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UNIQUENESS IN DISCRETE TOMOGRAPHY OFDELONE SETS WITH LONG-RANGE ORDERCHRISTIAN HUCKAbstra
t. We address the problem of determining �nite subsets of Delonesets Λ ⊂ Rd with long-range order by X-rays in pres
ribed Λ-dire
tions, i.e.,dire
tions parallel to non-zero interpoint ve
tors of Λ. Here, an X-ray indire
tion u of a �nite set gives the number of points in the set on ea
h lineparallel to u. For our main result, we introdu
e the notion of algebrai
 Delonesets Λ ⊂ R2 and derive a su�
ient 
ondition for the determination of the
onvex subsets of these sets by X-rays in four pres
ribed Λ-dire
tions.1. Introdu
tionDis
rete tomography is 
on
erned with the inverse problem of retrieving infor-mation about some �nite obje
t from (generally noisy) information about its sli
es.An important problem is the re
onstru
tion of a �nite point set from its line sumfun
tions in a small number of dire
tions. More pre
isely, a (dis
rete parallel) X-ray of a �nite subset of Rd in dire
tion u gives the number of points in the set onea
h line parallel to u. In the traditional setting, motivated by 
rystals, the posi-tions to be determined form a subset of a 
ommon translate of a latti
e in Rd. Infa
t, many of the problems in dis
rete tomography have been studied on the squarelatti
e; see [11℄, [12℄, [13℄, [16℄ and [19℄. In the longer run, by also having otherstru
tures than perfe
t 
rystals in mind, one has to take into a

ount wider 
lassesof sets, or at least signi�
ant deviations from the latti
e stru
ture. As an interme-diate step between periodi
 and random (or amorphous) Delone sets, we 
onsiderDelone sets with long-range order, thus in
luding systems of aperiodi
 order likemodel sets (also 
alled mathemati
al quasi
rystals) as a spe
ial 
ase.The main motivation for our interest in the dis
rete tomography of Delone sets Λwith long-range order 
omes from the fa
t that these sets serve as a rather generalmodel of atomi
 positions in solid state materials together with the demand ofmaterials s
ien
e to re
onstru
t su
h three-dimensional stru
tures or planar layersof them from their images under quantitative high resolution transmission ele
tronmi
ros
opy (HRTEM). In fa
t, in [28℄ and [34℄ a te
hnique is des
ribed, whi
h,for some 
rystals, 
an e�e
tively measure the number of atoms lying on denselyo

upied lines. Therefore, only Λ-dire
tions, i.e., dire
tions parallel to non-zerointerpoint ve
tors of Λ, will be 
onsidered. Further, sin
e typi
al obje
ts maybe damaged or even destroyed by the radiation energy after about 3 to 5 imagestaken by HRTEM, one is restri
ted to a small number of X-rays. It a
tually isthis restri
tion to few high-density dire
tions that makes the problems of dis
retetomography mathemati
ally 
hallenging, even if one assumes the absen
e of noise.Sin
e the above re
onstru
tion problem of dis
rete tomography 
an possessrather di�erent solutions, one is led to the determination of �nite subsets of a�xed Delone set Λ by X-rays in a small number of suitably pres
ribed Λ-dire
tions.The author was supported by the German Resear
h Coun
il (Deuts
he Fors
hungsgemein-s
haft), within the CRC 701, and by EPSRC via Grant EP/D058465/1.1
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2 CHRISTIAN HUCKMore pre
isely, we say that the elements of a 
olle
tion E of �nite sets are deter-mined by the X-rays in a �nite set of dire
tions if di�erent sets F and F ′ in E
annot have the same X-rays in these dire
tions.After summarizing a few general results on determination, we introdu
e the 
lassof algebrai
 Delone sets Λ ⊂ R2 (see De�nition 4.1) and study the determination ofthe 
onvex subsets of these sets by X-rays in Λ-dire
tions. They are �nite subsetsof Λ with the property that their 
onvex hull 
ontains no new points of Λ. Byusing p-adi
 valuation methods as introdu
ed in dis
rete tomography by Gardnerand Gritzmann in [11℄ together with standard fa
ts from the theory of (
y
lotomi
)�elds, we derive a su�
ient 
ondition for the determination of the 
onvex subsetsof Λ by X-rays in four Λ-dire
tions and show that three Λ-dire
tions never su�
efor this purpose; 
f. Theorem 4.21. Further, by using standard fa
ts from algebrai
number theory and the theory of Pisot-Vijayaraghavan numbers, it is shown that
y
lotomi
 model sets (see De�nition 4.22) are examples of algebrai
 Delone sets;
f. Proposition 4.31. We 
on
lude with a dis
ussion of the result on the determina-tion of 
onvex sets by four X-rays for this spe
i�
 
lass of obje
ts; 
f. Theorem 4.33.2. Preliminaries and NotationNatural numbers are always assumed to be positive and we denote by P the setof rational primes. We denote the norm in Eu
lidean d-spa
e Rd by ‖ · ‖. The unitsphere in Rd is denoted by S
d−1 and its elements are also 
alled dire
tions. For

r > 0 and x ∈ Rd, Br(x) is the open ball of radius r about x. For a subset S ⊂ Rd,a dire
tion u ∈ S
d−1 is 
alled an S-dire
tion if it is parallel to a non-zero elementof the di�eren
e set S − S of S. A homothety h : Rd → Rd is given by z 7→ λz + t,where λ ∈ R is positive and t ∈ Rd. A 
onvex polygon is the 
onvex hull of a�nite set of points in R2. For a subset S ⊂ R2, a polygon in S is a 
onvex polygonwith all verti
es in S. Further, a bounded subset C of S is 
alled a 
onvex subsetof S if its 
onvex hull 
ontains no new points of S, i.e., if C = conv(C) ∩ S. Let

