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Abstract. We show that on any locally compact non-compact second -
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1. INTRODUCTION.

Let { X} be a sequence of independent identically distributed real val-
ued random variables with common distribution Px, := p. We assume
that:

e X, is symmetric,
e 4 is absolutely continuous with respect to the Lebesgues mea-
sure and has density z — u(x),
o 0% = [2*u(x)dr < .
Let us denote by S, = >, . X and let I = (—¢, €) be a finite interval,
|I| = 2¢ < oo, then: -

|I|n_% as  n — 00.

P(S,e€I)~

oV 2T
This fact is a consequence of Local Limit Theorem [11, Ch.4, Thm.4.3.1|

Ps, — ¢ uniformly as n — oo,

where ¢(x) = \/% exp(—z?/2) is the normal density.

Our aim is to investigate the decay of the function n — P(S,, € I) at
infinity in the case where [ z?u(x)dr = cc.

Important observation: Let X} belongs to the domain of attraction of
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a stable law with exponent 0 < a < 2, that is P(| X;| > t) < ¢t as
t — oo, Then we have (see, for instance [13]):

P(S, € I) ~ ca|I\n_é as  n — oo.

Hence as a | 0 the decay of the function n — P(S,, € I) becomes faster
than that of n — n=2. Very generally: Let p be a symmetric prob-
ability measure on a locally compact non-compact second-countable
Abelian group G. Assume that it has density z — u(x) with respect
to the Haar measure v on G. We assume also that this density is sym-
metric and is in Ls(v). Then according to [14] and [3] we have the
following properties, for any relatively compact neighbourhood I C G
of the neutral element e € G,

o P(Sy, € I) < u*®(0) as n — oo,

o lim, . % logP(S2, € 1) = 0.
These two facts imply that for any probability measure p on G as above
we must have:

P(Sy, € I) =exp{—2n-o0o(1)} as  n — oo.

1
n—n?

A . 2n > P(S,, 1)

------ n—e’

FIG. 1. The decays of the functions n — n~2, n — P(Sy, € I) and n — exp(—n).

The main aim of this paper is to show that the decay of the function
2n — P(Sy, € 1) as n — o0.

can be as close as possible to the decay of the exponential function
n — e " as n — oo. In showing that, first, we consider the case when
G = R! or Z'. Then using the structure theory of locally compact
Abelian groups [8], [9] and [7], our knowledge of the result for the groups
R! and Z' and the Fourier analysis on locally compact Abelian groups
we build random walks on arbitrary group G with desired properties.

* f(z) < g(z) as  — a means that 3¢ > 0 such that ¢ < f(z)/g(z) < 1 when
|z — a| < e, for some € > 0.



2. SYMMETRIC RANDOM WALKS ON THE GROUP R!,

In this case we choose u = Py, to be symmetric and infinitely di-
visible, that is there exists a one-parametric convolution semigroup of
probability measures (14);~0 such that:

e i, = p; when ¢t = 1. In particular, u*" = p,.
® 1, — £o weakly as t — oo.

In particular, we have:

o iy = eXp(_t\I])a
where [i; is the Fourier transform of the measure p; and W is even non-
negative definite function on R! (the symbol).

Assumption 1. We assume that the function exp(—tW) is sum-
marable, for any t > 0. This implies that

;mm=iél4wc%—21fe4wF@»

where F(s) = Lebesgues measure{r >0: (7)< s}.

Assumption 2. We assume that there exists a function f : R} — RL,
such that f is increasing, log f(t) = o(t) ast — oo and

(2.1) / f(t) s > 0.

It follows that for all n > 1,

(2.2) w%®2u4®=2lm€“ﬂ$%

Therefore we have the following comparison

(2.3) P(S,el) =< /OO e " f(s)ds as  m — 00.
0

Because of the equation (2.3) we are left to investigate the asymptotic
behaviour of the Laplace integral of the function f.

Remark 2.1. That the representation (2.1) is possible follows from
the celebrated Polya’s theorem: Let W > 0 be even continuous func-
tion, W(0) = 0. Assume that U being restricted to R+ 1S 1ncreasing
and concave. Then WV is a negative definite function. In particular by
the celebrated Bochner’s theorem there exists a continuous convolution
semigroup of probability measures (yy)i~o such that i, = exp(—tW¥), for
all t > 0. See [6], [12]. In our case, for s >0, the function s — W(s)
is the inverse to the function s — fo t)dt, s > 0.



