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Abstract

We study rate of convergence for chi-square approximation of power
divergence statistics {T\(Y), A € R}, constructed for n observations
of a random variable Y with three possible outcomes. We prove that

Pr(T\(Y) < c¢) = K3(c) + O (niloo/l%(log n)315/146) ,

where Ks(c) is the distribution function of the chi-square distribu-
tion with 2 degrees of freedom. The proof is based on a result by
Huxley (1993) on approximations of the number of lattice points in
large convex bodies.

Key words: chi-square approzimation, Huzley theorem, lattice points, power
divergence statistics.



1 Introduction and main result

Let Y = (V1,Y2,Y3)" be a random vector with multinomial distribution
Ms(n, ), that is

3 nj
n! Hj:1 (ﬂj]/nj!) n;j=0,...,n,
Pr(lenl,Yg:nz,Y},:ng): niy + No +ng =n;

0 otherwise,

where 7 = (my,m9, m3)’, m; > 0, 22:1 m; = 1. We consider a simple hypoth-
esis Hy : m = p (here p is a fixed vector with non-zero components) under
alternative hypothesis H; :  # p. It is often used in this case a test from
so-called power-divergence family of statistics. It has a form

Y: \*

(—9> — 1], M€R,
npj

where p = (p1,p2,p3), pj >0 (j =1,2,3) and p; + p2 + ps = 1.

Remark 1. If A\=0or A = —1 then Ty and T_; are defined as the limits
of T when A — 0 or A — —1 respectively.

2
T\(Y) = D) >y,

Jj=1

R em ark 2. These statistics were introduced in [I] and [2] and were denoted
by 2nIMY). If A= 1,1 = —1/2 and A = 0 we get Pearson’s chi-square test,
loglikelihood ratio statistic and Freeman-Tukey statistic respectively.

Our aim is to get approximation for Pr(7)(Y') < ¢), where ¢ here and
everywhere below is a positive constant. Since the components of Y are
connected by identity

Y+ Y, + Y3 =mn,

let us consider variables
Xj = (Y.; - np])/ﬁ? ] = 17_37 X = (Xb X?)T>

provided that null hypothesis holds. The components of the vector X are
concentrated on the lattice

L={x=(x1,22)"; = (m —np)/vn, p= (p1, p2)", m = (n1, n2)"},

where n; are non-negative integers.



We have

Pr(TA(Y) < ¢) = Pr(Ty(X1, Xz) < ¢) = Pr (X € BY),

where
B = {(z,y) : Ta(z.y) < c} (1)
and
A
T301) = gy (9 + Vi) (1+ ﬁp) —1]
A
sy v | (1 ) -
b o~ vt ) | (1- 220 —1]. @)

The set B* is so-called extended convex set. We prove it in Section 3. Now
let us remind

Definition 1. A set B C R? is called an extended convex set when it can be
represented in a form:

B = {(z,y): My) <z <0:(y), y € B}
= {(z,y) : Aa(z) <y < ba(x), € B>}

where By C R, By C R, and Ay, 01, Ay, 05 are continuous functions in R.

For the random vector X defined above J.Yarnold in [4] obtained asymp-
totic expansion for a bounded extended convex set B:

Pr(X € B)=J +Jo+0n"),

where

J1:Jl(B)://B¢(x){1+%h1(m)+%hg(x)} iz,



with

and

Jy = =—— Z x5, (y) [S1 (Vnz + pin) ¢(z, y)}ill((y)

yELz
oo

~ % [ (@) [$) (Vi +pan) o W0 de, (3)
with

ng{y:y:—(m—npg),mEZ}, (4>

%.—

Si@)=a— [~ and (@) = h(OG) ~hA)),

here x4(z) is an indicator function of A; a function ¢(z,y) is a probability
density function of standard normal distribution in R? and 6;, \;, 65, Ay are
continuous functions from Definition [l for the set B.

M. Siotani and Y. Fujikoshi in [3] showed, that for A =0 and A = —1/2
one has:

J1(B*) = Ky(c) + O(n™),

JQ(B)\) _ (N TLV/\ 0/2/ 27?71 “szl pj + 0(1), (5)

V’\:V1+O(n_),

where Ks(c) is the distribution function of chi-square distribution with two
degrees of freedom, N* is a number of points from the lattice L lying in B*,
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V? is an area of B*. These results were extended by T. Read to the case of
arbitrary A € R. It follows from Theorem 3.1 in [2] that

Pr(T\ <c¢)=Pr (x§ < C) + L(BY+0 (n_l) ;

and for Jo(B*) the representation holds. Thus, the initial problem to
find the rate of convergence for approximation of Pr(7) < ¢) is reduced to
the problem of finding order of Jo(B*).