U ⊂ S
1 be a �nite set of dire
tions. A non-degenerate 
onvex polygon P is 
alleda U -polygon if it has the property that whenever v is a vertex of P and u ∈ U , theline in the plane in dire
tion u whi
h passes through v also meets another vertex

v′ of P . O

asionally, we identify C with R2 and z̄ will always denote the 
omplex
onjugate of z. Consider a set Λ ⊂ Rd, where d ∈ N. Λ is 
alled uniformly dis
reteif there is a radius r > 0 su
h that every ball Br(x) with x ∈ Rd 
ontains at mostone point of Λ. Note that the bounded subsets of a uniformly dis
rete set Λ arepre
isely the �nite subsets of Λ. Λ is 
alled relatively dense if there is a radius
R > 0 su
h that every ball BR(x) with x ∈ Rd 
ontains at least one point of Λ.
Λ is 
alled a Delone set if it is both uniformly dis
rete and relatively dense. Λ issaid to be of �nite lo
al 
omplexity if Λ − Λ is dis
rete and 
losed. Note that asubset Λ has �nite lo
al 
omplexity if and only if for every r > 0 there are, up totranslation, only �nitely many pat
hes of radius r, i.e., sets of the form Λ ∩ Br(x),where x ∈ Rd; 
f. [29℄. A Delone set Λ is a Meyer set if Λ−Λ is uniformly dis
rete.Translates Λ of arbitrary latti
es L ⊂ Rd, are simple examples of Meyer sets, sin
e
Λ − Λ = L is a Delone set. Trivially, any Meyer set is of �nite lo
al 
omplexity.Finally, Λ is 
alled aperiodi
 if it has no non-zero translation symmetries.De�nition 2.1. Let F be a �nite subset of Rd. Furthermore, let u ∈ S

d−1 be adire
tion and let Ld
u be the set of lines in dire
tion u in Rd. Then the (dis
reteparallel) X-ray of F in dire
tion u is the fun
tion XuF : Ld

u → N0 := N ∪ {0},de�ned by
XuF (ℓ) := card(F ∩ ℓ ) =

∑

x∈ℓ

1F (x) .



UNIQUENESS IN DISCRETE TOMOGRAPHY OF DELONE SETS 3Moreover, the support (XuF )−1(N) of XuF , i.e., the set of lines in Ld
u whi
h passthrough at least one point of F , is denoted by supp(XuF ). Further, for a �nite set

U ⊂ S
d−1 of dire
tions, set

GF
U :=

⋂

u∈U

(

⋃

ℓ∈supp(XuF )

ℓ
)

.Note that, in the situation of De�nition 2.1, one has F ⊂ GF
U . Further, GF

U is�nite if cardU ≥ 2.Fa
t 2.2. Let h : Rd → Rd be a homothety, and let U ⊂ S
d−1 be a �nite set ofdire
tions. Then, one has:(a) If P is a U -polygon, then h(P ) is again a U -polygon.(b) If F and F ′ are �nite subsets of Rd with the same X-rays in the dire
tionsof U , then the �nite sets h(F ) and h(F ′) also have the same X-rays in thedire
tions of U .De�nition 2.3. Let E be a 
olle
tion of �nite subsets of Rd and let U ⊂ S

d−1 be a�nite set of dire
tions. We say that the elements of E are determined by the X-raysin the dire
tions of U if, for all F, F ′ ∈ E , one has
(XuF = XuF ′ ∀u ∈ U) =⇒ F = F ′ .3. General results on determinationWe need the following property of sets Λ ⊂ Rd, where 〈S〉Z denotes the Z-linearhull of a set S ⊂ Rd. In other words, 〈S〉Z is the Abelian group generated by S.(Hom∗) For all �nite subsets F of 〈Λ − Λ〉Z, there is a homothety

h : Rd → Rd su
h that h(F ) ⊂ Λ.Translates Λ of arbitrary latti
es L ⊂ Rd satisfy 〈Λ−Λ〉Z = L and are thus De-lone sets with property (Hom∗). The following negative results shows that, in orderto obtain positive results on determination for Delone sets Λ with property (Hom∗),one has to impose some restri
tion on the �nite subsets of Λ to be determined.Proposition 3.1. Let Λ ⊂ Rd be a Delone set with property (Hom∗) and let U bea �nite set of pairwise non-parallel Λ-dire
tions. Then the �nite subsets of Λ arenot determined by the X-rays in the dire
tions of U .Proof. Sin
e property (Hom∗) is invariant under translations, we may assume, with-out loss of generality, that 0 ∈ Λ. Hen
e, 〈Λ〉Z ⊂ 〈Λ−Λ〉Z. We argue by indu
tionon cardU . The 
ase cardU = 0 means U = ∅ and is obvious. Fix k ∈ N0 andsuppose the assertion is true whenever cardU = k. Let U now be a set with
cardU = k + 1. By the indu
tion hypothesis, there are di�erent �nite subsets Fand F ′ of Λ with the same X-rays in the dire
tions of U ′, where U ′ ⊂ U satis�es
cardU ′ = k. Let u be the remaining dire
tion of U and 
hoose a non-zero element
z ∈ 〈Λ − Λ〉Z parallel to u su
h that z + (F ∪ F ′) and F ∪ F ′ are disjoint. Then,
F ′′ := F ∪ (z + F ′) and F ′′′ := F ′ ∪ (z + F ) are di�erent �nite subsets of 〈Λ−Λ〉Zwith the same X-rays in the dire
tions of U . By property (Hom∗), there is a ho-mothety h : Rd → Rd su
h that h(F ′′∪F ′′′) = h(F ′′)∪h(F ′′′) ⊂ Λ. It follows fromFa
t 2.2(b) that h(F ′′) and h(F ′′′) are di�erent �nite subsets of Λ with the same
X-rays in the dire
tions of U . �Remark 3.2. For other versions of the last result, 
ompare [12, Theorem 4.3.1℄and [10, Lemma 2.3.2℄. An analysis of the proof of Proposition 3.1 shows that,for any Delone set Λ ⊂ Rd with property (Hom∗) and for any �nite set U of kpairwise non-parallel Λ-dire
tions, there are disjoint �nite subsets F and F ′ of Λ



