ON THE DISTRIBUTION OF THE NODAL SETS OF

1.

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.
1.9.

2

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.

3

3.1.
3.2.
3.3.

4

4.1.
4.2.

RANDOM SPHERICAL HARMONICS

IGOR WIGMAN

ABSTRACT. We study the volume of the nodal set of eigenfunctions of
the Laplacian on the m-dimensional sphere. It is well known that the
eigenspaces corresponding to F, = n(n + m — 1) are the spaces &, of
spherical harmonics of degree n, of dimension A/. We use the multiplicity
of the eigenvalues to endow &, with the Gaussian probability measure
and study the distribution of the m-dimensional volume of the nodal sets
of a randomly chosen function. The expected volume is proportional to
VE,. One of our main results is bounding the variance of the volume
to be O(%)

In addition to the volume of the nodal set, we study its Leray mea-
sure. We find that its expected value is n independent. We are able to
determine that the asymptotic form of the variance is C'#”S‘
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1. INTRODUCTION

Let M be a smooth compact manifold and f a real valued function on
M. We define its nodal set to be the subset of M, where f vanishes and
we are interested mainly in the nodal sets of eigenfunctions of the Laplacian
on M. It is known [6], that generically, the nodal sets are smooth subman-
ifolds of M with codimension 1. For example, if M is a surface, the nodal
sets are lines. One is interested in studying their volume (i.e. the length
of the nodal line for the 2-dimensional case), and other nodal properties for
highly excited eigenstates. It was conjectured by Yau that the volume of
the nodal set is bounded from above and below by a multiple of the square
root of the Laplace eigenvalue. The lower bound was proven by Bruning and
Gromes [5] and Bruning [4] for the planar case. Donnelly-Fefferman’s cele-
brated result [7] resolved Yau’s conjecture for real analytic metrics. However
the general case of a smooth manifold is still open.

1.1. Spherical Harmonics. In this paper, we study the nodal sets for the
eigenfunctions of the Laplacian A on the m-dimensional unit sphere S™. It
is well known that the eigenvalues E of the Laplace equation

Af+Ef=0
on 8™ are all the numbers of the form
(1) E=FE,=n(n+m—1),

where n is an integer. Given a number FE,,, the corresponding eigenspace is
the space &, of the spherical harmonics of degree n. Its dimension is given
by

m—1

Zn+m-—-1/n+m-—1 2 me1
~N —nN .
n+m-—1 (m—1)!

Given an integral number n, we fix an L?(S™) orthonormal basis of &,

m(x) = ni' (@), na(x) =03 (), ..., nn(x) = N (@),

giving an identification &, = RV. For further reading on the spherical
harmonics we refer the reader to [1], chapter 9.
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1.2. Random model. We consider a random eigenfunction

N
3) 1) =SS (o,
k=1

where ay, are Gaussian N(0,1) i.i.d. which we assume to be defined on the
same sample space 2. That is, we use the identification &, = RV to induce
the Gaussian probability measure v on &, as

do(f) = e-lapdaL .. day

(2mN/2 7

where @ = (a;) € RV are as in (3).

Note that v is invariant with respect to the orthonormal basis for &,,. As
usual, for any random variable X on (), we denote its expectation EX. For
example, with the normalization factor in (3), for every fized point z € 8™,
one has

(4) Bl = S o - 1
N =1

a simple corollary from the addition theorem (see (28)).
Any characteristic X (L) of the nodal set

L=L;={ze8™: f(z)=0}

is a random variable defined on the same sample space 2. We are inter-
ested in the distribution of two different characteristics. The most natural
characteristic of the nodal set Ly of f is, of course, its (m — 1)-dimensional
volume Z = Z(f). The study of the distribution of the random variable Z
for a random f € &, is one of the goals of the present paper.

Berard [2] showed that the expected volume EZ is

EZ(f) = const - /Ep

(see proposition 1.4) and Neuheisel [8] proved that as n — oo,

E E
(5) Var(Z) = O( L ) = O( = >
(m—1) m=1
n 3m+1 N3m+1

Remark 1.1. Rather than taking aj standard Gaussian i.i.d., Neuheisel
assumes that the vector @ = (a) € RY is chosen uniformly on the unit
sphere SN—1. However, it is easy to see, that, since Z(f) = Z(b- f) for any
constant b € R, both of those models are equivalent.

The volume of the nodal line of a random eigenfunction on the torus

was studied by Rudnick and Wigman [11]. In this case, it is not difficult to
see that the expectation is given by EZ( me) = const -V E. Moreover, they

prove that as the eigenspace dimension N grows to infinity, the variance is
bounded by

VwZU“U=0(j;)
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which, in particular, implies that the tails of the distribution of the normal-
ized random variable % die.

More generally, one may also consider a random model of eigenfunctions
for a generic compact manifold M. Of course, for generic manifolds, one
does not expect the Laplacian to have any multiplicities, so that we cannot
introduce a Gaussian ensemble on the eigenspace. Let E; be the eigenvalues
and ¢; the corresponding eigenfunctions. It is well known that the E; are
discrete, Ej — oo and L?(M) = span{e;}.

In this case, rather than considering random eigenfunctions, one consid-
ers random combinations of eigenfunctions with growing energy window of
either type

fray= Y agx)
E;€[0,E]
(called the long range), or

o) = > ajp;j(x),
VE;EIVEVE+]
(called the short range), as E — oo. Berard [2] found that
EZ(f%) ~ ey -VE
and recently Zelditch [13] proved that
EZ(f5) ~ ey - VE,

notably with the same constant cj; for both the long and the short ranges.

Berry [3] computed the expected length of nodal lines for isotropic, mono-
chromatic random waves in the plane, which are eigenfunctions of the Lapla-
cian with eigenvalue E,. He found that the expected length (per unit area)
is again of size approximately \/E, and argued that the variance should be
of order log Fy,.

1.3. Leray nodal measure. Another property of the nodal line we con-
sider is its Leray measure (also called the microcanonical measure). Given a
function f on 8™, we define the Leray nodal measure to be
1
(6) L(f) :=lim ?meas{x eSS |f(x)| < €}
€ €

—0

provided that the last limit exists. One may write the definition (6) of the
Leray nodal measure formally as

(7) () = / 5(f (x))de,
Sm

where ¢ is the Dirac delta function.
As is well known, the limit (6) exists when Vf # 0 on the nodal set in
which case ()
vV (x
where ¢/ is the Riemannian hypersurface measure on the nodal set. This
holds almost always on &, (see section 2.1).
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The distribution of the Leray nodal measure on the sphere was also consid-
ered by Neuheisel. As in case of the volume, one may compute the expected
value
_ s

V2
using a rather standard computation (see proposition 1.3) and Neuheisel
proved that the variance is bounded by

(8) Var £ — 0(,7}1) _ 0(\/%)

Remark 1.2. Here, as in the case for the volume, Neuheisel considered
a slightly different variation of the random model (see remark 1.1). Even
though the Leray nodal measure is not invariant under dilations, i.e.

L) = 3L(5),

those models are still equivalent asymptotically, as N' — oo.

EL

n-2

The Leray measure £(f7") for the random eigenfunctions on the torus
T™ was considered by Oravecz, Rudnick and Wigman [10]. The expectation
is given by
b
Von

These authors were able to establish the variance to be asymptotic to

EL(fT") =

Varﬁ(me)wc'%

for some ¢ > 0, for m = 2 and m > 5.

1.4. The expectation.

Proposition 1.3. Forn sufficiently large, the expectation of the Leray nodal
measure of the random eigenfunction is given by
5™
EL(f) = —.
(=15

Proposition 1.4. One has

(9) EZ(f) =cm -V En,
with the constant ¢, defined by

27Tm/2
(10) Cm = V()
1.5. Statement of the main results. Our main results concern the vari-
ance of the Leray nodal measure £ and the volume Z of the nodal set. We
improve on Neuheisel’s results (5) and (8), and need to use some of the steps
in his work; however because some of the arguments in Neuheisel contain
gaps, we need to redo them, partially accounting for the length of this paper.

For £ we were able to determine its asymptotics precisely.
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Theorem 1.5. As n — oo, the variance of the Leray nodal measure is
asymptotic to
om—2 " p(m)|Sm|
11 Var L(f) ~ 2 L
(11) ar £() W

)l
One should compare the asymptotic result (11) to Neuheisel’s bound (8).

Remark 1.6. Note that unlike the torus, our proof here works for any
dimension m > 2, including m = 3, 4. The reason is that for the sphere,
the so-called two point function u (to be defined, see (19)) is related to the
ultraspherical polynomials, a standard family of orthogonal polynomials [12].
In particular, using Hilb’s asymptotics for the ultraspherical polynomials, it
is easy to show that the 4th moment of u is dominated by its second moment
(see lemmas A.1 and A 4).

Unlike the spherical case, the two point function for the d-dimensional
torus is related to the distribution of points

ii = (ni,...nqg) € 24

so that 5
~112 2 2

For d > 5 a strong equidistribution result for © implies in particular that

the 4th moment of u is dominated by its second moment. For the two-

dimensional case we used a special result due to Zygmund. The remaining

cases d = 3, 4 are, to our best knowledge, open.

Concerning the volume, we have the following result:

Theorem 1.7. One has

(12) Var Z(f) = o<5j"v),

asymptotically as n — oo.

Note that theorem 1.7 implies that the variance of the normalized ran-
dom variable Z := é with expectation 1, vanishes as n — oo. Thus, in

particular, the tails of the distribution of Z “die”, that is, for every € > 0,
most of the mass of Z is concentrated in [1 — €,1 + ¢]. In addition, theorem
1.7 bounds the “typical” size of the tail of the distribution of Z (and thus
of Z). One should compare (12) to (5), obtained by Neuheisel. Partially
motivated by the recent result [GW] for the analogous ensemble of random
one dimensional trigonometric polynomials, it may be possible to improve

the bound to E, /N .

1.6. On the proofs of the main results. The spherical case offers some
marked differences from that of the torus [10] and [11]. Unlike the torus,
which is identified with the unit square with its sides pairwise glued, the
sphere possesses a nontrivial geometry. In the course of the proof of the
main results, one has to study the joint distribution of the gradients V f(z)
and Vf(y) as random vectors, where z,y € S™ are fized, and f € &,
is randomly chosen. The main obstacle here is that for different points
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xr € 8™, the gradients live in different spaces, namely, the tangent spaces
T..(S8™) which are, in general, different.

One then has to canonically identify the spaces T,(S™) via a family of
isometries ¢, smooth w.r.t. z. In reality, such a choice is not possible for
every x, and we treat this complication in section 2.4.

