
LONG TIME BEHAVIOUR OF RANDOM WALKS ONABELIAN GROUPS.ALEXANDER BENDIKOV∗, BARBARA BOBIKAUInstitute of Mathemati
s, Wro
law University.Abstra
t. We show that on any lo
ally 
ompa
t non-
ompa
t se
ond -
ountable Abelian group one 
an 
onstru
t symmetri
 random walks withreturn probabilities de
aying as 
lose as possible to that of the exponentialfun
tion n → exp(−n) at in�nity.Key words: random walk, lo
ally 
ompa
t Abelian group, in�nite divisibledistribution, Lapla
e transform, Köhlbe
ker transform, Legendre transform,return probability, heat kernel.AMS subje
t 
lassi�
ations. 60-02, 60B15, 62E10, 43A05.1. Introdu
tion.Let {Xk} be a sequen
e of independent identi
ally distributed real val-ued random variables with 
ommon distribution PX1 := µ. We assumethat:
• Xk is symmetri
,
• µ is absolutely 
ontinuous with respe
t to the Lebesgues mea-sure and has density x → µ(x),
• σ2 =

∫
x2µ(x)dx < ∞.Let us denote by Sn =

∑
k≤n Xk and let I = (−ǫ, ǫ) be a �nite interval,

|I| = 2ǫ < ∞, then:
P(Sn ∈ I) ∼ 1

σ
√

2π
|I|n− 1

2 as n → ∞.This fa
t is a 
onsequen
e of Lo
al Limit Theorem [11, Ch.4, Thm.4.3.1℄
P Sn

σ
√

n

→ φ uniformly as n → ∞,where φ(x) = 1√
2π

exp(−x2/2) is the normal density.Our aim is to investigate the de
ay of the fun
tion n → P(Sn ∈ I) atin�nity in the 
ase where ∫
x2µ(x)dx = ∞.Important observation: Let Xk belongs to the domain of attra
tion of
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2a stable law with exponent 0 < α < 2, that is P(|Xk| > t) ≍ t−α as
t → ∞(∗). Then we have (see, for instan
e [13℄):

P(Sn ∈ I) ∼ cα|I|n− 1
α as n → ∞.Hen
e as α ↓ 0 the de
ay of the fun
tion n → P(Sn ∈ I) be
omes fasterthan that of n → n− 1

2 . Very generally: Let µ be a symmetri
 prob-ability measure on a lo
ally 
ompa
t non-
ompa
t se
ond-
ountableAbelian group G. Assume that it has density x → µ(x) with respe
tto the Haar measure ν on G. We assume also that this density is sym-metri
 and is in L2(ν). Then a

ording to [14℄ and [3℄ we have thefollowing properties, for any relatively 
ompa
t neighbourhood I ⊂ Gof the neutral element e ∈ G,
• P(S2n ∈ I) ≍ µ∗2n(0) as n → ∞,
• limn→∞

1
2n

log P(S2n ∈ I) = 0.These two fa
ts imply that for any probability measure µ on G as abovewe must have:
P(S2n ∈ I) = exp{−2n · o(1)} as n → ∞.
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FIG. 1. The de
ays of the fun
tions n → n−
1

2 , n → P(S2n ∈ I) and n → exp(−n).The main aim of this paper is to show that the de
ay of the fun
tion
2n → P(S2n ∈ I) as n → ∞.
an be as 
lose as possible to the de
ay of the exponential fun
tion

n → e−n as n → ∞. In showing that, �rst, we 
onsider the 
ase when
G = R1 or Z1. Then using the stru
ture theory of lo
ally 
ompa
tAbelian groups [8℄, [9℄ and [7℄, our knowledge of the result for the groups
R1 and Z1 and the Fourier analysis on lo
ally 
ompa
t Abelian groupswe build random walks on arbitrary group G with desired properties.* f(x) ≍ g(x) as x → a means that ∃c > 0 su
h that c ≤ f(x)/g(x) ≤ 1

c
when

|x − a| < ǫ, for some ǫ > 0.



32. Symmetri
 random walks on the group R1.In this 
ase we 
hoose µ = PX1 to be symmetri
 and in�nitely di-visible, that is there exists a one-parametri
 
onvolution semigroup ofprobability measures (µt)t>0 su
h that:
• µ = µt when t = 1. In parti
ular, µ∗n = µn.
• µt → ε0 weakly as t → ∞.In parti
ular, we have:
• µ̂t = exp(−tΨ),where µ̂t is the Fourier transform of the measure µt and Ψ is even non-negative de�nite fun
tion on R1 (the symbol).Assumption 1. We assume that the fun
tion exp(−tΨ) is sum-marable, for any t > 0. This implies that

µt(0) =

∫

R1

e−tΨ(ξ)dξ = 2

∫ ∞

0

e−tsdF (s),where F (s) = Lebesgues measure{τ > 0 : Ψ(τ) ≤ s}.Assumption 2. We assume that there exists a fun
tion f : R1
+ → R1

+,su
h that f is in
reasing, log f(t) = o(t) as t → ∞ and(2.1) F (s) =

∫ s

0

f(t)dt, s > 0.It follows that for all n ≥ 1,(2.2) µ∗n(0) = µn(0) = 2

∫ ∞

0

e−nsf(s)ds.Therefore we have the following 
omparison(2.3) P(Sn ∈ I) ≍
∫ ∞

0

e−nsf(s)ds as n → ∞.Be
ause of the equation (2.3) we are left to investigate the asymptoti
behaviour of the Lapla
e integral of the fun
tion f .Remark 2.1. That the representation (2.1) is possible follows fromthe 
elebrated Polya's theorem: Let Ψ ≥ 0 be even 
ontinuous fun
-tion, Ψ(0) = 0. Assume that Ψ being restri
ted to R1
+ is in
reasingand 
on
ave. Then Ψ is a negative de�nite fun
tion. In parti
ular bythe 
elebrated Bo
hner's theorem there exists a 
ontinuous 
onvolutionsemigroup of probability measures (µt)t>0 su
h that µ̂t = exp(−tΨ), forall t > 0. See [6℄, [12℄. In our 
ase, for s ≥ 0, the fun
tion s → Ψ(s)is the inverse to the fun
tion s →

∫ s

0
f(t)dt, s ≥ 0.