Since B* is an extended convex set (it will be shown in Lemmas [5| and
, we can apply Yarnold’s result (see [4], p. 1571) for Jo(B*) and get:

Jo(B*) =0 (n7V?).
In the present paper we prove a better estimate

Theorem 1. For all N € R we have
JQ(BA> -0 (n—l()0/146<10g n)315/146) ' (6)

The proof is divided into two main parts. In the first part (see Section
we estimate the order of approximation of J,(B*) by first summand in (5)).
In the second part (see Sections [3[4] and [5) we show that Huxley results can
be applied to the set B*, and therefore, finally we get the order of Jo(B?).

Remark 3. It is necessary to note that for the power by n in (@ we
have —100/146 which is slightly better than —2/3 what one has dew to
Yarnold’s result [4] even in the case of ellipsoid when A = 1, i.e in the case of
classical Karl Pearson’s chi-square test. Our improvement is based on Huxley
result [5]. According to lower bounds obtained by Hardy (1916) [7] the order
of Jo(B') could not be better than O (n=3*loglogn) . The situation changes
when we consider the problem for multinomial distribution My(n, ) with
k > 5. Then using Gotze result [§] one can get (see Theorem 1 in [9]).

JL(BY =0 (n").

Acknowledgement.
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2 Expression for Jy(B*)

Let él and ;\1 be the functions from Definition |1{ for ellipse
B' ={(z,y) : T\ (z,y) < ¢} with

1 1 2 1 1
Ti(z,y) = (— + —) 2’ + —ay + <— + —) y?
b1 D3 D3 b2 D3
and let B be domain of definition of the functions.

Lemma 1. Lebesgue measure of a set By \ B} is of order O (n™'/?).

Proof. Solving an equation
Tl (ﬂf, y) =

with respect to x, we find precise expressions for 6, and i

A DYy \/P1P2p3 \/—Z/2 + cpa(p1 + p3)
Ql (y) = - + )
p1+ D3 p2(p1 + ps3)
< 1Yy \/P1P2p3 \/—y2 + cpa(p1 + p3)
/\1(?J) = - - .
P11+ D3 p2(p1 + ps3)

Therefore the domain of definition of these functions can be written as :

By = [_ Vepa(p1 + ps), v epa(pr + pg)] . (7)

In Lemmas [5 and [§ below we show that B* is a convex set with a smooth
boundary. Therefore, there exist points on Y-axis such that the straight lines
passing through the points and parallel to X-axis are the tangent lines to
the curve defined by T)(x,y) = ¢. These points have the minimal y,;, and
maximal Y., values of the second component among all points of the curve.
Thus, these extremal points are the left and right points correspondingly of
an interval By. Since for any z,y € B starting from some n = n(y) we have

0?Ty(x,y)

922 > 0,

the function T)(z,y) reaches its minimum at the point of tangency when

OT\(,y)

B =0.




Solving the equation with respect to y, we get that the points of the curve
T\(z,y) = ¢ with second components Ymin O Ymax lie on the straight line

Py
D1+ D3

Substituting this expression into equation T)(z,y) = ¢, and expanding the
left-hand side by Taylor formula we obtain

Ymin = —V/ cp2(p1 + p3) + O (n_l/Q) s Ymax = V ep2(p1 +p3) + O (n—l/Q) )

Therefore the set B} has the form

BY = [~V 75 + O (%) el 7 ) + 0 (0 )] . (9
Now lemma follows from (7)) and (g]. u
Put

B = [— cpa(pr + p3) + n7V2 \epa(py + p3) — n*m} . (9)

Remark 4. Exactly two points of the lattice Ly lie in a set Bj \ Bi_ (see
@, and (9)).

Remark 5. Lebesgue measure of the set By \ Bj_ is of order O (n™'/?)
(see lemma [] and (9)).

Remark6. Theset By\B}_ is an union of no more than two semi-intervals.

