UNIFORM RATES OF CONVERGENCE IN THE CLT
FOR QUADRATIC FORMS

FRIEDRICH GOTZE! AND ANDREI YU. ZAITSEV'?

ABSTRACT. Let X, X5, Xs,... be a sequence of i.i.d. random vectors taking values
in a d-dimensional real linear space R?. Assume that EX = 0 and that X is not
concentrated in a proper subspace of R?. Let G’ be a mean zero Gaussian random vector
with the same covariance operator as that of X. We investigate the distributions of non-
degenerate quadratic forms Q[Sy] of the normalized sums Sy = N=1/2 (X; +--- + Xy)
and show that

Ay “sup [P{QISN] <2} - P{QIG] <a}| = O(N ),

provided that d > 5 and the fourth moment of X exists. The bound O(N ’1) is optimal
and improves, e.g., the well-known bound (’)(N_d/(d+1)) due to Esseen (1945). Further-
more, we provide explicit bounds of order (’)(N _1) for Ay and for the concentration

function of the random variable Q[Sy +al, a € R%. Our results extend the corresponding
results of Bentkus and Gétze (1997a) (d > 9) to the case d > 5.

1. INTRODUCTION AND RESULTS

Let R? denote the d-dimensional space of real vectors x = (x1,...,24) with scalar
product {z,z) = 2?4+ --- + 22 and norm ||z|| = (z,2)"/2. We also denote by R™ a
real separable Hilbert space consisting of all real sequences = = (z1,s,...) such that
z||? = 2% + 234 - -+ < o0,

Let X, X1, Xs,... be a sequence of i.i.d. random vectors taking values in R?. Assume
that EX = 0 and E || X||? < oo, Let G be a mean zero Gaussian random vector such that
its covariance operator C = cov G : R? — R? is equal to cov X. It is well-known that the
distributions £(Sy) of sums

def

Sy ENV2H(X 4+ Xp) (1.1)

converge weakly to L(G).
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2 F. GOTZE AND A.YU. ZAITSEV

Let Q : R? — R? be a linear symmetric bounded operator and let Q[z] = (Qz,x) be
the corresponding quadratic form. We shall say that Q is non-degenerate if ker Q = {O}

Denote
8, = BIIX]", for ¢ > 0.
Introduce the distribution functions
F(z) EP{Q[Sy] <z},  Flz) € P{Q[0] <z} (1.2)
Write
Ay Esup | F(z) — Fo()|. (1.3)

We shall provide explicit bounds for Ay.

Theorem 1.1. Let EX = 0. Assume that Q and C are non-degenerate and that d > 5
ord=o00. Then

AN S C(Q7 (C) /84/N
The constant ¢(Q, C) in this bound depends on Q and C only.

Theorem 1.1 confirms a conjecture of Bentkus and Gétze (1997a) (below BG (1997a)).
It generalizes to the case d > 5 the corresponding result of BG (1997a). In their Theo-
rem 1.1 it was assumed that d > 9, while our Theorem 1.1 is proved for d > 5.

The distribution function of ||Sy||*> (for bounded X with values in R?) may have
jumps of order O(Nfl), for all 1 < d < o0. See, e.g., BG (1996). Therefore, the bound
of Theorem 1.1 is optimal.

Theorem 1.1 and the method of its proof are closely related to the lattice point problem
in number theory. Suppose that d < oo and that (Qz,z) > 0, for x # 0. Let vol E; be
the volume of the ellipsoid

ES:{$€Rd:Q[x]§S}, s> 0.

Write voly E; for the number of points in E, N Z<, where Z? C R? is the standard lattice
of points with integer coordinates.

The following result of Gotze (2004), is related to Theorem 1.1. There are related
results of Gotze and Margulis (2009) for positive (as well as indefeinite) forms as well.

Theorem 1.2. (Gotze (2004)) For all dimensions d >5,

voly, (Es + a) — vol Eg
vol B

:(’)(l), for s>1,

S

acRd

where the constant in O(s™') depends on the dimension d and on the lengths of azes of
the ellipsoid Ey only.

Theorem 1.2 solves the lattice point problem for d > 5, and it improves the clas-
sical estimate O(r~2¥/(4+1) due to Landau (1915), just as Theorem 1.1 improves the
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bound O(N~%(@+1) by Esseen (1945) for the CLT for ellipsoids with axes parallel to co-
ordinate axes. Corresponding results for indefinite forms with d > 5, are proved in Gétze
and Margulis (2009).

For Hilbert spaces the order of error under the conditions of Theorem 1.1 had been
investigated intensively. See Zalesskii, Sazonov and Ulyanov (1988) and Nagaev (1989)
for the optimal (with respect to eigenvalues of C) bound of order O(N~/2) under the
assumption of finiteness of the third moment. For a more detailed discussion see Bentkus
and Gotze (1995a, 1996, 1997b) and Senatov (1989).

Under more restrictive moment and dimension conditions the estimate O(N~1*¢), with
e | 0asd 1 oo, was obtained by Gotze (1979), with the help of a result for bivariate U-
statistics. The symmetrization inequality for characteristic functions introduced in Gétze
(1979) and its extensions play the crucial role in the proofs of bounds in the CLT on ellip-
soids and hyperboloids in finite and infinite dimensional cases. This inequality is related
to Weyl’s (1915/16) inequality for trigonometric sums. Under some special smoothness
assumptions, error bounds O(N~!) (and even Edgeworth type expansions) were obtained
in Gotze (1979), Bentkus (1984), Bentkus, Gotze and Zitikis (1993). BG (1995a, 1996,
1997b) established the bound of order O(N~!) without smoothness-type conditions. Sim-
ilar bounds for the rate of infinitely divisible approximations were obtained by Bentkus,
Gotze and Zaitsev (1997). Among recent publications, we should mention the papers of
Nagaev and Chebotarev (1999), (2005) (d > 9, a more precise dependence of constants
on the eigenvalues of C) and Bogatyrev, Gétze and Ulyanov (2006) (non-uniform bounds
for d > 12), see also Gotze and Ulyanov (2000). The proofs of bounds of order O(N 1)
are based on discretization (i.e., a reduction to lattice valued random vectors) and the
symmetrization techniques mentioned above.

Additional restrictions like the diagonality of @, C and the independence of first five
coordinates allowed already to reduce the dimension requirement for the bound O(N 1)
to d > 5, see Bentkus and Gotze (1996). The independence assumption in BG (1996)
allowed to apply an adaption of the Hardy—Littlewood circle method. For the general case
described in Theorem 1.1, we have to develop a new tool. Some yet unpublished results
of Gotze (1994) provide the rate O(N 1) for sums of two independent arbitrary quadratic
forms (each of rank d > 3). Gotze and Ulyanov (2003) obtained bounds of order O(N 1)
for some ellipsoids in R? with d > 5 in the case of lattice distributions of X.

The optimal possible dimension condition for this rate is just d > 5, due to the lower
bounds of order O(N~'log N) for dimension d = 4 in the corresponding lattice point
problem. The question about precise convergence rates in dimensions 2 < d < 4 still
remains completely open (even in the simplest case where Q is the identity operator I, and
for random vectors with independent Rademacher coordinates). It should be mentioned
that, in the case d = 2, a precise convergence rate would imply a solution of the famous
circle problem. Known lower bounds in the circle problem correspond to the bound
O(N—3*1og® N) for Ay. Hardy (1916) conjectured that up to logarithmic factors this is
the optimal order.
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To formulate the results we need more notation repeating most part of the notation

used in BG (1997a). Write 02 & 3,. Let 02 > 02 > ... be the eigenvalues of C, counting
their multiplicities. We have 02 = 02 + 03+ ---. Denote by 61 > 03 > ... the eigenvalues
of (CQ)%.

Throughout S = {ey,...,e,} C R? denotes a finite set of cardinality s. We shall write
S, instead of S if the system {ey, ..., es} is orthonormal.

Let p > 0 and 6 > 0. Following BG (1997a), we introduce the non-degeneracy condi-
tion for the distribution of a d-dimensional vector Y

N(p,6,8,Y): P{HY—eH §(5} >p, for all e SUQS. (1.4)
We shall refer to condition (1.4) as condition N(p,§,S,Y) = N(p,s,S,Y;Q).

A particular case where explicit lower bounds for p in (1.4) can be given in terms
of eigenvalues of C and Q, is described in BG (1997a). Assume that there exists an
orthonormal system S, = {ej,...,es} of eigenvectors of C such that QS, is again a
system of eigenvectors of C. Then we shall say that condition B(S,,C) = B(S,, C; Q) is
fulfilled. In this case we shall write

M= min o2 (1.5)
e€S,UQS,
where ¢? is the eigenvalue of C which corresponds to the eigenvector e. In particular,
such a system S, exists if we assume that Q and C are diagonal in a common orthonormal
basis. If, in addition, Q is isometric, then we can choose S, such that \? = o2,
Introduce truncated random vectors

X=X |X|<oVN}, Xo=XI|X|>0VN}, X°+X,=X, (16

and their moments

N N

A= —F——E|X°|* II,= ———E|X,]|“ 1.7
v= GBI o= Gy B

Here and below I{ A} denotes the indicator of an event A.
By ¢, cq,co,... we shall denote absolute positive constants. If a constant depends

on, say, s, then we shall point out the dependence writing ¢, or ¢(s). We denote by ¢
universal constants which might be different in different places of the text. Furthermore,
in the conditions of Theorems and Lemmas (see, e.g., Theorems 1.3, 1.4, 1.5 and 2.1) we
write ¢o for an arbitrary positive absolute constant, for example one may choose ¢y = 1.
We shall write A < B, if there exists an absolute constant ¢ such that A < ¢B. Similarly,
A K B, if A <c¢(s)B. We shall also write A <, B if A < B <, A.