4Thanks to our 
hoi
e (the assumptions 1 and 2) the semigroup (µt)t>0has the following important properties:(i) For ea
h t > 0, µt admits an even, C∞-density x → µt(x) withrespe
t to the Lebesgues measure.(ii) maxx∈R1 µt(x) = µt(0) = 2
∫ ∞
0

e−tsf(s)ds.(iii) If 1
f2 is 
onvex, then x → µt(x) is unimodal.The �rst statement is a 
onsequen
e of the fa
t that Ψ(s)/ log s → ∞at ∞. The se
ond one follows from the fa
t that s → Ψ(s) is realand even. The third one is an appli
ation of the non-trivial 
riteria ofunimodality whi
h is due to Askey [1℄.To investigate the Lapla
e transform in (ii) we introdu
e two auxiliarytransforms. Let M : R1

+ → R1
+ be a de
reasing fun
tion su
h that

M(0) = +∞. We de�ne two transforms:
• The Köhlbe
ker transform of M:

K(M)(x) := − log

(∫ ∞

0

e−xtde−M(t)

) , x > 0.

• The Legendre transform of M:
L(M)(x) := inf

τ>0
{xτ + M(τ)} , x > 0.Theorem 2.1. ([2℄) In the notations from above,

K(M)(x) ∼ L(M)(x) as x → ∞.Thanks to the theorem (2.1), we have
µt(0) = 2

∫ ∞

0

e−stdF (s) = 2

∫ ǫ

0

e−stdF (s) + O(e−ǫt) =

= 2

∫ ∞

0

e−stde−M(s) + O(e−ǫt) = 2(1 + o(1))e−K(M)(t),where M(s) = log 1
F (s)

at zero and F (s) =
∫ s

0
f(τ)dτ . This implies thefollowing relation(2.4) − log µt(0) ∼ K(M)(t) ∼ L(M)(t) at ∞.The behaviour of the fun
tion t → L(M)(t) at in�nity depends on thebehaviour of the fun
tion t → M(t) (equivalently of t → f(t)) at zero.Then our strategy is to do 
omputations, when f is very �at at zero.
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FIG. 2. The �atter f at 0, the faster M at 0.Some parti
ular results based on the dire
t 
omputation of L(M) arepresented in the table bellow. Assume that
f = e−g at zero, g(0) = +∞and write down µt(0) in the following form

µt(0) = exp

{
−t

[− log µt(0)

t

]}
= exp{−t · o(t)}.With these notations our 
omputations are presented in the table:

g(s) ≍ at zero − log µt(0) ≍ at in�nity o(t) ≍ at in�nity1 (log 1
s
)α, α > 1 (log t)α (log t)α

t2 s−β, β > 0, β0 := β
β+1

tβ0
(

1
t

)1−β03 exp{s−γ}, γ > 0 t

(log t)
1
γ

1

(log t)
1
γ4 exp(k){s−ν}, ν > 0 (∗) t

(log(k) t)
1
ν

(∗∗) 1

(log(k) t)
1
ν

(∗) exp(k)(t) = exp (exp (... exp(t))),
(∗∗) log(k)(t) = log (log (... log(t))) at ∞.TABLE. 1. Some examples of fast de
aying fun
tion t → µt(0).

1    2   3   4

0t),t(f ®
1     2    3   4

¥®t),t(o

FIG. 3. The �atter f at 0, the "weaker" o(t) at ∞.In what follows we use the notation f1(x) � f2(x) at x = a as anabbreviation of the following property: lim infx→a f2(x)/f1(x) > 0. Ourmain result for the group R1 is following theorem.



6Theorem 2.2. For any non-de
reasing fun
tion G : R1
+ → R1

+, whi
his o(t) at ∞ there exists a symmetri
 probability measure µ on R1 su
hthat
µ∗n(e) � e−G(n) at ∞.In fa
t, µ 
an be 
hosen su
h that

− log µ∗n(e)/G(n) → ∞ at ∞.

)texp(t

)0(t

))t(Gexp(t

t
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FIG. 4. The de
ays of the fun
tions t → exp(−G(t)), t → µt(0) and t → exp(−t).Proof. Choose the fun
tion x → G̃(x) 
on
ave, o(x) and G̃/G → ∞ at
∞ (FIG. 5.). Put f = e−L∗( eG), where we de�ne the 
onjugate Legendretransform L∗(G̃) as follows

L∗(G̃)(x) = sup
t>0

{−tx + G̃(t)}, x > 0.Let F (t) =
∫ t

0
f(x)dx, Ψ = F−1 and µ̂t = exp(−tΨ). Then we have

− log µt(0) = K(L∗(G̃))(t) ∼ L(L∗(G̃))(t) at ∞.Sin
e G̃ is 
on
ave, L(
L∗(G̃)

)
= G̃, hen
e

− log µt(0)/G(t) ∼ G̃(t)/G(t) → +∞ at ∞.Constru
tion of the fun
tion G̃: We 
an 
hoose a de
reasing sequen
eof reals εk su
h that 0 < εk ≤ ε0 = 1, for all k = 0, 1, 2, . . . and
limn→∞ εn = 0 and then we 
hoose t0 < t1 < . . . , limn→∞ tn = ∞, su
hthat

G(t) < ε0t for t ∈ [t0, t1],and
G(t) < εkt +

k∑

i=1

ti(εi−1 − εi) for t ∈ [tk, tk+1], k = 1, 2, . . . .
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y0 = ε0t yi = εi(t − ti) + ci, i = 1, 2, . . .