Lemma 2. Let 6, and A\ be the functions from Definition for the set B
(see ) There exist constants ¢c; > 0 and ca > 0 such that 01 and A\ satisfy
the following inequalities

A~

0(y) — O1w)| < em™ ly) - M) et (10)

forally € B} N B{_ and n > N = [(cpa2(p1 + p3)) ']

Proof. Expanding in the equation

TA(el (y)a y) =c

the left-hand side by powers of n we get

Ti(6:(y),y) + R(y)n * =, (11)



with
[R(y)| < cs.
We can solve (11)) with respect to 6;(y) and get

a@»—a@m:w@@%%mwr

-1

—y? + (C - %) p2(p1 + p3) + v/ =y + cpa(p1 + p3)

It follows from @ that for all y € B} we have

2¢/cpa(pr +p3) 1
2

< — + =
Yy > sz(p1 +p3) \/ﬁ n

By — we obtain for all n > N = [(cpa(p1 + p3)) 1)
v/ P1P2P3C3 —1/4

T
p2(p1 + p3))

This implies the first inequality in (10).
We prove similarly the second inequality in ((10)).
Lemma is proved.

0:6) = 01)| = g

(12)

(13)

(14)

]

Remark 7. Similar bounds could be obtained for the functions #5 and \s.

Statement 1. We can write Jo(B*) defined by (@, in the form

Jo(B*) = g(NA — V) + 0(n=34),

n

where d is a positive constant.

Proof. We consider terms in the expression (3)) separately. Put

0
J2,1 = Z XB/\ Sl \/_:E _'_pln) ¢($, y)] )\11((3;)) )

ZJGLQ

J22 = \/_/ XBA Sl (\/_y —i—pgn) (l’ y)}%(x) dzx.

(15)



Then
JQ(B)\) — —(J271 —|— J272). (17)

Using identity By = (B N Bi_)U(B; \ Bi_), we can rewrite Jo; as

1(y)

1 1
Joq = - Z Xprns:_ (y) [S1 (Vi + pin) (b(x,y)}i ((y)

+— Z XpnaL_( ) [S1 (Vnz + pin) ¢(z,y)] 1((y)). (18)

yELz

The lattice Ly has a step n~/2. Therefore, according to Remarks |5 and @
there are at most O(1) points of the lattice in the set By \ Bi_. Hence, the
second summand in is of order O (n™!). Then using Lagrange’s formula
we get

Ba=s Y SVa) + ) o6 () - 0))

yEL2NBINB] _
1 0 .
b Y S (AN an) So@)) ()~ )
yEL2NBINB]
1 1(y)
oY s (Ve pn)] YY)
yELNBINBY

b S (Vi) olw )],

1 y)
y€L2N(B\B] )

where & (y) and &(y) are some functions defined on B} N B]_. Additionally

let us write o)
Z [Sl (\/_.]3 _'_pln)] 1(y)

yEL2NBINBL
> dlsi(arrpn)lig - > dlSi(Vaz+pm)]i)
yeLaNBY yELsN(BMNB!_)

By Remark 5] lemma[2] and boundness of the functions S} and ¢ we conclude
that

1 1 —
Jo1 = o Z d [51 (\/ﬁx +p1n)}i1((z)) + O (n 3/4) ) (19)

xQELgr‘IB{‘



Applying the same arguments to (16|, we can rewrite it in the form

Joz = 4 (Vay +pon)] 2 de 40 (). (20)

1
vn By
By , and we obtain

1 !

yELzﬂBi‘
1 62(x) —3/4
T %/B%d (51 (Vi + pan)] 22 dz + 0 (n). - (21)
Since we have in the same constant d in the sum and integral, we
can apply now the Yarnold’s arguments (see [4]) and get

B(BY = (V=) +0 (n¥%).

The statement is proved. O

3 Convexity of the set B

Definition 2. A quadratic form in variables hy, ha, ..., hy,:
O(hy,hao b)) =Y > aihihy, (22)
i=1 k=1

is called positive definite, when for all values hq, hs, ..., h,,, not equal to zero
simultaneously, the form takes positive values only.

Definition 3. We call a matrix

apnr a2 A1m
as1 Q22 ... Q9

A= m (23)
Am1  Am2 Qmm

by matrix of quadratic form .

10



Theorem. (Sylvester’s theorem) In order that a quadratic form (29) with
symmetric matrix 18 positive definite it is necessary and sufficient that
the main minors of the matriz are positive.

Proof. See e.g. [11], ch. XVII, §102, theorem 102.4. O

Lemma 3. Let a function f(x), defined on a convexr set @, be two times
differentiable . In order that the function is strictly convex on the set QQ, it is
sufficient that a second differential d*f of the function is a positive definite
quadratic form in all points of Q.