Furthermore, in Theorems 1.3, 1.4 and 1.5 we assume that the symmetric operator Q
is isometric, that is, that Q2 is the identity operator I;. This does not restrict generality
(see Remark 1.7 in BG (1997a)).

The following Theorem 1.3 solved the problem in the case 13 < d < cc.
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Theorem 1.3. (BG (1997a, Theorem 1.3)) Let EX =0, § = 1/300, Q* = 1, s = 13
and 13 < d < oco. Then we have:
(7) Assume that condition N (p,d,S,,coG/c) holds. Then

Ay < C (I3 4 Ayg) (1.8)

with C' = cp™® + ¢(c/6s)?;
(i1) Assume that condition B(S,,C) is fulfilled. Then the constant in (1.8) satisfies
C < exp{co?\ii }.

Note that in Theorem 1.3 of BG (1997a) the more general quantity

sgp‘P{@[SN—a]Sx}—P{@[G—a]gx}—Fl(x), aeR:L (1.9

was estimated, where Fy(z) = Fj(a;x) is the Edgeworth correction. In our case, where
a = 0, the Edgeworth correction Fj(z) is equal to zero for all = (see Remark 4.3).

Unfortunately, we cannot apply Theorem 1.3 for d = 5,6, ...,12. The following Theo-
rem 1.4 is valid for 5 < d < oo in finite-dimensional spaces R? only. However, the bounds
of Theorem 1.4 depend on the smallest o4. This makes them unstable if one of coordinates
of X degenerates.

Theorem 1.4. Let EX =0, § =1/300, Q? =1, s =5 and 5 < d < co. Then we have:
(i) Assume that condition N (p,d,S,,coG /o) holds. Then

Ay < C (I3 4 Ay), (1.10)

with C = cqp™> (0 /0q)?;
(i) Assume that condition B(S,,C) is fulfilled. Then the constant in (1.10) may be
estimated as C < cgoto;* exp{co?/ 2 }.

Theorems 1.3 and 1.4 yield Theorem 1.1, using the bound T3 + Ay < 34/(c* N).

Theorem 1.4 extends to the case d > 5 the particular case (a = 0) of Theorem 1.5
of BG (1997a) which contains the corresponding bounds for (1.9), where d > 9. Direct
attempts to prove similar bounds for a # 0, assuming d > 5 instead of d > 9 in Theorems
1.3, 1.4 and 1.5 of BG (1997a) failed. Theorem 1.4 of BG (1997a) deals with symmetric
distributions of X. In this case the Edgeworth correction Fj(z) vanishes as well. The main
problem is that Lemma 3.2 allows us to integrate the remainder terms of expansions for
a < s/2 only. It still works for s = 5 and a < 2 in the proof of our Theorem 1.4 (see (3.23)
and (4.19)) and failed for s = 5 and @ = 4 or @ = 6 in the proofs of Theorems 1.4 and 1.5
of BG (1997a) (see inequalities (3.33) and (3.35) in BG (1997a)). See lower bounds for
Ay under different conditions on @ and distribution of X in Gétze and Ulyanov (2000).

The bounds for constants in Theorems 1.3 and 1.4 are not optimal. See Nagaev and
Chebotarev (1999), (2005), Gotze and Ulyanov (2000), and Bogatyrev, Gétze and Ulya-
nov (2006) for more precise estimates of constants in the case d > 9.
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Introduce the concentration function

QIX; N =Q(X; X\, Q) =sup P{z < Q[X —a] <z + A}, for A>0. (1.11)

By £(X) we shall denote the distribution of X. Define the symmetrization X of a random

vector X as a random vector with distribution £(X) = £(X; — X,). Instead of normalized
sums Sy, it is sometimes more convenient to consider the sums Zy = X7 + --- + Xu.
Then Sy = N~V/2 Zy.

Theorem 1.5. Let Q* =1;, 5 < s <d < oo and 0 < 6 < 1/(5s). For any random
vector X we have:

(i) If condition N (p,, SO,)N() is fulfilled with some p > 0, then

Q(Zn; A) < ¢s(pN) ™! max{1; A}, A > 0; (1.12)
(i) If, for some m, condition N'(p,8,S,,m~Y2Z,,) is fulfilled, then
Q(Zn; N) < cs(pN) ™" max{m; A}, A>0. (1.13)

We say that a random vector Y is concentrated in L. € R? if P{Y € L} = 1. In
BG (1997a, item (i7i) of Theorem 1.6) it was shown that if X is not concentrated in a
proper closed linear subspace of R?, 1 < d < oo, then, for any § > 0 and S there exists a
natural number m such that the condition

N(p,s,8,m1/? Zm) holds with some p > 0. (1.14)

Theorem 1.5 and more explicit Theorem 2.1 extend to the case d > 5 Theorems 1.6
and 2.1 of BG (1997a) which were proved for d > 9. It should be mentioned that the
supremum in (1.11) is taken not only over all x, but over all x and a € R% Thus, in
Theorems 1.5 and 2.1 we consider the general case.

Introduce the notation used in the proofs.

Throughout we assume that all random vectors and variables are independent in ag-
gregate, if the contrary is not clear from the context. By [«] we shall denote the integer
part of a number «.

By X and X1, Xs,... we shall denote independent copies of a random vector X. By
G'1,Go, ... we shall denote independent copies of G.

For the sake of brevity we shall write throughout

ﬁ:ﬁﬁla H:H27 A:A4

We shall identify the linear operators and corresponding matrices. By I; : R¢ — RY
we denote the identity operator and, simultaneously, the diagonal matrix with entries 1
on the diagonal.

The expectation Ey with respect to a random vector Y we define as the conditional
expectation

Ey f(X,Y,Z,...)=E(f(X,Y,Z...)| X, Z,...)

given all random vectors but Y.
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Introduce the distribution functions

®,(z) =P{Q[Zy —a] <z}, a€R (1.15)

U(z) = Py(z) = P{Q[Zy] <z}, Wo(r) = P{Q[VNG] <z}. (1.16)

Recall that the truncated random vectors X°, X, and their moments are defined in (1.7).
In Sections 2 and 3 we shall denote

X' =X —EX°+W, (1.17)

where W is a centered Gaussian random vector which is independent of all other random
vectors and variables and is chosen so that cov X’ = cov G. Such random vector W exists
by Lemma 2.3. Finally by Z% (resp. Z},) we shall denote sums of N independent copies
of X¢ (resp. X').

By

Ft) = /_ T elte}dF(),  efa} Wexpliz), (1.18)

(o]
we denote the Fourier—Stieltjes transform of a function F' of bounded variation, or in other
words, the Fourier transform of the measure which has the distribution function F.

We conclude the Introduction by a brief description of the basic elements of the proof.
We have to mention that a big part of the proof repeats the arguments of BG (1997a), see
BG (1997a) for the description and application of symmetrization inequality, discretiza-
tion procedure and double large sieve. We do not use here multiplicative inequalities of
BG (1997a). We replace here their application by some arguments coming from the num-
ber theory. The original part of our proof is concentrated at Sections 5—7. In Section 2, we
prove bounds for concentration functions. The proofs, being technically simpler as those
of Theorem 1.4, already contain all the principal ideas. These proofs repeats almost liter-
ally the corresponding proofs of BG (1997a). The only difference consists in the use of new
Lemma 7.3 which allows us to estimate characteristic functions for large values of argu-
ment t. In Sections 3 and 4 Theorem 1.4 is proved. In Sections 57 we prove estimates for
characteristic functions. Section 5 is started with results from BG (1997a) (Lemmas 5.2
and 5.4). Their proofs in BG (1997a) are based on conditioning, discretization, as well as
on the double large sieve.

Let €1, ¢&9,... denote i.i.d. symmetric Rademacher random variables. Let § > 0 and
S ={e,...,es} CRL We say that a discrete random vector Y € R? (or its distribution
L(Y)) belongs to the class T'(9; S) (briefly L(Y) € T'(§; S)) if Y is distributed as 127 +
-+ 4 €425, with some (non-random) z; € R? such that ||z; —¢;|| <6, for all 1 < j < s.

Introduce the function

M(t;N) =1//|t| N, for [t| < N~'2 M(t; N) = +/|t], for [t|> N2 (1.19)
Notice that, for s > 0,
2 ([EN|T2 4 [¢]¥2) < MP(E; N) < |[EN|2 4 [ ¢]72 (1.20)
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Assuming the condition NV(p,d,S,, X) with 0 < § < 1/(5s) and an orthonormal
system S,, we can use Lemma 5.2 which implies that, for any a € R? and ¢ € R,

[T, (t)| = |E e{tQ[Zx —a]}| <, M3(t;k), k=pN. (1.21)
Moreover, by Lemma 5.4, for any 0 < A < B, a € R? and v > 0,
B B
~ dt _ B ~— o~ dt
/|\Ifa(t)||t < ¢y(s) (pN) 7 log — +s%p /\/E e{t (W, W")/2} T (1.22)
A A

where W=V, +---+V, and W =V/ 4 .-+ V! are independent sums of independent
copies of random vectors V and V' respectively, and the supremum supy is taken over all
LV),LV")eT(5S,).