t0 t1 t2 t3

G

G̃

c0

c1

c2

c3

y0

y1

y2

y3

FIG. 5. Constru
tion of the fun
tion G̃.This 
onstru
tion �nish the proof of the theorem 2.2.
�3. Symmetri
 random walks on the group Z1.As in the 
ase of the group R1 for any symmetri
 probability measure

µ on Z whi
h has �nite se
ond moment and any �nite and symmetri
interval I ⊂ Z we have
• P(Sn ∈ I) ≍ n− 1

2 as n → ∞.Also in general (without assumption that the se
ond moment is �nite)we have
• P(S2n ∈ I) = exp{−2n · o(1)} as n → ∞.We aim to show that, as in the 
ase of the group R1, the de
ay of thefun
tion

2n → P(S2n ∈ I), n → ∞
an be as 
lose as possible to the exponential one. This problem 
anbe redu
ed to the similar problem on the group R1.Redu
tion to the group R1. Let µ be a symmetri
 probabilitymeasure on Z1 and Φ = µ̂ be its 
hara
teristi
 fun
tion. Then we have(3.1) P(S2n ∈ I) ≍ µ∗2n(0) =
1

2π

∫ π

−π

[Φ(x)]2n dx =
1

π

∫ π

0

[Φ(x)]2n dx.We are looking for Φ supported by [−ǫ, ǫ] ⊂ [−π, π] and having aroundzero the form Φ = e−g. Let f : R+ → R+ be an in
reasing fun
tion



8su
h that f(0) = 0. De�ne g and Φ0 by the equalities
g =

(
λ →

∫ λ

0

f(τ)dτ

)−1 , Φ0 = e−g.Then, by the Polya's theorem, Φ0 is a 
hara
teristi
 fun
tion of someprobability measure µ0 on R1, that is Φ0 = µ̂0. Now de�ne Φ as on the�gure below.
1

p- pee- 'e- 'e

F

F
0

FIG. 6. Constru
tion of the fun
tion Φ.By 
onstru
tion, Φ being restri
ted to R1
+ is 
ontinuous, de
reasing and
onvex fun
tion. Polya's theorem implies that there exists a proba-bility measure µ1 on R1 su
h that µ̂1 = Φ. Sin
e Φ ∈ L1 with respe
t tothe Lebesgue measure, µ1 is absolutely 
ontinuous with respe
t to theLebesgues measure and its density x → µ1(x), x ∈ R1 
an be expressedas the inverse Fourier transform of the fun
tion Φ. Next we apply thePoisson summation formula to (Φ, µ1). We have:(3.2) ∑

k∈Z1

Φ(ξ + 2kπ) =
∑

n∈Z1

µ1(n)einξ, ξ ∈ R
1.Sin
e Φ is supported by the interval [−ǫ, ǫ] ⊂ [−π, π], the equation(3.2) implies(3.3) Φ(ξ) =

∑

n∈Z1

µ1(n)einξ.In parti
ular, for ξ = 0 we get(3.4) 1 = Φ(0) =
∑

n∈Z1

µ1(n).This shows that the distribution µ on Z1 de�ned as µ({n}) = µ1(n) isa probability distribution. Its 
hara
teristi
 fun
tion Φ 
oin
ides with
Φ0 = e−g around zero.
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FIG. 7. Constru
tion of the probability measure µ on Z1.Hen
e we have:
P(S2n ∈ I) ≍ µ∗2n(0) =

1

π

∫ ǫ

0

[Φ(x)]2n =
1

π

∫ ǫ′

0

e−2ng(x)dx + O(e−λn) ∼

∼ 1

π

∫ ǫ′

0

e−2ng(x)dx =
1

π

∫ A

0

e−2nsf(s)ds.Then we 
an pro
eed as on the group R1. Finally we get the followingresultTheorem 3.1. For any non-de
reasing fun
tion G : R1
+ → R1

+, whi
his o(t) at ∞ there exists a symmetri
 probability measure µ on Z1 su
hthat
µ∗n(e) � e−G(n) at ∞.In fa
t, µ 
an be 
hosen su
h that

− log µ∗n(e)/G(n) → ∞ at ∞.4. Symmetri
 random walks on infinite periodi
 groups.Let G be an in�nite dis
rete periodi
 (torsion) group, that is ea
helement g ∈ G has a �nite order. Then G 
an be represented as union ofin
reasing sequen
e of �nite periodi
 (torsion) groups Gk, k = 0, 1, . . . ,
G =

∞⋃

k=0

Gk, G0 = {e}, Gk ⊂ Gk+1 and |Gk| < ∞.The group Gk 
an be 
onstru
ted as follows: Let {a0, a1, a2, ...} ⊂ Gbe the set of independent elements of the group G. Let G0 = {e}and Gk =< a0, a1, a2, ..., ak > be the group generated by {ai}i≤k. Bythis 
onstru
tion every a ∈ Gk is of the form am1
1 · am2

2 · ... · amk

k where
mi ≤ max{order ai} and we see that for k = 0, 1, 2, . . .

Gk ⊂ Gk+1 ⊂ G.



10Clearly |Gk| < ∞. In fa
t, by the stru
ture theory ea
h Gk is a �niteprodu
t of 
y
li
 groups Z(ni).Example. Let Z(2)∞ = Z(2)×Z(2)× ..., where Z(2) = {−1, 1}, thenall elements ξ = (ξ0, ξ1, ...) ∈ Z(2)∞ have order 1 or 2. Now de�nein�nite dis
rete periodi
 group G = Z(2)(∞) ⊂ Z(2)∞ as follows
G = {ξ ∈ Z(2)∞ : for some k, ξk+1 = ξk+2 = ... = 1}.Put ξi = {ξ : ξi = −1 and for any k 6= i ξk = 1}, then

G =

∞⋃

k=0

Gk,where
Gk =< ξ0, ξ1, ..., ξk >= {ξ ∈ Z(2)(∞) : ξi = 1 for all i > k} = Z(2)k.Very generally, we have the following statement.Proposition 4.1. Let dk be an arbitrary sequen
e of natural numberssu
h that the quotient dk+1

dk
is an integer equal or great then 2. Thenthere exists an in�nite periodi
 dis
rete group G and an in
reasingsequen
e of groups Gk ⊂ G su
h that G =

