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Introduction

The two inexhaustible sources of invariant distance functions on real

Lie groups are Riemannian metrics and the "word norms". The relation

between them is a subject of many papers but still many questions

remained to be solved. The word norm on a connected topological group



GG is defined in the spirit of geometric group theory. Namely, if €2 is a
compact symmetric neighbourhood of identity such that G = U,,>1Q",
then a Q—word norm |g|, of an element g € G is a minimal nonnegative
n such that g € Q". In other words,

9lg =min{n:g=a;---a,, a €Q}. (1)
In a Lie group the exponential elements admit any real powers and this
gives rise to some variation of a word norm. We say that a set A C g

in a Lie algebra of GG is an R—generating set for a connected real Lie
groups G if any g € G can be represented as a product

g = exp (t1ay) - - - exp (tpay)

for some a; € A,t; € R,k € N. The Lie A-word norm |g|, of g € G
(or simply a Lie word norm when A understood) is the infimum of the
numbers Zlf |t;| over all possible such representations of g. Although
this type of norm looks similar to a word norm, it can not be reduced
to that one, even if the extended "weighted word norm" is being used.
It turns out, rather unexpectedly, that Lie word norms are much closer
to the norms coming from generalized Riemannian metric, namely

Theorem A. For any connected real Lie group G the class of all
Lie word norms on G coincides with the class of norms coming from
Carnot-Caratheodory-Finsler metrics on G.

In fact we will prove a more detailed version of this result, which
describes very explicitly the correspondence between this two classes in
one direction , see Theorem 17.

The Theorem A is related to the result of V.N.Berestovskii [Ber8§],
which describes in the same terms the structure of "inner norms" on
connected real Lie groups.

We apply the Theorem A to the study of asymptotic cones of 2-step
nilpotent groups. Our main result here is

Theorem B. Let I' be a finitely generated torsionfree 2-step nilpotent
group with a horizontal word norm d. Then the asymptotic cone CI' is
within a finite Hausdorff distance from I'.

The theorem was known in the case of 3-dimensional Heisenberg
group [Kra99|, [Kra01]. For abelian groups the result was known for
much more wider class of norms, see [AMO04], [Bur92].
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The plan of the paper. In section 1 we introduce and study the
notion of Lie word norm on a connected real Lie group and prove the
Theorem A. In Section 2 we consider 2-step nilpotent groups and prove
M.Stoll’s result on approximation of Lie word norm by "ordinary" word
norms. In Section 3 we apply this result to the description of the asymp-
totic cone of a 2-step nilpotent Lie group and we prove the Theorem B.

1 Word norm on a real Lie group

By a norm on a group G we mean a function ¢ — |g| : G — R |
satistying the axioms:

N1 |g| >0 for all g € G and |g| = 0 if and only if g = 1 (Positivity);
N2 |g| = |[¢g7!| for all g € G (Symmetry);
N3 |gh| < |g| + |h| for all g, h € G (Triangle inequality).

Any norm gives rise to a left invariant distance d on G as usual:
d(g,h) «f lg7h|. And conversely, any left invariant distance defines a
norm by setting |g| = d(1,g) for g € G. Thus we may frequently and

interchangeably use both notions.

1.1 Preliminaries on Lie groups

In this section we will freely use some basic facts from Lie group theory,
see for example [GOVIT7] . Let G be a connected Lie group, g = T.G
be its Lie algebra. Let [, denote the left translation by g € G'. For any
¢ € T, G denote

g€ =dl, (&) € TyG.
For any differentiable path g (¢) in G we denote by g (t) € Ty G its
derivative. There is a unique path ¢’ (¢) in g such that

gt)=g(t)d (t)

It is called velocity vector ! and can be described directly as £ (t) =
dly14g (t). Note that the velocity vector does not change under left

Tor "angular velocity in the body" in mechanics, see [Arn90]



translation of the curve by group element. For any £ € g there is a
unique 1-parameter subgroup ge (¢) ,¢ € R in G with a constant velocity
vector £ (t) = £. Set

exp(6) D g (1), (ccyg).