4 CHRISTIAN HUCK

Figure 1. Two 
ontiguous subsets of ΛAB with the same X-raysin the two ΛAB-dire
tions with slopes 0 and 1, respe
tively.with cardF = cardF ′ = 2(k−1) that have the same X-rays in the dire
tions of U .Consider any 
onvex subset C of Rd whi
h 
ontains F and F ′ from above. Thenthe �nite subsets F1 := (C ∩Λ) \F and F2 := (C ∩Λ) \F ′ of Λ also have the same
X-rays in the dire
tions of U . Whereas the points in F and F ′ are widely dispersedover a region, those in F1 and F2 are 
ontiguous in a way similar to atoms in somesolid state material. This pro
edure is illustrated in Figure 1 in the 
ase of theaperiodi
 
y
lotomi
 model set ΛAB as des
ribed in Example 4.24 below. Note that
y
lotomi
 model sets have property (Hom∗); see De�nition 4.1, Remark 4.2 andProposition 4.31 below.The subsequent positive results on determination are of limited use in pra
ti
esin
e, in general, they do not 
omply with the restri
tion to few high-density di-re
tions mentioned earlier. The �rst one is well-known and follows from the samearguments as in the proof of [12, Theorem 4.3.3℄.Fa
t 3.3. Let d ≥ 2 and let Λ be a Delone set in Rd. Further, let U be any setof k + 1 pairwise non-parallel Λ-dire
tions where k ∈ N0. Then the �nite subsetsof Λ with 
ardinality less than or equal to k are determined by the X-rays in thedire
tions of U . Moreover, all �nite subsets F of Λ with 
ardinality less than orequal to k satisfy F = GF

U .Let d ≥ 2 and let Λ be a Delone set in Rd with property (Hom∗). Remark 3.2and Fa
t 3.3 show that the �nite subsets of Λ with 
ardinality less than or equal to
k are determined by the X-rays in any set of k+1 pairwise non-parallel Λ-dire
tionsbut not by the X-rays in 1 + ⌊log2 k⌋ pairwise non-parallel Λ-dire
tions.Fa
t 3.4. Let d ≥ 2 and let Λ ⊂ Rd be relatively dense. Then the set of Λ-dire
tionsis dense in S

d−1.Proposition 3.5. Let d ≥ 2, let r > 0, and let Λ ⊂ Rd be a Delone set of �nitelo
al 
omplexity. Then, there is a set U of two non-parallel Λ-dire
tions su
h thatthe subsets of pat
hes of radius r of Λ are determined by the X-rays in the dire
tionsof U . Moreover, there is a set U of three pairwise non-parallel Λ-dire
tions su
hthat, for all subsets F of pat
hes of radius r of Λ, one has F = GF
U .



UNIQUENESS IN DISCRETE TOMOGRAPHY OF DELONE SETS 5Proof. We denote by Pr(Λ) the 
olle
tion of subsets of pat
hes of radius r of Λ.For the �rst assertion, note that the �nite lo
al 
omplexity of Λ implies that theset V of Λ-dire
tions v with the property that there is a set F ∈ Pr(Λ) and a line
ℓ in Rd in dire
tion v with more than one point of F on ℓ is �nite. Let u be anarbitrary Λ-dire
tion. Then, for every F ∈ Pr(Λ), one has F ⊂ GF

{u} ∩ Λ. Choose
u′′ ∈ S

d−1 ∩ u⊥ and note that, for every F ∈ Pr(Λ), the orthogonal proje
tion
(GF

{u} ∩ Λ)|u⊥ of the set GF
{u} ∩ Λ on the hyperplane u⊥ is �nite with diameter

DF
u < 2r. Moreover, by the �nite lo
al 
omplexity of Λ, the set {DF

u |F ∈ Pr(Λ)}of diameters is �nite. This implies the existen
e of a neighbourhood W of u′′ in
S

d−1 with the property that, for ea
h line ℓ in a dire
tion w ∈ W and any set
F ∈ Pr(Λ), any two elements of the set ℓ ∩ (GF

{u} ∩ Λ) have a distan
e less than
2r. Sin
e the set of Λ-dire
tions is dense in S

d−1 by Fa
t 3.4, and by the �nitenessof the set V , this observation shows that one 
an 
hoose a Λ-dire
tion u′ ∈ W \ Vthat is not parallel to u. We 
laim that the elements of Pr(Λ) are determinedby the X-rays in the dire
tions of {u, u′}. To this end, let F, F ′ ∈ Pr(Λ) satisfy
XuF = XuF ′. Then, one has F, F ′ ⊂ GF

{u} ∩ Λ. In order to demonstrate that theidentity Xu′F = Xu′F ′ implies the equality F = F ′, it su�
es to show that ea
hline ℓ in dire
tion u′ meets at most one element of GF
{u} ∩Λ. Assume the existen
eof two distin
t elements, say λ and λ′, in ℓ ∩ (GF

{u} ∩ Λ). Then, by 
onstru
tion,the distan
e between λ and λ′ is less than 2r. Hen
e, {λ, λ′} ∈ Pr(Λ), and further
u′ ∈ V , a 
ontradi
tion.For the se
ond part, let u, u′ be two arbitrary non-parallel Λ-dire
tions and set
U ′ := {u, u′}. Note that the �nite lo
al 
omplexity of Λ implies that the set V of
Λ-dire
tions v with the property that there is a set F ∈ Pr(Λ) and a line ℓ in Rdin dire
tion v with more than one point of the �nite set GF

U ′ on ℓ is �nite. Sin
ethe set of Λ-dire
tions is dense in S
d−1 by Fa
t 3.4, this observation shows that one
an 
hoose a Λ-dire
tion u′′ /∈ V that is not parallel to u and u′. By 
onstru
tion,the assertion follows with U := {u, u′, u′′}. �4. Determination of 
onvex subsets of algebrai
 Delone sets4.1. Algebrai
 Delone sets. For Λ ⊂ C, we denote by KΛ the �eld extension ofQ that is given by KΛ := Q ((

Λ − Λ
)

∪
(

Λ − Λ
))

,and, further, set kΛ := KΛ ∩R, the maximal real sub�eld of KΛ. The followingnotion will be useful; see also [23, 24℄ for generalizations and results related to thosepresented below.De�nition 4.1. A Delone set Λ ⊂ R2 is 
alled an algebrai
 Delone set if it satis�esthe following properties:(Alg) [KΛ : Q] < ∞ .(Hom) For all �nite subsets F of KΛ, there is a homothety
h : R2 → R2 su
h that h(F ) ⊂ Λ .Translates Λ of the square latti
e Z2 = Z[i] are examples of algebrai
 Delonesets, with KΛ = Q(i).Remark 4.2. Note that, for any algebrai
 Delone set Λ, the �eld kΛ is a realalgebrai
 number �eld. Trivially, property (Hom) for Λ implies property (Hom∗).Lagarias [26℄ de�ned the notion of �nitely generated Delone sets Λ ⊂ Rd. Theseare Delone sets Λ with the property that the Abelian group 〈Λ−Λ〉Z is �nitely gen-erated. The last property is always ful�lled by Delone sets of �nite lo
al 
omplexity,whi
h are also 
alled Delone sets of �nite type; see [26, Theorem 2.1℄.