⋃∞
k=0 Gk and dk is the
ardinality of Gk.Proof. Let Z(n) = {ξ ∈ C : |ξ| = 1 and ξn = 1}. Now de�ne

ck :=
dk+1

dk
, k = 0, 1, 2, . . . . Then dn = d0 · c0 · · · · · cn−1, n = 0, 1, 2, . . . .Put G̃0 = Z(d0), G̃n = Z(d0) × Z(c0) × · · · × Z(cn−1), n = 1, 2, 3, . . . .We have |G̃n| = d0 · c0 · · · · · cn−1 = dn. Let now G0 = {(e0, 1, 1, . . . ) :

e0 ∈ G̃0}, . . . , Gn = {(e0, e1, . . . , en, 1, 1, . . . ) : (e0, e1, . . . , en) ∈ G̃n}.We have G0 ⊂ G1 ⊂ · · · ⊂ G, where G =
⋃∞

k=0 Gk. Also |Gk| = |G̃k| =
dk. The group G is in�nite periodi
 dis
rete group.

�Let now H = Ĝ be the dual of the group G. A

ording to the stru
turetheory of Abelian groups, H is a 
ompa
t totally dis
onne
ted group.Some examples whi
h are basi
 for our purpose are given below.Examples.
• G ∼= Z(p∞), H ∼= ∆p - the group of p-adi
 integers,
• G ∼= Z(l)(∞), H ∼= Z(l)∞, l ≥ 2.More generally,
• G ∼= (

∏∞
k=0)

∗
Z(lk), H ∼=

∏∞
k=0 Z(lk)

(∗).* ∏
∗

Xk - the weak produ
t of groups Xk, that is the set of all sequen
es
x = (xi) ∈

∏
Xk whi
h are eventually identities.



11Let mk be the uniform distribution on Gk, that is for A ⊂ Gk:
mk(A) =

#{a ∈ A}
#{a ∈ Gk}

=
|A|
|Gk|

.Let {ck} ⊂ R1
+ be a sequen
e of positive reals su
h that ∑∞

k=0 ck = 1.De�ne a probability measure µ on G as follows:(4.1) µ = µ(c) = c0m0 + c1m1 + . . . .Evidently the measure µ is symmetri
. We want to �nd the Fouriertransform µ̂ of the measure µ, that is
µ̂(y) =

∫

G

< y, x > dµ(x), y ∈ H.Let Hk = A(H, Gk) = {y ∈ H :< y, x >= 1, ∀x ∈ Gk} be the annihila-tor of the group Gk in the group H = Ĝ.Proposition 4.2. The Fourier transform µ̂ of the measure µ has thefollowing form: For k = 0, 1, 2, . . . ,(4.2) µ̂(y) = c0 + c1 + · · · + ck, y ∈ A(H, Gk)\A(H, Gk+1).Proof. First we 
ompute the Fourier transform m̂k of the measure mk

m̂k(y) =

∫

Gk

< y, x > dmk(x).Be
ause mk is the uniform distribution, we have mk ∗ mk = mk. Then
m̂k ∗ mk = m̂k · m̂k = m̂k, so m̂k(y) ∈ {0, 1}. Let Hk = A(H, Gk), inparti
ular H0 = H . For example, if G = (

∏∞
i=1)

∗
Z(pi), pi ≡ p, then

H0 = H =

∞∏

i=1

Z(pi),

Gk =
k∏

i=1

Z(pi) × {0} ⊂ G,

Hk =
∞∏

i=k+1

Z(pi) ⊂ H.Consider two 
ases:1) If y ∈ H\Hk then there exists x ∈ Gk su
h that < y, x > 6= 1, hen
e
m̂k(y) 6= 1. Sin
e

m̂k(y) =

∫

Gk

< y, x > dmk(x) =

∫

Gk

Re < y, x > dmk(x) =

=

∑
{x∈Gk} Re < y, x >

|Gk|
< 1,



12we must have m̂k(y) = 0.2) If y ∈ Hk then for every x ∈ Gk we have < y, x >= 1. Therefore wehave m̂k(y) = 1.Finally we obtain the equality(4.3) m̂k(y) =

{
1, y ∈ Hk

0, y ∈ H\HkNow we 
an �nd the Fourier transform µ̂ of the measure µ. We have
µ̂(y) =

∞∑

k=0

ckm̂k(y).Sin
e Gk in
rease, Hk = A(H, Gk) de
rease. We 
an write the followingde
omposition of the group H(4.4) H = (H0\H1)
⋃

(H1\H2)
⋃

. . . .Be
ause of the stru
ture of the measure µ, equation (4.3), we have
µ̂(y) =






c0, y ∈ H0\H1

c0 + c1, y ∈ H1\H2...
c0 + c1 + · · ·+ ck, y ∈ Hk\Hk+1This �nishes the proof of the proposition.

�Proposition 4.3. The Fourier transform µ̂∗n(y) of the measure µ∗nhas the following form: For k = 0, 1, 2, . . . ,(4.5) µ̂∗n(y) = (c0 + · · ·+ ck)
n, y ∈ A(H, Gk)\A(H, Gk+1).In parti
ular,(4.6) µ∗n ≡

∑

k≥0

(
σn

k − σn
k−1

)
mk.Proof. Let σk := c0 + c1 + · · · + ck, σ−1 := 0, then ck = σk − σk−1.Sin
e µ̂∗n = (µ̂)n we have

µ̂∗n(y) =






σn
0 , y ∈ H0\H1

σn
1 , y ∈ H1\H2...

σn
k , y ∈ Hk\Hk+1



13It is easy to see that the measure µ∗n has the same stru
ture as µ, thatis µ∗n =
∑

akmk. Hen
e by the proposition 4.2 we have
µ̂∗n(y) =

∞∑

k=0

akm̂k(y) =





a0, y ∈ H0\H1

a0 + a1, y ∈ H1\H2...
a0 + a1 + · · ·+ ak, y ∈ Hk\Hk+1It follows that ak := σn

k −σn
k−1 for k = 0, 1, 2, . . . . The proof is �nished.