Proof. See e.g. [10], ch.14, §7, lemma 2. O
Lemma 4. The function T(x,y), defined in (@), 18 strictly convexr on a set
Q = {(:E,y) T > _\/ﬁplvy > _\/ﬁp%aj +y < \/ﬁpB}

Proof. The set @) is convex because it is just an open triangular. Let us
compute partial derivatives of the second order for Ty(z,y):

T |1 r \U 1 z+y\ M
2o —(1+ +—(1- ,
Ox P Vnpi Ps Vnps

0*T, 1 Y AL r+y Al
- =2|—(1+ +—(1- ,
Ay | P2 Vnp: ps Vips) |
P _ 2 _wty\" _ &M
dxdy  ps Vnps -~ Oyox
All computed derivatives are continuous in (). Therefore, the function
Tx(z,y) is two times differentiable in (). By Lemma [3|it is sufficient to show

that d?(T)) is positive definite quadratic form. By Sylvester’s theorem it is
sufficient to show that main minors of a matrix

A ( 0Ty ) Ox? GQT,\/ﬁx@y)

0?T\/Oydx  O*T)/0y*

are positive.
It is clear that for all (z,y) € @ the main first order minor
Ay = 0?(Ty)/0x? is positive. The main second order minor equals

02(Ty) 0*(Ty) B 0(Ty) 0*(Ty)
ox?  0y? 0xdy Oyox

(ab)A*1 N (ac)’\*1 N (bc))‘*1
P1p2 P1P3 D2p3

AQI

— 4 > 0,

11



where a =1+ 2z/\/np; >0, b=1+1y/\/np; > 0 and
c=1—(x+y)/\/nps > 0.

Lemma is proved. [
Lemma 5. B is a strictly convez set.
Proof. Fix any
x1 = (21,11) € B, @3 = (22,12) € B* and t € [0, 1].

Then Ty(z1) < ¢, Ta(x2) < c. It follows from Lemma [ that T)(x,y) is
strictly convex function on (). Therefore,

T)\(wl + t(wg — 581>> < T)\(ibl) + t(T)\(.’L‘z) — T)\(dil»
= (I —=t)Tx(z1) +tT\(z2) < (1 —t)c+tc=c.

Hence, ©; + t(xs — 1) € B?*, and therefore B* is convex set. Repeating
these arguments for any pair of points from the boundary of B* we get that
the set is strictly convex.

Lemma is proved. [

4 Smoothness of the curve T)(z,y) =c

Let us consider function
U(r,t) = Tx(rcost,rsint) — c,
on a set
S = (0,4+00) x [0, 27]
N{(r,t) : rcost > —/npy,rsint > —v/npy,rcost +rsint < /nps}. (24)
Lemma 6. We have
oU (r,t)
or

Proof. We expand a partial derivative of U in powers of n:

oU (r,t) o, (1 1 .o, (1 1 2costsint
= 27| cos“t| —+— | +sin“t|—+— |+ ——
or P1 D3 P2 D3 3

(i)

Js, N:V¥(r,t) € 0B*, n> N > s> 0.

12



It is clear that on the boundary of the curve U(r,t) = 0 there exists r; such
that for all ¢ we have r(¢) > ry. Since B* is bounded and due to the structure
of the function U(r,t) infinitely differentiable on (r,t) € [0,70] X [0, 2],
the given order O (1/y/n) of remainder term is uniform with respect to t.
Changing to the double trigonometric variable and then using formula of the
cosine of additional variable we get a lower bound for the derivative

1(lJriJri)+\/(1/]71_1/]92)2+i2cos(2t+¢o)

2\p1 p2 D3 4 Y&

D) ) )
T 2\p; p2 p3 2py 2p2 P3 2p1p2
O (L) (L)
2p1 2p2  p3 2p1 2p2 Ps3 '

Lemma is proved. O

Theorem. (Ezistence and differentiability of an implicit function) Let a
function F(x,y) be k times differentiable in some neighborhood of a point
(wo,y0) in R%E  Assume that a partial derivative OF /Oy is continuous at

(x()a Yo). If

aF(x(J,?/o)
5 7O

then for any sufficiently small positive number e there exists such neighbor-
hood of xq in R, that in this neighborhood there exists a unique function
y = ¢(x) satisfying |y — yo| < & which is a solution of the equation

F(x07 yO) = 07 and

F(z,y) =0,

and ¢(x) is continuous and k times differentiable function in the mentioned
neighborhood of xy.