Such a defined map is the exponential map exp : ¢ — G . By
a linear transformation & — t£ we obtain that exp (t§) = g¢ (1),
(t € R,€ € g). The exponential map is a diffeomorphism on some neigh-
bourhood of 0. For a basis {ej,...,e,} of g each of the following two
maps
(t1,...,ty) — exp(tier + -+ +tpen),
(t1,...,tn) — exp (t1e1) - - - exp(tnen)
is a diffeomorphism of some neighbourhood of origin in R" into a neigh-
bourhood of 1 € G. Such defined coordinate systems are called the

coordinate systems of the first and second kind respectively in a neigh-
borhood of the identity 1 € G.

1.2 R-generating sets and Lie word norms on a Lie group

Recall the standard way of geometrization of an abstract group. Let G
be a finitely generated group and A a finite set and a — @ a map of
A to a monoid generating set A C G. As is usual, A*denotes the free
monoid on A and the natural projection A* — G is denoted w +— w.
The Cayley graph Cy4(G) is the directed graph with vertex set G and
a directed edge from ¢ to ga for each g € G and a € A; we give this
edge a label a. We require that A = A~1. The “distance function”
d(g, h) is defined as the length of a shortest directed path from g to
h € Cx(G).Each word w € A*defines a path [0,00) — Cy4(G) in the
Cayley graph Cy(G) as follows (we denote this path also by w): w(t) is
the value of the ¢-th initial segment of w for t = 0,...,¢(w), is on the
edge from w(s) to w(s + 1) for s <t < s+ 1 < {(w) and equals W for
t > ¢(w). We refer to the translate by g € G of a path w by gw.
Passing to Lie groups it is natural to consider not only integral powers
of group elements but also any real powers of them. This is possible to
do for exponentials of Lie algebra elements. Thus we naturally come to
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the following definitions. We say that a precompact set 2 A C g is an
R—generating set for a connected real Lie groups G if any g € G can be
represented as a product

g = exp (t1ay) - - - exp (txay)

for some a; € A,t; € R, k € N. The expression w = atchZQ e afj is called
the Lie A—word representing g or the Lie A-name of g. Formally speaking
w is an element of a free product *,c4a® of exemplars of additive groups
of reals . The number Z]f ti| = |w| 4 is called the A-norm of w and n is
called the width of w. We also write w = ¢ and call w +— w the evaluation
map. Associated to w is an R-word path p, : [0,7] — G, T = > ||,
which on each interval

it + - ] <t <]+ ]+ il i =1, k= 1.
is given by

pw (t) = exp (t1ay) - - - exp (t;a;) exp (ta; 1) -

This path starts at the unit element and ends at g. In fact py, (t) is
smooth on each subinterval since it is a translated segment of a 1-
parameter subgroup. The Lie A-norm |g|, of ¢ € G (or just a norm
when A is understood) is the infimum of the norms of names of g. It
is easy to see that Lie norm is non-negative and satisfies the triangle
inequality. The point which is not entirely trivial is to check that the
Lie norm is positive for nontrivial elements and we shall prove this later
on in the case of precompact generating sets, see Lemma 5. For this
reason we always assume our R-generating sets to be precompact.

Remark 1 Note that our "Lie word norm" in general is different from
the notion of word norm (possibly weighted) on a topological group.
First, small difference, consists in the fact that if A < g is an R-
generating set in our sense, we can not formally put the weight t onto
exp (ta) since ta is not necessarily in A. Of course we can extend A by
adding segments from 0 to a. But another essential difference is that we
do not ask A to contain the neighbourhood of unity and this difference
can not be repaired.

2A subset in a topological space is precompact if its closure is compact. Some authors (notably Bourbaki) use
precompact differently - as a synonym for totally bounded . “Relatively compact” is then used to mean “precompact
” as it is defined here.



1.3 Generating sets in Lie algebra and in Lie group

The following result surely is folklore but I was not able to find out the
reference.

Theorem 2 Let G be a connected real Lie group and let g be its Lie
algebra. The set A C g generates g as a Lie algebra if and only if A is
an R—generating set for G. Moreover, if A is an R—generating set for
G then there is a neighbourhood U of unity in G which has a bounded
width relative to A. If G is a connected nilpotent Lie group and the set
A C g generates g modulo [g, g], then A is an R—generating set for G.