�Corollary 4.1. The measure µ = µ(c) de�ned on the group G is in�n-itely divisible. More pre
isely, for any n = 2, 3, . . . µ = µ∗n(a), where
a = (ak) and ak = σ

1/n
k − σ

1/n
k−1.Proof. For any a = (ai) we have

µ̂∗n(a) =






an
0 , y ∈ H0\H1

(a0 + a1)
n, y ∈ H1\H2...

(a0 + a1 + · · ·+ ak)
n, y ∈ Hk\Hk+1We want to �nd a = (ai) su
h that µ(c) = µ∗n(a). This evidently givesan in�nite system of algebrai
 equations:





c0

c0 + c1...
c0 + c1 + · · ·+ ck

=





an
0

(a0 + a1)
n...

(a0 + a1 + · · ·+ ak)
nEquivalently






a0 = c
1/n
0

a0 + a1 = (c0 + c1)
1/n...

a0 + a1 + · · ·+ ak = (c0 + c1 + · · ·+ ck)
1/nHen
e, we obtain the desired equalities.






a0 = c
1/n
0

a1 = (c0 + c1)
1/n − c

1/n
0...

ak = (c0 + c1 + · · · + ck)
1/n − (c0 + c1 + · · ·+ ck−1)

1/nThe proof is �nished. �



14Corollary 4.2. (The Lévy-Khin
hin formula). The Fourier transform
µ̂ of the measure µ = µ(c) 
an be represented in the form:

µ̂(θ) = exp(−Ψ(θ)), θ ∈ H,where the negative-de�nite fun
tion Ψ has the following representation:
Ψ(θ) =

∫

G

[1− < x, θ >] dΠ(x).The measure Π on G (the Lévy measure) 
an be written in the form
Π = λP, where λ > 0 and P is a probability measure on G with thefollowing representation(4.7) P =

∑

k≥0

pkmk, pk > 0, k = 0, 1, 2, . . . .The 
oe�
ients pk are given by the following equations(4.8) pk =

{
1 − 1

λ
log 1

c0
, k = 0

1
λ

log
[
1 + ck

c0+···+ck−1

]
, k ≥ 1In parti
ular, λpk ∼ ck as k → ∞.Proof. By the 
orollary 4.1, the measure µ is in�nite divisible, hen
e bythe Lévy-Khin
hin formula valid for any lo
ally 
ompa
t Abelian group(see [10℄, [4℄) its Fourier transform µ̂ has the following representation

µ̂(θ) = exp{−Ψ(θ)} θ ∈ H,where Ψ : H → C is a negative-de�nite fun
tion on H . Sin
e µ issymmetri
 Ψ is real-valued. Also µ(1) = 1, hen
e the Lévy-Khin
hinformula has the following form
Ψ(θ) = φ(θ) +

∫

G\{e}
Re[1− < x, θ >]dΠ(x),where φ is a non-negative de�nite quadrati
 form on H and Π is asymmetri
 measure on G\{e}. Sin
e the group H = Ĝ is totally dis-
onne
ted, φ ≡ 0. Sin
e G is dis
rete, Π is a �nite symmetri
 mea-sure on G\{e}. Extend the measure Π to the whole group G putting

Π({e}) = π0 > 0. Evidently it does not 
hange the value of the fun
-tion Ψ(θ), θ ∈ H . After these preparations we 
an write the followingequality(4.9) Ψ(θ) =

∫

G

[1− < x, θ >]dΠ(x) = Π(G) − Π̂(θ).



15On the other hand we have:(4.10) Ψ(θ) = − log µ̂(θ) =





log 1
c0

, θ ∈ H0\H1...
log 1

c0+c1+···+ck
, θ ∈ Hk\Hk+1...Put λ = Π(G), then we will have Π̂(θ) = λ − Ψ(θ) whi
h implies(4.11) Π̂(θ) =






λ − log 1
c0

, θ ∈ H0\H1...
λ − log 1

c0+c1+···+ck
, θ ∈ Hk\Hk+1...It is easy to see that we 
an 
hoose the value π0 = Π({e}) big enoughso that λ = Π(G) > log 1

c0
. Put P = 1

λ
Π, then P is a probabilityon G having the same stru
ture as µ. Hen
e it admits the followingrepresentation

P =
∑

k≥0

pkmk.To �nd {pk} we solve the following system of equations:(4.12) 



1 − 1
λ

log 1
c0

= p0...
1 − 1

λ
log 1

c0+c1+···+ck−1+ck
= p0 + p1 + · · ·+ pk−1 + pk...From these equations we �nd 
oe�
ients pk, for k = 0, 1, 2, . . . .

p0 = 1 − 1

λ
log

1

c0
,

pk =
1

λ
log

1

c0 + c1 + · · ·+ ck−1
− 1

λ
log

1

c0 + c1 + · · ·+ ck−1 + ck
=

=
1

λ
log

c0 + c1 + · · ·+ ck−1 + ck

c0 + c1 + · · ·+ ck−1

=

= log

[
1 +

ck

c0 + c1 + · · ·+ ck−1

]
.Finally, sin
e ck → 0 as k → ∞ we get the last assertion of Corollary 4.2

λpk = log

[
1 +

ck

c0 + c1 + · · ·+ ck−1

]
∼ ck, as k → ∞.