6 CHRISTIAN HUCKProposition 4.3. Let Λ be an algebrai
 Delone set. If Λ − Λ is 
ontained in thering of algebrai
 integers, then Λ is a �nitely generated Delone set.Proof. If Λ − Λ is 
ontained in the ring of algebrai
 integers, then the Abeliangroup 〈Λ − Λ〉Z is a subgroup of the ring of integers in KΛ. Sin
e the latter is themaximal order of KΛ and thus a free Abelian group of �nite rank, the assertionfollows; 
f. [8, Ch. 2, Se
. 2℄. �4.2. U-polygons in algebrai
 Delone sets. The following fa
t follows immedi-ately from property (Hom) in 
onjun
tion with Fa
t 2.2(a).Fa
t 4.4. Let Λ be an algebrai
 Delone set and let U ⊂ S
1 be a �nite set ofdire
tions. Then there is a U -polygon in KΛ if and only if there is a U -polygon in

Λ.Lemma 4.5. Let Λ be an algebrai
 Delone set. If U is any set of up to 3 pairwisenon-parallel Λ-dire
tions, then there exists a U -polygon in Λ.Proof. Without loss of generality, we may assume that cardU = 3. First, 
onstru
ta triangle in KΛ having sides parallel to the given dire
tions of U . If two of theverti
es are 
hosen in KΛ, then the third is automati
ally in KΛ. Now, �t six
ongruent versions of this triangle together in the obvious way to make an a�nelyregular hexagon in KΛ. The latter is then a U -polygon in KΛ and the assertionfollows from Fa
t 4.4. �Proposition 4.6. Let Λ be an algebrai
 Delone set and let U be a set of two ormore pairwise non-parallel Λ-dire
tions. The following statements are equivalent:(i) The 
onvex subsets of Λ are determined by the X-rays in the dire
tions of
U .(ii) There is no U -polygon in Λ.Proof. For (i) ⇒ (ii), suppose the existen
e of a U -polygon P in Λ. Partition theverti
es of P into two disjoint sets V, V ′, where the elements of these sets alternateround the boundary bd P of P . Sin
e P is a U -polygon, ea
h line in the planeparallel to some u ∈ U that 
ontains a point in V also 
ontains a point in V ′. Inparti
ular, one sees that cardV = cardV ′. Set C := (Λ ∩ P ) \ (V ∪ V ′). Then,

F := C ∪ V and F ′ := C ∪ V ′ are di�erent 
onvex subsets of Λ with the same
X-rays in the dire
tions of U .For (ii) ⇒ (i), suppose the existen
e of two di�erent 
onvex subsets of Λ with thesame X-rays in the dire
tions of U . Sin
e the property of being an algebrai
 Deloneset is invariant under translations, we may assume, without loss of generality, that
0 ∈ Λ, when
e Λ ⊂ Λ − Λ. Then, by the same argumentation as in the proof ofthe 
orresponding dire
tion of [11, Theorem 5.5℄, there follows the existen
e of a
U -polygon in Q(Λ) ⊂ KΛ. More pre
isely, one has to use Lemma 4.5 instead of [11,Lemma 4.4℄ and note that [11, Lemma 5.2℄ extends to the more general situationneeded here. Fa
t 4.4 
ompletes the proof. �Let (t1, t2, t3, t4) be an ordered tuple of four pairwise distin
t elements of the setR∪{∞}. Then, its 
ross ratio 〈t1, t2, t3, t4〉 is the non-zero real number de�ned by

〈t1, t2, t3, t4〉 :=
(t3 − t1)(t4 − t2)

(t3 − t2)(t4 − t1)
,where one uses the usual 
onventions if one of the ti equals ∞.Fa
t 4.7. For a set Λ ⊂ R2, the 
ross ratio of slopes of four pairwise non-parallel

Λ-dire
tions is an element of the �eld kΛ.



UNIQUENESS IN DISCRETE TOMOGRAPHY OF DELONE SETS 7The proof of the following 
entral result uses Darboux's theorem on se
ondmidpoint polygons; see [9℄, [14℄ or [10, Ch. 1℄.Theorem 4.8. Let Λ ⊂ R2, let U be a set of four or more pairwise non-parallel
Λ-dire
tions, and suppose the existen
e of a U -polygon. Then the 
ross ratio ofslopes of any four dire
tions of U , arranged in order of in
reasing angle with thepositive real axis, is an element of the set(4.1) (

⋃

m≥4

(

⋃

k3<k1≤k2<k4≤m−1
k1+k2=k3+k4

(1 − ζk1

m )(1 − ζk2

m )

(1 − ζk3

m )(1 − ζk4

m )

)))

∩ kΛ ,where ζm := e2πi/m, a primitive mth root of unity in C.Proof. The assertion follows from the same arguments as in the �rst part of theproof of [11, Theorem 4.5℄. Here, one additionally has to employ Fa
t 4.7. �In order to �nd a su�
ient 
ondition for the determination of the 
onvex subsetsof an algebrai
 Delone set Λ by X-rays in four pairwise non-parallel Λ-dire
tions,it is essential for our approa
h to gain some insight into the set (4.1). This is donein the next se
tion.4.3. A 
y
lotomi
 theorem. We need the following fa
ts from the theory ofalgebrai
 number �elds. Let K/k be an extension of algebrai
 number �elds (i.e.,�nite extensions of Q) of degree d := [K : k] ∈ N. Sin
e K/k is separable, the
orresponding norm NK/k : K→ k is given by
NK/k(κ) =

d
∏

j=1

σj(κ) ,where the σj are the d distin
t embeddings of K/k into C/k; 
ompare [8, Algebrai
Supplement, Se
. 2, Corollary 1℄. In parti
ular, one has NK/k(κ) = κd for any
κ ∈ k. The norm NK/k is multipli
ative, i.e., for any κ, λ ∈ K, one has(4.2) NK/k(κλ) = NK/k(κ)NK/k(λ) .In parti
ular, the norm NK/k indu
es a homomorphism from the multipli
ativesubgroup K× of K to the multipli
ative subgroup k× of k. Moreover, the norm istransitive in the following sense. If L is any intermediate �eld of K/k above, thenone has(4.3) NK/k = NL/k ◦ NK/L .We also need the following fa
ts from the theory of p-adi
 valuations; 
om-pare [15, 25℄ for details. Let p ∈ P. The p-adi
 valuation on Z is the fun
tion vp,de�ned by vp(0) := ∞ together with the equation

n = pvp(n)n′for n 6= 0, where p does not divide n′; that is, vp(n) is the exponent of the highestpower of p that divides n. The fun
tion vp is extended to Q by de�ning
vp