Inequalities of type (1.21) allow to prove in Theorem 1.1 only error bounds O(N~%), for
some « < 1. This is due to possible oscillations of |&\>a(t) | between 0 and 1, as [t]| ~ N'~

with small ¢ > 0. In Section 5, we reduce the estimation of E e{t (W, W’)/2} to the
estimation of a theta-series see Lemma 5.6 and inequalities (5.28) and (5.29). To this end,
we write the expectation with respect to Rademacher random variables as a sum with
binomial weights p(m) and p(7). Then we estimate p(m) and p(7) from above by discrete
Gaussian exponential weights ¢; ¢(m) and ¢, q(), see (5.13), (5.16), (5.18) and (5.19).
Together with the non-negativity of some characteristic functions (see (5.17) and (5.21)),
this allows us to apply then the Poisson summation formula from Lemma 5.5. This formula
reduces the problem to an estimation of integrals of theta-series. Section 6 is devoted to
some facts from Number Theory. We consider the lattices, their a-characteristics and
Minkowski’s successive minima. In Section 7 we reduce the estimation of integrals of
theta-series to some integrals of a-characteristics. An application of a new Lemma 7.2
proved by Gotze and Margulis (2009) ends the proof.
Acknowledgment We would like to thank V.V. Ulyanov for helpful discussions.

2. PROOFS OF BOUNDS FOR CONCENTRATION FUNCTIONS; TRUNCATION

We start the Section with Theorem 2.1 which (under additional restrictions) provides
more explicit bounds for the concentration than those of Theorem 1.5. In the next The-
orem, ¢g is an arbitrary positive absolute constant. Recall as well that we write 3 = (4,
]._.[:H2 andA:A4.

Theorem 2.1. Assume that 5 < d < oo and that the operator Q is isometric. Then, for
any random vector X such that EX = 0 and 0 < oo, we have:
(i) Assume condition N (p,d,S,,coG /o) with s =5 and 6 = 1/200. Then

Q(Zn; \) < p? maX{H + A )\0_2N_1}, A>0. (2.1)
In particular, Q(Zy; \) < p2N™1 max{ﬁ/crA‘; )\/02};
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(73) Let the condition B(S,,C) (see (1.5)) be fulfilled with s =5. Then
Q(Zn; A) <exp{co®/A2} max{II+ A; A\a >N "}, A >0, (2.2)
where ¢ denotes a sufficiently large absolute constant.
Proof of Theorems 1.5 and 2.1. Below we shall prove the assertions (1.12); (1.12) =
(1.13); (1.13) = (2.1) and (2.1) = (2.2). The proof repeats almost literally the

corresponding proof of BG (1997a). It is given here for the sake of completeness. The
only essential difference is in the use of Lemma 7.3 in the proof of Lemma 2.2. [J

For T > to,t; > 0 and a € RY, define the integrals
t
b ~ dt
[0:/ ‘(I)a(t)|dt, Il :/ |(I)a<t)‘ W,
—t to<[t|<T

®,(t) =E e{tQ[Zy —a]} (2.3)
denotes the Fourier—Stieltjes transform of the distribution function ®, of Q[Zy — a] (see
(1.15) and (1.18)). Note that |®,(—t)| = | Pa(t)].

where

Lemma 2.2. Assume the condition N (p, 0, SO,)?) with some 0 < 6 < 1/(5s) and s > 5.
Let

to = c1(s) (pN)~Hs, t1 = co(s) (pN) Y2, c3(8) < T < eqs) (2.4)

with some positive constants c;(s), 1 < j < 4. Then
Iy <5 (pN)™, I < (pN)™". (2.5)

Proof. Denote & = pN. Without loss of generality we assume that k& > ¢, for a
sufficiently large constant ¢,. Indeed, if k < ¢, then we can derive (2.5) using |®,| < 1.
Choosing ¢4 to be large enough, we ensure that k > ¢, implies 1/k <ty <t; <T.

Let us prove (2.5) for Iy. By Theorem 5.2 we have

|Pa(t)] <o M(t: K), k=pN. (2.6)

Since @a| < 1, we have ’@a(t)} < min{1; M*(t;k) }. Furthermore, denoting ¢, =
k=2 max{1;cy(s)} and using the definition of the function M, we obtain

1/k < dt t2 1 c c 1
o s/2 - 5 s -
fo < /0 at /1/k (th)s/2 * /0 et k - k * k(s2)/4 < k-’

thus proving (2.5) for Io.
It remains to estimate [;. Using (1.20), (2.4) and (2.6), it is easy to verify that

k—2/s

k—2/s 00
/t ‘(I)a(t)|7 <<s/t W —|—/0 s/ dt < T (27)
0

0
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Furthermore, Lemma 7.3 implies that
T
~ dt 1
[ R0 < 23
ca(s)k
with some c5(s), and c5(s) k= < k7%/% if k > ¢, with sufficiently large ¢,. The second
inequality in (2.5) follows now from (2.7) and (2.8). O

Proof of (1.12). Using a well-known inequality for concentration functions (see, for
example, Petrov (1975, Lemma 3 of Ch. 3)) we have

Q(Zn; A) < 2 sup max / ‘CD |dt (2.9)

acRd

for any T' > 0. To estimate the integral in (2.9) we shall apply Lemma 2.2. Let us choose
T = 1. Without loss of generality we assume that pN > 1. Then, using 1 < 1/|¢|, for
|t] <1, we have

T
~ ~ dt  de
/|<I>a(t)\dt§/ ) \¢a<t>|dt+/ Rl e,
-T [t|<(pN)~1/2 (pN)~1/2<t<1

Lemma 2.2 implies Iy < 1/(pN) and I, <5 1/(pN). O

Proof of (1.12) = (1.13). Without loss of generality we can assume that N/m > 2.
Let Y1, Ys, ... beindependent copies of m=1/2 Z,,,. Write W = Yi+4 - -4Y;. Then £(Zy) =
L(/mWy + b) with & = [N/m] and with some b independent of Wj. Consequently, we
have Q(Zn;A) < Q(Wi; A/m). In order to estimate Q(Wy;A/m) we can apply (1.12)
replacing Zy by Wy. We obtain

Q(Wi; M/m) <, (pk) ' max{1; \/m} <, (pN) ' max{m; A}. O

Recall that truncated random vectors and moments were defined by (1.6), (1.7) and
(1.17), and that C = cov X = covG.

Lemma 2.3. (BG (1997a, Lemma 2.4)) The random vectors X°, X, satisfy
(Cx,z) = (cov X°z,7) + E(X,,2)? + (EX°, )%
There exist independent centered Gaussian vectors G, and W such that L(G) = L(G, +
W) and
2 cov G, = 2 cov X° = cov X°, (cov W, x) = E(X,,z)* + (EX° 2)2
Furthermore, E||G||> = E||G.|> + E[|[W]|? and E [|[W]* < 20%11.
Lemma 2.4. (BG (1997a, Lemma 5.4)) Assume that 0 < 4e < § < 1. Let e € RY,

lle|| = 1, be an eigenvector of the covariance operator C = cov G, so that Ce = o.e with

some g, > 0. Then the probability p. = P{ lec G —¢| < 5} satisfies the inequality

2

De > exp{ —co?e™ 0;2} with some positive absolute constant c.
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Recall, that Z% denotes a sum of N independent copies of X°.

Lemma 2.5. (BG (1997a, Lemma 2.5)) Let ¢ > 0. There exist absolute positive constants
¢ and ¢, such that the condition T1 < ¢1pd?/(e%0?) implies that

N(p,5.8,6G) = N(p/4,48,S,e(2m) "2 Z3,),
form > ceto® N A/(pd?).
Proof (1.13) = (2.1). By a well known truncation argument, we have
|P{Zy € A} —P{Z, € A}| < NP{|X|| > oVN} <TI, (2.10)

for any measurable set A, and

Q(ZNn,\) <1+ Q(Z3, N). (2.11)
Write K = ¢/v/2 with € = ¢o/o. Then, by Lemma 2.5, we have
N(p,§,8,,eG) = N(p/4,46,8,,m > K Z2), (2.12)
provided that
1< ep, m > cN A/p. (2.13)

Without loss of generality we may assume that II/p < ¢, since otherwise the result easily
follows from the trivial estimate Q(Zn;\) < 1.

Recall that we are proving (2.1) assuming that s = 5 and § = 1/200. Hence, 46 =
1/50 < 1/(5s). The non-degeneracy condition (2.12) for K Z2, allows to apply (1.13) of
Theorem 1.5, and we obtain

Q73 )) = QUE Z3, K*X) < (pN) mmasc{m; K22}, (2.14)
for any m such that (2.13) is fulfilled. Choosing the minimal m in (2.13), we obtain
Q(Z3%,\) < p~?max{A; \/(c*N)}. (2.15)

Combining the estimates (2.11) and (2.15), we conclude the proof. [J

Proof (2.1) = (2.2). Note that the bound (2.1) holds with a probability p of condition
N(p,§,S,,c0G/o). Let us choose 4¢y = 6 = 1/200. Then, using Lemma 2.4 and the
assumption B(S,, C), the effective lower bound p > exp{co?/ 2} follows. O

3. BEGINNING OF THE PROOF OF THEOREM 1.4

The proof of Theorem 1.4 repeats almost literally the proof of Theorem 1.5 in BG
(1997a). It starts with a truncation of random vectors and an application of the Fourier
transform to the functions ¥ and Wy. We shall estimate integrals over the Fourier trans-
forms using results of Sections 2, 5-7 and some technical lemmas of BG (1997a). We shall
apply as well some elements of the standard techniques used in the case of the CLT in
multidimensional spaces (cf. e.g., Bhattacharya and Rao (1986)).
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We shall use the following approximate and precise formulas for the Fourier inversion.
A smoothing inequality of Prawitz (1972) implies (see Bentkus and Gotze 1996, Section 4)
that

1 1 =~ dt
for any K > 0 and any distribution function F' with characteristic function F , where
1 ~
Bl< [ |F@)de

<K

Here V.P. [ f(t)dt =lim._o [, f(t) dt denotes the Principal Value of the integral.
For any function ' : R — R of bounded variation such that F'(—oo) = 0 and 2 F(z) =

F(z+)+ F(xz—), for all z € R, the following Fourier—Stieltjes inversion formula holds (see,
e.g., Chung (1974))

dt

= (3.2)