16The proof is �nished.
�Notation. For any �nite measure P on G we de�ne the followingprobability measure on G

e(P) := e−P(G)
∑

k≥0

1

k!
P
∗kand 
all this measure the 
ompound Poisson measure.Corollary 4.3. (The 
ompound Poisson semigroup.) The measure

µ = µ(c) 
an be embedded in a weakly 
ontinuous 
onvolution semi-group (µt)t>0 of symmetri
 in�nite divisible measures on G. Moreoverthe following properties hold:1) Ea
h measure µt has the following representation
µt = e(λtP), t > 0,where λ > 0, the probability measure P has the following stru
ture

P =
∑

k≥0

pkmk, pk > 0,and the 
oe�
ients pk are given by the equations
pk =

{
1 − 1

λ
log 1

c0
, k = 0

1
λ

log
[
1 + ck

c0+···+ck−1

]
, k ≥ 12) In parti
ular, the measure µt has the same stru
ture as µ, that is

µt =
∑

k≥0

ck(t)mk,where
ck(t) =

{
ct
0, k = 0

(c0 + c1 + · · · + ck)
t − (c0 + c1 + · · ·+ ck−1)

t, k ≥ 1Proof. Let Ψ be the negative de�nite fun
tion de�ned by µ. For ea
h
t > 0 we de�ne the probability measure µt by its Fourier transform

µ̂t(θ) = exp{−tΨ(θ)}, θ ∈ H.That this equation de�nes µt as a probability on G follows from the
elebrated theorem of Bo
hner valid on any lo
ally 
ompa
t Abeliangroup. Evidently µ = µt for t = 1. The �rst statement follows fromCorollary 4.2. The se
ond statement for rational t = m/n is a 
onse-quen
e of Proposition 4.2 and Corollary 4.1. Then, for any real t > 0it follows by 
ontinuity.
�



17Corollary 4.4. (The heat kernel.) Let U be the Haar measure on
G 
hosen su
h that U({x}) = 1 for any x ∈ G. For any t > 0 themeasure µt is absolutely 
ontinuous with respe
t to the measure U andhas density x → µt(x) given by the following equation

µt(x) =
∑

k≥0

ck(t)

|Gk|
1Gk

(x), x ∈ G.In parti
ular, we have:1) The return probability to the origin µt({e}) has the following form
µt({e}) = µt(e) =

∑

k≥0

ck(t)

|Gk|
, t > 0.2) For any �nite subset F ⊂ G

µt(x) ≍ µt(e) as t → ∞ uniformly in x ∈ F.Proof. For any x ∈ Gn\Gn−1 we have
µt(x) =

∑

k≥n

σt
k − σt

k−1

|Gk|
=

∑

k≥n

σt
k

|Gk|
−

∑

k≥n−1

σt
k

|Gk+1|
.From this equation we obtain(4.13) µt(x) ≤

∑

k≥n

σt
k

|Gk|
= µt(e) −

∑

k<n

σt
k

|Gk|For the low bound we note that sin
e ea
h Gk is a �nite produ
t of
y
li
 groups |Gk|/|Gk+1| ≤ 1/2. Therefore we have
µt(x) =

∑

k≥n

σt
k

|Gk|
−

∑

k≥n−1

|Gk|
|Gk+1|

σt
k

|Gk|
≥

∑

k≥n

σt
k

|Gk|
− 1

2

∑

k≥n−1

σt
k

|Gk|
=

=
1

2

∑

k≥n

σt
k

|Gk|
− 1

2

σt
n−1

|Gn−1|
=

1

2
µt(e) −

1

2

∑

k<n

σt
k

|Gk|
− 1

2

σt
n−1

|Gn−1|
.Sin
e ea
h term σt

k/|Gk| as a fun
tion of t > 0 has exponential de
ay atin�nity and the fun
tion t → µt(e) has subexponential de
ay at in�nity(this property holds for any amenable group!) we must have
µt(x) ≍ µt(e) at in�nitywhi
h is true for any x ∈ F ∩ (Gn\Gn−1). Sin
e we assume that F is�nite this gives the result.

�



18We want to investigate asymptoti
 properties of the fun
tion n → µ∗n(e)at in�nity. Let dk := |Gk| be the 
ardinality of the group Gk. We have
µ∗n(e) =

∞∑

k=0

σn
k − σn

k−1

dk

=
∞∑

k=0

σn
k

dk

−
∞∑

k=0

σn
k−1

dk

.This implies the upper bound
µ∗n(e) =

∞∑

k=0

σn
k

dk

−
∞∑

k=0

σn
k−1

dk

≤
∞∑

k=0

σn
k

dk

.Sin
e dk ≥ 2dk−1 we also have
µ∗n(e) ≥

∞∑

k=0

σn
k

dk

− 1

2

∞∑

k=1

σn
k−1

dk−1

=
1

2

∞∑

k=0

σn
k

dk

.Sin
e for any �nite k ≥ 0, ∑k
i=0 σn

i /di = O(e−αn) we �nally obtain asimple 
omparison formula for µ∗n(e),(4.14) µ∗n(e) ≍
∑

k>>1

σn
k

dk
as n → ∞.Denote σ(k) :=

∑
i>k ck = 1 − σk. Then we have
σn

k = (1 − σ(k))n = en·log(1−σ(k)).Sin
e 0 < σ(k) < 1 for k ≥ 0, we obtain(4.15) −σ(k) ≤ log(1 − σ(k)) ≤ −σ(k) +
σ2(k)

2
≤ −σ(k)

2
.The inequality (4.15) implies that for n >> 1,(4.16) e−n·σ(k) ≤ σn

k ≤ e−
1
2
n·σ(k).Finally, we obtain the following inequality(4.17) b1

∑

k>>1

1

dk
e−n·σ(k) ≤ µ∗n(e) ≤ b2

∑

k>>1

1

dk
e−

1
2
n·σ(k), for n >> 1.with some 
onstants b1, b2 > 0. De�ne a fun
tion x → N(x) as follows:It has jumps at the points λk = σ(k) and the values of jumps are 1/dk.
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FIG. 8. Constru
tion of the fun
tion N.Evidently we 
an write for any c > 0 and some ε > 0,
∑

k>>1

1

dk
e−c·n·σ(k) =

∫ ε

0

e−c·n·λdN(λ)Hen
e, the bounds for the fun
tion n → µ∗n(e) take the following form(4.18) b1

∫ ε

0

e−n·λdN(λ) ≤ µ∗n(e) ≤ b2

∫ ε

0

e−
1
2
n·λdN(λ), as n → ∞.Note, that for any non-de
reasing fun
tion f(t) su
h that f(t) ↓ 0 as

t ↓ 0 one 
an 
onstru
t a step fun
tion λ → N(λ) whi
h has jumps atthe points σ(k) and the values of jumps 1/dk (see Figure 9) su
h that
N(λ) ≤ f(λ), λ > 0.