4
Thanks to our choice (the assumptions 1 and 2) the semigroup (f)=0
has the following important properties:

(i) For each t > 0, p; admits an even, C*°-density x — p(x) with
respect to the Lebesgues measure.

(i) max,ecp: pe(x) = =2 [ e f(s)
(iii) If # is convex, then r — () is ummodal.

The first statement is a consequence of the fact that U(s)/logs — oo
at 0o. The second one follows from the fact that s — U(s) is real
and even. The third one is an application of the non-trivial criteria of
unimodality which is due to Askey [1].

To investigate the Laplace transform in (ii) we introduce two auxiliary
transforms. Let M : ]RiL — ]RiL be a decreasing function such that
M(0) = +o00. We define two transforms:

e The Kohlbecker transform of M:

K(M)(z) := —log (/ e‘xtde_M(t)) , x> 0.
0
e The Legendre transform of M:
L(M)(x) := inf{zT + M(7)} , z > 0.

>0

Theorem 2.1. ([2|) In the notations from above,
K(M)(z) ~ L(M)(x) as T — 00.

Thanks to the theorem (2.1), we have

1(0) = 2 / AP (s) = 2 / et dF(s) + O(e) =
0 0
= 2/ 6_8td6_M(S)+O(€_Et) :2(1—|—O(1))€_’C(M)(t),
0

where M(s) = log -+ 7y At zero and F(s) = [ f(r)dr. This implies the
following relation

(2.4) —log 11:(0) ~ IC(M)(t) ~ L(M)(t) at  oo.

The behaviour of the function ¢ — L£(M)(t) at infinity depends on the
behaviour of the function ¢ — M (t) (equivalently of t — f(t)) at zero.
Then our strategy is to do computations, when f is very flat at zero.



x = f(x) X = M(x)

> | >
FIG. 2. The flatter f at 0, the faster M at 0.

Some particular results based on the direct computation of L(M) are
presented in the table bellow. Assume that

f = e 9 at zero, g(0) = 400

and write down z;(0) in the following form

1u(0) = exp {—t [‘lgf“(o)] } — exp{—t - o(t)}.

With these notations our computations are presented in the table:

| | g(s) =< atzero |—logu(0) = atinfinity [o(t) < at infinity |
1 (log %)0‘, a>1 (logt)~ M
215, 3>0, = % tPo (%)1_50
3 exp{s},v>0 (logtt)% @
4 eXp(l'f){“’ﬂ_u}’ v >0 m - (log(i) t)v

(%) expy (t) = exp (exp (... exp(t))),
(#x) logy) (t) = log (log (... log(t))) at oco.
TABLE. 1. Some examples of fast decaying function t — 11,(0).

1 2 3 4

o(t),t >
e g
1 \2\3 4

> : >
FIG. 3. The flatter f at 0, the "weaker” o(t) at oc.

In what follows we use the notation fi(z) = fo(x) at x = a as an
abbreviation of the following property: liminf, ., fo(z)/fi(z) > 0. Our
main result for the group R' is following theorem.
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Theorem 2.2. For any non-decreasing function G : R}r — R}r, which

is o(t) at oo there exists a symmetric probability measure p on R such
that

' (e) < e ¢ at  oo.

In fact, | can be chosen such that

—log ™" (e)/G(n) — oo at  0o.

t — exp(—G(t))
A —_— - t — HQ(O)

...... t— exp(—t)

FIG. 4. The decays of the functions t — exp(—G(t)), t — p(0) and t — exp(—t).

Proof. Choose the function # — G(z) concave, o(z) and G/G — oo at

oo (FIG. 5.). Put f = e %@ where we define the conjugate Legendre
transform L£*(G) as follows

L£5(G)(x) = sup{—tz + G(t)}, =z >0.

t>0

Let F(t) = [) f(z)dz, ¥ = F~" and i, = exp(—t¥). Then we have

—log pu(0) = K(LH(G))(t) ~ LILY(G)(t)  at oo
Since G is concave, £ (E*(é)) — @, hence

—log e (0)/G(t) ~ G(t)/G(t) — 400 at  oo.

Construction of the function G: We can choose a decreasing sequence
of reals g, such that 0 < ¢, < g9 = 1, for all £k = 0,1,2,... and
lim,,_. €, = 0 and then we choose to < t; < ..., lim,_ t, = 00, such
that

G(t) < 80t fort € [to,tl],

and

k
G(t) <ext+ > tilei1 — &) fort € [ty traa], k=1,2,....
=1



C3 -

Co -

C1 -

Co -

yo=cot yi=¢cit—ti)+ec,i=12... s

__________________ y2

to t1 to ts
FIG. 5. Construction of the function G.
This construction finish the proof of the theorem 2.2.