Proof. It is easy to prove the "only if" part. Suppose to the contrary
that A generates a proper Lie subalgebra b in g. Then any 1-parameter
subgroup exp (ta),a € A lies in a proper Lie subgroup H of G, cor-
responding to h, contradiction. Suppose now, that A generates g. We
use the notation Ag = RA, Aiss = [Ap, A;]. Then condition that the
Lie algebra g be generated by the vector space Ay means that for some

number m we have A, = g. We take an arbitrary basis {a1,...q;} in
Ap with all a; € A. As in [Mit85], see also [Ber88| for a natural number
k and a multiindex I = 429 - - 4x, where 1 < i1,...,7; < [, we denote

by a; the k-fold commutator

a1 = i (013, Lo [ )]
Choose multiindices Iy,..., I, , (assuming I; = 1,...,]; = [) of the
length not longer than m such that the vectors ay,, ..., a;, form a basis
in g. For a multiindex of the form indicated, define a curve ayin G as
follows. If I = 4,1 < i <[, then we set a; (t) = exp (ta;). If I =iJ,
then for t > 0

ar (t) = ai(=vVi)a (V) ai(VE)a (V).
and az(t) = ay(—t)~! for t < 0. Next we define the map o : R” — G,
setting
Oé(tl, ...,tn) = Oé[l(tl)OqZ(tQ) s Oé]n(tn), (tl, ey tn) c R".

It is easy to see that a is a C'-map and

0 :
do <(9_t]) 0)=ar,j=1,...,n.
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By the inverse function theorem « is a C''-diffeomorphism in some neigh-
borhood of unity. On the other hand, for each (¢y,...,t,) € R" the
element a(ty,...,t,) € G is a value of a certain R-word

w (ty, ..., ty) = wr, (t1)wr,(t2) - - - wr, (tn),

where the words wy (t) are defined inductively similarly to oy (t) : if
I'=1i,1<i<I, then we set w; (t) = al. If I =4J, then for ¢ > 0

wy () = wi(—Vt)ws (—Vt)w(VHws (V).

and wr(t) = wy(—t)~! for t < 0. We infer that some neighbourhood
U of unity is R-generated by A and moreover by construction U has a
bounded width relative to A. Next U,>1U" is an open subgroup of G
and thus in view of connectedness coincides with G. This means that
A is an R-generating set of G. For the nilpotent case, it is well known
that A generates g as a Lie algebra if and only if A generates g/gq, and
similar statement is true in a Lie group, see f.e. [KM79|, Theorem 6.2.5.
|

Remark 3 It is interesting to compare Theorem 2 with the following
more delicate result from [BGO3[: Let G be a connected real Lie group
with Lie algebra g and suppose that the commutator subgroup |G, G]
is dense in G. Then there is an identity neighborhood U, on which
log = exp ™! is a well defined diffeomorphism, such that g1,..., g, € U
generate a dense subgroup wheneverlog (g1),...,log (gm) generate g.

Remark 4 The theorem 2 raises a natural question: Is it true that
a connected Lie group G is boundedly generated by any its finite R-
generating set A, that is, for n sufficiently large, the map (RA)" —
G given by tiay + -+ + trax — exp (t1aq) - - - exp (tpar) is onto? It
seems it is easily true for a specific choice of generators in a connected
simply-connected complexr semisimple algebraic group via Bruhat-Tits
decomposition, see [Hel01], Theorem 1.4, pg. 403. Besides, the answer
18 positive in the case of connected nilpotent Lie groups via Malcev’s
coordinates, see f.e. [KM79].



1.4 Equivalences of Riemannian and Lie word norms

Let G be a connected real Lie group. Recall that any Euclidean norm
|| on a Lie algebra g of G gives rise to a left invariant Riemannian
metric on G, namely the norm [-[, on the tangent space T, at g € G
is given by [v], = ‘gilv‘ ,v € T,. In its turn, this Riemannian metric
gives rise to a Riemannian norm on G as follows. Define the length of
a continuous piecewise smooth path a : [a,b] — G as f; | (t)| dt . The
norm |g| of g € G (with a slight ambiguity we retain the notation) is
defined as the infimum of lengths of all paths between e and g. When
proving that the function g +— |g| is a norm, the only point which is
not entirely trivial to check is positivity.

Lemma 5 For any connected Lie group G and any Riemannian metric
on it the corresponding Riemannian norm |-| is positive and its topology
is compatible with the manifold topology on G. Moreover, the norm |-|
s proper and compete .