Once the geometric problems are resolved, the treatment of the so-called
two-point (or, alternatively, covariance) function and its derivatives is more
standard, related to the well-known ultraspherical polynomials (see [12] or
appendix A). In particular, we find that the geometrical structure of the
so-called singular sets on 8™ is less complicated than the singular set on the
torus (see section 4.2).

1.7. Some Conventions. Throughout the paper, the letters x,y and z will
denote either points on the sphere 8™ or spherical variables and ¢ will denote
a real variable. For z, y € 8™, d(z,y) will stand for the spherical distance
between x and y. The letters p, v, v will be reserved for measures, where
the measure v will stand for the uniform measure on 8™ so that dv(x) = dz.
Finally, given a set S, we denote its volume by |S|. For example,

m—+1

2m 2
D(mf)

In this manuscript we will use the notations A < B and A = O(B) inter-
changeably.

(13) ™ =

1.8. Plan of the paper. This paper is organized as follows. Section 2
is devoted to the computation of the expected value of the Leray nodal
measure and the volume, that is, proving propositions 1.3 and 1.4, where
the rest of the paper focuses on the variance of those characteristics, i.e.
proving theorems 1.5 and 1.7. The treatment of the variance in both cases
will be divided into two steps. First, we express it in an integral form in
section 3. We treat the integrals obtained in section 3 throughout section 4.
In case of the Leray measure, we will be able to give a precise asymptotic
expression. In the case of volume, we give an upper bound.

Appendix A will introduce the reader to the ultraspherical polynomials
and will also provide all the necessary background we will need in this paper.
The goal of appendix B is to prove that the set of “bad” (singular) eigenfunc-
tions in the space of all the eigenfunctions, is “rare” in some strong sense.
Finally, appendix C will prove a particular nondegeneracy result for the dis-
tribution of the eigenfunctions and its gradients, needed to give meaning to
the integral formula obtained for the variance of the volume given in section
3.

1.9. Acknowledgements. The author wishes to thank Zeév Rudnick for
initiating this research and for his help and support while conducting it.
Many stimulating discussions with Mikhail Sodin, Dmitry Jakobson and
Stéphane Nonnenmacher are appreciated. The author is grateful to Sherwin
Maslowe for proofreading this paper. I would like to thank CRM Analysis
laboratory and its members for their support. Some part of this research was
done during the author’s visit to the Bielefeld University, supported by SFB
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701: Spectral Structures and Topological Methods in Mathematics. Finally,
I wish to thank the anonymous referee for his comments and suggestions.

2. EXPECTATION

In this section we prove propositions 1.3 and 1.4. As a start, we wish to
stay away from the set of the singular functions discussed in section 2.1.

2.1. The singular functions. In this section we define the notion of the
singular functions and formulate the intuitive statement that they are “rare”.
The proofs are given in appendix B.

Definition 2.1. An eigenfunction f € &, is singular if dx € 8™ with
f(z) =0and Vf(x) =0. An eigenfunction f € &, is nonsingularif Vf # 0
on the nodal set.

A nonsingular eigenfunction has no self-intersections. We denote Sing C
&n to be the set of all the singular eigenfunctions. First, we claim that as a
set, Sing is “small”.

Lemma 2.2. The set Sing has codimension 1 in &,.

Now, given z € 8™ and b € R, we denote P to be the set of all the
eigenfunctions which attain the value b at the point x. That is,

(14) Py ={fe& : f(x)=>0}
The set Py is a hyperplane in &,.
Moreover, given (z,y) € S™ x 8™ and b = (b1, ba) € R? we denote

(15) Py ={f €& f(x) =1b1, f(y) =ba}.
For = # +y, PZC Y is an affine subspace of &, of codimension 2, as it is easy
to see from the addition theorem (see section 2.2).

The next couple of lemmas establish the fact that the intersections of
Sing with Py and 735 Y for x # 4y, are of codimension 1. Lemma 2.4 is
essential while treating the variance of the Leray nodal measure (section
3.2).

Lemma 2.3. For every x € 8™ and b € R, the set
Singy := Sing NPy
has codimension 1 in Py .

Lemma 2.4. If x,5y € S™ and x # =+y, then for every b = (b1, b2) € R2, the
set Singlf’y = Sing N Pg’y has codimension 1 in pg:,y.

The proofs of all the lemmas of this section are given in appendix B.

2.2. Two-point function. We define the so called two-point function, also
referred in the literature as the covariance function

. ™| &
16) e,y = uwlz.y) =E[f@F@)] = 57 > ml@n).
k=1

The addition theorem [1], page 456, theorem 9.6.3 implies that
(17) u(z,y) = Q' (cos d(z,y)),
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where
Qnm : [_17 1] —R
are the normalized ultraspherical polynomials defined and studied in appen-
dix A. Recall that d(z,y) is the spherical distance so that
cosd(z,y) = (x,y),

thinking of S™ as being embedded into R™*+1.
It is immediate that u is rotationally invariant, i.e.

(18) u(Rz, Ry) = u(z,y),

where R is any rotation on 8. In case y is not specified, it is taken to be
the northern pole N € 8™, that is

(19) u(z) == u(z, N).

For every t € [—1,1], |Q(t)| < 1 and |Q}*(t)| = 1, if and only if ¢t = +1.
Therefore

(20) (u(z,y) = £1) & (z = £y),
and
(21) (u(z) = £1) & (x € {N, S}),

where N and S are the northern and the southern poles respectively.

2.3. Leray nodal measure. We will need the following definitions from [10],
section 3.
For € > 0, set

Lo(f) = ~ meas{z : |f(z)] < €} .

2e
so that £(f) = lime_o L(f).
For a >0, 8> 0 let

Enla, B) ={f €&n: [f(0)| <a= |[Vf(z)>p}.
The sets &, (a, 3) are open, and have the monotonicity property
alp > o = gn(alyﬁ) C gn(@%ﬁ)

and
51 > 52 = Sn(a7161) - gn(a752) .

Moreover, for any sequence «,,, 3, — 0 we have

5” \ Si’l’Lg = Ugn(ana ﬁn) .

We have (cf. [10], lemma 3.1)
Lemma 2.5. For f € £,(a, #) and 0 < € < a, we have
L(f) < VEn
where the constant involved in the ' <’'-notation depends only on o and [3.

To prove lemma 2.5, we will need lemma 3.2 from [10].
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Lemma 2.6 (Lemma 3.2 from [10]). Let g(t) be a trigonometric polynomial
on [0,27] of degree at most M so that there are o > 0, B > 0 such that
lg'(t)] > B whenever |g(t)] < a. Then for all 0 < e < o we have

1 M
% meas{t € [0,27] : [g(t)] < €} < 3
where the constant in the " <’-notation may depend on m only.

Proof of lemma 2.5. Let (41, ... ¢m) be the standard multi-dimensional spher-
ical coordinates so that x € 8™ is parameterized by

x = (cos ¢1,sin ¢ cos ¢a, ..., singy ...siny,)

for (¢1,...¢m) € R :=[0,7] x ...[0,7] x [0,27]. It is well-known that for
¢; #0,m,2m, {a%k} is an orthogonal basis of T, (S™) and we have

0 . .
HM =sing; - ... singg_1,
so that the Jacobian
Dx
J=J(¢1, .oy Om) =

( ! ) D((;Sluvd)m)

satisfies
J =sin ¢’1”_1 singe™ 2 .. sin 1.

Let 0 < € < a. We write
meas{z € 8" : |f(z)| < €}
as an integral

(22)
meas{z € S : |f(x)| < €} = /X<f(f)>dx:/|<](¢1, oy O)|dpy - . d,
Ae

Sm
in the spherical coordinates, where we denoted

Ac:={P e R: |f(P)|] <e€}.
For P € R, 1 < k <m we define py(P) = H L0/ (P) 5o that

(23) IVF@)I* = pi 405+ + P
We decompose
A =W UuWoU...UW,,
with
Wy :={Pec A : |p(P)| = max p;(P)|}-
Note that on Wy,
Ipi (P)]

by (23) and ||V f(x)| > § on A..

B
>ﬁ7
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Note that for ¢y, k # ko fixed, g(¢r,) := f(é1, ..., ¢m) is a trigonometric
polynomial in ¢y, on either [0,7] or [0,27] of degree < n < /E, with
derivative

0
Odr,

so that on Wi, |¢'(#)| > || o H% Thus lemma 2.6 implies

8¢k0
_VEn_

755 |

J(6) = H m(P)

meas{6 : |g(dk,)| < €} < - €.

Therefore the contribution of Wy, to the integral (22) is

/yJ|d¢1-...-d¢m < /meas{(;S: 19(dro)| < €Xdy - ... dop, . .. dpm

Wy
<</M.@ed¢1....d$ko...d¢m < eV/Ey.
OPrq

which concludes the proof of the lemma.
O

We conclude the section with a formal derivation of proposition 1.3. A
rigorous proof proceeds along the same lines as the proof of theorem 4.1
in [10] (see section 4.2), using lemmas 2.5, 2.2 and 2.3. We omit it here.

Formal derivation of proposition 1.3. Given a function f € &,, we write its
Leray nodal measure formally as

() = / 5(f(x))dr.
Sm

see (7).
Then, taking the expected value of both sides and changing the order of
the expectation and the limit, we obtain

(24) BL() = [ B3(f(a))da,
Sm
Now, for each fized x € 8™, the random variable v = f(z) is a linear
combination of Gaussian random variables, and therefore, Gaussian itself.

Its mean is zero and its variance is 1 by (4). Writing the Gaussian probability
density function explicitly, we have

o0

E6(f(z)) = Eo(v) = /5(a) 6\/; da = \/12?

To finish the proof of this proposition we integrate the last equality on
the sphere and substitute it into (24).
O
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2.4. Choice of orthonormal bases for 7,(S™). For every z € §™ we
will need to identify

(25) ¢gp: Tp(S™) = R™,
so that given a smooth function f on 8™, the function
Vf(z)eR™,

is, under the identification (25), almost everywhere smooth (i.e, C*, if f is
Ck+1) of argument .

Since we will be typically interested in the length of the gradient, we will
require the identifications (25) to be length preserving, namely, isometries.
This is naturally accomplished, given a choice

Bx:{ezfa"wefn}

of an orthonormal basis of T, (S8™) for every x € 8™, so that for every vector
e;, all of its coordinates satisfy the appropriate smoothness condition. To
do so, we consider the sphere without its southern pole S

R:=8"\{S}.

Choosing an arbitrary orthonormal basis B = By corresponding to the
northern pole provides such a basis B, for every x € R by means of the
parallel transport of B along the unique geodesic linking N and z on R. We
choose an arbitrary orthonormal basis Bg of the tangent plane Ts(S™) of
S™ at the southern pole. It doesn’t affect any of the computations below,
and we will neglect it from this point on.