)0(s)1(s)2(s)1k( -s)k(s)1k( +s ...

0
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1

1k
d

1

-

k
d

1

...

...

.

)(f l®l

FIG. 9. Constru
tion of the step fun
tion N, su
h that N(x) ≤ f(x).



20Put ck = σ(k) − σ(k + 1) and 
onsider the following measure µ =∑∞
k=0 ckmk. A

ording to the 
onsideration above we have(4.19) µ∗n(e) ≤ b2

∫ ε

0

e−
1
2
n·λf(λ)dλ , as n → ∞.Now with this bound in mind we 
an apply asymptoti
 properties ofthe Lapla
e integral (see Theorem 2.1) to get the following statement.Theorem 4.1. Let G be in�nite dis
rete periodi
 group. Then for anyfun
tion F (t) su
h that F (t) = o(t) as t → ∞, there exists a symmetri
in�nitely divisible probability measure µ on G su
h that

µ∗n(e) � e−F (n) as n → ∞.In fa
t, the measure µ 
an be 
hosen in su
h a way that
− log µ∗n(e)/F (n) → ∞ at ∞.For any non-de
reasing fun
tion g(t) su
h that limt→0 g(t) = 0 one 
an
onstru
t a step fun
tion N(λ) as before (see Figure 10) su
h that

N(λ) ≥ g(λ), λ > 0.

)1k( -s)k(s ...

1k
d

1

-

k
d

1

)(g l®l

... )2k( -sFIG. 10. Constru
tion of the step fun
tion N, su
h that N(λ) ≥ g(λ).Then we put ck = σ(k) − σ(k + 1) and de�ne the probability measure
µ =

∑∞
k=0 ckmk. From the left hand side of the inequality (4.18) weobtain:

µ∗n(e) ≥ b1

∫ ε

0

e−n·λdN(λ) ≥ b1

∫ ε

0

e−n·λdg(λ) as n → ∞.Using this bound and applying asymptoti
 properties of the Lapla
eintegral (see Theorem 2.1) we obtain the following statement.



21Theorem 4.2. Let G be in�nite dis
rete periodi
 group. Then for anyfun
tion R(t) su
h that R(t) = o(t) as t → ∞ there exists a symmetri
in�nite divisible probability measure µ on G su
h that
µ∗n(e) � e−R(n) as n → ∞.Proof. Choose a 
on
ave in
reasing non-negative fun
tion R̃ su
h that

R̃(t) ≤ R(t) and R̃(t) = o(t) as t → ∞. That su
h a 
hoi
e is possible,follows from the simple geometri
 
onstru
tion (see Figure 11).
6

-

t1 t2 t3

R

R̃

t1 < t2 < · · · → ∞ ........ ......... ........... ............. .............. ................ ................. .................. ................... .................... ..................... ....................... .......................... ........................... ............................. ............................... .................................. ..................................... ........................................ ............................................ ..................................................... ............. .................... .......................... ............................. ................................. .................................... ...................................... ....................................... .......................................... ........................................... .................................................... ....... .......... ................ ............................ ....... ........ .......... ........... FIG. 11. Constru
tion of the fun
tion R̃.Now de�ne g(x) = e−L∗( eR)(x) and 
onstru
t the step fun
tion N(λ) ason the Figure 10. By Theorem 2.2 we obtain the following inequalityvalid for n >> 1

µ∗n(e) �
∫ ∞

0

e−n·λdg(λ) =

∫ ∞

0

e−n·λde−L∗( eR)(λ) � e−L(L∗( eR))(n).Sin
e R̃ is 
on
ave L(L∗(R̃)) = R̃ and we get the desired result
µ∗n(e) � e−

eR(n) ≥ e−R(n), n → ∞.The proof of the theorem is �nished.
�Examples. Assume that g(t) is a non-de
reasing fun
tion su
h that

limt→0 g(t) = 0 and let the fun
tion N(λ) ≥ g(λ), 0 < λ < 1 be 
hosenas on the Figure 10. Then as t → ∞ we have:
µt(0) ∼

∫ ε

0

e−t·λdN(λ) ≥
∫ ε

0

e−t·λdg(λ) ∼ t

∫ ∞

0

e−t·λg(λ)dλ =

=

∫ ∞

0

e−sg
(s

t

)
ds = g

(
1

t

) ∫ ∞

0

e−s

[
g

(s

t

)
/g

(
1

t

)]
e−sds.



22For some 
lasses of fun
tions t → g(t) the ratio g(λτ)/g(τ) has dom-inated 
onvergen
e as τ → ∞ to some integrable fun
tion (in fa
t,always to the fun
tion λ → λα, 0 ≤ α < ∞, see [5℄). This simpleobservation leads us to the examples presented in Table 2.
g(t) ≍ at zero µt(0) ≍ at in�nity1 tα, α > 0 1

tα2 exp{−
(
log 1

t

)α}, 0 < α < 1 exp{− (log t)α}3 (
log 1

t

)− 1
α , α > 0

(
1

log t

) 1
α4 [

log
(
log 1

t

)]− 1
α , α > 0

[
1

log(log t)

] 1
α5 [

log(k)
1
t

]− 1
α , α > 0 (∗)