2T M—o0

Fla)= 5 F(so) + 5 lim v.P./tKMe{—xt}ﬁ(t)

The formula is well-known for distribution functions. For functions of bounded variation,
it extends by linearity arguments.
In this section we shall assume that the following conditions are fulfilled

Q=1;, o*=1, s=56=1/300, N(p,bS, coG). (3.3)

Notice that the assumption 02 = 1 does not restrict generality since from Theorem 1.4
with ¢ = 1 we can derive the general result replacing X, G by X/o, G/o, etc. Other
assumptions in (3.3) are included as conditions in Theorem 1.4. The assumption o2 = 1
yields (recall that we write IT = IT, and A = Ay)

Nt <2(IT + A), M+A<1, o; <1, (3.4)

A <1
Recall that Ay and functions ¥ and ¥, are defined by (1.3) and (1.15). In that
notation we have

Ay = sup |An(z)], (3.5)
z€R
where
An(z) = U(x) — Uo(z), (3.6)
since the functions F' and Fy defined by (1.2) satisfy
F(z)=U(zN), Fylz)=To(xN), F(N)=U(t), Fy(tN)=y(t). (3.7)

To prove the statement (7) of Theorem 1.4, we have to derive that
Ay <ap o (IT+A), for s = 5. (3.8)
While proving (3.8) we can and shall assume that
Il < cpoy, A < cpoj, (3.9)
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with a sufficiently small positive absolute constant c. These assumptions do not restrict
generality. Indeed, we have Ay < 1. If the assumption (3.9) does not hold, this immedi-
ately implies (3.8).

Recall that the random vectors X°, X’ and sums Z%;, Z) of their independent copies
are defined in (1.6) and (1.17). Write U® and U’ for the distribution function of Q[Z%]
and Q[Z)] respectively. For 0 < k < N introduce the the distribution function

(@) =P{Q[G1+  +Gr+ X+ + Xy] <z} (3.10)
Notice that U@ = ¥/ W) = .

Lemma 3.1. (BG (1997a, Lemma 3.1)) Assume that II < ¢1p and that a number 1 <
m < N satisfies m > coN A/p, with some sufficiently small (resp. large) positive absolute
constant ¢y (resp. ¢o). Let cg be an absolute constant. Write

K =c/(2m), t1 = cs(pN/m) V2.
Let F denote any of the functions U°, W', W) or U,. Then we have
1 ; -~ dt
F(z)= =~ + — V.P. o{—2tK} F(tK) == + Ry, (3.11)
2 27 lt<ts t

with |Ry| < (pN) 'm.

Proof. Let us prove (3.11). For the proof we shall combine (3.1) and Lemma 2.2.
Changing the variable ¢t = 7K in the approximate Fourier inversion formula (3.1), we

obtain

1 ] ~
Fa)= ~ + “v.p [ ef—etk)FuK) % 4R, (3.12)
2 2 It]<1 t

where

IR| < /t|<1|ﬁ(tK) | dt. (3.13)

Notice all functions ¥°, U, U*) U, are distribution functions of the following type of
random variables:
QU + 1Y, UG+ 4Gt Xp +-+ X5,
with some 0 < k < N, where the random vector 7' is independent of X7 and G}, for all
j. Let us consider two alternative cases: k > N/2 and k < N/2.
The case k < N/2. Let Y denote a sum of m independent copies of K'/2X°. Let
Y1,Ys5, ... be independent copies of Y. Then we can write

KPUZY 4. 4y +Ty (3.14)

with | = [N/(2m)] and some random 77 independent of Y7,...,Y;. By Lemma 2.5, we
have

N(p,8,8,¢0G) = N(p/4,45,8,Y) (3.15)
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provided that
I<ep and  m>caNA/p. (3.16)

The inequalities in (3.16) are just conditions of the Lemma 3.1. Due to (3.14) and (3.15),
we can use Lemma 2.2 in order to estimate the integrals in (3.12) and (3.13). Replacing
in Lemma 2.2 X by Y and N by [, we obtain (3.11) in the case k < N/2.

The case k > N/2. We can proceed as in the previous case defining however Y as
a sum of m independent copies of K'/2G. The condition (3.21) is fulfilled since now
L(Y) = L(cyG/o), and (3.11) follows. O]

Following BG (1997a), introduce the upper bound s = »(t) = »(t; N, L(X), L(G))
for the characteristic function of quadratic forms (cf. Bentkus (1984) and Bentkus, Gotze
and Zitikis (1993)). We define 3 = (t; N, L(X)) + »(t; N, L(G)), where

#(t; N, L(X)) = sup |E e{tQ[Z;] + (0, Z;) }|,  Zj=Xi+ -+ X, (3.17)

ac€Rd

with j = [(N —2)/14].

Lemma 3.2. Assume the conditions of Lemma 3.1. Then

/m (1K) se(t K N, £(X°), £(G)) ‘CZ
(Np)—?, for 0 < a < s/2,
<o S (Np)™(1+ [log(Np/m)l|), for a=s/2, (3.18)

(Np)~@ (1+ (Np/m)P=)/*) - for o> s/2.

Lemma 3.2 is a generalization of Lemma 3.2 from BG (1997a) which contains the same
bound for 0 < a < s/2. In this paper, we have to estimate the left hand side of (3.18) in
the case s/2 < « too.

Proof. By (3.15), the condition N'(p/4, 46, S, Klﬂzi) is fulfilled. Therefore, collecting
independent copies of K/2 X in groups as in (3.14), we can apply Theorem 5.2. We obtain

x(tK;N,L(X°)) < M*(t;pN/m).

A similar upper bound holds for s(tK; N, L(G)) (cf. the proof of (3.11) in the case of
k > N/2). Using the definition of the function M(-,-) and (1.19) in order to get rid of
absolute constants, we get

#(tK; N, L(X°), £(G)) <. min{l; (m/<tpN))S/2}, for |t < t.

Integrating that bound (cf. the estimation of I; in Lemma 2.2), we conclude the proof of
the Lemma. [

Reduction of (3.8) to an estimation of

Ay = sup |0 (z) — Wo()], (3.19)
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where W' is the distribution function of Q[Z]. It suffices to prove that the quantity A’y
satisfies inequalities of type (3.8). Indeed, let us prove that

sup |U(z) — '(z)| < p?(IT+A). (3.20)

Using truncation (cf. (2.10)), we have |¥ — W°| < II, and
sup |U(z) — ¥'(z)| < T+ sup |U°(z) — V' (z)]. (3.21)

In order to estimate |¥° — ¥’| we shall apply Lemmas 3.1 and 3.2. The number m in
these Lemmas exists, as it follows from the second inequality in (3.9). Let us choose the
minimal m, that is, m < NA/p. Then (pN)"'m < A/p? and m/N < A/p. Therefore,
using Lemma 3.1, we have

sp | 0°(2) — V'(2)| < p2A + /M |0°(r) — W'(7)] ﬁt’ : T=tK. = (3.22)

We shall prove that
| 0°(r) — W'(7)| < »II|7|N (1 + 7| N), (3.23)

with 22 = s(7; N, £(X?)). Combining (3.21)—(3.23), using 7 = tK and integrating in-
equality (3.23) with help of Lemma 3.2, we derive (3.20).

Let us prove (3.23). Recall that X’ = X° — E X° + W, where W denotes a centered
Gaussian random vector which is independent of all other random vectors and such that
cov X' = cov G (see Lemma 2.3). Writing D = Z3, — E Z3,, we have

Z% =D+ EZS, Zy 2 D+VNW,
and |U°(r) = W'(r)| < |fi(7)| + | fo()] with
fi(r) =Ee{7Q[D+VNW]} —E e{rQ[D]},
ft)=Ee{rQD+EZ}]} —E e{rQ[D]}.
We have to show that both |fi(¢)| and |f2(¢)| are bounded from above by the right hand
side of (3.23). Let us consider f;. We can write Q[D + vVNW] = Q[D] + A + B with
A=2VN{(QD,W) and B = NQ[W]}. Taylor expansions of the exponent in (3.24) in

powers of i7 B and iT A with remainders O(7 B) and O(72 A?) respectively imply (notice
that EW = 0)

(3.24)

A7) < |7 [ NEW|* + > NE[[W[* E | D], (3.25)

where s = 2(7; N, L(X?)). The estimation of the remainders of these expansions is based
on the splitting and conditioning techniques described in Section 9 of BG (1997a), see
also Bentkus, Gotze and Zaitsev (1997). Using 0 = 1, E||W||?> < IT and E||D|*> < N,
we derive from (3.25) that

| fi(T)| < 5|7 N (1 +|7|N)). (3.26)
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Expanding in powers of E Z¢ = N E X° and proceeding similarly to the proof of (3.26),
we obtain

|[f2(8)] < sII|7| N,
which concludes the proof of (3.23). O

4. END OF THE PROOF OF THEOREM 1.4

We start this Section with two Lemmas from BG (1997a). Throughout we shall assume
that EX = EG = 0 and cov X = covG. Recall that we write

Bs =E|X|* B =74, 02:/62’ In =X+ -+ Xx.
We shall denote as well D = tQ and U; = Gy + - - - + G, Since VNG L Uy, we can write

U(t) = E e{D[Zy]}, Uy(t) = E e{D[Ux]}.
We shall use the upper bound » = »(t; N, L(X)) + »(t; N, L(G)) (cf. (3.17)), where
#(t; N, L(X)) = S;I]R% |E e{D[Z;] + (a, Z;) } |, j=[(N-2)/14].