Proof. See e.g. [13], ch. 1, §1. O

Lemma 7. Let (ro,to) be a point in S where the function U(r,t) equals 0.
Then for any sufficiently small positive number € there exists a neighborhood
of tg such that in the neighborhood there exists a unique function r = r(t)
satisfying |r — ro| < € that is a solution of the equation

U(r7 t) = 07

13



and r(t) is a continuous and five times differentiable function in the men-
tioned neighborhood of t,.

Proof. Let (rg,ty) be a point in S, where the function U(r,t) equals 0.
Since S is an open set, there exists a neighborhood of (rg, %) lying com-
pletely in S. The function U(r,t) is infinitely differentiable in the mentioned
neighborhood. Hence, the partial derivative QU /Jr is continuous at (rg, to).
By Lemma [f] the partial derivative U /9r does not equal zero at (o, to).
Therefore, U(r, t) satisfies all conditions of the previous theorem at the point
(ro,to). Thus, the lemma follows from the theorem above. O

Lemma 8. For the curve
TA(‘T?y) =cC (25>

there exists four times differentiable parametrization in the form
x=uz(t) =7r(t)cost, y=y(t) =r(t)sint
fort € [0, 27].

Proof. By Lemmalg|the set B* = {(z,y) : Ta(z,y) < c} is convex. Moreover,
the origin of coordinates lies in B*, because T3(0,0) = 0 < ¢. Therefore, for
any to € [0,27] a half-line starting from the origin under angle ¢, to X-axis
intersects the curve in one point (xg,yo) only. Let us turn to the polar
system of coordinates:

r = Trcost, y = rsint.

Then the point (g, yo) turns into (rg, tg) where ro = y/x2 + y3. Since (xg, yo)
lies on the curve ., we have

U(ro,to) = Tn(rocosty, rosinty) — ¢ = Th(xo,yo) — c = 0.

Therefore, by Lemma [7] in some neighborhood of ¢, there exists a unique
function r = r(t) as the solution of U(r,t) = 0. Moreover, r(t) is continuous
and five times differentiable in this neighborhood. Let

x(t) = r(t) cost, y(t) = r(t)sint.
Then in the indicated neighborhood of ty we have

Ta(z(t),y(t)) = Ta(r(t) cost,r(t)sint) = U(r(t),t) + c = c,

14



and z(t),y(t) are continuous and five times differentiable functions in this
neighborhood. Therefore, they are four times continuously differentiable in
the neighborhood, and hence they give the desired parametrization of the
curve in the neighborhood of .

Since we choose ty arbitrarily, the desired parametrization exists on the
whole interval [0, 27].

Lemma is proved. [

Corollary 1. Radius of curvature of the curve 15 non-zero on the entire
curve.

Proof. Let z(t), y(t) be parametrization of the curve from Lemma[§] We
show that
(2" ()2 + (4 ()2 #0 for all ¢t € [0, 27]. (26)

In fact, assume that there exists to € [0, 27| such that (2/(¢0))*+ (v (t0))* = 0.
Then
T’,2(t0) + T2(t0) =0.

Therefore,

T(to) =0 = { = T)\(.I(t(]),y<t0)) = 0,

which contradicts the fact that x(t),y(t) is a parametrization of the curve
).
Furthermore, according to the formula for radius of curvature we have
(@) + (y)?)*?
pP= IL’Iy” _ y/$// ’ (27)

which, together with , implies the statement of this corollary.
O

Definition 4. A curve {z(t),y(t)}, t € [a,b] is called smooth, when the
functions z(t), y(t) are smooth on [a, b].

Definition 5. A smooth curve {z(t),y(t)}, t € [a, b] is called regular, when
vector (2'(t),y'(t))T does not equal zero everywhere on |[a, b].

Definition 6. A parameter [ of a curve {z(l),y(l)} is called natural, if the
length of the curve equals (by — a1) as [ runs from a; to by > a;.

15



Lemma 9. 1) If | € [a,b] on the curve {z(l),y(l)} is a natural parameter,

then
V(@ (1)) + (y'(1)* =1
at all points where continuous derivatives x'(1), /(1) exist.
2) For any reqular curve there exists a natural parameter.

Proof. See e.g. [12], ch. 1, §1, lemma 2. O

Corollary 2. Radius of curvature of the curve 15 continuous on the
curve.

Proof. Let x(t),y(t) be the parametrization of the curve from Lemmalg]
Now we show that

'y —y'a" #£0  forall t € [0,2n7]. (28)

At first, we prove that (z”)* + (y”)* # 0 everywhere on [0, 271]. Assume that
just the opposite is true, that is for some ¢y € [0, 27] we have:

(" (t0))* + (" (t0))* = 0.