3. SYMMETRIC RANDOM WALKS ON THE GROUP Z!.

As in the case of the group R! for any symmetric probability measure
4 on Z which has finite second moment and any finite and symmetric
interval I C 7Z we have

e P(S,el)=n2 as  n — o0.
Also in general (without assumption that the second moment is finite)
we have
o P(Sy, € I) =exp{—2n-o0(1)} as  n — oo.
We aim to show that, as in the case of the group R!, the decay of the
function
2n — P(Sy, € 1), n — oo

can be as close as possible to the exponential one. This problem can
be reduced to the similar problem on the group R!.

Reduction to the group R!. Let p be a symmetric probability
measure on Z' and ® = [ be its characteristic function. Then we have

(3.1) P(Sy, € 1) = 1*2(0) = — / T [O()P dr = X /0 " 1) da.

2 J_, T

We are looking for ® supported by [—¢, €] C [—m, 7| and having around
zero the form & = e™9. Let f : R, — R, be an increasing function
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such that f(0) = 0. Define g and ®( by the equalities

g= ()\ — /OAf(T)dT) R Dy =Y.

Then, by the Polya’s theorem, ®, is a characteristic function of some
probability measure 119 on R, that is ®; = [io. Now define ® as on the
figure below.

- (DO

1 e l i N 4+
-7 —-€ -¢' €
FIG. 6. Construction of the function ®.

By construction, ® being restricted to ]RiL is continuous, decreasing and
convex function. Polya’s theorem implies that there exists a proba-
bility measure p; on R! such that fi; = ®. Since ® € L; with respect to
the Lebesgue measure, j; is absolutely continuous with respect to the
Lebesgues measure and its density z — (), * € R! can be expressed
as the inverse Fourier transform of the function ®. Next we apply the
Poisson summation formula to (®, ;). We have:

(3.2) Y0 +2km) = p(n)e™, £ R
kez! nezl

Since ® is supported by the interval [—e,e] C [—m, 7], the equation
(3.2) implies

(3.3) B(E) =D mn)e™.
nezt
In particular, for £ = 0 we get
(3.4) 1=3(0) =) m(n)
nezt

This shows that the distribution p on Z! defined as u({n}) = ui(n) is
a probability distribution. Its characteristic function ® coincides with
®y = e79 around zero.



—pu, on R

eoe y on Z

— — >
-4-3 -2 -1 0 1 2 3 4

FIG. 7. Construction of the probability measure pu on Z*.

Hence we have:

!

1 [ 1 [
P(So, € I) =< 1*2(0) = = / [@ ()] = = / e 9@ dy + O(e™ ™) ~
0 0

™ ™

L[, 1,
~ —/ e~ 2n9(®) g — —/ e f(s)ds.
0 0

Then we can proceed as on the group R!. Finally we get the following
result

Theorem 3.1. For any non-decreasing function G : ]R_l|r — ]R_lw which
is o(t) at oo there exists a symmetric probability measure p on Z' such
that

©wm(e) < e ¢ at  oo.
In fact, i can be chosen such that

—log " (e)/G(n) — oo at  0o.

4. SYMMETRIC RANDOM WALKS ON INFINITE PERIODIC GROUPS.

Let G be an infinite discrete periodic (torsion) group, that is each
element g € G has a finite order. Then G can be represented as union of
increasing sequence of finite periodic (torsion) groups G, k= 0,1, ...,

oo
G = | J Gy, Go = {e}, Gk C Gyy1 and |Gy| < oo

k=0
The group Gy can be constructed as follows: Let {ap, @, as,...} C G
be the set of independent elements of the group G. Let Gy = {e}
and Gy, =< ao,ay, as, ..., ar > be the group generated by {@;};<x. By
this construction every a € Gy, is of the form @y - @3 - ... - @,"* where
m; < max{order a;} and we see that for k =0,1,2,...

Gy C Gk—i—l c G.
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Clearly |G| < oo. In fact, by the structure theory each Gy is a finite
product of cyclic groups Z(n;).