For 0 < k < N define
B () =E e{tQ[G1 + - + Gy + Xp1 + -+ Xn] }.
Notice that ®©(¢) = W(t) and dM(t) = Wy(t).
Lemma 4.1. (BG (1997a, Lemma 9.3)) Assume that 0 = 1 and Q* =1;. Then we have
|U(t) — W (1) | < 5tk (B4 [t|] NG+ [t| N/NG).
Fix an integer k, 1 < k < N. Define the distributions
N
pA) =P{Uy+ Y X;eVNA}, 1o(A) = P{Uy € VN A}.
j=k+1

For measurable sets A C R? define the Edgeworth correction (to the distribution u) as

1 (A) = (N — k) N=3/2(A) /6, where the signed measure y is given by

X(A):/AEp”’(x)X?’dx, (4.1)

and where
() u® = p(x)(?)((c_lu, u)(Ctz,u) — (C 'z, u>3> (4.2)

denotes the third Frechet derivative of p in the direction u, and p(z) = ¢(C~/2z)/v/det C,

where ¢(-) is the standard normal density in R?. Introduce the signed measure v =

k
M_MO_NS)‘
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Lemma 4.2. Assume that d < oo and 1 < k < N. Then there exists cq such that

8 Nd/2

def
+ an exp{—cqkoy/B}. (4.3)

oy = sup |[V(A)| <4
ACRY | JZILN

An outline of the proof. We repeat and slightly improve the proof of Lemma 9.3 in
BG (1997a) (cf. the proof of Lemma 2.5 in Bentkus and Gétze (1996)). Assuming that
cov X = cov G = 1, we shall prove that

8 Nd/2
N <4 ~ s exp{—cqk/5}. (4.4)

Applying (4.4) to C™/2X and C~'/2G and estimating |C~/2|| < 1/04, we obtain (4.3).

While proving (4.4) we can assume that /N < ¢; and N > 1/¢; with a sufficiently
small positive constant ¢;. Otherwise (4.4) follows from the trivial bound

Oy <a 1+ (B/N)V? / |2[* p(ar) dr <a 1+ (B/N)'2.
Rd

Define truncated random vectors X* = XI{||X| < VN} and X, = XI{|| X[ >
\/N} = X — X*. Similarly to Lemma 2.3, the random vectors X*, X, satisfy

(covX x,2) = ||z]|* = (cov X* 2, 2) + E(X,,2)* + (E X* 1)%

There exist independent centered Gaussian vectors G* and W such that £(G) = L(G, +
W) and

covG* =covX*, (covWaz,z)=E (X, z)*+ (EX* z)%

Furthermore, E ||G||*> = E ||G*||> + E |[W]]?. Using standard methods, we can show that
E|WP < 24/N, P{X # X°} = P{||IX| > VN} < #/N? E||X.| < 3/N*? and
E||X.|° < g/N2

To prove (4.4) we shall apply truncation of X, centering and a correction of the
covariances of Gaussian summands Gj, for k +1 < j < N. Namely, in (4.4) we can
replace X; by X7 = X;I{||X;| < V/N} up to an error 3/N. The centering, that is, a

replacement of X7 by X? © x #—E X*, produces an error bounded by 3/N. A correction

of the covariances of the Gaussian random vectors yields a similar error. We shall denote
the corrected Gaussian random vectors (with cov G§ = cov X7) by G5. Note that actually
we truncate the vectors C~/2X. Therefore, X* and X° are different truncated vectors.
The use of X* is important for the estimation of constants.

After such a replacement of X; and G; by X7 and G, for k+1 < j < N, we can
assume that all eigenvalues of cov X7 belong to the interval [1/2,3/2]. Otherwise a trivial
bound (8 > ¢N implies the result. As a consequence of the truncation we have

E|S| <4al, >0, 1<I<N. (4.5)
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Denoting by Z7 and U] sums of j independent copies of X* and G* respectively,
introduce the multidimensional characteristic functions g(t) = E e{ (t,G) },

f(t) =E e{ <N_1/2t7 Z].V—k>}> fO(t> =E e{ <N_1/2t7 U]:/—k>}7 (46)

N -k ~

ht) = omm BUL X for),  9(1) = (f()—fo() = f(1) g(et), * =k/N. (4.7)

By a slight extension of the proof of Lemma 11.6 in Bhattacharya and Rao (1986), see as
well the proof of Lemma 2.5 in Bentkus and Gétze (1996), we obtain

on <4 ﬁ + max / |0°D(t) | dt. (4.8)
|| <2d teRd

Here |a| = |aa| + -+ + o], @ = (a1, ..., q4), o € Z, o; > 0. In order to derive (4.4)

from (4.8), it suffices to prove that, for |a| < 2d,

|0°D(t)| <4 glaet), g2 =k/N, (4.9)
[0°0(t)] < BNT'(1+[1t]°) exp{—ca(d) [[£]7},  for [[t]* < es(d) N/B. (4.10)

Indeed, using (4.9) and denoting T = +/c3(d) N/, we obtain

/ |0°D(t) | dt <4 / (cret)dt <4e ¥ exp{—ci e T2/8}/eXp{ e ||t|1?/8} dt,
t=7 el =T
(4.11)

and it is easy to see that the right hand side of (4.11) is bounded from above by the
second summand in the right hand side of (4.4). In the proof of (4.9) and (4.11) we
used relations (4.5)-(4.7), 1 < k < N, VN/BY2 >, 1, |9°g(t)| <o exp{—c||t|*} and
y“exp{—y} <4 1, for y > 0. Similarly, using (4.10), we can integrate |80‘ﬁ(t)} over
|t]] < T, and the integral is bounded from above by ¢4 3/N.

One can prove (4.10) using a Bergstrom type identity, the estimates (4.5) and a version
of the standard techniques provided in Bhattacharya and Rao (1986). O

Remark 4.3. Let & be the set of all symmetric Borel sets A C R?. This means that A € &
iff A= —A. Using (4.1) and (4.2), we see that x(A) = 0 (and, hence, ugk)(A) = 0), for
any A € &, since the function p” ( Ju? is an odd function in z. In particular, we can
consider the set A = {y € R?: Qly] < x} € 6.

Proof of Theorem 1.4. Recall that we have to verify that A’y is bounded by the right
hand side of (3.8), that is, that

Ay < p o (IT+A). (4.12)
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Recall that the distribution function U is defined in (3.10). For any 1 <k < N, we
have

Ay <1 + Iy, I = sup |V (z) - ¥W(x)

, (4.13)
I, = sup |\IJ(’“) (z) — Yo(z)]. (4.14)

Below we shall prove that

L<p 2 (M+A) +p kN (B +/NF) (1+p7* /T + AV, (4.15)

6/ Nd/2
TN + ~an exp{—cakoy/B'} (4.16)

with @ = E||X’||*. Let us choose k =<4 0;°NV/433/* Such k < N exists since we
assumed (3.9) and 3’ < N (II+ A). Then (4.15) and (4.16) turn into

L <gp?(T+A) + Uc?;pg ((g)m + (15\;)7/4) (1+p"2/ (T + A)V*) (4.17)

/ 4 3d/8 4 1/4 /
I, <4 o—gN + (U‘éfv> ! exp{ —cyq (U‘lﬁf\r> / } <y agN' (4.18)
Thus, (4.13), (4.14), (4.17) and (4.18) yield (4.12) by an application of o4 < 1, ' <
N(II+A)and IT+A < 1.
Let us prove (4.15). As in the proof of (3.22), applying Lemma 3.1 (choosing m =<
N (A +1I)/p), we obtain

I, <4

and

L<p 2 (A+10) + / U/ (r) = OB (r)|dt/|t], T=tK.
[t|<t1

Applying Lemma 4.1 and replacing in that Lemma X by X', t by 7, 3 by #' = E || X"||*,

®*) by W) and ¥ by ¥, we have

|0 (1) = OB (1) | < 572k (B + 7| NS + |7|N/NF). (4.19)
Integrating with the help of Lemma 3.2 we obtain (4.15).
Let us prove (4.16). Define the measure x’ by replacing X by X’ in (4.1). Write
Ziny = Z;?:l G+ Zjvzk .1 Xj. A re-normalization of random vectors implies

I < 8y = sup ’P{Z,;N eVNAY—P{Zye VNA} - &
S

Recall that x'(A) = 0, for any A C & (see Remark 4.3). To estimate 0y, we can apply
Lemma 4.2 with X replaced by X}. We get

ﬁ/ Nd/2
AN + —an exp{—cqkai/B'}. (4.21)

(5;\; <y

The statement (i) of Theorem 1.4 is proved.
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Let us prove (i) = (ii). To obtain p > exp{cA;°} we can use (i) in the case when
the condition N (p,d,S,, coG) is fulfilled with ¢g = §/4 = 1/1200. Indeed, the condition
B(S,, C) guarantees that e € S, UQS, are eigenvectors of the covariance operator C, and
we can get the lower bound for p by an application of Lemma 2.4 using c¢q = 6/4. O

5. FROM PROBABILITY TO NUMBER THEORY

In Section 5 we shall reduce the estimation of the integrals of the modulus of charac-
teristic functions ¥, (¢) to the estimation the integrals of some theta-series. We shall use
the following lemmas.

Lemma 5.1. (BG (1997a, Lemma 5.1)) Let L,C € RY. Let Z,UV and W denote
independent random vectors taking values in R?. Denote by
P(z) = (Qa,2) + (L, 2) + C, for z € RY,

a real-valued polynomial of second order. Then
2 ~ - ~ -
2|Be{tPZ+U+V+W)}| <Ee{20(QZ.0)} +Ee{26(QZ, ) }.

Lemma 5.2. (BG (1997a, Theorem 7.1)) Assume that Q* = 1; and that the condition
N(p,é, SO,)Z) holds with some 0 <p <1 and 0 < § < 1/(5s). Then, for any a € R? and
teR,

[ Wa(t) | < ME(tipN),
where the function M and \Tla(t) are defined by (1.19) and (2.3) respectively.