[
1

log(k) t

] 1
α

(∗) log(k)(t) = log (log (... log(t))) at ∞.TABLE. 2. Some examples of slow de
aying fun
tion t → µt(0).Remark 4.1. It is well known fa
t that if the lo
ally 
ompa
t non-
ompa
t group G is 
ompa
tly generated (in parti
ular, for dis
rete G- �nitely generated) the upper rate of de
ay of the return probability as-so
iated to any symmetri
 random walk on G exists and is a geometri
invariant of the group G. For example, if G is an Abelian, 
ompa
tlygenerated group, then by stru
ture theory
G ∼= R

l × Z
m × Hwhere H is a 
ompa
t group. Then, for any symmetri
 random walk on

G we have P(S2n ∈ U) � n−(l+m)/2, n → ∞. Theorem 4.2 shows thatif G is not 
ompa
tly generated then the upper bound may not exist inthe sense explained above.5. Symmetri
 random walks on general Abelian groups.Let G be a lo
ally 
ompa
t non-
ompa
t se
ond-
ountable Abeliangroup. The main result of this se
tion is the following theorem, whi
his 
entral in this paper.Theorem 5.1. For any non-de
reasing fun
tion F : R1
+ → R1

+ whi
his o(t) at in�nity there exists a symmetri
 probability measure µ on G



23su
h that
µ∗n(e) � e−F (n) at ∞.Moreover µ 
an be 
hosen in su
h a way that

− log µ∗n(e)/F (n) → ∞ at ∞.In other words the random walk on G generated by µ has probability ofreturn to any relatively 
ompa
t symmetri
 neighbourhood of the neutralelement of G de
aying faster than that of the fun
tion n → exp(−F (n))at in�nity.Proof. A

ording to the stru
ture theory (see [8℄, [9℄) we have
G = R

n × Γ,where n ≥ 0 is an integer and Γ is an Abelian group whi
h 
ontainsan open 
ompa
t subgroup Γ0 ⊂ Γ. So that, in parti
ular Γ/Γ0 is adis
rete 
ountable Abelian group. We shall 
onsider the following two
ases:First 
ase: Assume that n > 0, then we de�ne a random walk Sm on
G as follows:

Sm = SRn

m + UΓ0
m ,where SRn

m is an �optimal� random walk on Rn 
onstru
ted via Theorem2.2 and UΓ0
m is the random walk on Γ0 su
h that P

U
Γ0
1

is the uniformdistribution on Γ0. We also assume that SRn

m and UΓ0
m are independent.Then we will have

P(Sm ∈ I × Γ0) = P(SRn

m ∈ I), m = 0, 1, 2, . . . .Hen
e in this 
ase the theorem is proved thanks to Theorem 2.2.Se
ond 
ase: Assume that n = 0, then G = Γ, Γ0 ⊂ Γ and Γ/Γ0 isdis
rete.(a) Assume that Γ/Γ0 
ontains a non-
ompa
t element a, that is
ak 6= e, k = ±1,±2, . . . .Let < a > be a subgroup of the group Γ/Γ0 generated by the element

a, that is
< a >= {e, a±1, a±2, ...}Clearly the mapping

γ : Z
1 →< a >, n → an



24is an isomorphism of the group Z1 onto the group < a >. We 
hoosean �optimal� random walk on Z1 as in the Theorem 3.1. Via the iso-morphism γ this gives an �optimal� random walk on the group < a >.Let now
π : Γ → Γ/Γ0be the 
anoni
al homomorphism of Γ onto Γ/Γ0. Evidently π−1(< a >)is an open subgroup of Γ. If it is 
lear that the group π−1(< a >) is
ompa
tly generated: it is generated by the 
ompa
t set Γ0

⋃
π−1(a).Hen
e by the stru
ture theory ([8, Thm. 9.8℄)

π−1(< a >) = R
m × Z

l × K,where K is a 
ompa
t Abelian group. Evidently m = 0. Also sin
e
π−1(< a >)/Γ0

∼= Z
1,we must have l = 1. Hen
e we obtain the following identi�
ation

π−1(< a >) ∼= Z
1 × Γ0.Finally we 
onstru
t an �optimal� random walk on Γ ⊃ π−1(< a >) asfollows: We let SZ1

1 and UΓ0
1 be independent random variables takingvalues in the group Z1 and Γ0 respe
tively. Put Sn := γ(SZ1

n ) +UΓ0
n . Ifwe 
hoose the random variable SZ1

1 as in Theorem 3.1, then the randomwalk (Sn) on the group Γ has desired property. This proves the theoremin the 
ase (a).(b) Assume now that all elements of the group Γ/Γ0 have �nite order,that is the group Γ/Γ0 = {a0 = e, a1, a2, ...} is an in�nite dis
reteperiodi
 group. Then we 
onstru
t an �optimal� random walk on thegroup Γ/Γ0 and use this random walk in order to 
onstru
t desiredrandom walk on Γ. Indeed, let µ be a probability measure on Γ/Γ0 =
{ai : i = 0, 1, 2, . . .} su
h that µ({ai}) = µi. We assume that µ is�optimal� in the sense of Theorem 4.1. De�ne a probability measure µ̃on Γ as follows: Write the de
omposition Γ =

⋃
π−1(ai) and de�ne µ̃on the 
ompa
t set π−1(ai), i = 0, 1, 2, . . . , as uniform distribution su
hthat µ̃(π−1(ai)) = µi. Evidently this de�nes a probability distribution

µ̃ on the group Γ su
h that π(µ̃) = µ. It follows that
µ∗n = (π(µ̃))∗n = π (µ̃∗n) .In parti
ular, sin
e π−1(e) = Γ0 we obtain

µ̃∗n(Γ0) = µ∗n(e) for all n = 1, 2, . . . .This relation proves the theorem in the last 
ase (b). Thus the proofof the theorem is �nished. �



25Remark 5.1. Our 
onstru
tion of the measure µ with desired prop-erties does not give in general an in�nite divisible distribution on thegroup G. This is be
ause the 
onstru
tion on the group Z1 does not givesu
h a distribution. We think that this 
onstru
tion 
an be improved sothat we do obtain an in�nite divisible distribution on Z1 with desiredproperties, and thus an in�nite divisible distribution on the group G.A
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