Let g(x) : 8™ — R be any smooth function. We will use the notation

0 0
@g(x) = a?gg‘z

for the directional derivative of g(x) at x along e, i.e.

o) = (Vgla).ef).

In case of ambiguity, i.e. if we deal with a two variable function

h(z,y) : 8™ x S™ — R,
0
86?
constant, or vice versa respectively. Similarly, we will use the notation
Veg(z,y) € Tp(S™) and Vyg(z,y) € Ty(S™) to denote the gradient of
g(z,y) as a function of x or y respectively.

we write %h or h for the derivative of ¢ as a function of z with y

Remark 2.7. Note that with the choice of the identifications (25) as above,
we have

(26> fod(x? y)‘(z,N) = _vyd(x7 y)‘(I,N)7

which is going to be useful in simplifying the covariance matrix X (see section
3.1).

Remark 2.8. In fact, for all our purposes, it is sufficient to make the choice
of the orthonormal bases locally. Such a choice is possible for any manifold.
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2.5. The covariance matrix, expectation. Given a point x € 8™ we
consider the random vector (v,w) € R x R™

(U,U)) = (f(x),Vf(x)),

where we use the identification (25). It is easy to see that being a linear
transformation of a mean zero Gaussians, its distribution is a mean zero
Gaussian as well.

We claim that the covariance matrix of (v, w) is

(27)
3 _ Ef(x)? E[f@)Vf@)] \ _(1 0
Hmtxma) (E[f(a:)vf(x)]t E[W(m)tW(x)]) - <0 - Im> ‘
First,

(28) Ef(z)? = u(z,z) =1,

by the definition (16), (17) of u(x,y) and (20).
Next, we have

E(f(2)V/(x) = 5 VE(/(@)*) = V1/2= 0

by (4).
Finally, we compute E [V f(2)'V f(z)]. For i # j, we have

0 0 0
E[Mf@)aegf(x)] _ [66% e |

computing the second partial derivative explicitly in local coordinates (see
section 2.4 for an explanation of the partial derivatives notations).
For ¢ = j, we have by the rotational symmetry on S,

B((50)°) = m|§m|sg B(V/0) Vi) )da

_ m‘;m'E u Vi) - Vf(a:)dx] _ —m‘}WE u @) Af(x)da:]

=0,
=y

_ _En 2qp| = o 1 24 _ n
_ m|5m|E[/f(x) dm} -2 [ i@ =2,
Sm sm
by the divergence theorem and (4). Thus
(29) B(V/(2)/Vf(2)) = B(V () V() = I

2.6. Riemannian volume. Let x be the indicator function of the interval
[—1,1]. For € > 0, we define the random variable

1 f(z)
Z(f) = — A2} .
=5 [ (P ) ws
Lemma 2.9 (Lemma 3.1 from [11]). Suppose that f € &, is nonsingular.
Then
vol(f71(0)) = lim Z.(f) .

e—0
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Lemma 2.9 implies that the expectation of the volume and its second
moments are given by the following.

Corollary 2.10 (Corollary 3.4 from [11]). The first and second moments
of the volume Z(f) of the nodal set of f are given by

E(Z) = E(lim Z,), E(Z%) =E( lim Z,Z.,).

€1,62—0
Lemma 2.11. For every f € £, and € > 0, one has
Z(f) = OE),
where the constant involved in the 'O’ notation depends only on m.
To prove lemma 2.11, we use lemma 3.3 from [11].

Lemma 2.12 (Lemma 3.3 from [11]). Let g(t) be a trigonometric polynomial
on [0,27] of degree at most M. Then for all ¢ > 0 we have

1
1 / 1/ (8)]dt < 6M .
2€

lo(dl<e)

Proof of lemma 2.11. We write Z. in the multi-dimensional spherical coor-
dinates (see the proof of lemma 2.11) as

R

Note that in the spherical coordinates, for ¢ # 0, 7, 27

| 8f>
\Y y e Pm) =\ T T Al )

in the orthonormal basis associated to {6%;@}' Thus

IV 1T < ) 5=
o0

Note that for ¢y, k # ko fixed, f(¢1, ..., ¢m) is a 1-variable trigonometric
polynomial in ¢, of degree < n < \/E,,. Therefore,

Ze(f)<<§m:/21€[ / ’8f(¢1’”"¢m)'d¢ko]d¢1-...d¢§ko...-

0oy,
ko=1 (0: 1 /(b1 )| <6} ’

<V Ep,

by lemma 2.12.
O

Now we are in a position to prove the main result of this section, namely
proposition 1.4.

Proof of proposition 1.4. We saw that
EZ(f) = Elim Z,(f)

dpm
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by corollary 2.10. Lemma 2.11 and the dominated convergence theorem
allow us to exchange the order of taking expectation and the limit to obtain

(30) EZ(f) = lim BZ(f).

By Fubini’s theorem,

(31) E&U)=EBAmeCﬂ)ny ] /Kﬂ

where K1(z) is defined by
@) K@ =8l = 5 [ (D)@,

n

We write K} in terms of the random vector (v,w), introduced in section

2.5! as )
Kl(z) = — 2V hwld
e(@) = o / x<a)lle (v, w),

RxR™
where dp(v,w) is the joint probability density function of (v,w), namely
mean zero Gaussian with covariance ¥ given by (27). Writing the Gaussian
probability explicitly, we have

1 v 1 ~ dvdw
Kelac = — / X() w exp(—v,w »! v,wt>
() = o %) Ol P rrerryayes:

RxR™

1] exp ( U dv/ e 1 ||w||?*m m™2dw
xp (— = X
26 P PL73 E, (27r)(m+1)/2E7T/2

2 dw'
o [ e (~ 5o V [ Wlew ~ Sl Gy
E, ,

changing the varlables
w=1/—w.

m
Following (31) and (30), we integrate the last expression and take the
limit € — 0 to obtain

EZ(f) =Cm Em

where
sm| 1
B == / Joflexp ( = glhw'? )

Finally, substituting

r ;1)
[ 1lexp (= Gl oo = vaemme —L
n r(r;)

l1We use this opportunity to note that in [11], page 7, the boundedness of
X (f(x))\Vf( )| is unnecessary, and, in fact, wrong.
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(see e.g. [11], page 7) and (13) into the last expression yields (10).

3. AN INTEGRAL FORMULA FOR THE SECOND MOMENT

3.1. Covariance matrices, second moment. Similarly to the computa-
tion of the expected volume, we will naturally encounter a random vector
on

R xR xR"™ x R™,
defined as
(f(@), f(y), VI(2), VI(y)),

for some fized z,y € 8™, where we again use the identification (25). We will
use the rotational symmetry of the sphere to reduce the discussion to the
case y = N is the northern pole. Thus we consider

(34) Z = (v1, 02, w1, wp) = (f(x), f(N),Vf(z), Vf(N))

for some y € S™.

It is obvious that the joint distribution of this vector, is mean zero Gauss-
ian. It remains, therefore, to compute the covariance matrix. We need the
following notations.

Let D = D(z) be the vector in R™ defined by

D(z) = Vau(z,y)|z,n) € To(S™) = R™.
Note that for z # £ N, we may use (17) to obtain
D(z) = Q"' (d(z, N)) sin(d(z, N))Vod(z, Y)|(z,n)-
It is then clear from (26) that we then have
(35) vxu(xv y)‘(:v,N) = —Vyu(x, y)|(:]c,N)
Finally, let

be the m x m matrix defined as

(36) H = Vo Vyu(, y)l@ny,
i.e. H = (hji) with entries given by
o2

hjk = WU(% y)|(z,N)~

We will be in particular interested in the conditional distribution of
Zy = (w1,w2) = (Vf(z), VI(N)),

conditioned upon f(x) = f(N) = 0.
For the variance computation of the Leray nodal measure, we will need
the distribution of the random vector

Z = (v1, v2) = (f(2), f(N)).
It is distributed mean zero Gaussian as well.
The covariance matrices of the random vectors above are given in the
following lemma.

Lemma 3.1. Let x € S. Then
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(1) The distribution of the random vector Z = (vy,uvs) is mean zero
Gaussian with covariance matriz given by

(37) A (u(;N) u(:cl,N)) .

(2) The covariance matriz of the random vector Z is the (2m + 2) X
(2m + 2) matriz
A B
Y= <Bt C) )

where A € Mayo is given by (37), B € Maxom, is given by

)

and C' € Moy xom is given by

p, H
_ m - m
. o= (i =)

with the “pseudo-Hessian” matrizc H = (h;) of u given by (36). The
distribution of Z is nondegenerate for x # +N (this is equivalent to
Y being invertible).

(3) The covariance matriz of the conditional distribution of Zy, condi-
tioned upon v = vo = 0 is given by

Inp [ 1 D'D  —uD'D
(40) Q_|:<Ht %I>_1_u2(—thD D'D ”
We call the matriz Q) the “reduced covariance matriz” of Zy, and
one has
(41) det ¥ = det Adet Q = (1 — u?) det Q.

Proof. Part (1) of the lemma is evident from the definition of the two-point
function. It is also clear that part (2) of the lemma implies part (3), since
one computes the covariance matrix 2 of the conditional distribution from

> employing
-1 _ k >k
X = <>x< Q_1> '

The nondegeneracy of the distribution of the random vector Z for x # +y
follows directly from appendix C. The matrix ¥ is then invertible, being the
covariance of a nonsingular joint Gaussian distribution.

It remains, therefore, to prove part (2) of the lemma. It is clear that the
block A is the same as the covariance matrix in part (1), i.e. given by (37).

Now by the definition,

B (E(f(w)vf(fv)) E(f(x)Vf(N))>
E(f(N)Vf(z)) E(f(N)VF(N)))”
and we have already seen that

E(f(2)Vf(x) =0

in section 2.5 as well as

E(f(N)Vf(N)) = 0.
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Also
E(f(N)Vf(z)) = VoE(f(z)f(N)) = Vou(z,y)|z,n) = D(@),

and similarly
E(f(z)Vf(N)) = =D(x),

which finishes the proof of (38).
Finally, we compute C. By the definition,

C— <E(Vf(ﬂf)tvf($)) E(Vf(fv)tvf(N))>
E(VF(N)'Vf(z) E(VFN)VIN)))

We have already computed that E(V f(2)!V f(x)) and E(Vf(N)!Vf(N))
are given by (29). Finally,

E(Vf(2)'Vf(N)) = VoV E[f(2) f(N)] = VaVyu(z, y)len) = H,

and similarly
E(VA(N)'Vf(2)) = .
This implies (39) and finishes the proof of the lemma.