Let €1, €9, ... denote i.i.d. symmetric Rademacher random variables. Let 6 > 0 and
S ={e1,...,es} CR% We shall write L(Y) € T'(5; S) if a discrete random vector Y is
distributed as €121 + - - - + €525, with some (non-random) z; € R? such that ||z; —e;]| < 4,
for all 1 < j <s. Recall that S, = {ey,...,es} C R? denotes an orthonormal system.

Lemma 5.3. (BG (1997a, Corollary 6.3)) Let Q2 = I,. Assume N (p,6,S,X). Write
n=[pN/(5s)]. Then, for any 0 < A< B and v > 0, we have

~ B
/‘1’ < T +cy(s) (pN) ™7 log —,
A
with
_sup sug/\/ (t/4) |t| gD()def E e{tQ Y—I—QY’—{-b]}‘ (5.1)
beR
where Y = Uy + -+ U, andY' = U] +---+ U/ denote sums of independent (non-i.i.d.)

vectors, and sup is taken over all { L(U;),L(U}): 1< j<n} CT(5S).
r
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Lemma 5.4. Assume that Q* =1, and that the condition N (p, 5,8,)?) holds with some
O0<p<1landd>0. Let

n < [pN/(11s)] > 1. (5.2)

Then, for any 0 < A< B, a € R? and v > 0,

[ .. B r — dt
A/ 80| 77 < es(5) (o) log 5 +sup / VEC{t (T2} G-, (53

where W =Vi+---+V, and W' = V| 4 --- + V! are independent sums of independent
copies of random vectors V. and V' respectively, and the supremum supr is taken over all

L(V),L(V') € T(6; S).

Note that this lemma was proved for general S, but in this paper we need § = S,
only.
Proof of Lemma 5.4. Let us show that

/|@a(t)\"f’ < () (PN) 7 log 2 +sup /\/E o[t (W, 177 /2) ‘df‘ (5.4)

where W =Vi+---4V, and W' = V/ 4.+ V! are independent sums of of independent
(non-i.i.d.) vectors, and sup is taken over all {L(V}),L(V]): 1 <j<n} CT(;S).
r

While proving (5.4) we can assume that pN > ¢, with a sufficiently large constant c,
since otherwise (5.4) is trivially fulfilled.

Let ¢(t) be defined in (5.1), where Y = Uy +--- 4+ U, and Y/ = U] + - - - + U], denote
sums of independent (non-i.i.d.) vectors with { L(U;), L(U}): 1< j<n} CT (5 S).

We shall apply the symmetrization Lemma 5.1. Split Y = T 4+ 77 and Y’ 4+ Qb =
R + R; + Ry into sums of independent sums of independent summands so that each
of the sums 7', R and R; contains n = [pN/(11s)] independent summands U; and U;
respectively. Such an n exists since p/N > ¢, with a sufficiently large ¢;. Lemma 5.1 and
symmetry of Q imply

2|p(t)? <E e{2t(T,Q*R)} + E e{2¢(T,Q°Ry) }. (5.5)

Recall that Q* = I. Inequality (5.4) follows now from (5.5) and Lemma 5.3.
Let now W = Vi +---+V, and W = V/ + --- + V] be independent sums of of
independent (non-i.i.d.) vectors with {£(V}),L(V]): 1< j <n} C T'(s; S). Using that

all E(‘N/j) are symmetrized and have non-negative characteristic functions and Holder’s
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inequality, we obtain, for each t,

Ee{t(W, W)} = EW,<HE‘7je{t<‘~/j,W’>}> (5.6)

Jj=1

< (II®Ba (e efe )7 6.1
= (ﬁEW(Efje{t@,W%))w (58)

_ <HE e{t<z~y,W'>})”", (5.9)

i=1

where YN’J def Yo \N/jl denotes a sum of i.i.d. copies ‘N/jl of XN/] which are independent of all
other random vectors and variables. o
Repeating the steps (5.6)—(5.9) for each factor E e{t (T;,W’)} instead of the expec-

tation E e{¢ (W,W")} on the right hand side separately, we get (with = o > V),
where szl are i.i.d. copies of Vk independent of all other random vectors)

Ec{t(W,W)} < (HHEe{t ) " (5.10)

7=1k=1

Thus, using (5.10) and the arithmetic-geometric mean inequality, we have

B

/\/E e{t(W,W/VQ} |dtt| < /(ﬁﬁEe{t@E‘,Té)/Z})l/Qm |C7l§t|
4 A Jj=1k=1
< o ii/ e{t LT /2})12 |‘it|

< S%p/\/E o{ t (T, 7)/2) |dtt‘ (5.11)
A

where T'=V, +---4+V, and T" = U] + - -- + U], are independent sums of independent
copies of random vectors U and U’ respectively, and the supremum supp is taken over
all L(U),L(U") € T'(0; S). Inequalities (5.4) and (5.11) imply now the statement of the
lemma. []

The following Lemma 5.5 provides a Poisson summation formula.
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Lemma 5.5. Let Rez > 0, a,b € R® and S : R®* — R?® be a positive definite symmetric
non-degenerate linear operator. Then

Z exp{—2S[m + a] + 2mi (m,b)}

mezZs

= (det(S/w))_l/?z’S/2 exp{—27i(a,b)} Z exp{— fSl[l +b] —27i(a, l)},

leZs

where S~ : R® — R* denotes the inverse positive definite operator for S.

Proof. See, for example, Fricker (1982), p. 116, or Mumford (1983), p. 189, for-
mula (5.1); and p. 197, formula (5.9). O

Let the conditions of Lemma 5.4 be satisfied. Introduce one-dimensional lattice prob-
ability distributions H,, = £(&,) with integer valued &, setting
P{& =k} = A, n 2% exp {-k*/2n}, forkeZ.

It is easy to see that 1 < A,, < 1. Moreover, by Lemma 5.5,

H,(t) >0, for all £ € R. (5.12)

Introduce the s-dimensional random vector (, having as coordinates independent copies
of &,. Then, for m = (my,...,my) € Z*, we have
def s, —S

q(m) = P{(n:m} = A3 ns/? exp{—||m||2/2n}. (5.13)

Lemma 5.6. Let W = Vi +---4+V, and W =V +---+ V. denote independent sums of
independent copies of random vectors V. and V' such that

V=erz1+ - +es2 V/:5s+121+"'+5252;7
with some z;, 25 € R Introduce the matriz B, = {b;;(t) : 1 < i,j < s} with by(t) =
t(2i,2;). Then
E e{t (W, W')/4} <, E e{(B;(,,C.) } +exp{—cn}, for all t € R,

where () are independent copies of ¢, and ¢ is an absolute constant.

Proof. Without loss of generality, we shall assume that n > ¢, where ¢ is an absolute
constant which is so large as it will be needed for the validity of arguments below. Consider
the random vector Y = (£1,...,&) € R® with coordinates which are symmetrizations of
iid. Rademacher random variables. Let R = (Ry,...,Rs) and T denote independent
sums of n independent copies of Y/2. Then we can write

E e{t(W,W'/4} =E e{(B,R,T)}, for all t € R, (5.14)
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Note that the scalar product (-, -) in E e{ (B, R, T) } means the scalar product of vectors
in R®. In order to estimate this expectation, we write it in the form

Ee{(B,RT)} = EEge{(B,RT)}
= > pmm) Y plm)e{ (Bim,m)}, (5.15)

mezLs meZs
with summing over m = (myq,...,my) € Z°, m = (M, ..., ms) € Z° and
s s o m
p(m):P{R:m}:HP{Rj:mj}:HZ 2 ( ), (5.16)
i =1 mj+n

if max Im;| < n and p(m) = 0 otherwise. Clearly, for fixed T =,
<j<s

Ere{(B.RT)} = va(m)e{ (Bym,m)} >0 (5.17)

is a value of the characteristic function of symmetrized random vector B; R. Using Stir-
ling’s formula, it is easy to show that there exist absolute constants ¢; and ¢y such that

P{R;j=m;} < n~ Y% exp {—m?/2n},  for |m;] < cin, (5.18)

and
P{|R;| > cin} < exp{—can}. (5.19)
Using (5.15)—(5.19), we obtain

Ee{(BRT)} <. Y qm) ) pm)e{(Bm,m)}+exp{—cm}

mezs mezs
= Z p(m) Z q(m)e{ (Bym,m) } + exp{—con}
meZs mezZs
= EE( e{(B:R, ()} +exp{—con}
= Ee{(B:R ()} +exp{—can}. (5.20)
Now we repeat our previous arguments, noting that
ECn e{ <BtR> Cn>} = Z Q(m> e{ <Bthm>} >0 (5'21)
mezs

is a value of the non-negative characteristic function of the random vector ¢, (see (5.12)).
Using again (5.18) and (5.19), we obtain

E e{(B/R, ()} <s Ee{(B,(,, ()} +exp{—can}. (5.22)
Relations (5.14), (5.20) and (5.22) imply the statement of the lemma. [J
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Let us estimate the expectation E e{ (B;(,,(,) } under the conditions of Lemmas 5.4
and 5.6, assuming that § < 1/(5s), n > ¢, where ¢ is a sufficiently large absolute constant,
and

l—ell <6, l5-ell<d for1<j<s, (5.23)

with an orthonormal system S, = {el, €9,...,Cs } involved in the conditions of Lemma 5.4.
We can rewrite E e{ (B¢, C) } as

E o{ (B G} = Y am) Y q(m)e{ (B;m,m)}.
mezs mezs
Thus, by (5.13),
Ec{(BiG.¢)} =Arn™ Y > exp{i (Bm,m) — |m|*/2n — |m|*/2n}.
MELS mELS
Applying Lemma 5.5 with S =1, 2 = 1/2n, a = 0, b = (27) "' B, m, we obtain
E e{ (B¢, () } <s n=%/? Z exp{ —27°n ||l + 2m) " 'B,m|* — [|m|?*/2n}. (5.24)
l,meZs