(a

b

)

:= vp(a) − vp(b)for a, b ∈ Z\{0}. Note that vp is Z-valued on Q\{0}. Further, vp 
an be extendedto the algebrai
 
losure Qalg
p of the �eld Qp of p-adi
 numbers, 
ontaining Q. Note
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p 
ontains the algebrai
 
losure Qalg of Q and hen
e all algebrai
 numbers.On Qalg

p \ {0}, vp takes values in Q, and satis�es
vp(−x) = vp(x) ,(4.4)
vp(xy) = vp(x) + vp(y) ,(4.5)
vp

(x

y

)

= vp(x) − vp(y)(4.6)and
vp(x + y) ≥ min{vp(x), vp(y)} .(4.7)For n ∈ N, we always let ζn := e2πi/n, as a spe
i�
 
hoi
e for a primitive nthroot of unity in C. Further, φ will always denote Euler's totient fun
tion, i.e.,

φ(n) = card
({

k ∈ N | 1 ≤ k ≤ n and gcd(k, n) = 1
})

.Fa
t 4.9. [11, Proposition 3.6℄ Let p ∈ P and let r, s, t ∈ N. If r is not a power of
p and gcd(r, s) = 1, one has(4.8) vp(1 − ζs

r ) = 0 .Otherwise, if gcd(p, s) = 1, then(4.9) vp(1 − ζs
pt) =

1

pt−1(p − 1)
.De�nition 4.10. Let k, m ∈ N and let p ∈ P. An mth root of unity ζk

m is 
alleda p-power root of unity if there is a t ∈ N su
h that k
m = s

pt for some s ∈ N with
gcd(p, s) = 1.Note that an mth root of unity ζk

m is a p-power root of unity if and only if it is aprimitive ptth root of unity for some t ∈ N. The following property is immediate.Fa
t 4.11. Let k, t ∈ N and p ∈ P. Further, let j, m ∈ N with gcd(j, m) = 1.Then, ζk
m is a primitive ptth root of unity if and only if (ζj

m)k is a primitive ptthroot of unity.Fa
t 4.12 (Gauÿ). [36, Theorem 2.5℄ The nth 
y
lotomi
 �eld Q(ζn) is of degree
[Q(ζn) : Q] = φ(n) over Q. The �eld extension Q(ζn)/Q is a Galois extension withAbelian Galois group G(Q(ζn)/Q) ≃ (Z/nZ)×, where a (modn) with gcd(a, n) = 1
orresponds to the automorphism given by ζn 7→ ζa

n.Lemma 4.13. Let m, k ∈ N and let p ∈ P. If σ ∈ G(Q(ζm)/Q), then
vp(1 − ζk

m) = vp

(

σ(1 − ζk
m)

)

.Proof. By Fa
t 4.12, σ is given by ζm 7→ ζj
m, where j ∈ N satis�es gcd(j, m) = 1.The assertion follows immediately from Fa
t 4.9 in 
onjun
tion with Fa
t 4.11. �De�nition 4.14. Let m ≥ 4 be a natural number. We de�ne

D′
m :=

{

(k1, k2, k3, k4) ∈ N4
∣

∣ k1, k2, k3, k4 ≤ m − 1 and k1 + k2 = k3 + k4

}

,together with its subset
Dm :=

{

(k1, k2, k3, k4) ∈ N4
∣

∣ k3 < k1 ≤ k2 < k4 ≤ m − 1 and k1 + k2 = k3 + k4

}

,and de�ne the fun
tion fm : D′
m → Q(ζm)× by(4.10) fm

(

(k1, k2, k3, k4)
)

:=
(1 − ζk1

m )(1 − ζk2

m )

(1 − ζk3

m )(1 − ζk4

m )
.
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t, the fun
tion fm is real-valued; see the proof of [11, Lemma 3.1℄. Togetherwith Fa
t 4.12, this shows that, for any d ∈ D′
m, the �eld Q(fm(d)) is a realalgebrai
 number �eld. Without further mention, we shall use this fa
t in thefollowing.Lemma 4.15. Let m ≥ 4, let p ∈ P, and let d ∈ D′

m. If σ ∈ G(Q(ζm)/Q), then
vp

(

fm(d)
)

= vp

(

σ
(

fm(d)
))

.Proof. The assertion follows from Lemma 4.13 together with (4.5) and (4.6). �Fa
t 4.16. [27, Ch. 5.2, Theorem 2.8℄ Let σ : K→ K′ be an isomorphism of �elds,let E be an algebrai
 extension of K, and let L be an algebrai
ally 
losed extensionof K′. Then, there exists a �eld homomorphism σ′ : E→ L whi
h extends σ.Lemma 4.17. Let m ≥ 4 and let d ∈ D′
m. Then, for any prime fa
tor p ∈ P ofthe numerator of the �eld norm NQ(fm(d))/Q(fm(d)), one has

vp

(

NQ(fm(d))/Q(

fm(d)
))

= e vp

(

fm(d)
)

∈ N ,where e := [Q(fm(d)) : Q] ∈ N is the degree of fm(d) over Q.Proof. Consider the in
lusion of �eldsQ(

fm(d)
)

⊂ Q(ζm). The norm NQ(fm(d))/Q :Q(

fm(d)
)

→ Q of the Galois extension Q(fm(d))/Q is given by
NQ(fm(d))/Q(q) =

e
∏

j=1

σj(q)for q ∈ Q(fm(d)), where {σ1, . . . , σe} is the underlying set of the Galois group
G(Q(fm(d))/Q). Note that the �eld extension Q(fm(d))/Q is indeed a Galoisextension sin
e, by Fa
t 4.12, the Galois extension Q(ζm)/Q has an Abelian Galoisgroup. Moreover, ea
h �eld automorphism σj ∈ G(Q(fm(d))/Q) 
an be extendedto a �eld automorphism σ′

j ∈ G(Q(ζm)/Q) by Fa
t 4.16. It follows that
NQ(fm(d))/Q(

fm(d)
)