3.2. Leray nodal measure.

Proposition 3.2. The second moment of the Leray nodal measure is given
by
_ 18

9 dz
(42) EL(f)" = o S[ Nk

where u(x) is the two-point function given by (19) and (17).

As in the case of expectation, we give a formal derivation of proposition
3.2, omitting a rigorous treatment. A rigorous proof is obtained following
the lines of the proof of theorem 5.1 in [10] (see section 5.3), using lemma 2.4
in our case. The convergence of the integral on the RHS of (42), necessary
to the proof, follows from (50) and lemma 4.1.

Formal derivation of proposition 3.2. We write the Leray measure as (7)
again, so that

(43)

by the rotational symmetry of the sphere. Now, for a fized z € S with
x # £N, the random variables vy := f(x) and vy := f(N) are multivariate
mean zero Gaussian with covariance matrix A given by (37).
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Thus, writing the Gaussian measure explicitly, we obtain

E(3(f())d(f(y) = E[d(v1)d(v2)]

— [ S(an)s(a) exp(- jad a2
R2

2mv/det A
1 1

N 27/ det A N om\/1 — u(x,y)?
Plugging this into (43) yields (42).

3.3. Riemannian volume.

Proposition 3.3. The second moment of Z(f) is given by

(44) E(2?%) = |S8™| /Sm K(x)dz
where
(45)

K(x) p(—%(wl,wg)Qfl(wl,wg)t) dw dws

1 ex
= — w w )
= [ ol s G
where = Q(zx) is defined by (40).

Denote

Koalo)i= 1o [ n HVf<x>|||Vf<y>||x<Jff))x<W)dv<f> .

4deq1€e9 €2

To prove the proposition we will need the following lemma (cf. lemma 5.3
in [11]).

Lemma 3.4. For (z, y) € 8™ x 8™ with x # y, one has the inequality

En
(46) Koy e (2, y) <m

V1= ulz,y)?

where the implied constant depends only on the dimension m.
The proof is almost identical to the proof of lemma 5.3 of [11] 2.
Proof. Write f(x) = (f, U(z)), where U(z) is the unit vector

U(w) =\ S (@), € .

where {n;(z)}L, is the Ly orthonormal basis of &, chosen, and where we
identify the function f with a vector in RV via (3). Note that

({U(x),U(y)) = u(z,y)

is the cosine of the angle between U(z) and U (y).
We have

Vf(z)=DU- f

Note that in [11], there is a misprint in the course of the proof of lemma 5.3.
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where the derivative DU is a m x N matrix. Equivalently,

(1) = (£ (50@)). 1izm

By the triangle and Cauchy-Schwartz inequalities,

19/ ||<Z|!f\| |(5ev@)| < VEL

due to
9 ? 0f\*] _ En
H <aeiU<x)> - EK@) } =
by (29).
Therefore
(47) Ky ey(2,9) / 1f[2e- 1125
f(z)|<er
| (y)|<e2

Consider the plane 7 C RV spanned by U(z) and U(y). The domain of
the integration is all the vectors f € RV so that the projection of f on m
falls into the parallelogram P defined by the perpendiculars I and l;/t to
the endpoints of +U(x) and +U(y). Denote the angle o between the sides
of P, computed as

cosa = (U(x), U(y)) = u(z,y).
We claim that the area of P is
1
1—u(z,y)?

To see that, we assume, with no loss of generality that escosa < €
(otherwise exchange between 2 and y) and a € (0, §). Now if furthermore,

area(P) = 4ej€9

€2 < €1 COS @,

then the line ;| does not intersect the interval [0, ¢;U(y)], and the sides of P

are easily seen to have lengths Si?a and Sii"’a, and the angle between the sides
of P is «, so that our claim follows. Otherwise (namely if €3 > €; cosa),
a little trigonometric computation shows that the lengths of the sides of P
are again Si?a and si?a and the angle between the sides of P is «.

Write the multiple integral in (47) as the iterated integral

(18) L[ et ap,
p+m

where the variable p runs over all the points of the parallelepiped P. The
inner integral in (48) is O(1).
Indeed, note that for every f; € 7+,

— 2 _ 2 2
Ip+ fulPe IPHAlE2 — (1p|2 + || f1]|?) e~ UPIEFHIA1I5)/2
€ (L+ [l - eI,
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since ||p||2e~IPI?/2 is bounded. Our claim follows from convergence of the
integral [pa—o(1+ |wl|2)e~#II*/2dw. Therefore

1

1F12e1P/24f < area(P) < eres = .
1- U(ZL‘, y)

|f(z)|<er
[f(y)|<ez

Substituting the last estimate into (47) proves (46).
O

We give a formal derivation of proposition 3.3. Having lemma 3.4 in
our hands, a rigorous proof of proposition 3.3 is identical to the proof of
proposition 5.2 of [11] and we omit it here. In the course of the proof one
shows that

K(z)= lim 0K61762(x’N) .

€1,€2—
Therefore, taking the limit €;,€e2 — 0 in (46), we obtain
Corollary 3.5. If u(x)? # 1 then
E
K(r) €< ———u .
1 —u(x)?

Formal derivation of proposition 3.3. Corollary 2.10 allows us to write an
expression for the second moment formally as

EZ(f)* = E{ / 5(f($))HVf(w)H5(f(y))HVf(y)Hdwdy],
S'rn Xsm
and changing the order of taking the integration, we obtain

EZ(f)* = / EP(f(SE))-IIVf(w)II-5(f(y))-||Vf(y)ll]dwdy

SmxSm

(19)
~1sm [ E[a<f<zv>> AV E - 8(f(a)) - |er<x>|@dm,
Sm

by the rotational symmetry of the sphere. In fact, the integrand

E[é(f(z)) AV F@) - 5(Fw)) ||Vf<y>||]

depends on d(z,y) only (this is the isotropic property of the random ensem-
ble &,).

Now for a fixed z € §™ with x # + N, the joint distribution of the random
vector Z defined as in (34) is Gaussian with mean zero and covariance ¥ =
Y (z) as in lemma 3.1. Thus we may write

E[é(f(az)) AV @) (P HW(N)H]
dvdw
(2m)m 11 — u2y/det Q’

= [ 8l Stow) - uwal expl— (0, 0)S o))
R2 xR2m

substituting the explicit expression for the Gaussian measure and using (41)
(recall that ©Q = Q(x) is defined by (40)).
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Substituting v; = v = 0, we have
E[Mf(ﬂﬂ)) IV E@)[ - 0(f(N)) - [V ]

dw
(2m)m /1T —u2y/det Q

1
— [ Jwnlluz] exp(- s tu?)

R2m

To obtain the statement of the proposition, we integrate the last expression
over 8™ and plug it into (49).
O

4. ASYMOTOTICS OF THE VARIANCE

In this section we prove theorems 1.5 and 1.7.

4.1. Leray nodal measure. Here we use the ultraspherical or Gegenbauer
polynomials (see appendix A for details).

Concluding the proof of theorem 1.5. Using proposition 3.2, (19) and propo-
sition 1.3, we obtain

(50)
1
m m|2 m 1
Var(Z) = ’S | / ’S | = 5™ < — 1) du(t),
V1= u(x 2m 2w 1—Qm(t)?

where 11 = p,, is the measure on I := [—1,1] defined by

oM/ 2
(51) du(t) = S(1— )" dt.

INCD

It is easy to check that p = g.v, where g : §™ — [ is the function

(52) g(x) == cosd(z,N),

and d is the spherical distance (recall that v is the uniform measure on §™).
Lemma 4.1 together with (50) conclude the proof of the theorem once

noting (2).
O

Lemma 4.1. One has the following asymptotics

1
1 m, 1
— _1|du(t) = 2" 2 (= + O(e(m;n)),
/[ o 1t ()i + Olelmim)
where €(m;n) is given by
logn -9
(53) e(m;n) := { n? " )
n~™ m>3

and p is the measure defined by (51).
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To prove lemma 4.1, we will divide the domain of the integral (i.e. the
interval I := [~1,1]) into two subintervals: B := [-1 + 75,1 — 78] with cg
constant, and B¢ := I \ B. We will show that the main contribution to
the integral in (50) comes from B, bounding the contribution of B¢ to that
integral.

We will reuse this partition while proving theorem 1.7 (see section 4.4).
This justifies devoting a separate section (namely, section 4.2) to the treat-
ment of B¢. In analogy to the situation of [10] (cf. section 6.1) and [11] (cf.
section 6.2), we will call B and B¢ the nonsingular and the singular intervals
respectively. The proof of lemma 4.1 will be finally given in section 4.3.

The singular and nonsingular intervals, as well as some of their properties
will be given in section 4.2. The proof of lemma 4.1 will be finally given in
section 4.3.

4.2. The singular interval. In the course of the proofs of theorems 1.5
and 1.7, we are going to deal with the function

1
h —
= Aoy

defined on [—1,1]. We wish to expand it into the Taylor polynomial of

f(s) = \/1177 around s = 0 as

1 (@ ())? m (4
(54) RO SR AR

To be able to justify the expansion above, we will have to bound Q! (t)
away from +1, as in corollary A.3. This corollary provides us with a subin-
terval B C [—1,1] (which will be referred as the nonsingular interval) of
large measure p, such that Q*(t) is bounded away from +1 for all t € B.
Giving a special treatment to its complement (referred as the singular inter-
val, even though it is in fact a union of two disjoint intervals), we will show
that its contribution is negligible (see sections 4.3.1 and 4.4.2). We give a
rigorous treatment below.

Let I be the interval I = [—1, 1]. Choose any 0 < ¢y < 1 and the constant
co > 0 guaranteed by corollary A.3, corresponding to €p, assuming that n is
large enough in the sense of corollary A.3. We fix ¢y and ¢y throughout the
rest of the paper and define the nonsingular interval

Co Co
Corollary A.3 implies that the expansion (54) holds on B with the constant
involved in the 'O’-notation dependent only on €.
By an explicit computation, it is clear that

(55) u(B%) <n=",

where p is the measure on I defined by (51).

Recall that p is the measure on [—1, 1] induced from the uniform measure
vonS™ by g:S8™ — [—1,1] defined by (52). We also define the spherical
nonsingular set

SB:=g~'(B),
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and the spherical singular set

SB¢:=8"\ SB.
Since, as it was mentioned earlier, y = g,v, it is evident that
(56) v(SBS) = u(B°) =0(n™ ™).