Note that the vectors ¢, and (/, are i.i.d. Hence,

E e{ (Btgn,§;>} =E e{ <B:Cn,<;>}, (5.25)
where B} denotes the adjoint operator for B;. Similarly to (5.24), we could derive the
inequality

Eo{ (B¢} <on? Y exp{-2mn i+ @m) Bimlf — lml*/2n}.  (5.26)
l,meZs

Denote
r=vV2rin. (5.27)
By (5.24)-(5.27), we have

Ee{(Bi )} = (Be{(BiGG)}Ee{(BiG.G)})"
<o w2 (Y exp{—2an|+ (2m) Bom|* - lml*/2n}
l,meZs
< 3 exp{—2mn [T+ (2n) By — (/20 })
1, /nezs
< (X ep{=r i+ @n) Bl P/

1,m,l,;meZs

_ 1/2
— 2T+ 2n) Byl - mlP/t}) (5.28)
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Now we rewrite the last sum as

> exp{ —r? ||l + (2m)"'Bym|* — [[m* /r* — r? |1 4 (27) "' B;m||* — [[ml|* /r* }
l,m,l,;meZs
= 3 ep{ = m— v — )/, (5.29)
m,meZ2s

where V : R?* — R? is the operator with matrix

where Qg denotes the (s X s) matrix with zero entries. It is important that the matrix V
is symmetric. This will allow us to apply below Lemma 6.2 (which is related to Number
Theory) to derive inequality (7.14).

Let us show that (cf. BG (1997a, proof of Lemma 7.4))

IBy|| <3/2 and |B;Y <2 (5.31)

Indeed, the entries of the matrix By are b;;(1) = (z;,2}) with some z;, 2} € R? satisfy-
ing (5.23). Since S, = {61, €a, . .. ,es} is an orthonormal system, inequalities (5.23) imply
that B; = I, + A with some matrix A = {a;;} such that |a;;| < 20 + §2. Thus, we have
A < ||A]l2 < 255+ 562, where ||A||2 denotes the Hilbert—Schmidt norm of the matrix A.
Therefore the condition § < 1/(5s) implies ||A|| < 1/2 and inequalities (5.31).

By (5.30) and (5.31), for any z € R?*, we have
ol < V]| + [V ]| < |- (5.32)

6. SOME FACTS FROM NUMBER THEORY

In Section 6, we consider some facts of the geometry of numbers (see Davenport (1958)
or Cassels (1959)). They will help us to estimate the right-hand side of inequality (5.29).
Let ey, €, ..., eq be linearly independent vectors in R?. The set

d
A:{anej:njez,jzl,z...,d} (6.1)

j=1
is called the lattice with basis ey, es, ..., e4. The determinant det(A) of a lattice A is the
modulus of the determinant of the matrix formed from the vectors ey, es, ..., eq:

det(A) &of | det(er, €2, ..., €q)|. (6.2)

The determinant of a lattice does not depend on the choice of basis. Any lattice A C R?

can be represented as A = AZ?, where A is a non-degenerate linear operator. Clearly,
det(A) = |det A
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Let my,...,my € A be linearly independent vectors belonging to a lattice A. Then the
set

l
j=1

is an [-dimensional sublattice of the lattice A. Its determinant det(A’) is the determinant
of the matrix formed from the coordinates of the vectors my, ms, ..., m; with respect to
an orthonormal basis of the linear span of the vectors mq, mo, ..., my.

Let F': R? — [0, 00] denote a norm on RY, that is F(az) = |a| F(z), for a € R, and
F(x+vy) < F(z) + F(y). The successive minima M; < --- < M, of F with respect to
a lattice A are defined as follows: Let M; = inf{ F(m): m # 0,m € A} and define M,
as the infimum of A > 0 such that the set {m € A : F(m) < A} contains j linearly
independent vectors. It is easy to see that these infima are attained, that is there exist
linearly independent vectors by, . ..,bq € A such that F(b;) = M;, j=1,...,d.

Lemma 6.1. (Davenport (1958, Lemma 1)) Let M; < --- < My be the successive minima
of a norm F with respect to the lattice Z¢. Suppose that 1 < j < d and M; <b< Mjy,
for some b > 0. Then the number of m = (my,...,mq) € Z such that F(m) < b is
bounded from above by 49V (My - My --- M;)™ .

Representing A = A Z?, we see that the lattice Z¢ may be replaced in Lemma 6.1 by
any lattice A C R%. Tt suffices to apply this lemma to the norm G(m) = F(Am), m € Z.

Let ||7||o = maxi<j<q|z;], for x = (21,...,24) € RY and let z(v) denote the distance
of the number v to the nearest integer.

Lemma 6.2. Let Lj(x) = Zzzl gixtr, 1 <j <d, denote linear forms on R? such that
Qk = Qij, J,k=1,...,d. Assume thatr > 1. Let u be the number of m = (mq,...,mq) €
74 such that

2(Li(m)) <r7t myl <, forall 1 <j<d. (6.4)
Then

p<Lg (My - My--- M)~ (6.5)

where My < --- < My are the first d of the 2d successive minima M; < -+ < Moy
(with respect to Z9) of the norm F : R* — [0,00) defined for vectors y = (x,T) € R??,
r,T€RY, T=(Ty,...,Tq), as

F(y) < max{r|Li(z) = F1|,...,7| La(x) — Za], 7" |2]|oo }. (6.6)
Moreover,
1
5q < MiMagiry < (2d)*1, 1<k<2d (6.7)

Here and below writing (a,b), for a € R4, b € R%, means that (a,b) € R4 and
the coordinates of (a,b) are the coordinates of the vectors a and b in the corresponding
order, that is, (a,b) = (a1, as,...,aq,b1,b2,...,bg,). A similar notation will be used as
well for more vectors (a,b,c, ..., z).
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Lemma 6.2 is proved in Lemma 3 of Davenport (1958), see also Davenport (1958,
formula (20), p. 113). Note that inequality (6.5) of Lemma 6.2 is, in a sense, a particular
case of Lemma 6.1.

Note that

0¢)

7"_1§M1§---§Md<<d1, (6)
where the first inequality is obvious by F(y) > 7|zl (if [|Z]lec = 0 then F(y) >
T |Z]|o = 77|Z||ow) and My <4 1 follows from (6.7) for k = d.

Lemma 6.3. Let Fj(m), j = 1,2, be some norms in R* and M; < --- < M, and
Ny < -++ < Ny be the successive minima of Fy with respect to the lattice Ay and of Fs
with respect to the lattice Ay respectively. Assume that My >4 Fo(ng), k=1,2,...,d, for
some linearly independent vectors ni,na,...,ng € No. Then

M >4 N, k=1,...,d. (6.9)
The proof of this lemma is elementary and therefore omitted.

Lemma 6.4. Let A be a lattice in R and let ci1(d) and co(d) be positive quantities
depending on d only. Then

> exp{—ci(d) |v|*} =4 #H, (6.10)

vEA

where H % {vel: ||v)e<c(d)}.

Proof. Introduce for u = (p1,..., 1) € = o co(d) Z% the sets

B, = {m— c2éd)  + C2éd) ) X eee X {Nd_ CQ;d) b+ C2éd) )

such that RY = U, By For any fixed w* € H, oof {we ANB,} we have
w—w" € H, for any w € H,,.
Hence we conclude for any p € =
#H, < #H. (6.11)
Since z € B, implies ||zl > ||t|/sc/2, we obtain by (6.11)

oep{-al@ v’} < ) exp{-clvli}

vEA vEA
<Lq #Ho+ Z ZI{ v € B, } exp{—c(d) ||u]%}
HEENO  veA
<g #H - exp{—c(d) ||ul%}
HEE

<4 #H. (6.12)
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On the other hand,

> exp{—ci(d) [v]*} =D exp{—ca|lv]|Z } >4 #H (6.13)
vEA vEA
This conclude the proof of Lemma 6.4. U
For a lattice A C R?, dim A = d and 1 <[ < d we define its a;-characteristics by

a;(A) &f sup{ | det(A')|_1 : A" C A, I-dimensional sublattice of A.} (6.14)
Lemma 6.5. Let F(-) be a norm in R? such that F(-) <4 ||-||. Let My < --- < My be

the successive minima of F with respect to a lattice A C RY. Then
a(A) <q (My - My---M)™', 1=1,...,d. (6.15)

For the proof of Lemma 6.5 we shall use the following lemma formulated in Proposition
(p. 517) and Remark (p. 518) in A.K. Lenstra, H-W. Lenstra and Lovasz (1982).

