively oriented contour I' is composed of I'; = {re*@*7/2) . 0 < r < R,} and 'y =
{R.e¥ : 0+ 7/2 < ¢ < —0 + 371/2)}. Since for A € [0 < s < 7, |1 — sA/2| > 1, we have

% < |1+ sA/2|™ 1. The rest of the proof is similar to that of Theorem 4.3.

Remark 4.5 Note that the analog of Theorem 4.8 for the case of analytic Cy-semigroups, namely
Theorem 1.9, does not involve stability conditions like (4.10). Here we follow the idea of [24]. The
proof of Theorem 1.9 is based on the fact that if A generates a bounded analytic Cy-semigroup and
AL exists, then this inverse also generates a bounded analytic Cy-semigroup. Unfortunately, for
analytic integrated semigroups such a statement does not make sense. As was shown in [10] if one
assumes that both A and A™' generate bounded analytic integrated semigroups, then A generates in
fact a bounded analytic Cy-semigroup.
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