The set SB is analogous to the nonsingular set in the sense of [10] (cf.
section 6.1) and [11] (cf. section 6.2). The structure of SB on the sphere
(i.e., its projection B into [—1,1] by g) is by far simpler than that of the
singular set on the torus, due to the lack of problems of arithmetic nature.

4.3. Proof of lemma 4.1.
Proof. We write

1
dp(t) _
/1 Vim@eir” o/

Bec
This, together with lemmas 4.2 and 4.3 imply the result.

4.3.1. The contribution of the singular interval B€.

Lemma 4.2. One has
dp(t
u(t) 3 <«<n ™
V1= (QR(1)
BC
Proof. We will bound the contribution of the integral on

BNl =1- 2 1],

(57)

- =,
n
the rest being similar. Furthermore, we may assume by symmetry, that

Q7 (t) > 0 so that
1 < 1
1=Qu)?  V1-Qp()

In what follows we will, consistently with appendix A, adapt the notation

m — 2
o= —.
2
Writing ¢ = cosv, we have ¢ € [0, %] for some constant ¢; > 0. Sub-
stituting into Hilb’s generalized asymptotic formula (see lemma A.2), we

have

Y Ja(ny)
sin 4 (sin )
for some constant C' = C]", using the normalization defined by (73). Taking
the limit ¢ — 0, the value of the constant C is easily seen to be

-1
(58) C = { lim J“(;Z )] =nC,

QM (cosy) =C - + O(wQ),

where

(59) C=Cm:= {Iim Ja(¢)

1
tim gba} £,
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since @'(1) # 0 (one can obtain an explicit expression for this constant
using the expansion of the Bessel function into power series, see e.g. [9],
page 57).

Thus, the contribution of the singular interval to the integral, is, for n
large enough

wm

c1/n ci/n

/ < / 1 S—mgm (cos @) i < / \/ Ji (n) a9

sm (sin )™ )

P

/¢1 1+m>>%9+0«>>

dip

dip,

_m/\/1 ¢ 1 0((L)2)

by (58).
We claim that

(61) 1-C

Having (61) proved would imply that
1 c1
/ < nm/ 'lpmiQd’l/J < n*?ﬂ7
-5 0

which is the statement of the lemma.
To see (61), it is sufficient to show that

1- el
and
(62) ’6L$@‘<1

for every ¢ € (0,c;]. However the former inequality follows from the Bessel
function expansion into power series around ) = 0 (see [9], page 57, (9.09))

ﬁﬁ”=%W+ow%

for some constant ag > 0, so that the limit is positive.
To see (62), we note that in the course of establishing (60), we showed

(0 = Ja (V) 2
m —)=C——=4+0( (=) ).
Q" (cos n) 0o + (n)
Therefore, if (62) is not satisfied, taking n large enough would contradict

Qn @) <1

1-C

O
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4.3.2. The contribution of the nonsingular interval B.

Lemma 4.3.

1 m 1
(63) —— — 1| dp(t) = 2m=2rmI2D()  —— +O(e(m;n)),
B/[ G0 2)
where e(m;n) is given by (53).
Proof. On B we may write
m 2
g o)

(see section 4.2). Integrating, we obtain

! [ 1-— (Zng(t))z - 1} du(t) = ;B/(Q;”(t))wu(t) +O<B/(Qﬁ(t))4du(t)>

1 1
— O(u(B%) + (5 /(Q?(t))Qdu(t) +0(u(B%))) + 0</(Q?(t))4du(t)>

2

1

nmfl

— Ltz L o)+ Ofe(min)

m 1
E) S pm—1

as stated, by (55) and lemmas A.1 and A.4. O

_ 2m72ﬂ,m/2r(

+ O(e(m; n)),

4.4. Riemannian volume. The goal of this section is to prove theorem
1.7.

4.4.1. Plan of the proof of theorem 1.7. We have by proposition 3.3,

(64) Var(Z(f)) = |S™] - K(z)dr — ¢y By,

where

— [l (3, )0, 02)) dudy
—_ - w w |
VI— 2 Jgmxgn Vdet Q (2m)m+l

and ¢, is a constant given by (10).

As in case of the Leray nodal measure, we divide the integration range into
the nonsingular set SB and its complement S B¢ (see section 4.2). We bound
the corresponding contributions to the integral separately (see lemmas 4.4
and 4.5). Using corollary 3.5, it is easy to relate the contribution of SB¢
to the last integral in (50), which we already bounded while treating the
variance of the Leray nodal measure (lemma 4.2).

It then remains to bound the contribution of the integral on SB. Here we
may write \/11_7 =1+ O(u?) and one may show that, up to an admissible
error, we may replace it by 1. We will define a new matrix S by

oIy,

m

K(x)
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and notice that substituting S = 0 into the integral, the identity matrix I
recovers the square of the expected volume (EZ)2. Bounding the variance
is then equivalent to “bounding” the matrix S in some average sense.

To quantify the last statement we set o(x) to be the spectral norm of the
matrix S(z). We will show that the variance is bounded by

E, <5£ o(x)dz + O(i/))

To bound f , we use the trivial inequality o(z) < Vtr.S2. We will prove
that [ tr(S ) < N’ and together with the Cauchy-Schwartz inequality

this 1mphes the statement of the theorem.

4.4.2. A bound for the contribution on the singular interval SB€.
Lemma 4.4. One has
/ K(x)dx < Ene(m;n),
SB¢
where e(m;n) is defined by (53).

Proof. We use corollary 3.5 to write

/K Ydo < E / / <Eemn)
/1 _ /1

SBe¢ SB¢ u

obtaining the last inequality by lemma 4.2. O

4.4.3. A bound for the contribution on the nonsingular interval SB.

Lemma 4.5.
En

_ 1 2 En
Sé K(e)ds = 5 (B2)* +0(2).

Proof. Define Q1 = Q;(z) by Q = E” Q1. The matrix 7 is symmetric, and
positive for a set of x # +N, smce ) is such. Therefore it has a positive
definite square root P = Q.

Intuitively, 0 approximates the identity matrix I. To quantify this intu-
itive statement, we introduce the matrix

(65)
S_7_qQ ™ 1 D'D —uD'D — (1 —u?)H
- Y E 1 —w2 \—uD!'D — (1 —u?)H DD ’
and its spectral norm o = o(z), i.e
o= max |a;l,
1<i<2m

where «; are the eigenvalues of S. Note that, since 21 is positive definite,
S < I in the sense that all its eigenvalues are in (—oo, 1).

Changing the coordinates
|E
w = lzpl,
m
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we write the definition (45) of K (x
dz
[1211?
(60)  K(x)= l_ug/W\aa I(:P)alleHE
RQm

where for a € R?™ we write (a); € R™ and (a)2 € R™ to denote either the
first or the last m coordinates.
We claim that

(67) P, =1(1+4+0(0)).
This follows from that fact that if S ~ diag(«;) then P} ~ diag(v/1 — «;) so
that
P —1I~diag(vV1 —a; — 1) < diag(Joy|) < ol
since /1 —y—1 < |y| on (—o0,1).
Moreover, by the definition of the spherical nonsingular set, on SB, u(x)
is bounded away from 1, so that one may expand

1
V1—u2
where the constant involved in the 'O’ notation is absolute.

Substituting (67) and (68) into (66), we obtain

K@) = s [ IR I@le (14 02)(1+ O(0)) i
R2m

(68) =1+ 0(u?),

Continuing, we have

K@) = g [ G- 1@l 001+ 00) + Of) + 0(0)
R™ xR™
(B [ i) w2) + O(o) + O(c?
(¢méW@££HH &) (1+0() + 0(c) + 0(a*)

= rp B2+ 0() + 0(0) + 0(%))

by (9) and (33).
Integrating on S B, we obtain

/K ’(EZ) <<En< +/u2dx+0(u(SBc))>,

SB

1
Vi
by (9 ) and lemma 4.6.

To bound the last expression, we use (56), as well as, by the definition
(19) of the two-point function, we have

1

m m 1

[wtar< [ (@ueosdte. N)Pdo = (@) dutt) <
SB sm 1

by lemma A.1 and (2). This concludes the proof of the lemma.

Lemma 4.6. For a fixred m, as n — oo, one has
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/J(&C)Qdac < %

SB

(2) X
/a(:c)d:r < I

SB

Proof. Part 2 of the lemma clearly follows from part 1 by the Cauchy-
Schwartz inequality. Thus we are only to prove part 1.

To prove the statement, we recall that ¢ is by the definition the spectral
norm of S, defined by (65). To bound [ o2, we use the trivial inequality
o < tr(S?).

Since, by the definition of the nonsingular set 5B, the two-point function
u(x) is bounded away from 1, we may disregard the 1 — u? altogether. We
define the matrix

E, 9 D'D —uD'D — (1 —u?)H
S1i= (1 -u)S = (—thD—(l—u2)Ht Dt(D ) )

We claim that

/tr S2dx = O(nS~™).

Sm
This is sufficient for the statement of the present lemma, since then
1 1 1 1
2 2 2 5—
/ dx<<E2/tr51d:n§E2/trSld:L'<<n4-n m<<ﬁ.
SB SB " sm

Now the elements of the matrix S? are bounded by elements either of the
form

ﬁ| @‘ ﬁ| ﬁ|
aez ((E,N) aefz (w,N) aefd ((E,N) 8654 ((E,N)’

i1
the form
ou ou 0%u
87‘(3”7]\7)8?‘(95’]\[) 86 86 |(:c7N)7

i1 i
or the form
0%u 0%u
e} oe;, B der @) dez Dez, L oe?, )

where in all the expressions above z may be elther x or y (see section 2.4
for an explanation of the partial derivatives notations).

Using the Cauchy-Schwartz inequality again and the symmetry with re-
spect to the variables, it suffices to prove the inequalities

(69) S Z <§;ﬁf(x)>4dx < nFm

and

0*u 2 5_

Sm
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We may compute the partial derivative in (69) (assuming z # £N) as
0 0
7@:?((305 d(iﬁ, N)) = —Qnm/(COS d(l‘, N)) sin d($7 N)id(:vv N)a
Oey Oe7
so that, since %d(w, y) is obviously bounded on 8™, it is sufficient to bound

1

[ (@i (eosdta, N)sind(e, ) do = [ (@01~ £ Paute)
sm -1
and thus (69) follows from lemma A.6, recalling the definition (51) of the

measure fi.
As for (70), we write the second partial derivative in the integrand as
0%u 0 0

— ml! .92 o o
Detded (z) = Qu" (cos d(z, N)) sin” d(z, N) 8egfd(x,N) aegd(x,N)

— Q1 (cosd(z, N)) - (;Zx [sin d(x,N)%d(:):, N)],
2 1

so that, using a similar argumentation, we conclude that the integral in (70)
is bounded by

<</(Qnm”(cosd(x,N)))2(sind(m,N))4dx+/(Q;”'(cosd(x,N)))zdm
Sm Sm
1

1
= [(@ey - erau + [ @) due)
-1 -1

Therefore, (70) follows from lemmas A.5 and A.7.