Lemma 6.6. Let My < --- < My be the successive minima of the standard Euclidean
norm with respect to a lattice A C R?. Then there exists a basis e1,es,...,eq of A such
that
Ml =d ||6[||, lzl,,d (616)
Moreover,
d
det(A) <4 [Jlledll- (6.17)
=1

Proof of Lemma 6.5. According to Lemma 6.3, we can replace the Euclidean norm || ||
by the norm F(-), in the formulation of Lemma 6.6. Let A’ C A be an arbitrary I-

dimensional sublattice of A and N; < --- < N; be the successive minima of the norm
F(-) with respect to A’. It is clear that M; < N;, j =1,2,...,1. If M; = F(m;) for some
linearly independent vectors mq, mo,...,m; € A and
!
A= {anmj:nj ez,j:1,2,...,z}, (6.18)
j=1

then M; = N;, j =1,2,...,1. It remains to apply Lemma 6.6. [

7. FROM NUMBER THEORY TO PROBABILITY

In Section 7, we shall use these number theory results to estimate the right-hand
side of (5.29), which may be considered as a theta-series. Recall that we have assumed
the conditions of Lemmas 5.4 and 5.6, as well as (5.23), 6 < 1/(5s) and n > ¢. The
notation SL(d,R) is used below for the set of all (d x d)-matrices with real entries and
determinant 1.
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Introduce the matrices

def [ T1Ios Oy
D, & ( e O ) € SL(4s,R), >0, (7.1)
def ]125 —t ]125
K; = (ﬂlzs I, ), t e R, (7.2)
U, (Lo il ) o SL(4s,R), te€R, (7.3)
@25 ]IQS
and the lattices
o def ]IQS @25 4s 4s
A_AV_<@2S V)Z C R*, (7.4)
gl =V s
Aj:DjUj_lA:(@% j‘1V)Z4’ j=1,2,.... (7.5)
Below we shall use the following simplest properties of these matrices:
D, Dy =Dy, U, U, =0, and D,U,=U,,D,, fora,b>0. (7.6)

In the sequel we shall apply Lemma 6.2 to linear forms
Li(x) =) taga,  1<j<2s, (7.7)
k=1

where t € R is arbitrary and a;;, are the elements of the symmetric matrix V. For fixed ¢,
we denote the corresponding successive minima of the norm F(-) (defined by (6.6) and
(7.7)) by M, j=1,...,4s. Thus, we can write

M, = | L(m,m,t)| _, (7.8)
for some m,m € Z?*°, where
L(im,m,t) = (r(my —t(Vm)1),...,r(mas — t(VM)as), r'my,...,r ' Ma).  (7.9)

It is easy to see from the definition that A, are the successive minima of the norm |- ||o

with respect to the lattice
def [ rlos —1tV s
;= ( Oy 7'l >Z . (7.10)

[1]

Moreover, simultaneously, M;, are the successive minima of the norm F*(-) defined for
(m,m) € R¥ m,m € R* by
% __\ def N
F*((m, 1)) = masc o, V177 (711)
with respect to the lattice

def ( rly, —rtV

ael 4s __
e )Z =D, U, A. (7.12)
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Note that, according to (5.32),
Fo () =s |- (7.13)
Using (5.32), (7.10)—(7.13) and Lemmas 6.2, 6.4 and 6.5, we obtain
Y exp{=r*lm—tVm|® —|m|*/r*} = Y exp{—lvl*}
m,meZ2s VEE;

< #{veEE e <1}

Ls (Myg- Myy--- MZs,t)_l
=g OéQS(Et) = Oégs(Qt). (714)

Here we have used essentially that the matrix V is symmetric. Now, by (5.28), (5.29),
(7.12) and (7.14), we have
12

B o{ (BiG €} } < (02(20))7% = 17 (a2 (D, U, 1))
Using (7.15) and Lemmas 5.4 and 5.6, we derive the following lemma.

Lemma 7.1. Let the conditions of Lemma 5.4 be satisfied with 6 < 1/(5s). Then

1/2

(7.15)

1o dt ! dt
[ 1w % < ot [ ot raier,

rJye1 t’
(7.16)
where 7, aos(-) and the lattice A are defined in relations (5.2), (5.27), (5.30), (6.14)
and (7.4) and in Lemma 5.6. The supy means here the supremum over all possible values
of 2,2 € R? such that

12 —esll <6, 125 = el <6, for 1<j<s, (7.17)

where S, = {e1,...,es} C RY is an orthonormal system involved in the conditions of
Lemma 5.4.

Let v = (m,m) € R* m,m € R?». Then

m+tm=(1+t)m+t(m—tm). (7.18)
Equality (7.18) implies that
|7+ tm|| <, |7l + ||m — tm||, for |t <, 1. (7.19)

Hence,
rlm —tm|| +r W4 tm|| < v llm —tm| + 7 m||,  forr > 1, |t < 1. (7.20)
According to (7.1)—(7.3), we have
D, U,v = (r(m —tm),r'm) and DKo = (r(m —tm),r (M +tm)). (7.21)

It is clear that the operators D,U; and D,K; are invertible. Therefore, using (7.20)
and (7.21) and applying Lemmas 6.3 and 6.5, we derive the inequality

azs(D, U, Q) <5 s (DK, Q),  forr > 1, |t| < 1, (7.22)
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which is valid for any lattice Q C R*.
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Let T be the (4s x 4s) permutation matrix which permutes the rows of a (4s x
4s) matrix A so that the new order (corresponding to the matrix TA) is: 1,2s,2,25 +
1,...,2s5 — 1,4s. Note that the operator T is isometric and A — A T~! rearrange the

columns of A in the order mentioned above. It is easy to see that

for any lattice Q C R%.
Note now that

O[QS(TQ) = (){25<Q),

TD,K;A; = TD,K,T'TA; = W,A;,

where

and where W, is (4s x 4s)-matrix

constructed of (2 x 2)-matrices Oy and

Let |t| <2 and

Wt:

Gr,t =

@2 G’r,t

=TA;
0,
& i G
r  —rt )
rt 7t

0= arcsin(t (1+ t2)’1/2) or, equivalently, ¢ = tan6.

Then we have

0] < c* o arcsin(2/V5), cosf = (1+t3)7Y2  sinf =t (14>~

It is easy to see that

and
where .
Dr QQ
I’[V))T _ @2 ]D)r
Oy O,

are (4s X 4s) matrices with

— def { T O
Dr_<0 7,.—1

Gr,t = (1 + t2)1/2 ﬁr KO

W, = (1+3)'2D, Ky,

O,
0,

and Ky =

D

r

and K@ =

sin 6

def ( cos 6

—sinf
cos

0, 0}
K@ @2
@2 K@
) € SL(2,R).

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)
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Substituting (7.31) into equality (7.24), we obtain
TD, K A; = (1+ 22D, Ky A, (7.34)
Below we shall also use the following crucial lemma of Gétze and Margulis (2009).

Lemma 7.2. Let ]K@ and

E ((22 . @2
e I (7.35)
@2 @2 : E

be (2d x 2d)-matrices such that H € G = SL(2,R) and Ky is defined in (7.32) and (7.33).
Let B is a positive number such that 3d > 2. Then, for any H € G and any lattice
A C R,

2
/ (a1 Ry A))d0 <54 (0ra(A))? )72, (7.36)
0
Here ||H|| is the standard norm of the linear operator H : R? — R2.

Consider, under the conditions of Lemma 7.1,

1/2 1
def = dt =~ dt
Iy < / | W, (t) - = / |W,(t/2)| - (7.37)
r—1/2 r—1
By Lemma 7.1, we have
Iy <o (pN) '+ 772 sup J, (7.38)
r
where
1 L dt p
J = (aos(D, U A))/* — < E I, (7.39)
r—1 t —9
‘7:
with (1)t
€: a dt . €
I dzf/ (a28<DTUtA))1/4T, =23, 0% +1. (7.40)
j—l

Changing variable ¢ = vj~2 and v = w + j in I; and using the properties of matrices
D, and U;, we have

2 (—1)"! dv
I = / (auzs (D, U2 A)) M =
J

4 dv

Jj+2
< [ (0@, )
J

dw

2
= A (OJQS(DTij72 Ujfl A))1/4 T—I—] . (741)

By (7.6),
D, Uyi-2 =D,:-1D,;Upyi—2 = D,.-1 U, D,. 7.42
J J J J J J



34 F. GOTZE AND A.YU. ZAITSEV

According to (7.41) and (7.42),
1 /2
I < 7 / (s (D1 U, A )Y it (7.43)
0

where the lattices A; are defined in (7.5) (see also (7.1), (7.3) and (7.4)). Let N9 <

- <N, g) be the successive minima of the Euclidean norm with respect to the lattice A;.
Using (5.32) and (7.5), it is easy to show that

det (A;) = [det V| =,1 and N >, 1. (7.44)
Therefore, by Lemmas 6.5 and 6.6, N,ij) =,1,k=1,2,...,4s, and
aos(Aj) <5 1, (7.45)
By (7.22), (7.23) and (7.34), we have
o5 (D1 U ;) <5 aos(Dyj-1 Ki Aj) = s (TD, -1 K A)
<5 (D1 Ky A), (7.46)

for |t| <5 1, 7 > 1, where 6 is defined in (7.28). Using Lemma 7.2 (with d = 2s) coupled
with (7.29) and (7.46), we obtain
2 c* . . 1/4 do
/ (OZQS(DTj—IUtAj))l/4 dt < / (OZQS(ID)T]'—I K@ A])) BNCY)
0 0 cos® 0
2m . . 1/4
< / (aQS(DTj,1 K, Aj)) df
0

<5 Dy ]*272 (ans(8)) (7.47)

if s > 5. It is clear that ||D,;-1]| = rj~!. Therefore, according to (7.23), (7.25), (7.43)
and (7.47),

1
[ <s = (rj~1)*272 (cums (M) 1 (7.48)
By (7.39), (7.45) and (7.48), we obtain, for s> 5,
p
1
J <, Z 7 (Tj—l)s/2—2 <, rs/2-2 (7.49)
=2

By (5.2), (5.27), (7.38) and (7.49), we have r <, (Np)'/? and
Iy < 2 < (Np)™h. (7.50)

It is clear that in a similar way we can establish that
c(s) dt
[ 1B <o < o (7.51)
1

for any quantity ¢(s) depending on s only. The proof will be easier due to the fact that ¢
cannot be small in this integral.
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Thus, we have proved the following lemma.

Lemma 7.3. Let the conditions of Lemma 5.4 be satisfied with s > 5 and c(s) be a
quantity depending on s only. Then there exists a cs such that

C(S)\Tf dt Np)~! 7.52
Ia(t)|t<<s(p), (7.52)

-1

if Np > cs, where v is defined in (5.2) and (5.27).
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