Proof. Positivity is a standard fact of Riemannian geometry, see f.e.
|CET75]. Namely, let (z1, ...,x,) be a local coordinate system in the
neighbourhood U about 1 € G, and let B (r) denote the closed Eu-
clidean ball of small radius r about 0 in R". In coordinates the Rie-
mannian metric is a field P, of positively definite symmetric matrices
whose smallest eigenvalue A () is positive and continuous. It follows
easily that any path from 0 to the point of r-sphere has length at least
r /Ao, where A is the infimum of A (z) on the ball B (r).Then any path
from 0 to g must contain an initial subpath from 0 to the point of r-
sphere hence its length is at least 7/ Agand thus the norm is at least r /.
Similar argument shows that the norm topology is compatible with the
manifold topology of G.

To prove completeness note that the previous argument shows that
the small |-| —ball B (e, 1) about 1 € G is compact. Then, by easy
induction and compactness argument, a ball B} (e, R) is compact for
every & > 0, thus the norm is proper. Now any Cauchey sequence is
contained in some ball, hence is convergent, thus the completeness. m



1.4.1 Local equivalence

We are going compare a Lie word norm with the Riemannian one. The
Lemma below gives the global lower estimation of a Riemannian norm.

Lemma 6 Let G be a connected real Lie group and let g be its Lie
algebra. For any Lie word norm |-| 4 corresponding to a R-generating
set A C g and any Riemannian norm |-| on G the following estimation
takes place for any g € G :

9] < |A]|g]4- (2)

Proof. For a word w = a? -+ alm representing g, the velocity vector of
the path py, (t) on the time interval I : |ty|+ -+ |t;| <t < |tg|+ -+
|ti|+|tiv1]| is equals to a;41. Indeed, p,, (t) = hexp (ta;y1) for a constant
h € G on I. Note that the velocity vector does not change under left
translation of the curve by group element. To get the Riemannian length
of the path p, (t) we integrate the speed (= the norm of the velocity
vector) over the time interval. Hence the riemannian length of p, (¢)
does not exceed |A| (3 |ti]) = |A|-|w]| 4. Infimizing, we get the necessary

estimation. m

Lemma 7 Let G be a connected real Lie group and let g be its Lie
algebra. For any Lie word norm ||, and any Riemannian norm ||
on G there is a neighbourhood U of unity in G and a continuous real
function 1, defined in the neighbourhood of zero in R and vanishing at
0, such that for any g € U

914 < (lgl) - (3)

Proof. For the second one let us estimate the norm of the word wy ().
To get the idea, consider examples:

t (t) = af\/ma-_\/ma.\/mam,

w; = ai) wl]

\[( Vi k\/a‘/a];[) 1a?/%( J\[ k\[a\[a];/) 1<,k <l

Wijk = &; 7 ) g



The norms clearly are |t|,4+/|t], 2+/|t| + 4+/|t| respectively. In general
case define inductively the sequence of functions: ¢, (¢) = [t|, ¢; 1, (1) =

2 (qbz <\/‘?|) + \/H) .Then
w (ty, .. t)|, = Zn:% )™ ¢t ... 1)

Since w (ty, .. .,1,) evaluates onto the element « (¢1,...,t,), we obtain

|Oé (th s 7tn)‘A < Z¢|Iz| (tz) .
=1

Denoting by B, the riemannian ball about 1 in G the following function
Y (1) is well defined for sufficiently small r

zp(r):g_llaégb(tl,...,tn).

Moreover, 1 (0) = 0, 9 is continuous and positive outside of 0. Then
for g € By, sufficiently closed to 1,there is (t1,...,t,) € a !By, such
that g = a(t1,...,t,). Then

gl =la(ts, ... o)y < o (ti,. .. tn) < ¥ (g]).
m

Corollary 8 A Lie word norm is compatible with the standard topology
on G and the metric space (G, |-|,) is proper and complete.