Example. Let Z(2)* = Z(2) x Z(2) X ..., where Z(2) = {—1,1}, then
all elements & = (£y,&1,...) € Z(2)*® have order 1 or 2. Now define
infinite discrete periodic group G = Z(2)>®) C Z(2)> as follows

G ={¢€Z(2)>*: for some k, {1 =Epo=... = 1}
Put &, = {¢: & = —1 and for any k # i &, = 1}, then
G=JGs,
k=0

where
Gr =<y, &p, . &, >={£€Z(2) . & =1 for all i > k} = Z(2)".
Very generally, we have the following statement.

Proposition 4.1. Let d; be an arbitrary sequence of natural numbers
such that the quotient d’zl—:l 1s an integer equal or great then 2. Then

there exists an infinite periodic discrete group G and an increasing
sequence of groups Gp C G such that G = Uiio Gy and dj, s the
cardinality of Gy,.

Proof. Let Z(n) = {£ € C : [{] = 1l and " = 1}. Now define
cpi= %8 k=0,1,2,.... Thend, =dg-co----- Cot,n=0,1,2,....
Put Gy = Z(dy), G, = Z(dy) X Z(co) X -+ X Z(cn_1), n = 1,2,3,....
We have |@n| =dy-co-+Ch_1 = dy. Let now Gy = {(ep, 1,1,...) :
eo € Go}, ..., Gp={(eg, 1, en,1,1,...) 1 (eo,e1,...,€,) € Gp}.
We have Gy C G, C --- C G, where G = |J;2, Gy Also |G| = |G| =
dy. The group G is infinite periodic discrete group.

O

Let now H = G be the dual of the group G. According to the structure
theory of Abelian groups, H is a compact totally disconnected group.
Some examples which are basic for our purpose are given below.

Examples.
o G = Z(p>™), H=A, - the group of p-adic integers,
e G2Z()™ H=ZI)>,1>2

More generally,
e G= (HZO:O)* Z(lk), H = ]2, Z(lk)(*)-

* TT" X - the weak product of groups X, that is the set of all sequences
x = (z;) € [[ Xk which are eventually identities.



11

Let my, be the uniform distribution on Gy, that is for A C Gy:
 #Haedy 1A

Let {¢x} C RL be a sequence of positive reals such that Y ;- ¢, = 1.
Define a probability measure p on G as follows:

my(A)

(41) o= ,U,(C) =comg +cimy +....

Evidently the measure p is symmetric. We want to find the Fourier
transform [ of the measure pu, that is

ﬂ@=/<%z>ww,yeﬂ
G

Let Hy, = A(H,Gy) ={y € H :< y,x >=1,Vax € G} be the annihila-
tor of the group Gy, in the group H = G.

Proposition 4.2. The Fourier transform [i of the measure p has the
following form: For k=0,1,2,...,

(4.2) ply)=cot+ci+- 4+, yeAH G)\AH, Gryq).

Proof. First we compute the Fourier transform my, of the measure my,

me(y) = / <y,x > dmg(z).
Gy

Because my, is the uniform distribution, we have my * my = my. Then
mmk =My - My = ﬁlk, SO mk(y) c {0,1} Let H, = A(H, Gk), in
particular Hy = H. For example, if G = ([]:2,)" Z(p;), ps = p, then

i=1

Hy=H = HZ(pi>7
i=1

Gy = HZ(Pz') x {0} C G,

Consider two cases:

1) If y € H\ Hj, then there exists © € Gy, such that < y,x > 1, hence
my(y) # 1. Since

m(y) = /G <y, >dmy(zr) = [G Re <y, x> dmy(z) =
k k

B Z{weGk}Re <y,r> o
a |G| ’
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we must have my(y) = 0.

2) If y € Hy, then for every x € G we have < y,x >= 1. Therefore we
have my(y) = 1.
Finally we obtain the equality

~ o ]-7 yEHk
(43) i) ={ 5 e

Now we can find the Fourier transform [ of the measure . We have
ily) = cwin(y).
k=0

Since Gy, increase, H, = A(H, Gy ) decrease. We can write the following
decomposition of the group H

(4.4) H = (Ho\Hy)| J(H\H) .- -

Because of the structure of the measure p, equation (4.3), we have

Co, y € Ho\H,
. co + ¢, y € Hi\H,
iy) =19 .

cotcr+-+op ye H\Hen

This finishes the proof of the proposition.
O

Proposition 4.3. The Fourier transform [ (y) of the measure p*"
has the following form: For k =0,1,2,...,

(4.5) ' (y) = (co+-+a)" yeAH G )\AH, Gpya).