=

e
∏

j=1

σ′
j

(

fm(d)
)

.Using the p-adi
 valuation vp in 
onjun
tion with (4.5) and Lemma 4.15, the asser-tion follows. �The multipli
ativity of norms immediately implies the followingFa
t 4.18. Let m ≥ 4 and let d := (k1, k2, k3, k4) ∈ D′
m. Then, one has d′ :=

(k3, k4, k1, k2) ∈ D′
m and fm(d′) = 1/fm(d), when
e Q(fm(d)) = Q(fm(d′)). Fur-ther, one has the identity

NQ(fm(d))/Q(

fm(d′)
)

=
(

NQ(fm(d))/Q(

fm(d)
))−1

.The following main result of this se
tion may be viewed as a generalization ofthe �rst part of [11, Theorem 3.10℄.Theorem 4.19. For any real algebrai
 number �eld k, the set
Nk/Q(

(

⋃

m≥4

fm(Dm)
)

∩ k)is a �nite subset of Q.Proof. Set f := [k : Q] ∈ N and let fm(d) ∈ (
⋃

m≥4 fm(D′
m))∩k for suitable m ≥ 4and d = (k1, k2, k3, k4) ∈ D′

m. Sin
e Q(fm(d)) is an intermediate �eld of the �eldextension k/Q, fm(d) is of degree e := [Q(fm(d)) : Q] over Q, where e is a divisorof f . Sin
e fm(d) 6= 0, the norm NQ(fm(d))/Q(fm(d)) is non-zero, hen
e its absolute



10 CHRISTIAN HUCKvalue is greater than zero. Suppose that the absolute value of NQ(fm(d))/Q(fm(d))is greater than 1. Then the numerator of NQ(fm(d))/Q(fm(d)) has a prime fa
tor,say p ∈ P. Further, by Lemma 4.17, for every su
h prime fa
tor p ∈ P, one has(4.11) vp

(

NQ(fm(d))/Q(

fm(d)
))

= e vp

(

fm(d)
)

= e vp

(

(1 − ζk1

m )(1 − ζk2

m )

(1 − ζk3

m )(1 − ζk4

m )

)

∈ N .Applying (4.5), (4.6) and Fa
t 4.9, one sees that vp(fm(d)) is a sum of at mostfour terms of the form 1/(pt′−1(p− 1)) for various t′ ∈ N, with one or two positiveterms and at most two negative ones. Let t be the smallest t′ o

urring in one ofthe positive terms. Then, (4.11) shows in parti
ular that 2e/(pt−1(p − 1)) ≥ 1 or,equivalently,(4.12) pt−1(p − 1) ≤ 2 e .One 
an now see that, by (4.11) and (4.12) and the obvious fa
t that pt−1(p−1) →
∞ for �xed p ∈ P as t → ∞ (resp., for �xed t ∈ N as P ∋ p → ∞), there are onlya �nite number of 
ases to deal with. In parti
ular, one sees that the numerator of
NQ(fm(d))/Q(fm(d)) 
an only attain �nitely many values. Sin
e, by assumption, theabsolute value of NQ(fm(d))/Q(fm(d)) is greater than 1, the existen
e of a �nite setof non-zero rational numbers follows, say Ne, su
h that NQ(fm(d))/Q(fm(d)) ∈ Ne.Moreover, it follows from Fa
t 4.18 that, if the absolute value of NQ(fm(d))/Q(fm(d))is smaller than one, then one has NQ(fm(d))/Q(fm(d)) ∈ (Ne)

−1, whereas the miss-ing 
ase 
an only lead to the norms ±1. The transitivity of norms (
f. (4.3))in 
onjun
tion with the multipli
ativity of norms (
f. (4.2)) immediately gives
Nk/Q(fm(d)) ∈ ({1,−1} ∪ Ne ∪ (Ne)

−1)f/e. Sin
e Dm ⊂ D′
m and sin
e the aboveanalysis only depends on the degree e of fm(d) over Q, one obtains

Nk/Q(

(

⋃

m≥4

fm(Dm)
)

∩ k)

⊂
⋃

e|f

(

{1,−1} ∪ Ne ∪ (Ne)
−1

)

f
e ,for suitable �nite subsets Ne of Q \ {0}. The assertion follows. �4.4. Results.Theorem 4.20. For all algebrai
 Delone sets Λ, there is a �nite set NΛ ⊂ Q su
hthat, for all sets U of four or more pairwise non-parallel Λ-dire
tions, one has thefollowing: If there exists a U -polygon, then the 
ross ratio of slopes of any fourdire
tions of U , arranged in order of in
reasing angle with the positive real axis,maps under the norm NkΛ/Q to NΛ.Proof. The assertion is an immediate 
onsequen
e of Remark 4.2 and Theorems 4.8and 4.19. �Summing up, we 
an now state our main result.Theorem 4.21. Any algebrai
 Delone set Λ has the following properties:(a) There is a �nite set NΛ ⊂ Q su
h that, for all sets U of four pairwise non-parallel Λ-dire
tions, one has the following: If U has the property that the
ross ratio of slopes of the dire
tions of U , arranged in order of in
reasingangle with the positive real axis, does not map under the norm NkΛ/Q to NΛ,then the 
onvex subsets of Λ are determined by the X-rays in the dire
tionsof U .(b) For all sets U of three or less pairwise non-parallel Λ-dire
tions, the 
onvexsubsets of Λ are not determined by the X-rays in the dire
tions of U .Proof. Part (a) follows immediately from Proposition 4.6 in 
onjun
tion with The-orem 4.20. Assertion (b) is an immediate 
onsequen
e of Proposition 4.6 in 
on-jun
tion with Lemma 4.5. �
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ation to 
y
lotomi
 model sets and an open problem. FollowingMoody [29℄, modi�ed along the lines of the algebrai
 setting of Pleasants [30℄, wede�ne as follows.De�nition 4.22. Let n ≥ 3 and let .⋆ : Z[ζn] → (R2)φ(n)/2−1 be any map ofthe form z 7→ (σ2(z), . . . , σφ(n)/2(z)), where the set {σ2, . . . , σφ(n)/2} arises from
G(Q(ζn)/Q)\{id, .̄} by 
hoosing exa
tly one automorphism from ea
h pair of 
om-plex 
onjugate ones (
f. Fa
t 4.12). Then, for any su
h 
hoi
e, ea
h translate Λof

