ULTRASPHERICAL TYPE GENERATING FUNCTIONS FOR
ORTHOGONAL POLYNOMIALS

Nizar Demni !

ABSTRACT. We characterize the probability distributions of finite all order
moments having generating functions for orthogonal polynomials of an ultra-
spherical type.

1. MOTIVATION: MEIXNER FAMILIES

There is a one to one correspondance between probability distributions on the
real line and polynomials of a one variable satisfying a three-terms recurrence rela-
tion subject to some positive conditions ([9]). That is why in most of the cases, if
not all, one tries to characterize probability distributions using generating functions
for orthogonal polynomials. Among the famous generating functions are the ones
of exponential type, that is if y is a probability distribution with a finite exponential
moment in a neighborhood of zero

/e”,u(da:) < oo,
R

then
exH(z)

(1) Y(z, 1) == an(m)zn = W7

where H is analytic around z = 0 such that H(0) = 0, H'(0) = 1, X is a random
variable in some probability space (2, .7, P) with law p = PoX ! and (P,),,> is the
set of orthogonal polynomials with respect to p. Up to translations and dilations,
there are six probability distributions which form the so-called Meixner family
referring to its first appearance with J. Meixner ([15]). It consists of Gaussian,
Poisson, Gamma, negative binomial, Meixner and binomial distributions. This
family appeared many times under differents guises ([17], [14], [1], [16], [11]).
Another well known example was first suggested and studied in [2] and is given by
a Cauchy-Stieltjes type kernel. Namely, if p is a probability distribution of finite
all order moments, then

1
(2) b(zz) =S Py(x)" = ——
,; u(z)[f(z) — ]

where u and z — zf(z) are analytic functions around zero such that

lim ulz) =lim zf(z) = 1.
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This family, known as the free Meixner family due to its intimate relation to free
probability theory, covers six compactly-supported probability measures too. We
refer the reader to [4], [8], [13], [5] for more characterizations and more interpreta-
tions. The natural g-deformation that interpolates the forementioned families for
arbitrary |g| < 1 was defined and studied in [3] and is up to affine transforma-
tions the so-called Al-Salam and Chihara family of orthogonal polynomials ([1]).
Their generating functions is given by an infinite product and is similar to the g¢-
exponential function. Another characterization of the last family was recently given
in [7].

After this sketchy overview, we suggest another type of generating functions which
may be viewed as a generalization of the free Meixner family. It is inspired from
the case of Gegenbauer or ultraspherical polynomials which satisfy ([9])

(3) 3o (jl)," CMa)a = ——— A0,

= (1 -2z 4+ 22)

We adapted here the monic normalization for (C)), and henceforth all the poly-
nomials are monic so that they satisfy the normalized recurrence relation

2Pp(2) = Ppy1(x) + anPp(z) + wpPoo1(z), n > 0, P_; := 0,wg = 1.

The sequences (ay)n>0, (Wn)n>0 are known as the Jacobi-Szegd parameters and
wp, > 0 for all n unless y is has finite support ([9]).

It is then natural to adress the problem of characterizing probability measures with
finite all-order moments, say gy, such that

a)\ )\ 1
(4) Zo e I E M
A

for some sequence (a;), and some functions uy, fy such that uy and z — zfy\(2)
are analytic in a neighborhood of zero (possibly depending on A with

0 =0, Tz =1, lm 2y

We shall say that ) is an OP generating function of ultraspherical-type referring
to ultraspherical polynomials. Without loss of generality, we may assume that p) is
standard, that is, has mean zero and variance one. Equlvalently7 if ( M0, (W00
denote the Jacobi-Szegd parameters of iy, then one has o) = 0,w; = 1. Our strat-
egy is based on the following general remark that was stated in [6]:

Claim: to a given generating function of orthogonal polynomials (z,x) — ¥(z, x)
associated with a probability measure satisfying a moments condition, there corre-
sponds a one parameter family of probability measures such that the variance is a
polynomial of degree 2 in the mean. Namely, if ¢ is of the form

x) = Z an Py (x)z
n>0
such that
Z lanm, 2" < oo, my, = /x"u(dm)
n>0
in a neighborhood of zero, then

P.(d) = (2, )u(dx)
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defines a one parameter family of probability measures such that the first and the
second moments of P, are at most linear and at most quadratic polynomials in
z. Indeed, this follows immediately from exchanging the order of integration and
one uses the recurrence relation once and twice when computing the first and the
second moments respectively. The family P, is then referred to as a ¢-family of an
at most quadratic variance referring to exponential and Cauchy-Stieltjes families
(116], [8)).

When 1 is handable so that one can perform computations of the first and of
the second moments of P,, one recovers two equations that may be used to solve
the problem of characterization of probability measures whose generating function
for orthogonal polynomials is of i-type. In the case of the Meixner and the free
Meixner families, this was noticed in [6]. In the present case, both equations allow
to derive a nonlinear one order differential equation for f) and our main result is

Proposition 1.1.
(1) The function fy satisfies in some neighborhood of zero
Q2(2)f3(2) = f3(2) = Qu(2) fa(2) + Ri(2)
where Q2, Ry are polynomials of degree 2 while Q1 is a polynomial of degree

1. Moreover the coefficients of these polynomials depend only on \, a3, ws .
(2) The function uy 1is related to fx by

() _ 1= A)
ux(2) fa(z) = Az

Once we did, we investigate the case of symmetric measures and we show that if
Py(z)
(5) a(z) =

z
where P, is a polynomial of degree 2, then there exists only two families of proba-
bility measures for which

220 +1 22 —1
ith )= )= A>1/2.
either wy == or wp = A> /
A similar result holds for non symmetric measures with fy as above and there are

two families corresponding to

4)3
A A
VT oo E

2
\/(H 12(x—1/2)’

however the range of \ is restricted to A > 1/2, A # 1. In both cases, the orthogonal
polynomials may be expressed through the ultraspherical polynomials. The reader
may wonder about the fact that Py is a polynomial of degree 2. in fact, we show
that if fy is given by (5) where Py is a polynomial, then the degree of Py can not
exceed 2. Unfortunately, we do not know if there exists a solution f) with Py an
entire function. Nevertheless, we conjecture that this alternative is not possible.

2. PROOFS

2.1. First and second moments. First of all, it is easily seen from (4) together
with the limiting conditions on wy and f) that

_ (Wn
Tl
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In fact, it suffices to substitute z with x/z in (4) then let z go to zero and use the
binomial theorem

. 1 (/\)ﬂ n
lli%w(z,x/z)z i :Z YR

n>0

Second, let us proceed to the compuations of the first and the second moments.
On the one hand, the three-terms recurrence relation (applied twice for the second
moment), one gets
AN+1
my(z) = Xz, my(z) = %wg‘f + Aoz + 1.
On the other hand, the explicit form of ¥ (z,z) enables to derive the following:
first since the expectation of ¥,(z, ) equals one then

1
’U,)\(Z) = /R (f)\(Z) _x)A,U'A(dx)

Second, using the elematary operations z = (z — f(2)) + f(z) and 2? = z(z —
f(2)) +zf(z), it follows then

A = f(z) — u)\,l(z) U z) = 71 T
ml(z)*f( ) U)\(Z) ) )\,1( ) A(f(z)_x)k_lﬂ)\(d )
Using the relation (1 — X) f'(2)ux(z) = (ux1)'(2) ina neighborhood of 0, one gets:
uh(z) 1= fi(2)
(6) ux(z) _)\fA(z)—)\z
which can be written as
(7) (ur(2)[fa(2) = A2)])" = (1 = Mua(2) f3(2)-
Finally,
2(2) = Azfia(z) — L v x
®) mi) = () - 5 | e de)
Note that