In particular,

(4.6) prt = Z (oF —op_y) M.

k>0

Proof. Let o, ;= cy+c1 + -+ ¢, 0—1 := 0, then ¢, = 0, — 0p_1.
Since " = ()" we have

087 Yy € HO\HI
0?7 Yy € HI\H2

op, y € H\Hpn
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It is easy to see that the measure p*" has the same structure as u, that
is '™ = > apmy. Hence by the proposition 4.2 we have

N ao, y € Ho\H,
() = 3 ai(y) = o + a1, y € Hi\H,
= Got+ it tan, ye H\Hum
It follows that ay := o}, —o}_ for k =0,1,2,.... The proof is finished.

O

Corollary 4.1. The measure p = p(c) defined on the group G is infin-

itely divisible. More precisely, for any n = 2,3,... p = p*"(a), where

1 1
a=(a) and a, =,/ — o}/

Proof. For any a = (a;) we have

ag, y € Ho\H,
(aop + ay)™, y € H\\H,

(ap+ar+ -+ ap)"”, y€ H\Hppa

We want to find a = (a;) such that u(c) = p*(a). This evidently gives
an infinite system of algebraic equations:

Co aq
o+ 1 (ap +ar)"
cot+er+Fo (ap +ar+---+ap)"
Equivalently
ap = ¢/

Qg + a1 = (C(] + Cl)l/n

ap+ar+ - +ap=(co+ i+ 4 cp)/m

Hence, we obtain the desired equalities.
ap = cy/"
a; = (Co —+ Cl)l/n — C(l)/n

A = (CO+Cl+"'+Ck>1/n_ (CQ+01+"'+Ck_1)1/n
The proof is finished. O
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Corollary 4.2. (The Lévy-Khinchin formula). The Fourier transform
i of the measure p = p(c) can be represented in the form:

fi(0) = exp(=¥(0)), 0¢cH,

where the negative-definite function U has the following representation:

U(9) = /G 1- < 2,0 >]dlI(z).

The measure 11 on G (the Lévy measure) can be written in the form
IT = AP, where A\ > 0 and P is a probability measure on G with the
following representation

(4.7) P=> pim, pe>0, k=012 ..
k>0
The coefficients py are given by the following equations

B 1—§log%, k=0
Pk §log[1—|—07’“, k> 1

cotFCr—1

(4.8)

In particular, Apy ~ ¢ as k — oo.

Proof. By the corollary 4.1, the measure p is infinite divisible, hence by
the Lévy-Khinchin formula valid for any locally compact Abelian group
(see [10], [4]) its Fourier transform £ has the following representation

() = exp{~W(0)} b€ H,

where ¥ : H — C is a negative-definite function on H. Since p is
symmetric W is real-valued. Also (1) = 1, hence the Lévy-Khinchin
formula has the following form

U(0) = ¢(h) +/ Re[l— < z,0 >|dII(z),
G\{e}

where ¢ is a non-negative definite quadratic form on H and II is a
symmetric measure on G\{e}. Since the group H = G is totally dis-
connected, ¢ = 0. Since G is discrete, II is a finite symmetric mea-
sure on G\{e}. Extend the measure II to the whole group G putting
II({e}) = mp > 0. Evidently it does not change the value of the func-
tion W(0), 6 € H. After these preparations we can write the following
equality

(4.9) (0) = /Gu— < z,6 >]dII(z) = II(G) — I1(6).
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On the other hand we have:
log %’ 9 S Ho\H1

(4.10) U(0) = —log u(0) =

coteciteFeg?

log ————, 0 € H\Hp4

Put A = II(G), then we will have I1() = A\ — U(6) which implies
)\—log%, QEH()\H:[

(4.11) 11(6) = 0 € Hy\Hy

1
A log coteiteFeg?

It is easy to see that we can choose the value my = I1({e}) big enough
so that A = II(G) > log % Put P = %H, then P is a probability
on G having the same structure as u. Hence it admits the following

representation

k>0
To find {px} we solve the following system of equations:
1— §log % = po

(4.12) 1

: . B
I- N ]'Og cofeit-tep_14ck Do +p1 + - _'_pk—l _'_pk

From these equations we find coefficients py, for £k =0,1,2,....

1 1
= 1— Zlog—

1 1 1

1

—lo 0

A gCo+Cl+"'+Ck_1 A g00+01+"‘+ck_1+6k
1

— 10

A

P =
Co+01+"‘+ck_1—|—ck o

Co+01+"‘+ck_1

= log[l—i— o }
Co+cp+ -+ cr

Finally, since ¢, — 0 as k — 0o we get the last assertion of Corollary 4.2

Ck
Co+cp+ -+ cr

)\pk:log{l—l— }ch,ask:ﬁoo.
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The proof is finished.