Then using expressions for z(¢) and y(t) from Lemma |8 we get:

A(r'(to))* + (r"(to) — r(t0))* = 0,

{%) o 29)

T//(to) = T(to).

Furthermore, by differentiating twice the identity

and hence,

U(r(t),t) =0
at point ¢y and taking into account we get

2r2(tg) sin® ¢y 2r2(tg) cos® tg

p1 (14 7(to) costo/v/map)' ™ pa (14 1(to) sinte/v/aps)'
2(—r(to) sinty + r(ty) costy)? — (30)
p3 (1 — (r(ty) costy + r(to) sintgy) //nps3)

16



Here the denominators of each fraction are positive due to the domain of
definition for U(r,t) (see (24))). Therefore, each of the summands in (30) is
equal to zero. Consequently,

costy = sintg = 0,
but this contradicts the Pythagorean trigonometric identity. Thus,
(«")?+ (y")* #0

everywhere on the curve.

From Lemma and we conclude that the curve is regular and due
to Lemma [9] allows natural parametrization of the form = = x (1), y = v().
It can be shown that in this case the vectors (X', 7)), (x”,~")T are also non-
zero everywhere on [ € [0, L], where L is the length of the curve (it can
be easily shown by the rule of contraries using the fact that the mapping
[: [0,27] — [0, L] defined by the formula

¢
1) =/ V(@ (1)) + (v (7))2dr (31)
0
is smooth and invertible). But then Lemma [0 implies

X))+ (Y (1)* =1.

Differentiating this identity with respect to [ we obtain:

X' (DX"(1) +~' (D" (1) =0,

and, consequently, the vectors (x’,7')? and (x”,~”) are orthogonal. There-
fore, the determinant

Y(l
Thus, since [(t) defined in (31]) is one-to-one mapping, holds. Hence,

using the formula for the radius of curvature we obtain the statement
of the corollary.

(0 ¥'(0) o o
N ) 2;"(1)' #0 < X'(D)Y"(1) =+ ()x"(I) #0. (32)

]

Corollary 3. The radius of curvature on the curve 18 twice continuously
differentiable with respect to the tangent angle everywhere on that curve.

17



Proof. Let x = x(), v = 7(I) be a natural parametrization of the curve (25).
Then it follows from Lemma |8 and from the smoothness and invertibility of
the mapping that x(1) and ~([) are four times continuously differentiable
functions. Further, let p be the radius of curvature of the curve and
be a tangent angle. Then

(X/2+’Y/2)3
dp dpdl  dp ldp* 1 \G"-rx)

d didy Pal T 2a T2 dl
3 (X/2 + 7/2)2 (QX/,V// + 2’7/X”) (X/2 + 7/2)3 (X/'VW o 'V/Xm)
— 5 N NAY o N, AL ’ (33>
2 (X" —'x") (X" = 'x")

Due to the smoothness of the functions x(I) and «(l) and property we
conclude that the radius of curvature p is continuously differentiable every-

where on the curve .

Similarly,
Pp d (dp) 1 d(dp?/dl)

d—wQ = @ % = Qp—dl (34)

Without giving the exact formula for the second derivative with respect to
the tangent angle it can be easily seen that the derivative is continuous due
to the constraints imposed on x(1),v(l) and the fact that in the denominator
of the resultant expression we will again get x'v” —~'x” raised to some power.

Corollary is proved. ]

5 Applying Huxley’s theorem to the set B*

Theorem 2. (Huxley, 1993) Let B be an Euclidean plane domain of area
A, bounded by a simple closed curve C, composed of finitely many pieces C;,
which are three times continuously differentiable in the following sense. The
radius of curvature p is continuous and non-zero on each piece C;, and p
15 continuously differentiable with respect to the tangent angle 1. Let M B
denote the set formed by expanding B linearly by a factor M. Then for any
isometric embedding of M B in the Fuclidean plane the number of integer
points (m,n) in M B is

AM2 +0 ([M46/73(10g M)315/146) ’
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where I is a number depending on the curve C', but not on M or on the
embedding of M B.

If in addition the pieces C; are four times differentiable, in the sense that
p is twice continuously differentiable with respect to tangent angle v, then we

may take
I\ ? —69/146
Zmln (1 + = (ﬁ) ) ,046/73
o d?p/dy?| )
*Z/ ( o+ (dp/dy)?

