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Abstract: Partial differential equations
which exhibit solutions that are spatial-
temporal patterns are often found in biologi-
cal and chemical systems, e.g. when describ-
ing pattern formation in reaction-diffusion
systems. Special classes of such patterns are
relative equilibria and relative periodic or-
bits, which are solutions that in an appro-
priately comoving frame of reference are sta-
tionary and periodic respectively. Examples
are (modulated) traveling waves in 1d and 2d
or (meandering) spiral waves in 2d. We com-
pare different moving mesh methods to com-
pute such patterns, especially the Freezing
method and Arbitrary Eulerian Lagrangian
(ALE) methods.
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1 Introduction

Spatial temporal patterns arise as solutions
of reaction-diffusion equations, which are
parabolic PDEs of the form

uy = DAu+ f(u), wu(-,0)=u° (1)

where © € R w(x,t) € R™, D € R™™,
t € I = [0,T]. Such patterns can be trav-
eling waves, rotating spirals or scroll waves.
When simulating such systems by standard
time-stepping schemes one faces two prob-
lems: the pattern may move out of any finite
computational domain (e.g. in case of trav-
eling waves) and the mesh is not adapted to
the solution, i.e. mesh points are not equally
distributed along the graph of its compo-
nents. To compute such patterns, different
methods can be used: Firstly, the Freez-
ing method, where the whole mesh is moved
with the velocity of the traveling wave. Since
this velocity is also unknown, it has to be
computed in parallel with the solution. This
can be achieved by adding an integral con-
straint, a so called phase condition to (I).

Thus the partial differential equation (PDE)
(I) is transformed into a partial differential
algebraic equation (PDAE). Secondly, Arbi-
trary Eulerian Lagrangian (ALE) methods,
which are moving mesh methods where each
point of the mesh is moved individually ac-
cording to some prescribed movement. As
for other moving mesh methods, the move-
ment of the individual mesh points can be
governed by an equidistribution principle for
an appropriate monitor function, which for
example measures the gradient or the cur-
vature of the solution. Thirdly, one can
combine the above methods: in addition to
moving the whole mesh with the velocity
of the traveling wave the individual mesh
points are adapted according to an appropri-
ate monitor function using the ALE method.

2 Methods

For the ease of presentation we will de-
scribe the freezing method as well as the
ALE method only for one space dimension
(d = 1). The generalization to higher di-
mensions (d > 1) is straightforward.

2.1 Freezing traveling waves

The main idea for the freezing method is
to rewrite equation (I) using the ansatz
v(&,t) = u(x —v(t),t), v: I — R in a mov-
ing frame of reference and to compute its
(time-dependent) velocity A(¢) = 4(t) via an
additional integral constraint

0= fpud(&)T(v(&,t) —u’(€)) dE, a so called
phase condition (for more details see [1,17]).
This leads to a partial differential algebraic
equation (PDAE) for (v, \), namely

vy = Duge + Mg + f(v), v(-,0) =u® (2a)

0= / W7 (w(E,t) — () de. (2b)
R

By this ansatz a traveling wave solution
u(x,t) = v(x — At) of (1) with profile o and



velocity A is transformed into a stationary
solution (7, A) of (2). Thus we can view solv-
ing (2) as a transient method to compute
traveling waves (or more generally, relative
equilibria) of (1). Alternatively, this method
can viewed as a special case of a moving
mesh method where all mesh points (includ-
ing the boundary) are moved with the same
velocity, namely the velocity of the traveling
wave.

2.2 Moving meshes with ALE

A more general method which allows to
move all mesh points individually with a pre-
scribed mesh velocity is the Arbitrary Euler
Lagrangian method (ALE). This method has
been developed in the context of fluid dy-
namics [8] and a multitude of results deal-
ing with different aspects of this method ex-
ist (for an overview see [5]). Here we will
describe ALE only as it is implemented in
the moving mesh application mode in Com-
sol Multiphysics according to [4].

Let ©; C R be a moving domain for
t € I =1[0,T]. We define the ALE map-
ping A; : Qo — Q, with A4y(¢) = £ with
inverse A; ' and derivative DA;. For sim-
plicity we assume that A; has as much regu-
larity w.r.t. £ and ¢ as required (for more
details see [6]). Define the map b : R x
I — Q, (z,t) — A;'(z) and note that
be(As(€),t) = DA;H(€). We restrict (1) to
a moving domain x € ; C R (using appro-
priate boundary conditions) and obtain the
weak form for test functions @ : Q; xI — R™

0 :/ Az, t) up (2, ) + g (2, 8) T ug (2, 1)
Q
—a(z, )" f(ulz,t))da.
With the coordinate transform z = A:(&)
this is equivalent to
0= [ (AT u(A (). 0)
Qo

+ am (-At (6)7 t)Tux (-At (f)’ t)
— (A (€), )" f(ulA(€),1))] DA() dE.