O
Notation. For any finite measure P on G we define the following
probability measure on G

1
o(B) =T Y Lp

k>0

and call this measure the compound Poisson measure.

Corollary 4.3. (The compound Poisson semigroup.) The measure
w = pl(c) can be embedded in a weakly continuous convolution semi-
group (ly)e=o of symmetric infinite divisible measures on G. Moreover
the following properties hold:

1) Each measure p; has the following representation

e = e(AtP), ¢t >0,
where A > 0, the probability measure P has the following structure
P=> pimg, pp>0,
k>0
and the coefficients py are given by the equations

1—§logi, k=0
Pk = ilog[l—l—ci’c}, k>1

cotFCr—1

2) In particular, the measure p; has the same structure as p, that is

= c(t)my,

k>0

where

eult) = ck, k=0
P97 (coder+ - Fa)t —(co+er 4+ ar), kE>1

Proof. Let ¥ be the negative definite function defined by u. For each
t > 0 we define the probability measure u; by its Fourier transform

f:(0) = exp{—t¥(0)}, 0€ H.

That this equation defines u; as a probability on G follows from the
celebrated theorem of Bochner valid on any locally compact Abelian
group. Evidently u = p; for ¢t = 1. The first statement follows from
Corollary 4.2. The second statement for rational ¢ = m/n is a conse-
quence of Proposition 4.2 and Corollary 4.1. Then, for any real ¢ > 0
it follows by continuity.

U
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Corollary 4.4. (The heat kernel.) Let U be the Haar measure on
G chosen such that U({z}) = 1 for any v € G. For any t > 0 the
measure [ 15 absolutely continuous with respect to the measure U and
has density x — p(x) given by the followmg equation

-

k>0

), z€G.

In particular, we have:

1) The return probability to the origin ut({e}) has the following form

p({e}) = Z

k>0

| k|
2) For any finite subset F C G

() = p(e) ast — oo wuniformly in x € F.
Proof. For any z € G \Gn_l we have

pulw) = Z |Gk Z \Gk Z Gak

k>n E>n—1 G

From this equation we obtain

(4.13) Z |Gk| Z |Gk

For the low bound we note that since each Gy is a finite product of
cyclic groups |Gg|/|Ggi1| < 1/2. Therefore we have

o} |G| UIZ Uk
) = _r _ LI - _
o) = Qg " 2 Gl 6 2 Z| Z TG~

1 of 1o, 1 1 ol 1 o,
B 2;\(@%\ 2]G,_| Q’Mt() 2;|Gk\ 2(Gp_1]

Since each term o}, /|Gy| as a function of ¢t > 0 has exponential decay at
infinity and the function ¢ — p;(e) has subexponential decay at infinity
(this property holds for any amenable group!) we must have

() =< pe(e) at infinity

which is true for any z € F N (G,\G,,—1). Since we assume that F is
finite this gives the result.
U
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We want to investigate asymptotic properties of the function n — p*(e)
at infinity. Let d := |Gg| be the cardinality of the group Gj. We have

o0 n o0 n o0 n
wng N Op =01 Ok Ok_1
wrle) = Ay Zed, 224
k=0 k k=0 k  k—o Uk

Since d, > 2d;,_1 we also have

kgd—“iz 1251;67'“

Since for any finite k& > 0, Z

o O(e™*") we finally obtain a
simple comparison formula for (e)

(4.14) Z d—k as  n — 00.
k>>

Denote o (k) := Y., ¢k = 1 — 0. Then we have
0-]? _ (1 . O'(]{Z))n — en~log(1—a(k)).

Since 0 < o(k) < 1 for £ > 0, we obtain

2 k ]f
(115)  —o(k) <log(1 - o(k)) < —olh) + T < )
The inequality (4.15) implies that for n >> 1,
(416) 6_”'U(k) < UITcL < e—%n-o(k).

Finally, we obtain the following inequality

1 1
(4.17) by Y d—e‘""’(k) <p(e) <by Y e forn >> 1.

k>>1 0k k>>1 0k

with some constants by, by > 0. Define a function z — N(z) as follows:
It has jumps at the points A\, = o(k) and the values of jumps are 1/dy.
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ok+hokok-1) ., o(2) o) o(0)
FIG. 8. Construction of the function N.