Λ(W ) := {z ∈ Z[ζn] | z⋆ ∈ W} ,where W ⊂ (R2)φ(n)/2−1 is any set with ∅ 6= intW ⊂ W ⊂ cl(intW ) and cl(intW )
ompa
t, is a 
y
lotomi
 model set with underlying Z-module Z[ζn]. Moreover, .⋆and W are 
alled the star map and window of Λ, respe
tively.Remark 4.23. In De�nition 4.22, we use the 
onvention that, for φ(n) = 2 (i.e.,
n ∈ {3, 4, 6}), (R2)φ(n)/2−1 is the trivial Abelian group {0} and the star map isthe zero map. Note that the ring Z[ζn] is the ring of integers in the nth 
y
lotomi
�eld and is a dense subset of the plane if n /∈ {3, 4, 6}; 
f. [36, Theorem 2.6℄. Modelsets Λ ⊂ Rd are Meyer sets and have many other fas
inating long-range orderproperties; see [29, 32, 33℄ for the general setting and details. Further, a 
y
lotomi
model set Λ with underlying Z-module Z[ζn] is aperiodi
 if and only if n /∈ {3, 4, 6},i.e., the translates of the square (resp., triangular) latti
e are the only examples of
y
lotomi
 model sets with non-zero translation symmetries; 
f. [2, 20, 21℄ for moredetails and properties of (
y
lotomi
) model sets.Example 4.24. For an (aperiodi
) 
y
lotomi
 model set with underlying Z-moduleZ[ζ8], 
onsider ΛAB := {z ∈ Z[ζ8] | z⋆ ∈ W}, where the star map .⋆ is the Galoisautomorphism in G(Q(ζ8)/Q), de�ned by ζ8 7→ ζ3

8 (
f. Fa
t 4.12), and the window
W is the regular o
tagon 
entred at the origin, with verti
es in the dire
tions thatarise from the 8th roots of unity by a rotation through π/8, and of unit edge length;see [1, 4, 18℄. Then ΛAB is asso
iated with the well-known Ammann-Beenker tilingof the plane with squares and rhombi, both having edge length 1; see Figure 2 foran illustration. Other examples of aperiodi
 
y
lotomi
 model sets with underlyingZ-module Z[ζn] are the vertex sets of the Tübingen triangle tiling [5, 6℄ (n = 5)and the shield tiling [18℄ (n = 12); see [20, 21℄ for details.The following result on the maximal real sub�eldQ(ζn+ζ̄n) of the nth 
y
lotomi
�eld follows immediately from Fa
t 4.12.Fa
t 4.25. If n ≥ 3, one has [Q(ζn + ζ̄n) : Q] = φ(n)/2.Note that the ring Z[ζn + ζ̄n] is the ring of integers in Q(ζn + ζ̄n); 
f. [36, Propo-sition 2.16℄. A real algebrai
 integer λ is 
alled a Pisot-Vijayaraghavan number(PV-number) if λ > 1 while all (algebrai
) 
onjugates of λ have moduli stri
tly lessthan 1. The following fa
t follows from [31, Ch. 1, Theorem 2℄.Fa
t 4.26. For n ≥ 3, there is a PV-number of degree φ(n)/2 in Z[ζn + ζ̄n].For n ≥ 3 and λ ∈ Z[ζn + ζ̄n], we denote by m⋆

λ the Z-module endomorphism ofZ[ζn]⋆ whi
h is given by m⋆
λ(z⋆) = (λz)⋆, where z ∈ Z[ζn] and .⋆ is a star map of a
y
lotomi
 model set with underlying Z-module Z[ζn].Lemma 4.27. Let n ∈ N \ {1, 2, 3, 4, 6}, and let .⋆ be a star map of a 
y
lotomi
model set with underlying Z-module Z[ζn]. Then, for any PV-number λ of degree

φ(n)/2 in Z[ζn + ζ̄n], a suitable power of m⋆
λ is 
ontra
tive, i.e., there is a k ∈ Nand a ξ ∈ (0, 1) su
h that ‖(m⋆

λ)k(z⋆)‖ ≤ ξ ‖z⋆‖ holds for all z ∈ Z[ζn].
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Figure 2. A 
entral pat
h of the eightfold Ammann-Beenkertiling with vertex set ΛAB (left) and the .⋆-image of ΛAB insidethe o
tagonal window (right), with relative s
ale as des
ribed inthe text.Proof. Sin
e all norms on Rd are equivalent, it su�
es to prove the assertion in
ase of the maximum norm ‖ · ‖∞ on (R2)φ(n)/2−1 with respe
t to the Eu
lideannorm on R2 rather than 
onsidering the Eu
lidean norm ‖ ·‖ on (R2)φ(n)/2−1 itself.But in that 
ase, the assertion follows immediately with k := 1 and
ξ := max{|σj(λ)| | j ∈ {2, . . . , φ(n)/2}} ,sin
e the set {λ, σ2(λ), . . . , σφ(n)/2(λ)} equals the set of 
onjugates of λ. �Lemma 4.28. Let n ≥ 3 and let .⋆ be a star map of a 
y
lotomi
 model set withunderlying Z-module Z[ζn]. Then Z[ζn]⋆ is dense in (R2)φ(n)/2−1.Proof. If n ∈ {3, 4, 6}, one even has Z[ζn]⋆ = (R2)φ(n)/2−1 = {0}. Otherwise, let λbe a PV-number of degree φ(n)/2 in Z[ζn + ζ̄n]; 
f. Fa
t 4.26. Then, sin
e Z[ζn] isthe maximal order of Q(ζn) by Remark 4.23, for any k ∈ N, the set

{(λkz, (m⋆
λ)k(z⋆)) | z ∈ Z[ζn]}is a (full) latti
e in R2 × (R2)φ(n)/2−1; 
f. [8, Ch. 2, Se
. 3℄. In 
onjun
tion withLemma 4.27, this implies that, for any ε > 0, the Z-module Z[ζn]⋆ 
ontains anR-basis of (R2)φ(n)/2−1 whose elements have norms ≤ ε. The assertion follows. �Lemma 4.29. Let n ≥ 3 and let Λ be a 
y
lotomi
 model set with underlying Z-module Z[ζn]. Then, for any �nite set F ⊂ Q(ζn), there is a homothety h : R2 →R2 su
h that h(F ) ⊂ Λ.Proof. Without loss of generality, we may assume that Λ is of the form Λ(W ) (seeDe�nition 4.22) and, further, that F 6= ∅. By [27, Ch. 7.1, Proposition 1.1℄ in
onjun
tion with Fa
t 4.12 and Remark 4.23, there is an l ∈ N with lF ⊂ Z[ζn].Let .⋆ be the star map that is used in the 
onstru
tion of Λ(W ). If n ∈ {3, 4, 6},we are done by de�ning the homothety h : R2 → R2 by z 7→ lz. Otherwise, by

intW 6= ∅ in 
onjun
tion with Lemma 4.28, there follows the existen
e of a suitable
z0 ∈ Z[ζn] with z⋆