With v(&,t) = u(A(€),t) and

ug (Ar(€),t) = ve (€, )PAT 1 (€)
ut('At(f)?t) = ’Ut(fat) + ’U&(f,t) ’LU(g, t)7

where w(&,t) = by (A:(€),t) we obtain

O/QO {@T(thrvgwff(v))

+ (0¢DA; ) ve DAY | DA, d€

(3)

for time independent test functions
b: Qo — R, € 0() = a(A(E) 1).

For the ALE method the choice of the
equation which describes the movement of
the mesh points is crucial. To compute the
mesh velocity w we use the equidistribution
principle which is widely used in the context
of moving mesh PDEs in 1d [9,/12,15]. Here
a monitor function M is defined which is re-
lated to the expected error, e.g. the gradient
or the curvature of the solution. This dif-
fers from other ALE applications where the
mesh movement is determined from physical
principles or prescribed externally. Based on
this principle, different moving mesh PDEs
have been derived in [9, [10]. One of them
(MMPDES5) which can be put into the gen-
eral form assumed by Comsol Multiphysics
reads

Tur = (M (u) )y (4)

For our application we use the gradient mon-

itor
M(u) = Vo + [lug . (5)

The parameter 7 determines the speed of
mesh adaptation whereas « controls the dis-
tribution of the mesh points. One possibility
is to choose « such that all mesh points are
equally distributed w.r.t. to the arclength of
the solution u.

There are many other possible methods
to determine the mesh velocity w. In [18] the
velocity of the mesh is determined by mini-
mizing a mesh energy integral. This method
specializes to the equidistribution principle
in 1d. Another approach in two space di-
mensions based on a so called geometric con-
servation law is developed in [2;[3]. In [11]
the mesh velocity is governed by entropy
production. Femlab has also been used with
monitor functions in [16] using a static re-
distribution method and interpolation onto
the new mesh (but not ALE).

2.3 Freezing and ALE

The combination of the above methods tries
to combine the best of both methods. Here
the transformed equation (2) is solved using



the ALE method with the gradient monitor.
In this case reads

0= / (67 (0o + ve(w = ADATY) ~ F(0)
Qo
+ (ﬁgDA{l)TngAfl] DA, de.

Note, that by adding the convective term
Ave the whole domain (including the bound-
aries) is moved with the velocity A which is
determined by the phase condition, whereas
w ve moves the mesh points according to the
monitor function M.

It remains to note that the addition of
convective terms, which is necessary in all
three cases, affects the stability of the time
integration even when using implicit meth-
ods. This has been demonstrated in [14}[12]
and analyzed in [6,[7,[15]. In [13] upwind-
ing has been used to deal with that problem
in the context of finite difference methods,
whereas for finite element methods the use
of stabilization methods such as streamline
diffusion might be helpful [11].

3 Implementation

The PDAE is implemented in Comsol
Multiphysics by coupling a general PDE
mode for (2a) to a boundary mode (in 1d) or
a weak point mode (in 2d) which enforces the
phase condition (2b). The coupling between
this constraint and the other equations is
implemented using integration coupling vari-
ables.

The velocity w of the ALE mesh is de-
termined via (4) using the monitor function
(5) using a general PDE mode and is used in
the moving mesh application mode to drive
the mesh movement.

4 Numerical Results
In the following we demonstrate the above
methods using different examples which ex-

hibit traveling waves and modulated travel-
ing waves.

4.1 Nagumo, 1d

The scalar Nagumo equation

Uy = gy +u(l —u)(u— 1) (6)

is our first test example. An explicit trav-
eling wave solution which connects the sta-
tionary points u_ =1, uy = 0 is given by

S

o(x) = (1 + exp (%D_l, A= —

In Fig. [T we see the result of the ALE com-
putation for (6) with N = 76 mesh points
on the interval [-75,75] and 7 = le — 3.
Here the boundary of the domain is fixed
and only the inner mesh points are adapted
according to the monitor function given in
(5). The mesh points follow the movement
of the traveling wave which eventually leaves
the computational domain.
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Figure 1: Nagumo, ALE, solution u and mesh.

In Fig. 2lwe solve the transformed PDAE
(2) which corresponds to (6) with N = 51 on
[—50,50]. By this transformation we have
removed the overall motion of the travel-
ing wave. The mesh points are adapted
according to the monitor function (5) with
a=1le—4.
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Figure 2: Nagumo, ALE for frozen system,
solution v and mesh.

In Fig. [3] the time evolution of the ve-
locity A is compared for a uniform mesh and
for the corresponding ALE computation. In
both cases N = 51 mesh points have been
used. While A converges quickly to a value
which deviates from the exact velocity A by
an amount which is determined by the mesh
size for the uniform mesh, it converges more
slowly but to a more accurate value for the
ALE computation.
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Figure 3: Nagumo, ALE vs. uniform mesh,
time evolution of A.

4.2 Autocat, 1d

A two component system which models an
autocatalytic reaction is given by

U = OUgy — U™,

(7)

Vp = Ugy +u0™.