(/R Wm(d@«)) :(l—A)f;(z)/Rmﬂ,\(dl“)ZA(l—A)ZU,\(Z)fﬁ(Z)

so that (8) implies that

(9) (Nafa(2) = m3(@)ua(2) = A1 = Nzur(2) f4(2).
2.2. A non linear differential equation. By the virtue of (7), (9) implies that
(A2fa(z) = m3 (2)]ua(2) = Az(ua(2)[fa(2) = A2)]Y

which gives

N2 fa(z) = m3 (2)]Juh (2) + Mfa2) + Azf5(2) = (m3)'(2)]ua(z)

= Az[fa(2) = Azlu(2) + A2[f3(2) = V]ua(2),
therefore

3222 = m () (2) = [(m))'(2) — Afa(2) — X22Jun(2).
If Az — m3(z) # 0, one gets after the comparison of the last equality to (6)
(m3)(z) = AMfa(z) — A2z ) 1—fi(2)

A222 —m)(2) T AR) -z
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which shows after elemantary computations that f satisfies the following nonlinear
one order differential equation:

(10) Q2(2)f1(2) = f3(2) = Qu(2) fa(2) + Ri(2)

where
Q2(z) = A [)\ - )\; 1w§‘} 22— Xatz—1,
Qi(z) = (A+Dwiz+a?,
Ri(z) = )\()\TJrl)wg‘zZ -1

Setting ga(z) := fa(z) — [Q1(2)/2], (10) transforms to

(11) Q2(2)95(2) = g3(2) + Qa2(2)

where

B2(2) = Ra(2) — Q)7 — 2ol Qa(2)

A2 -1 A1 A+ 1w A\2
=[(A 4 1Dwsy — ”\]Tw%zz n otz + ( +2 Jwy - (ai)
Finally, once g, is given, one deduces fy by adding (1/2 then use (6) to derive uy.

Now, we shall look for a solution of the form

g)\(z) = 7, E)\(O) =1

for a second degree polynomial Py. In fact, since z — zgy(z) is analytic around
zero, one may always assume that g (z) has the above form for an entire function
E). But if E) is a polynomial of degree > 3, then all the terms of degree > 3 will
vanish only by equating both sides of (11). For instance, let

Ex(2) = apz® + a12* + azz + as

and write (11) as

(12) Q2(2)[zE(2) — Ex(2)] — B3 (2) = 2°Qa(2).

Then by equating terms of degree 6 is this equation, one easily gets ag = 0 so that P
has degree 2. For P a polynomial of degree 4, start with equating terms of degree 4
and so on. However, this way of thinking fails or rather become cumbersome when
P is an entire function.

Remark 2.1. Note that Q- is a constant polynomial for X\ = 1 so that (11) trans-
forms for this parameter value to
[(1—w2)2? — a2 — g\ (2) = ¢°(2) + (w3 — 1) — (a)*/4.
But it is well known that if p belongs to the free Meizner family, than its Jacobi-
Szegd parameters are given by ([4])
al =aacRn>1, w=14+b),b>-1,n>2,
where we used the fact that u has mean zero (af = 0) and variance one (wi = 1).
Moreover, one has ([5])
14 az + (1+b)22 a/2)z+1 a 1
file) = 07 o =2l eyl

z z 2z
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It is then an easy exercice to check that g satisfies (11) which reads in this case

(13) —[b22 4+ az + 1]g}(2) = ¢3(2) + b — a? /4.

3. SYMMETRIC MEASURES: GEGENBAUER POLYNOMIALS

In the sequel, we shall focus on the case a;) = 0 for all n. This is equivalent to
the fact that ) is symmetric, that is the image of py by the map =z — —z is still
. In this case, one gets by taking o = 0

A
Qa(2) = 5[2)\ — A+ 1Dwi)z? -1
~ A2 -1 A+ 1Dw)
Q2(2) = [(A+Dwy — 2] 1 whz? + % —1.
Writing Py(z) = ag2? + a1z + as and equating both sides in (11), one gets:
ay = 1,
a = 07
A A+ 1w}
—3ag — S22 — (A + Dwy] = % —1,
2 A A A -1y
—ag + a()5[2)\ —A+1Dwy] = [(A+ 1wy — QA]TwQ.