Evidently we can write for any ¢ > 0 and some ¢ > 0,

Z ie—on-a(k) :/ e—c~n-)\dN(>\)
d 0

k>>1 0k

Hence, the bounds for the function n — p*"(e) take the following form
(4.18) b / e " dN(N) < () < by / e 2" dN(X), as n — oo.

0 0
Note, that for any non-decreasing function f(¢) such that f(¢) | 0 as

t | 0 one can construct a step function A — N(\) which has jumps at
the points o(k) and the values of jumps 1/dj. (see Figure 9) such that

N(A) < f(A), A > 0.

A — (L)

sk+)o®ak=-1) ... 62) o) c(0)
FIG. 9. Construction of the step function N, such that N(x) < f(x).
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Put ¢, = o(k) — o(k + 1) and consider the following measure u =
> re o cmy,. According to the consideration above we have

15
(4.19) w(e) < bg/ e_%""\f()\)d)\ ,as  n — 00.

0
Now with this bound in mind we can apply asymptotic properties of
the Laplace integral (see Theorem 2.1) to get the following statement.

Theorem 4.1. Let G be infinite discrete periodic group. Then for any
function F(t) such that F(t) = o(t) ast — oo, there exists a symmetric
infinitely divisible probability measure p on G such that

pwre) < et as  n — oo.
In fact, the measure v can be chosen in such a way that
—log ™ (e)/F(n) — oo at  oo.

For any non-decreasing function g(t) such that lim; .o g(t) = 0 one can
construct a step function N(A) as before (see Figure 10) such that

N(A) 2 g(A), A>0.
A
% —> g(h)

(K)o (k—1)ok—2) «
FIG. 10. Construction of the step function N, such that N(X\) > g(X).

Then we put ¢ = o(k) — o(k + 1) and define the probability measure
= > peoCkmy. From the left hand side of the inequality (4.18) we
obtain:

wr(e) > bl/ e " MN(N) > bl/ e " Mg(\)  as n — oo.
0 0

Using this bound and applying asymptotic properties of the Laplace
integral (see Theorem 2.1) we obtain the following statement.
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Theorem 4.2. Let G be infinite discrete periodic group. Then for any
function R(t) such that R(t) = o(t) as t — oo there exists a symmetric
infinite divisible probability measure p on G such that

wre) = e B asn — 0.

Proof. Choose a concave increasing non-negative function R such that
R(t) < R(t) and R(t) = o(t) as t — oo. That such a choice is possible,
follows from the simple geometric construction (see Figure 11).

1 <ty <:-+— 00 R

t1 t2 l3
FIG. 11. Construction of the function R.

Now define g(z) = e=£"(B@) and construct the step function N(\) as
on the Figure 10. By Theorem 2.2 we obtain the following inequality
valid for n >> 1

w(e) = /OO e_"')‘dg()\) = /00 e A e LRI - o~ LL(RB))(n)
0 0

Since R is concave £(L*(R)) = R and we get the desired result
,u*n(e) - e—ﬁz(n) > e—R(n)’ N — 00,

The proof of the theorem is finished.
O

Examples. Assume that g(¢) is a non-decreasing function such that
limy o g(t) = 0 and let the function N(A) > ¢g(A), 0 < A < 1 be chosen
as on the Figure 10. Then as t — oo we have:

o)~ [Ceanoyz [Tt~ [Tet -

- [en@ass() [ pes)]en
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For some classes of functions t — g¢(¢) the ratio g(A7)/g(7) has dom-
inated convergence as 7 — oo to some integrable function (in fact,
always to the function A — A\* 0 < a < oo, see [5]). This simple
observation leads us to the examples presented in Table 2.

|| g(t) < at zero | 1(0) < at infinity |
1 t*, a>0 ,ia
2| exp{—(log1)"}, 0<a<l exp{— (logt)*}
3 (log})™*, a>0 ()"
1 1

4 log (log 1)] ™, a >0 ||

1 1
5 [log(k) e, a>0® {mw

(*) log sy (t) = log (log (... log(t))) at oco.
TABLE. 2. Some exzamples of slow decaying function t — p,(0).

Remark 4.1. It is well known fact that if the locally compact non-
compact group G is compactly generated (in particular, for discrete G
- finitely generated) the upper rate of decay of the return probability as-
sociated to any symmetric random walk on G exists and is a geometric
invariant of the group G. For example, if G is an Abelian, compactly
generated group, then by structure theory

GeR' xZ" x H

where H is a compact group. Then, for any symmetric random walk on
G we have P(Sy, € U) < n~+™/2 0 — oo. Theorem 4.2 shows that
if G is not compactly generated then the upper bound may not exist in
the sense explained above.