O
4.4.4. Concluding the proof of theorem 1.7.
Proof of theorem 1.7. We write (64) as,
E E
Var(Z) = /dex—i—(/K:L‘dm—EZQ) L Epe(min)+—= < —=,
(Z) (x) (z) (Z) (m;n) NN
SB¢ SB
by lemmas 4.4 and 4.5, where we use
(m;n) < En
e\, )
VN
due to (53) and (2). O

APPENDIX A. LEGENDRE AND ULTRASPHERICAL POLYNOMIALS

The ultraspherical (or Gegenbauer) polynomials Py (t) : [-1,1] — R of
degree n generalize the Legendre polynomials P, (t) = P2(t). We use the
corresponding normalized polynomials Q' (t) for an integral m > 0, which
differ from P2 (for a suitably chosen «), by a constant, defined by

Qray=1
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A.1. Definition and basic facts. The Legendre polynomials P, are the
unique polynomials of degree n, orthogonal on [—1,1] (w.r.t. the trivial
weight function), normalized by P, (¢) = 1. More generally, for a real

a > —1,

we define the ultraspherical polynomials PS(t), being, up to a constants,
the unique sequence polynomials of degree n, pairwise orthogonal w.r.t. the
weight function on [—1, 1] defined by

(71) w(t) = (1 —t3).
It is defined uniquely by the normalizing condition

Fn+a+1)

'n+1)-T(a+1)’
once we know that ¢ = 1 is not a zero of PY, see [12], chapter 3.3. The
ultraspherical polynomials is a particular case a« = 3 of a more general

» (see

(72) py(1) =

class of polynomials, usually referred to as the Jacobi polynomials Py’
e.g. [12] for more information).

While studying the spherical harmonics on the m-dimensional sphere,
we are interested in the ultraspherical polynomials with a = mTﬁ, and
moreover, we would like to normalize it by setting its value at 1 to be 1.

That is, we define

(73) OB
where
(74) = mT—Q

For example,
Qi (t) = Pu(t) = Py(1)

are the usual Legendre polynomials.

Throughout the section, we fix an integral number m > 2, and use the
associated value of «, defined by (74). It is well known that @] is either
even or odd, for the even and odd values of n respectively, and |Q*(t)| has
a maximum at ¢t = £1.

The function v = PS(t) satisfies the differential equation ( [12], page 60,
(4.2.1))

(75) (1 — )" —mtv' +n(n+m —1)v = 0.

Due to its linear nature, it is also satisfied by v = Q)'(t). The following
recurrence relation ( [12], page 83, (4.7.27)) will prove itself as very useful

(76) (1 —t3)PY(t) + ntPY(t) — (n + ) P> (t) = 0.

Note that this recurrence relation is not satisfied by Q™ (¢) due to the dif-
ferent normalization constants for P, and P,_1.
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A.2. Some basic results. Recall the definition (51) and (71) of the mea-~
sure (1 = py, and the weight function w,, respectively. We note that

ﬂ.m/2

so for purposes of giving an upper bound only, we may disregard the differ-
ence between du and wdt.

Concerning the 2nd and the 4th moments of the ultraspherical polynomi-
als, we have the following:

w(t)dt,

Lemma A.1. For m fixed, the second moment of the normalized ultras-
pherical polynomials is

m 1
5) Cpm—1

+0(n™™),

as n — oQ.

Proof. One has ( [12], (4.3.3))
1
(77) Po(t)%w(t)dt =
/
and (72) implies that

om—1 I‘(n—i—%)Q
2n+m—1T(n+ 1D (n+m—1)’

F'n+ %)
P"1)= ———22_ ~¢c-n*
) “W = Ty "
Thus, using the definition (73) of the normalized ultraspherical polynomials,
we obtain
1

om=1  T(n+ 1)[(Z)2 27m/2
m(4\2 _ 2 .
/Q" (1) dplt) = 2n+m—1Tn+m—-1) T(%F)
-1
_2mam/2T () n!
C 2n+m—1 (n+m—2)!
_gm—tmpepy L1 1
LR S (140()
m—1_m/2p /M 1 —m
=2""" ' /F(E)nm*1 +0(n™™),
as stated. (]

Lemma A.2 (Hilb Asymptotics (formula (8.21.17) on page 197 of Szego)).

Fn+a+1)
n!

1/2
(79) (%sinH)aP,?(COSO):N_a < 0 > Ja(N6) +5(6),

sin 0
uniformly for 0 < 0 < /2, where N = n+ mTfl, Jo s the Bessel J function
of order o and the error term is
g1/2 —3/2 -1 0 )
5(0) < 2O(n ), enTt< <_71r/
0°t20(n®), 0<60<cen
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Remark: It is clear, that

_JT(n+a+1) 1
L S e S A | -
(30) e +0(-),
so we will usually omit this factor.

Corollary A.3. For every eg > 0, there exists a constant cg > 0 depending

on m only, such that if ¢ > cy and t € [0,1 — 5], where n is large enough
so that the interval above is mot empty, one has

Q' ()] < eo.

Proof. Let t = cosf. Then if 0 <t <1—74,60>Cp- @ for some absolute
constant Cy > 0. Lemma A.2 implies that one has

1
P 0)| < C——|Ja(NO
[Bn(cos0)| < €57 1Ja(NO)]

for some absolute constant C' > 0. We bound it by

[0}

[P (cos0)| < Cr—a | Ja(NO)],
Co

so that (78) implies that

C
Q1 (cos 0)] < 751 Ta(NO)| < co,
€

provided that we choose ¢y large enough, since J, is bounded. U

Lemma A.4. The 4th moment of the ultraspherical polynomials satisfies
1
[ @eytaut® < ctmim)
~1
where e(m;n) is defined by (53).
Proof. We will limit ourselves to the interval [0, 1]. To prove the statement

there, we invoke the generalized Hilb’s asymptotics (lemma A.2).
We have, using (80), that

62 54(0)
. m—2 P 4 4 N
(sin@)™ *(P(cos))* < J,(NO) (5in6)" + a2

and claim that
1

logn -9
81 PO du(t) < 4 20 T
(51) [ Peeytauts {nm’ng
1
We have
1 /2 e /2 54(0)
2 Pt dul(t NG —————db /de
8 [ Pewtaun < [0 o+ [ S0
—1 0 0
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The contribution of the main term in (82) to the integral in (81) is

w/2 N

o L [ IA)
< / JQ(NG)Hm_?)dG =N =3 do
0 0
1 =
_ m—4 Jé((b)d d¢ :|
=N |:0/¢m3 ¢+1/¢m1 ’

using the well known decay

1
Ja(y) < —
(03 \/y
of the Bessel J functions at infinity.
The first integral involved in the expression above is O(1), since J, van-
ishes with multiplicity (at least) a at zero (it follows, for example, from
Hilb’s formula). The second one is bounded by

logn, m =2
<
1, m>3
Therefore the contribution of the main term in (82) to the LHS of (81) is
dominated by the RHS of (81).

The contribution of the error term in (82) is at most

1/n w/2
n?m—4 / 9m+7d9 + n—6 / 95—md0 _ O(nm—12)'
0 1/n

We obtain the statement of the lemma by using (81) and (73) with (78).
(]

A.3. Moments of the derivatives of the ultraspherical polynomials.
Lemma A.5.

logn

[ @waraun < 5.

Proof. We will bound the integral on [0, 1] only, having a similar bound on
[—1,0]. By (78), the statement of the lemma is equivalent to

1
/Pﬁ’"(tﬁdu(t} < n?logn.
0
We rewrite the last integral using (76) as

2
1 ((n +m/2—-1)P% (t) — ntPﬁ‘(t))
/ = ault)

0
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To give a bound, we partition the range of the integration into 2 subranges:
1 1-1/n? 1
(33) [= ]+ ]
0 0 1-1/n?
To bound the second integral in (83), we define
(84)  f(t):= (n+m/2 = )Py (t) —ntPr(t) = (1 - )Py (t).

Computing the derivative f’(¢) and using (75) again we obtain

(85) F(t) = (m—2)tP%(t) — n(n+m — 1)P2(t).
We claim that this implies
(86) F(t) < n*P(1) < 0%,

the second inequality being a consequence of (78). To see the first inequality
of (86), we note that it is sufficient to show that

(87) tPY(t) < n"%,
by (85). With no loss of generality we may assume that t = 1 or P has a
local extremum, i.e. P?(¢t) = 0. In both cases the equation (75) implies

tPy(t) = Py (t)O(n?),

n

which implies (87).
Now using the linear Taylor approximation of f(¢) around ¢ = 1 with
(86), the second integral in (83) is, since f(1) =0,
1 ) 1
t—1 m— e
< nmt? / (=1 (1— )"z dt < n™+2 / (12" dt < n?

(-2
1-1/n? 1-1/n?

In order to bound the first integral in (83), we employ the generalized
Hilb’s asymptotics (79). The integrand is (taking the change of variables
t = cos# and (51) into the account),

(88)
2
((1 + O(2)) P21 (cos ) — cos O P (cos 9))
n? , - (sin §)*
(sing)3
2
40 (14 O Il(V = 08) = (14067 + 0N LV )
< n?. +n?
(sin )3 (sin )3
2
< n? <J&<N0) e 1)9)> SRR O(n?0) + n? ()

63 63

and the integration range is essentially [%, Zl.
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The contribution of the last error term in (88) is
w/2
wnn® [ Dip<
n-n 03 ,
1/n

the other ones being trivially bounded by O(n?).
The contribution of the main term in (88) is

2
/2 2 2 Ja(8) = Ja(d(1— %))
Jo(NO) — Jo((N —1)6 N
n2/( ( ) 03(( ) )) do < n4/< ¢3 > d¢
1/n 1
4 1 %r¢2

<«n 2 Edqﬁ < nlogn,
1

due to the boundness of the derivative J/(t). As it was stated, this is
equivalent to the statement of the lemma. O

Lemma A.6. One has

1
/ng,/(t)zl(l o t2)2d,u(t) < {nilogm m =2
-1

4 m >3

Proof. The proof of the lemma is similar to the one of lemma A.5.
We will bound the integral only on [0, 1], having a similar bound on [—1, 0].
The statement of the lemma is equivalent to

( )4
L{(n4+m/2—-1)PY (t) — nzPg(t) B
/ ! dult) < {n2 logn, m=2

(1 —1¢2)2 n™, m>3’

0

using (78) and (76).
We partition the range of the integration into 2 subranges:

1—-L
)

(89) /1=/+/1.
0 0

1
1—-L
n2

To bound the second integral in (89) we use the definition (84) of the
function f(¢), as well as the inequality (86), as in the course of proof of
lemma A.5. Thus the integral is

; 4
< n2(m+2) (1-1) (1- t)mTﬂdt < p2m+2) p—(m+4) _ m

(1—1)?