] dp22 —69/146
(”—(@))

provided that M is so large that the bounds

dp

—33/73
0 p Y,

53

1 1 |dp 11 387/8
M>E and o | < M (log M)
hold piecewise on each curve Cj.
Proof. See [0, Theorems 5 and 6, pp. 294-295 |. O]

Now we prove lemma which shows that in our case I from Theorem [2] is
bounded from above by some constant not depending on n. It is necessary
to note that in 2003 Huxley in [6] slightly improved the result of Theorem [2]
However the form of I in the improved result is such that it cannot be applied
in our case.

Lemma 10. For all sufficiently large n the radius of curvature p of the
boundary OB is bounded from above and separated from zero uniformly with
respect to n; its first and second derivatives with respect to the tangent angle
¥ are uniformly bounded from above.

Proof. We recall that the radius of curvature and its derivatives are given by
formulae , , and . We use the parametrization in polar coordi-
nates from Lemma [l In this case

_ (r2(t) + (1))
P = ’2(7“/(t))2 + 7’2<t) _ r’(t)r”(t)|’ (35)
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whereas the derivatives with respect to the tangent angle are expressed anal-
ogously, and expression

207 (1)) + () — ' ()" (1) (36)

will appear in the denominator.

Let us denote 7, (¢) the polar radius on B* and r(t) the polar radius on
OB*; the values r'(t),r"(t), ) (t), r"(t) being similarly defined. Note that the
exact expression of for the limiting set is separated from 0. In fact, this
is an ellipse rotated around the origin with the axes a(p,c), b(p, c). For the
simplest ellipse of the form

22 2
_+¥:1’

we substitute our parametrization and obtain

cos2t  sin2t\ V2 1/1 1 cos2t [ 1 1 -1/
7““)—( 2 *5—2) —(§($+b—2)+ 2 (‘7)) (37)
sin2t /(1 1 11 cos2t (1 1)) 2
=5 (G ‘2) a5 GEw) @
1 1/1 1 cos2t [ 1 1
—2 — cos 2t - 2 ? + ﬁ + 2 ? — b_2
1\ 2
% (—2 — ﬁ) SlIl2 2t>
N cos 2t i B l —5/2
2 a?  b?
_ i__ 2 §_COS22t+b2+a2c082t
a2 B2 4 4 2 —a?2 2

ER R ORI

We see that r(t) is bounded:

-1/2 1 1
) >r(t)>\/§<$+—+

" (t)

1 1

b2
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Now for (36) we have

1i+i +cos2t 11 =3 | sin2 2t i_lz
2 \a?2 b2 2 a? b2 2 a? b2

A

(L1 1y cos2 /1 1 > 1/1 1\® (3 cos?2t
2 \a?2 b2 2 a2 b2 2 \a2 b2 2 2
v 4 a? (11 1N 11 1)\? 1
* MC"S%H =4 4<a2+52> ‘4(612‘@2) = aeas

Since in polar coordinates the rotation is reduced to the transformation
t :=t+ ¢, and the upper estimate can be made independent from ¢, we have
proved that expression for B! is separated from zero. It is natural to
anticipate that the prelimiting set B* possesses the same property, at least

starting from some number N, uniformly in ¢.
In the appendix (see Lemma we prove the uniform convergence

ra(t) —— r(t).
n—oo
We know that the derivatives of solutions ,(t), 7(t) are expressed through
the derivatives of an implicit function with respect to its arguments t and
r(t). Moreover, the denominator will contain the first derivative with respect
to r of the functions T)(r,t) and T} (r,t) raised to some power. For instance,

L 8TA(rn(t),t)/ IT\(r(1), 1) B 8T1(r(t),t)/ o7 (r(t),t)

rat) = ot a0 "= ot or
From Lemma

oTy(r(t),t) OT\(rn(t),t)
or or

Moreover, in Lemma [6] we essentially proved the following uniform estimate

OT\(r(t),t)  OTi(r(l),t) 1
or B or +0 (ﬁ) '

With similar reasoning we can obtain the same result for the derivatives with

respect to ¢:
OT\(r(t),t) _ OTy(r(t),t) Lo ( 1 ) '

AN:Vn > N =>s5>0, > s> 0.

ot ot vn
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Therefore, it is easy to see that

aTA aTA L0 _ OG0 [OTWY (1Y g
OT\( rn ,t)// O (rn (1), 1) 8T?7érn(t),/t) /Gij(rn(t:t) +< On>1) 1
at ar n)