5. SYMMETRIC RANDOM WALKS ON GENERAL ABELIAN GROUPS.

Let G be a locally compact non-compact second-countable Abelian
group. The main result of this section is the following theorem, which
is central in this paper.

Theorem 5.1. For any non-decreasing function F : R}F — R}F which
is o(t) at infinity there exists a symmetric probability measure p on G
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such that
wn(e) < e '™ at  oo.
Moreover i can be chosen in such a way that
—log ™ (e)/F(n) — oo at  oo.

In other words the random walk on G generated by p has probability of
return to any relatively compact symmetric neighbourhood of the neutral
element of G decaying faster than that of the function n — exp(—F(n))
at infinity.

Proof. According to the structure theory (see 8], |9]) we have
G=R"xT,

where n > 0 is an integer and I' is an Abelian group which contains
an open compact subgroup I'g C I'. So that, in particular I'/T'y is a
discrete countable Abelian group. We shall consider the following two
cases:

First case: Assume that n > 0, then we define a random walk .S, on
G as follows:

Sy = SR 4 Uto,

where SE" is an “optimal” random walk on R™ constructed via Theorem
2.2 and U, is the random walk on Iy such that P r, is the uniform
1

distribution on T'y. We also assume that SX" and Ul¢ are independent.
Then we will have

P(S,€IxTy)=PS¥ cl), m=0,1,2,....
Hence in this case the theorem is proved thanks to Theorem 2.2.

Second case: Assume that n = 0, then G =", I'y C I" and I'/Ty is
discrete.

(a) Assume that I'/Ty contains a non-compact element a, that is
a* # e, k=41,42,....

Let < a > be a subgroup of the group I'/T'y generated by the element
a, that is

<a>={ea™ a"? .}
Clearly the mapping

v 7' —s<a>, n—ad"
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is an isomorphism of the group Z' onto the group < a >. We choose
an "optimal” random walk on Z! as in the Theorem 3.1. Via the iso-
morphism v this gives an "optimal” random walk on the group < a >.
Let now
m: ' —=T/T

be the canonical homomorphism of T onto I'/T. Evidently 77(< a >)
is an open subgroup of I'. If it is clear that the group 7=}(< a >) is
compactly generated: it is generated by the compact set I'g|J 7 1(a).
Hence by the structure theory (|8, Thm. 9.8|)

mH<a>)=R"xZ'x K,
where K is a compact Abelian group. Evidently m = 0. Also since
(< a>)/Ty =7,
we must have [ = 1. Hence we obtain the following identification
7N <a>)2Z x 1.

Finally we construct an “optimal” random walk on I' D 771(< a >) as
follows: We let Slzl and U7° be independent random variables taking
values in the group Z! and Ty respectively. Put S, := y(S%") + UFo. If
we choose the random variable Slzl as in Theorem 3.1, then the random
walk (.S,,) on the group I' has desired property. This proves the theorem
in the case (a).

(b) Assume now that all elements of the group I'/I’y have finite order,
that is the group I'/Ty = {ay = e,a1,as,...} is an infinite discrete
periodic group. Then we construct an “optimal” random walk on the
group ['/T'g and use this random walk in order to construct desired
random walk on I'. Indeed, let p be a probability measure on I'/Ty =
{a; : i = 0,1,2,...} such that pu({a;}) = p;. We assume that p is
"optimal” in the sense of Theorem 4.1. Define a probability measure [
on I as follows: Write the decomposition I' = |J7~!(a;) and define f
on the compact set 771(a;), i = 0,1,2, ..., as uniform distribution such
that ji(m~'(a;)) = p;. Evidently this defines a probability distribution
i on the group I' such that 7(z) = p. It follows that

pt = (m()™" = ().
In particular, since 7!(e) = 'y we obtain
(o) = u™(e) foralln=1,2,....

This relation proves the theorem in the last case (b). Thus the proof
of the theorem is finished. U
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Remark 5.1. Our construction of the measure p with desired prop-
erties does not give in general an infinite divisible distribution on the
group G. This is because the construction on the group 7' does not give
such a distribution. We think that this construction can be improved so
that we do obtain an infinite divisible distribution on Z' with desired
properties, and thus an infinite divisible distribution on the group G.
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