1-1/n?

To bound the first integral in (89), we employ the generalized Hilb’s as-
ymptotics (79). The integrand is (taking into consideration the change of
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variables t = cos 0),
(90)

4
((1 + O(2)) P (cos ) — cos O P%(cos 9))
sin 03 - sin 622

4
sing ((1 +O(1)) Ju((N = 1)0) — (1 + O(6%) + O(,i))Ja(Ne))

’I’L4

- (sin )1«

3(0)
4 4
<n (sin §)m+1 o (sin @)m+1
4
a(NO) — Jo((N — 1
Lmeo-ne-me) g

<n gm+1 + gm+1 + O(n 9m—7) +n gm+1’
and the integration range is (up to a constant) [ , 2]

The contribution of the last error term in (90)

w/2 w/2
n* 62 _ dé m—
< o / de =n"2 / g1 < max (n™ *logn, 1),
1/n 1/n

the other ones being trivially bounded by O(n™).

The contribution of the main term in (88) is
(91)

4
; % (Ja(9) = Jalo(1 = 4))
2 [ (Ja(NO) = Jo((N — 1)0) _— N

n / gt df < n / prEs do.

1/n 1

Let g(¢) be the function

1
g(t) = Ja((z)) - Ja(‘b(l - N))

Then by the mean value theorem,

9(6) = 3774 (5),

where ¢(1 — +)) < s < ¢, and using the decay

[ Ta(s)] < \}g

we obtain
Vo
(92) 9(0)] < 2.

Substituting (92) into (91), we have that the contribution is

Tn

1 2 ¢2 2
<<nm+4-H dop < nm/
1

)
n™m, m >3

d¢
¢m—1

nlogn, m=2
¢m+1

1
which concludes the proof of the lemma.
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Lemma A.7.
1

[auara - eraun <

-1

Proof. We use the differential equation (75) to write the integral as

1
/ (mtQI (1) — nn +m — QI () *du(t)
21

1 1
1
< [ (@ yrau +nt [ Qzerann < -,
-1 1
by lemmas A.1 and A.5.

APPENDIX B. THE SINGULAR FUNCTIONS ARE “RARE”

In this section we give the proofs of lemmas 2.2, 2.3 and 2.4 (see section
2.1).

Notation B.1. Here and in appendix C we adapt the following notations.
Let z and y on the sphere 8" such that x # +y.

(1) Denote zy the (unique) big circle through x and .

(2) The smaller arc of £y connecting x to y will be denoted by xy.

(3) Let z € 8™ be a point not lying on the plane II = II(z, y) defined by
O, r and y. We denote S? = S%(z,y, 2) the (unique) 2-dimensional
big sphere containing O, z, y and z, i.e.

S?:=S8"NIl(x,y, 2).
(Note that there is no ambiguity in notations for m = 2).

We also recall the fact that if S2 C 8™ is any big sphere, then for any
two points z,y € S2,

TYs2 = TYgm.
In particular, the shortest path between z and y on 8™ passes inside S? and
Vedsm(2,y) = Vedg2(x,y) € Ty(S?)
under the natural embedding
T,(8%) C Tu(S™).
The following simple geometric lemma will prove itself as quite useful.

Lemma B.2. Let x,y € 8™ such that x # y and £ # £ € 8™ such that
d(z,€) =d(z,&) and d(y,&) = d(y,&'). Denote v := V,d(z,y) and

v1 = v1(£,&) = Vd(, &) — Vad(z, ).
1

Then for all € and &, v L v1, and moreover the vectors vi span v in
T,.(S8™).
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Proof. To see the claim of the lemma, we first note that it is obvious for m =
2. For higher dimensions, it follows from the fact that any 2-dimensional big
sphere is given by S? = 8™ N1I, where II is a 3-dimensional linear subspace
of R™*1 i.e. one direction vector orthogonal to the plane containing #z. O

Recall that the set Sing C &, is the set of singular functions (see definition
2.1).

Proof of lemma 2.2. We define the map
U:& xS —-RxR™
by
(f,z) = (f(x), Vf(z)),
using the isometry 7,,(S™) = R™ again, so that
Sing = mg, (710, 0)).
We claim that W is submersion. Having this claim in our hands would imply
T10,0) <N -1
by the submersion theorem. Therefore
dim(Sing) <N —1

as well.
To see that ¥ is indeed a submersion, we compute its differential to be

Vi (x) Vmp(x) ... Vin(z) *)7
where {n;} is the orthonormal basis of &,, which appears in the definition
(3) of f. Denote the matrix A, 1)y With the first A columns of d¥. We
claim that A is of full rank, i.e. 7k(A) = m + 1. To see that we compute
the Gram matrix of its rows to be

Ca_ (1 0
AA_<0 B )

see section 2.5. Since it is clearly invertible, we conclude that rk(A) = m+1.
O

Recall that we defined P and P,*Y in section 2.1 (see (14) and (15)).

Proof of lemma 2.3. Define B C SingN'Py to be the set of function having
+x as their singular point, that is

By ={fePy:f(x)=0,Vf(x)=0}u{f €& f(—x)=0, Vf(-z)=0}.

It is obvious that B} is nonempty only if b = 0. Since f(—y) = £f(y) for

every y € 8™, f € B} implies that f is singular at . The set By is of

codimension m, since the covariance matrix (27) is invertible, so that the

Gaussian distribution of V f(x) conditioned upon f(x) = 0, is nonsingular.
Next, we define

B} == Sing NPy \ By.
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To prove the statement of the lemma, we need to prove that B{f is of codi-
mension 1 in Sing NPy . To do so, we follow closely the proof of lemma, 2.2.
This time we define

U, & x 8™\ {£2} — R? x R™
by
(fry) = (f(@), f(y), V),
satisfying
BY = 7g, (0715, 0,0)).
Using a similar dimensional approach, it is sufficient to prove that ¥, is
a submersion. The differential of ¥, is

mz)  ma(z) .. ogn(x)  *
d¥, = | m@y) my) ... o)
Vim(y) Vne(y) ... Vinn(y) =

Assume by contradiction that the vectors (ni(z),nk(y), Vni(y)) satisfy a
nontrivial linear functional. Since 7, span the whole space &,, that func-
tional is satisfied by

(@ (cos d(z,€)), Q' (cos d(y, €)), V@' (cos d(y, £))),

for every £ € 8. The surjectivity of d¥, then follows from lemma B.3.
Finally, we note that

Sing NPy = Bf U By,
which concludes the proof of this lemma. O

Lemma B.3. For every x € 8™, y # +x, the only solutions in o, 3 € R,

C e R™ for

(93)

aQy'(cosd(z, §))+BQy (cos d(y, §))—Qy" (cos d(y, €)) sind(y, §)(C, Vyd(y,§)) =0

area=3=0,C=0.

Proof. 1t is obvious that either o = 0 or § = 0, imply that « = 8 = 0,
C = 0. Therefore we may assume that o = —1, 8 # 0.

Substituting £ in (93) and, in addition, any & # £ not lying on 2y with
d(&,z) =d(&, z) and d(¢',y) = d(&,y), we obtain that C is collinear to any
v1 =v1(&,&) € Ty (S™) of the form

v = Vyd(y,§) — Vyd(y, &)
Lemma B.2 implies that C' is collinear to v := V,d(z, y).

We restrict ourselves to any two-dimensional big sphere S? C 8™ contain-
ing x and 5. Knowing that C || v, for £ € 82 on the big circle perpendicular
to Vyd(z,y), (93) is
1
@' (b) = ZQu(1),
by the spherical cosine theorem, where we denote t := cosd(y,§) and b :=
cosd(z,y). It is clear that it is only possible if b = 1, that is x = +y, which
is a contradiction.

O
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Proof of lemma 2.4. To prove the statement of the lemma, we partition the
set Sing NP, into

Sing NPy = By UB,Y U Bg’y,
defining appropriately each of the sets above and proving the statements

regarding each of them separately.
First, similarly to the proof of lemma 2.3, we treat the set

Bj C SingnP,Y
of function having +x as their singular point, that is

By ={feP¥: f(x)=0,Vf(z) =0}U{f €& : f(—x) =0, Vf(—z)=0}.
It is easy to see (exactly as in case of lemma 2.3) that B} has codimension
>1in P

Next, we treat the case when the function f has a singular point on
D C 8™, a distinguished codimension 1 set of points on the sphere we are
about to define. Let A; := #y be the big circle linking x to y and Ay C 8™
be the set of all the points z such that the spherical angle Zzzy = 7 is right
angle. Define

D= Dm,y = A1 UA, \ {i{]}}

It is clear that D is a codimension one set on the sphere satisfying +x ¢ D,
+y e D.

Define B,Y C Sing NP, to be the set of singular functions having a
D-point as their singular point, that is

B=BY={feP¥:3z€D: f(z)=0,Vf(z) =0}.

We claim that B has codimension at least 1 in Pg Y. To see that we define
the map
Ty & x D — R xR™
1
by
(f,2) = (f(2), f(2), Vf(2)).
It is clear that B
B C 7, ()7 (b1,0,0)).
Moreover, \iffl’y is a submersion (see the proof of lemma 2.3).
Therefore, (‘i’f{y)_l(bl,o,ﬁ) is of codimension m + 2 in &, x D, i.e. of
dimension N — 3, so that B is of codimension > 1 in P;"Y.
Finally, we treat the “generic” case. We define the set
B =B;"Y:=SingnPy¥\ (By UB;"Y)

of functions in Sing N 73;3 Y having the set of their singular points outside of
{£z} U D (i.e. having at least one singular point there).
We define
Ty &, x 8™\ (DU {£x}) — R* x R™
by
(f,2) = (f(2), f(y), f(2), VI(2)).
It is obvious that )
B = 7, ((9,,") " (b1, b2,0,0)).
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As before, to prove that B is of codimension 1, it is sufficient to prove
that WY is a submersion. To see that W}, is a submersion, we compute its
differential to be

m(z) m(z) ... nn(z) *
qu— | Mm@ m@) . oavly) x
m(z)  m(z) .. oan(z) x
Vim(z) Vme(z) ... Vinn(z) *

Its surjectivity follows from lemma B.4.
This concludes the proof of this lemma.