The third equation gives
(1-X)(2—wp)

apg = 6 .

Hence, it remains to check when the above aq satisfies the fourth equation. For
A =1, this gives a = 0 = 0 and one has a unique solution. For A # 1 and after
substituting ag in the fourth equation, one can remove the term (1 — A\?) and see
that wy satisfies

—A+F DA+ 2)(w2)? 4+ (AN2 46X — Dw) + (1 —4X%) = 0.

What is quite interesting, that though this polynomial looks complicated, its de-
scriminant is equal 9 so that there are two solutions given by

220 +1 2\ —1
A A
= p— 1 2.
Wy P wy P A>1/
This gives the values
1—A2 1—A2 1—A
— = = A>1/2.
“W=35%2  ©Taorn . 2 VY
Thus 14+ A 1 A 1
+
Ia(z) = 5 *t o f,\(Z)—§Z+;a)\>1/2

and from (6)

uy(2) A uh(z) 22 4+1—(A\/2)22
) "2 me a2 Y
Finally
A
U)\(Z):Z)\’ UA(Z):W,A>1/2

for sufficiently small z.



3.1. Orthogonal polynomials. The first value of wj corresponds to the Gegen-
bauer polynomials as we shall see and the Jacobi-Szeg6 parameters are well known
([9]). However in order to fit into our setting, one has to consider the monic Gegen-
bauer polynomials which are orthogonal with respect to the standard ultraspherical
distribution

(1—22/20 + )MV 2dz,  z € [=2(1+ N)).

Easy computations show that these polynomials are given by

Nz) = (eTo Y I —
(1) Cal) 1= [2(1 4+ ) 2cn< o A)>

and that their Jacobi-Szegd parameters are given by (see [9] for the Jacobi-Szegd
parameters of C7):

W = n(A+1)(n+ 21— 1),n > 1.
2(n+ A =1 (n+A)
Hence, on the one hand, it follows that
A2t
2ToN+27
On the other hand, it is easy to see from (3) that the generating function for the
polynomials in (14) is given by

(Mn = n ey T VIFaz\"
> n Cn(@) =22 n! CTA’( 2(1+/\)>( V2 )

n>0 : n>0

af‘L:O,nEO,

1
(1—zz+ (14 X)22/2)>

Z/\[1+(1+)\)22/2$]_'\ 1
z ux(2)(fa(z) — )
For the second value, let us first write down 1)y:
1—(N\/2)22 1—(A/2)22
a(en2) = — (A/2) S (A/2) .
22Az/2+1/z —x) (A22/2+1 — zx)

then use the above generating function for C:fl‘ to expand

1 W [ AF1 x \"
()\22/2+1—zz)>‘_z n! C%\( )\x)( 1+/\Z> ’

n>0

Set

B) = ( ﬁ)ndé <\/ AA“) W 1ix> - v ().

then B; are monic and one easily sees that the family of orthogonal polynomials
corresponding to the second value of w3 are given by

A n(n—1) A\
§(A+n—1)()\+n—2)Bn_2

with S3 = 1 and S} (z) = B(z) = .

Py(z) = By(z) —

(z),n >2



Remark 3.1. Both above families of symmetric measures extend to the case of free
Meizner family. In fact, when X = 1, the first family reduces to the Tchebycheff
polynomials of the second kind while the second family reduces to

Pla) = By(x) = 3 Bh_a(x) = (V2)'U, (;{2) L, (2)

for n > 2, where U, is the n-th Tchebycheff polynomial with second kind. The
latter polynomials are orthogonal with respect to the Kesten measure ( the latter is
a particular case of the free binomial measure derived in [4], see also [10], [12] ).