Let us consider

ATy (rn(t), 1) /GTA(rn(t),t) Ti(r(t),1) /8T1(r(t),t)

ot or ot or
_ (OT\(rp(t),t) [/ OTa(rn(t),t)  OT\(r(t),t) / OTa(r(t),t)
_( ot / or ot / or )
ITn(r(t),t) / OT\(r(t),t)  OTi(r(t),t) [/ OTi(r(t),t)
+< ot / o ot / ar >

Since the fraction 9Ti(r,t)/0t /0Ty (r,t)/Or is a smooth function indepen-
dent from n, with non-zero denominator, and since variables (r,t) change
in a bounded domain, we can apply to get by Lagrange’s theorem the
following inequality

[ (8) = 7 (O] < M - [ra(t) = r(t)] + O (1/v/n) .

This implies the uniform convergence of the first derivatives of polar radius.
Similar arguments show the uniform convergence of the derivatives of higher
order.

It follows from formulae ,, , and that the derivatives of
the polar radius on B! are bounded from above, and that the polar radius
itself is bounded from both sides. Moreover, the term (36)) is separate from
0. It is clear from the asymptotic properties of r,(t) and its derivatives that
the same statements are valid for the polar radius r,(t) (together with its
derivatives) of 9B*, at least starting from sufficiently large N, uniformly in
t. Now the statement of the lemma follows from the above arguments and

formulae , , and . n

Corollary 4. For sufficiently large n the set B satisfies the conditions of
Theorem |4 with M = \/n.
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6 Proof of the main result

We recall that N* is a number of points from the lattice L in the set B*.
Since the lattice has 1//n as a step, we can regard N* as a number of integer
points in the set /nB*, which is a linear expansion of the set B* with the
coefficient \/n. Because of Corollary 4 we can apply Theorem [2] to the set
B with the linear factor \/n.

Note that in our case I from Theorem [2| depends on n. However, it is
bounded. This fact follows from the upper bound

I(n) < mcin p1o/™ —l—

+\ W!
33/73

and Lemma [I0] Consequently, we can dlsregard this constant in the calcu-
lation of the error order and get from Theorem

N)\ . nv)\ -0 (n46/146(10g n)315/146) ) (42>
It remains to substitute into ([15)), and we obtain (0)).
This proves Theorem [1]

Remark 8. We proved the uniform convergence of the polar radius r,(t)
and its derivatives to their limits. We also proved that r,(t) are separated
from zero uniformly with respect to n. Hence, the expressions under the signs
of integration and min in converge uniformly. Therefore, by Lebesgue
theorem not only is I(n) bounded, but it also converges to Ip:.

A Appendix. Proof of the uniform conver-
gence of polar radii

Lemma 11. Let r,(t) and r(t) be the polar radii of the sets B and B!
correspondingly. Then we have

rn(t) = r(t)] <

EE

Proof. We have

Ti(ra(t), 1) = Ta(r(2),1) < [Ta(ra(t),t) = Ta(ra(t), 1)
+ [ Ta(rn(t),1) = Ta(r(2), )] + [Ta(r(2), 1) = Ta(r(2),1)]-
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It follows from Taylor’s formula that T\(r,t) = T1(r,t) + O (1/y/n), and the
error is uniform in n due to the boundedness of the domain of definition.
Therefore,

T (ra(t), ) =Ta(ra(t), 1) = O (n2) , ITa(r(8), ) =T1(r(2), £)] = O (n™'7%).

Moreover, T)\(r,(t),t) = ¢ = T1(r(t),t), and the second summand can be
expressed in the form

ITA(r(t),t) — Ti(r(t),t)] = O (n™?).
On the other hand,

Ty (ra(t), ) =T (r(t),t) = (Tn(ti?(lsos t) _I_(Tn(t;jin t) _i_(rn(t)(cospi—l— sint))

B [(r(t) cost)? N (r(t)sint)? N (r(t)(cost + sin t))z]
P1 P2 Y2}

= [008225 (l + i) +sin’¢ <i . > 43 Qt] (ra(t) = r*(t)).

P1 P3 b2 D3 D3

From Lemma [], we know that the first multiplier is uniformly separated
from 0 (let us denote this multiplier by £ and the corresponding lower bound
by Ep). Hence, since there is a lower bound for r(t), we have

ra(t) —r(®)] = O (E(rn(t) +1r<t>>\/ﬁ>)
=0 (Eor(lt)\/ﬁ) =0 (%)
Lemma is proved. .
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