O

Lemma B.4. Let xz, y and z be points on the sphere S™. Suppose that
r#y, 2 ¢ 2y, and Lrzy # 5. Then the only solution to

(94) af(z) + Bf(y) +1f(2) +(C, V.£(2)) =0
for every f €&, isa=8=~v=0,C=0.
Proof. Substituting
f(z) = Qi (cosd(z, €))
with £ € 8™, (94) is
a@y'(cosd(z, £)) + Q' (cos d(y, §)) + Q' (cos d(z, £))
— Q1 (cosd(z, &))sind(z, £)(C, V.d(z,£)) = 0.

for € # +z.
Comparing the equality (95) for £ not lying on 2z and any &’ with d(x, &) =
d(xz,n') and d(z,&) = d(z,&'), we obtain

Qn'(cosd(z, €)) sin(d(z,£))(C, V.d(z,€) — Vd(z,¢))

= B|Qn'(cosd(y, &) — Q' (cos d(y, §)) |

(95)

(96)

Let
é—// # é—//l c Sm
with £” # ¢ be the unique pair of points with
d(2,£") = d(z,£") = d(z,£)
and
V.d(2,6") = V.d(2,€") = V.d(z,€) — V.d(2,£).
In particular, we have
d(z,&") = d(z,&").
Substituting £’ and £ into (96), as we may do, yields

Qp" (cos d(z, €)) sin(d(z,€))(C, V.d(z,£") = V.d(z, "))

(97) " "
= B|Qy (cosd(y, &™) — Q' (cosd(y, 7)) |,

and comparing (96) to (97) we see that either 5 =0 or
(98)
Qn' (cosd(y, §)) — Q' (cos d(y, £')) — Q' (cos d(y, £")) + Q7' (cos d(y, £)) = 0.
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Suppose by contradiction that the latter holds. We restrict ourselves to
any big two-dimensional sphere S?(z,y,z) C 8™ (recall notation B.1). Let
d > 0 be a small number and ¢ # ¢’ € S? be the (unique) points which
satisfy

d(z,¢) =d(z,¢') =d
and ¢¢’ L 2. We may approach to ¢ by S?-points & and &” and to ¢’ by &
and £ of the form as above with the additional requirement
d(&,22) = d(€,72) = d(¢",7z) = d(",22) = d.

Dividing (98) by d(&,¢&") = d(¢',¢"), and taking the limit as & — ¢, we
obtain
(99)

. | 9 . | 9
Qn' (cosd(y, ) sind(y, ) 5 5d(y, ¢) = Q' (cos d(y, ¢")) sind(y, ¢') 5= d(y, &)
where e¢? and e?’ are the unit tangent vectors in the directions qﬁé” and ¢’ Z’”

respectively.
Denote dy := d(y, z), di := d(y, ¢) and dy := d(y,¢’). Let & be the angle
0 = Zxzy. We have 6 # 0, § by the assumptions of the lemma. We compute

c1 = c1(d) := cosdy = cosdp cosd + cos d sindy sind

and
co = ca(d) 1= cosdy = cosdy cosd — cos d sindy sin d,
by the spherical cosine theorem. It is obvious that the LHS of (99) is an
analytic function of c¢;, and the RHS is the same function evaluated at
ca = g(c1) for some analytic function g. The function g is defined on an
neighbourhood of cos dy satisfying g(cosdy) = cosdy. Therefore, lemma B.5
implies that
g'(cosdy) = +1.
On the other hand, computing the derivative explicitly, we have

—cosdpsindy — cosdcosdpsindy 1+ cosd

/
d pu— p—
g (cosdo) —cosdysindg + cosdcosdysindy 1 —cosd’

which, clearly, under the assumptions of the lemma, cannot be equal to +1,
and therefore we obtain the necessary contradiction. This proves that § = 0.
By the symmetry, we have a = 0 as well.

Thus (96) implies that

L 'Ul(g) = Vzd(za 5) - vzd(27 g/)’
for every &, & of the form above. However, for every &, the vectors

v1(§,¢) € To(S™)

are all orthogonal to v := V,d(z, z), the vector in the direction of 2z, and
moreover, they span the orthogonal complement v, by lemma B.2.
Therefore C' must be collinear to v. Similarly we may argue that C' is
collinear to v := V.d(z,y). However, v and v’ are not collinear by the
assumptions of the present lemma, so that C' = 0. Knowing that, v = 0 is

easy to obtain.
O
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Lemma B.5. Let f(t) an analytic, not identically vanishing function, and
g(t) a differentiable function defined on an neighbourhood I of ty € I such
that g(to) = to. Suppose that we have on I

fg(®) = f(#).
Then ¢'(to) = £1.

Proof. We have by the chain rule,

f'g(®)g'(t) = ().
Therefore, if f'(t9) # 0 then ¢'(tp) = 1 and we are done. Otherwise, we
continue differentiating to obtain

F"(a()g™ () + f'(g(£))g" (¢) = f"(t)
so that if f”(tg) # 0, we have ¢g"2(tg) = 1 and we are done again. Otherwise
we continue differentiating until we encounter the first derivative f(*) (to) #0
implying ¢'*(t) = 1. Such a number k exists, since f is analytic.
O

APPENDIX C. NON DEGENERACY OF POINT VALUE AND GRADIENT
DISTRIBUTION

In this section we prove that for £ N # xz € 8™, the distribution of the
random vector Z defined in section 3.1, is nonsingular Gaussian.

Lemma C.1. Let x #£ +N € 8™ and V =V, be vector space
V =R? x T,(S™) x Tn(S™).
Define the subspace
U= Ux,n cVv
by
U={(f(2), [(N), VI(z), VI{y)): f€&En}.
Then one has
U=1Y,

provided that n large enough. That is, the distribution of the random vector
V = (f(z), f(N), Vf(z), VF(N))

is Gaussian nondegenerate and one may identify

as in section 2.4.

Proof. Let © # £N. We assume by contradiction, that U is a proper sub-
space of V', i.e. there is a nontrivial functional A : V — R vanishing on
U.

We wish to work with coordinates and employ the orthonormal bases for
T.(S8™) and Tn(S™) chosen in section 2.4, so that under the corresponding
identification, one has (26).

By our assumption, there exist numbers a, 3 € R and vectors C, D € R?
so that

(100) af(z) + Bf(N)+(C, Vf(x)) + (D, V(N)) = 0.
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We know that for every n € 8™, the function

f(@) == @y (cos d(x, n)),
is a spherical harmonic lying in &,. For this particular function (100) is for
n# tx,+N,
Qi (cos d(z, 1)) + BQI (cos d(N, 1)
(101) — Q(cosd(x, n)) sin (d(x, 1)) - (C, Vud(w,m))
— Q' (cosd(N, m)) sin (d(N, 1)) - (D, Vnd(N, 7)) = 0.
First choose n € 8™ not lying on 2N and compare (101) for  and any
n' # n satistying d(z, ) = d(z, n) and d(y, n') = d(y, n). We obtain
Qp'(cosd(x, n)) sin (d(z, 1)) - (C, Ved(z,m))
+ Q' (cosd(N, m)) sin (d(N, n)) - (D, Vnd(N,n))
= Q" (cos d(z, n)) sin (d(x, 1)) - (C, Ved(x,7'))
+ Q' (cosd(N, m)) sin (d(N, n)) - (D, VNd(N,1')).
Equivalently,
gz @ o8 m)Sn(Ae ) (€, Vadtz, ) — Vadte)
= =@y (cosd(N, n)) sin (d(N, 1)) - (D, Vvd(N,n) = Vnd(N, 7).

For every n, the vectors
U1 (77) = de(x,ﬁ) - d(l‘,?’]l) € Tﬂv(sm)

are all orthogonal to v := V,d(x, N), the vector in the direction of zN,
and moreover, they span the orthogonal complement v by lemma B.2. We
claim that the equality (102) implies that

C L sp{vi(n)}

and thus C' and v are collinear. Similarly, D and v' := Vyd(z,N) are
collinear, and since we identify v with —v’, that implies C' = AD are collinear.

Suppose otherwise. Let vg = v1(np) such that (C, vg) # 0, and consider
the two-dimensional sphere S? C 8™ defined by N and wvg. For n € S2,
one has

v1(n) | vo.
We fix d = d(N,n) so that cosd is a zero of Q. Then the RHS of (102)
vanishes and our assumptions imply that cosd(N,n) is a zero of QI"'.
However the function cosd(z, ) is a continuous nonconstant function of
n on the arc

A:={n: d(N,n) =d} C 8?,
and therefore its image contains an interval, contradicting the finiteness of
number of zeros of QI"'. Therefore

C o,

which proves our claim, i.e. C' = AD for some A € R.
Substituting the last equality into (102) with n € 8" such that

d(z,m) = d(N,n),
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implies A = —1, i.e.
(103) C=-D.
Now substitute n — x in (101) to obtain
(104) a+ BQM (cosd) + QM (cosd) sin (d) - (C, VNd(N,z)) =0,
where d = d(x, N). We obtain similarly
(105) aQ(cosd) + B — QY (cosd) sin (d) - (C, Vd(z, N)) = 0,

upon substitution 7 — N. Since in our identification, we have V,d(z, N) =
—Vnd(xz,N), (104) together with (105) imply

(106) a=p,

since
(Q(cosd) £ 1) <= (d £ 0,7) & (z # £N),

We claim that o = 0 and C = 0. Assume otherwise. Consider any two-
dimensional sphere S? containing zN, and the big circle £ C S? defined
by

E={nes8*: d(z,n) =d(N,n)}
On E, (101) is, substituting (103) and (106)
(107)
2aQy (cos d(x, n))+Qy" (cos d(x, n)) sind(x,n)(C, VNd(N, 17)—Vad(z, 1)) = 0.

It is clear that the vector
v =Vnd(N, n) — V.d(z, n)

is collinear to V d(x, N), which, as we have seen, collinear to C. In partic-
ular, & = 0 if and only if C' = 0 and thus we may assume by contradiction
a# 0 and C # 0.

Since x # +N, the point € E lying on zNN, satisfies

™
d —

and the point ' = —n € E satisfies
T

d —.

Therefore there exists a point 7y € E with
7

d(.’E,?’](]) = 5

Then either Q7 (cosd(z,n0)) = 0 or Q" (cosd(xz,m9)) = 0, depending on
whether n is even or odd. However, the equality (107) implies then

Q' (cosd(x,m0)) = Q' (cos d(z,mp)) = 0.

This contradicts the fact that Q" does not have any double zeros, since then
the differential equation (75) satisfied by Q7" would imply QI = 0.
O
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