4. NON-SYMMETRIC PROBABILITY MEASURES

Henceforth, we suppose that a7 # 0 and we will show that there are two families
of probability measures correponding to

aoz2 + a1z + as

ga(z) = .
Then, we get the following equations
ay = 1,
Aoy
ay = 71 7é O,
A by 1 A A\2
SBag - da-(r W] —ar = A Der ()
2 2 4
A2 —1
—apoi A — 2apa; = 5 ai\wg‘,
2 A A A -1y
—a0+a0§[2)\— A+ Dwy] = [(A+1Dws —2)] TR
From the second, third and fourth equations, it follows that
1— 22 [(a7)? 1— )2
a = —¢ [ ; +2-wy| = By w3

Actually, this gives a constraint on \, a7, ws:

(15) <(a§)2+2> A= <A+z> ws.

Substituting ag by (1 —A?)w3 /(4)) and assuming A # 1, the fifth equation becomes

1-)2 wa W
BTV (w3)? + ?[m — A+ Dwy] =22 — (A + 1)@]5.
In the non degenerate case wy # 0,
N 473
Wy = ——————.
223 +3X2 -1
But —1 is a double root of the polynomial in the denominator so that
273
W =

O+ 12\ —1/2)°
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which is positive for A > 1/2. Finally, one deduces from (15) that

_ (2X + 3)\? B 2
(e)® = 2 (A+1)2(A—1/2)_2}_(A+1)2(A—1/2)>0’
(1—A2)\2 (1 - 0N
apg = =

T2+ 1)2(A—1/2) A+ D@@r—1)
It follows that
az? +arz+ay  (1+Nwyz+ai 1 [ A2

1
- _ NRN
1) + M—1" T ano1

z 2 Tz
1
2
2ttt —m
22 —1 Vaa—1

z—l—l}

W) A [ A=12 5] A=Y
ur(z) 2z 22 —1
The descriminant of the polynomial

AA=1) , L4 1

M1~ N

1 -
22 —1 22 —1
It follows that, when o} > 0, the roots are given by

—1
z—f—l} .

z4+1

is easily seen to be:

=2\—-1>0.

V2A—1 V2A -1
A=, 2=y
Writing
1(A—1)222(A—1)2[2+M} [Zm}
20 —1 20 —1 1—X 1—Xx |’
one gets
uh(z)  A—1 A1 VI —11' 1
un(z) 2 [“ A1HZ+ ) } TR Y
As a result

u(z)_\/2)\—1 2>
AT TN eV T/

and the generating function is written as

o= i B oo ) o]

+ z
V2A -1 A V2h -1 22 —1
Using the generating function for the monic Gegenbauer polynomials é,/}, one gets
1 PN 1 A2 1+A ,]7°
l—zlz— + z =|l-z(xz— + .
V22 =1 220 —1 V2A -1 A+1D(A=-1/2) 2
n>0

where K\ is the shifted Gegenbauer polynomial given by

Kg(x);:[ A ]"C% ()\+1)()\—1/2)(x_ 1 )]

O+ DA —1/2) A V2A—1




As a result,
A n
Vo2 d—1n+A—-1

with P(j\ = 1. In the case a} < 0, similar computations yield

V2\A -1 2*

Pp(x) = Kp(@) + Ky y(z),n>1,

B NPTV, v 1)
and
VIN—1 1 2
Ya(z,x) = — A [z— A }{1—2(1‘—1— >+ A 22] .
V2A -1 A V2A -1 22 -1
Similar computations as above yield
A n
PMNax) = S (z) — A >1
n(x) Sn(x) mn_’_)\_lsn—l(m)?n— ’
with P = 1, where
A b VO D= 1/2) ( 1 )
S (z) = c) 4+ —
(@) A+1)(A—1/2) A V22 —1

Remark 4.1. Unlike the case of symmetric case, the results derived in the non
symmetric case do not extend to the parameter value A = 1. In fact, there are more
than two families of non symmetric probability distributions with Cauchy-Stieltjes
type generating functions ([4]).
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