Here u(x,t) is the concentration of the re-
actant and v(x,t) is the concentration of
the autocatalyst. We suppose that (u,v) —
(0,1) as © — —oo and (u,v) — (1,0) as
x — 4oo. For different values of the expo-
nent m, different types of solutions can be
observed. For m = 2 we there exist travel-
ing waves as found in the Nagumo example,
whereas for m = 9 we find modulated trav-
eling waves, i.e. solutions which are periodic
in the PDAE framework (2). Since the re-
sults for m = 2 are similar to the results for
the Nagumo system we omit them here and
illustrate only the case m =9, 6 = 0.1.

We display the wv-component and the
movement of the mesh points of the ALE
computation with 7 = 0.01 in Fig. [4 for the
PDE (7) and in Fig. [5 for the corresponding
PDAE.
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Figure 4: Autocat, ALE, solution v and mesh.



Figure 5: Autocat, ALE for frozen system,
solution v and mesh.

Here we used N = 361 on the interval
[—180, 180] in the non-frozen and N = 71 on
[—70,70] in the frozen case. In both cases the
onset of a periodic motion which is charac-
terized by regular bursts of the v-component
can be observed after a transient phase. For
the non-frozen system the wave eventually
leaves the domain whereas it converges to a
time-periodic solution for the frozen system.

Both components of this solution at time
t = 1200 are shown in Fig. [6.
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Figure 6: Autocat, ALE, u,v at ¢t = 1200

In Fig. [7lwe compare the time evolution of

A for a uniform mesh with the result for the
ALE computation. In both cases we have
used N = 71 mesh points. In case of the uni-
form mesh the solution converges to a spu-
rious equilibrium solution, whereas the ALE
solution converges to the same time-periodic
solution as for the computation with a much
finer mesh (N = 1401).
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Figure 7: Autocat, ALE vs. uniform mesh,
time evolution of .

4.3 Autocat, 2d

In two space dimensions the autocatalytic
system reads

up = 0Au — uv™,

vy = Av+uv™.

(8)

Here mesh velocities w, and w, in both di-
rections have to be determined for the ALE
computation. This is achieved using moni-
tor functions M, and M, which measure the
derivative of the solution (u,v) in z- and y-
direction in the same way as in the 1d case.

As in the 1d case, there exists a sta-
ble planar traveling wave for the parameters
m=2,0=2.

We compare the uniform mesh and the
ALE computation with N, = 101, IV, = 51
mesh points in z- and y-direction on a L, =
400 by L, = 300 rectangle, starting with the
spatially periodic functions

1
1+ exp((40 + cos(197%) — y) /4)

u’ (.’I?, y) =
and v% =1 — .

Fig. (8 shows the resulting meshes color
coded with the v-component at ¢ = 5000. In
case of the uniform mesh one obtains a spu-
rious solution whereas the ALE computation
converges to the correct planar wave which is
also obtained by using a much finer uniform



mesh. Correspondingly it can be seen in Fig.
[9 that the velocity A converges to a spuri-
ous value in case of the rough uniform mesh,
whereas it converges to the correct value in
case of the ALE computation.
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Figure 8: Autocat, ALE vs. uniform mesh,
mesh at ¢ = 5000.
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Figure 9: Autocat, ALE vs. uniform mesh,
time evolution of A.

5 Discussion

The previous numerical experiments show
that a combination of the freezing method

and ALE can be used to increase the ac-
curacy of the computation of (modulated)
traveling waves. While a comoving frame
which moves with the velocity of the travel-
ing wave can be computed with the Freezing
method, the mesh points can be adapted to
the solution using appropriate monitor func-
tions with the ALE method. This leads to
an improved accuracy for the profile v as well
as for the velocity A.

While for the Freezing method one has to
solve an additional integral constraint, one
needs to solve an additional PDE for the
ALE method (doubling the number of un-
knowns for scalar problems). The conver-
gence to a stationary solution of the PDAE
(2) is quite fast for a uniform grid. This con-
vergence is slowed down for the ALE method
by the addition of (4). Here the choice of
the parameter 7 is crucial: if it is too large
the convergence to the stationary solution is
slow, if it is too small, the stiffness of equa-
tion (4) leads to numerical problems, e.g.
instability of the time-stepping scheme and
inverted mesh elements due to crossing of
mesh points. In [9,[10] different approaches
of regularizing a discrete version of this equa-
tion which is obtained using finite differences
are given, which unfortunately do not have
an obvious continuous analog.

6 Conclusion

We have compared different methods for
computing traveling waves which are a spe-
cial case of spatial-temporal varying pat-
terns, with the ALE method, the freezing
method and a combination of both. We have
demonstrated the advantages and disadvan-
tages of the respective methods using differ-
ent numerical examples. Since the Freezing
method can be used for more general rel-
ative equilibria, such as spiral waves in 2d
[1) [17], it remains to test the combination
with mesh adaptation in that case. Here the
hope is that problems such as mesh entan-
glement which arise due the rotation of the
solution can be avoided, since the rotation
can be transformed out completely via the
Freezing method. Together with considering
ways of accelerating the convergence to the
stationary solution this will be the subject
of further investigations.
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