0 ∈ intW . Consider the open neighbourhood V := intW − z⋆
0of 0 in (R2)φ(n)/2−1. Next, 
hoose a PV-number λ of degree φ(n)/2 in Z[ζn + ζ̄n];
f. Fa
t 4.26. By virtue of Lemma 4.27, there is a k ∈ N su
h that

(m⋆
λ)k((lF )⋆) ⊂ V .
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⋆ | z ∈ lF} ⊂ intW and, further, that h(F ) ⊂ Λ(W ),where h : R2 → R2 is the homothety given by z 7→ (lλk)z + z0. �Fa
t 4.30. Let n ≥ 3 and let Λ be a 
y
lotomi
 model set with underlying Z-moduleZ[ζn]. Then, one has KΛ ⊂ Q(ζn) and thus kΛ ⊂ Q(ζn + ζ̄n).Proposition 4.31. Cy
lotomi
 model sets are algebrai
 Delone sets.Proof. Any 
y
lotomi
 model set is a Meyer set by Remark 4.23. Properties (Alg)and (Hom) follow immediately from Fa
t 4.30 in 
onjun
tion with Fa
t 4.12 andLemma 4.29, respe
tively. �As another immediate 
onsequen
e of Lemma 4.29, one veri�es the followingFa
t 4.32. Let n ≥ 3 and let Λ be a 
y
lotomi
 model set with underlying Z-moduleZ[ζn]. Then the set of Λ-dire
tions is pre
isely the set of Z[ζn]-dire
tions.An analysis of the proof of Theorem 4.21 gives the followingTheorem 4.33. For all n ≥ 3, there is a �nite set Nn ⊂ Q su
h that, for all
y
lotomi
 model sets Λ with underlying Z-module Z[ζn] and all sets U of fourpairwise non-parallel Z[ζn]-dire
tions, one has the following: If U has the propertythat the 
ross ratio of slopes of the dire
tions of U , arranged in order of in
reasingangle with the positive real axis, does not map under the norm NQ(ζn+ζ̄n)/Q to Nn,then the 
onvex subsets of Λ are determined by the X-rays in the dire
tions of U .The above analysis allows the 
onstru
tion of spe
i�
 sets U of four pairwisenon-parallel Z[ζn]-dire
tions having the property that, for all 
y
lotomi
 modelsets Λ with underlying Z-module Z[ζn], the 
onvex subsets of Λ are determinedby the 
orresponding X-rays. For example, the sets of Z[ζn]-dire
tions parallelto the elements of the following sets have this property: Un := {1, 1 + ζn, 1 +

2ζn, 1 + 5ζn}, U ′
n := {1, 2 + ζn, ζn,−1 + 2ζn} and U ′′

n := {2 + ζn, 3 + 2ζn, 1 +
ζn, 2 + 3ζn}; 
f. [21, Theorem 2.54℄ or [20, Theorem 15℄ and 
ompare [11, Theorem5.7 and Remark 5.8℄. Often, one 
an even �nd examples that yield dense linesin the 
orresponding dis
rete stru
tures. For example, for the pra
ti
ally relevantquasi
rystallographi
 
ase of (aperiodi
) 
y
lotomi
 model sets Λ with underlying Z-module Z[ζn], where n = 5, 8, 10, 12, this is a
hieved by the sets of Z[ζn]-dire
tionsparallel to the elements of the following sets, where τ denotes the golden ratio(i.e., τ = (1 +

√
5)/2): U8 := {1 + ζ8, (−1 +

√
2) +

√
2ζ8, (−1 −

√
2) + ζ8,−2 +

(−1 +
√

2)ζ8}, U5 := U10 := {(1 + τ) + ζ5, (τ − 1) + ζ5,−τ + ζ5, 2τ − ζ5} and
U12 := {1, 2 + ζ12, ζ12,

√
3− ζ12}, respe
tively; 
f. [21, Theorem 2.56, Example 2.57and Remark 2.58℄ or [20, Theorem 16, Example 3 and Remark 40℄. Note that orders

5, 8, 10 and 12 o

ur as standard 
y
li
 symmetries of genuine quasi
rystals; 
f. [35℄.Problem 4.34. In the 
rystallographi
 
ase of the square latti
e Z[i], Gardner andGritzmann were able to show that the 
onvex subsets of Z[i] are determined by the
X-rays in the dire
tions of any set U of seven pairwise non-parallel Z[i]-dire
tions;
f. [11, Theorem 5.7℄. It would be interesting to know if, for all 
y
lotomi
 modelsets Λ with underlying Z-module Z[ζn], there exists a natural number k ∈ N su
hthat the 
onvex subsets of Λ are determined by the X-rays in the dire
tions of anyset U of k pairwise non-parallel Z[ζn]-dire
tions. Assuming an a�rmative answer,a weak relation between n and k was demonstrated in [23, Corollary 5.5℄.Final remarkFor a summary of results for model sets asso
iated with the famous Penrosetiling of the plane, see [3℄. These so-
alled Penrose model sets 
an also be seento be algebrai
 Delone sets. The algorithmi
 re
onstru
tion problem of dis
rete
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y
lotomi
 model sets has been studied in [2℄. In [22℄, it is shownhow the results for the planar 
ase obtained in [2℄ and the present text 
an belifted to the pra
ti
ally relevant 
ase of so-
alled i
osahedral model sets in R3. Fora 
ompleter overview of both uniqueness and 
omputational 
omplexity results inthe dis
rete tomography of Delone sets with long-range order, we refer the readerto [21℄. This referen
e also 
ontains results on the intera
tive 
on
ept of su

essivedetermination of �nite sets by X-rays and further extensions of settings and resultsthat are beyond our s
ope here; 
ompare also [17℄, [20℄ and [22℄.A
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