Proof. Compatibility follows from the Lemmas above. To prove com-
pleteness note that the previous argument shows that the small || , —ball
By, (e,1) about 1 € G is compact. Then, by easy induction and com-
pactness argument, a ball By (R, 1) is compact for every R > 0, thus
the norm is proper. Now any Cauchey sequence is contained in some
ball, hence is convergent, thus the completeness. m

1.4.2 Global equivalence

In the previous section we have established a local equivalence of Rie-
mannian and Lie word norms which is weaker than Lipschitz equivalence.
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However, this distortion takes place only locally. We are going to show
that ours norms are "large-scale" Lipschitz equivalent. First we recall
basic notions of metric geometry. For definitions, following below, we
refer to [BH99|. For us, a curve or a path in a metric space (X, d) is a
continuous map « from a compact interval [a,b] C R to X. The length
[ («) of a path a : [a,b] — X is

l(a):sup{Zd(oz(ti),a(tiH)):agtogtlg---gtn:b},

that is supremum is taken over all possible partitions (no bound on
n) with a <ty =ty <t; <--- <t, =0 The length of « is either a
non-negative number or it is infinite. The path « is said to be rectifiable
if its length is finite. Any rectifiable path admits parameterization by
arc length, which we will instantly use, see (|BH99], Ch. I,Pr. 1.20). A
metric space (X, d) is said to be a length space if the distance between
every pair of points xz,y of X is equal to the infimum of the lengths
of rectifiable curves joining them. (If there are no such curves then
d(xz,y) = 00.) If (X,d) is a length space, then d is called a length
distance (otherwise known as an interior distance). We need a simple
criterion, [BH99].

Lemma 9 A complete metric space X s a length space if and only if
it has approximate midpoints in the sense that for every x,y € X and
every € > 0 there exists z € X such that max{d(x,z),d(z,y)} <
e+ d(z,y)/2.

As an application we prove the following

Lemma 10 Both Riemannian and Lie word norms on a connected Lie
group are the length norms.

Proof. We provide the argument only for Lie word norm, since for

Riemannian norm it is literally the same. Let A C g be an R-generating

set for a Lie group G. Recall, that by the Corollary8, the norm ||, is

complete. Hence we are allowed to apply the above Lemma. For this

purpose consider for ¢ € G and € > 0 a word path w : [0,T] — G from

e to g such that T < e + |z],. Then w : [0,2] — G is also a word
T

path and we assert that w (5) is an e-midpoint for the pair e, x. Indeed,
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‘w ( )}A < <5+ |x|A .The other inequality is obtained by translating
w (%) to e. It follows that |-| 4 is a length norm. m

Recall that, according to [Gro93|, a normed group (G, |-|) is quasi-
geodesic if there exist 6 > 0 and A > 1 such that, for all ¢ € G, there
exists a sequence g1, ..., g, of elements of G such that ¢ = ¢1--- ¢, and

Z‘gz‘ < Alg|] and |g;| < dforalll <i<mn. (4)
i=1

Lemma 11 Any length norm on G is a quasi-geodesic norm.

Proof. We assert that 0 = 1 and A = 2 do the job. Indeed, inductively
applying Lemma 9, we can prove that for every g € G, every € > 0 and
every integral k > 1 there exist g¢q,..., gox € G such that |g;| < |9‘ +e

and g = g1 go. For given g € G choose k so that |g| § = and take £ =

2k, then there are g1, . . ., gox € G such that |g;| < |g|+2k < 1(1<i<k)
and g = g1---goe. By triangle inequality > - |g:| < |g| + 1. This
implies that if |g| > 1then > 7 |gi| < 2]g| as we need. In the remaining
case, when |g| < 1, we just take g; = g, then inequality (4) clearly holds.
u

The norms |-|;, ||, on a group G are weakly equivalent if each norm
is bounded on each ball defined by other norm. In other words, there
is a real function v of positive variable such that |-|, < ¢ (|-|;) and
[y < ¢ (]|5). The norms |-|;, ||, are large-scale Lipschitz equivalent if
there exist C', D > 0, such that for all g € G

C|9‘1_D§|9‘2§C|9|1+D- (5>

The seeming asymmetry of the definition is easily clarified. The follow-

ing proposition is a variation of the one, formulated in [Gro93|, p. 7 and
proved in [GKO04].

Proposition 12 Any two weakly equivalent quasi-geodesic norms on a
group G are large-scale Lipschitz equivalent. In particular any Lie word
norm on a connected Lie group G is large-scale Lipschitz equivalent to
any Riemannian norm.
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Proof. By definition there exist 4 > 0 and A > 1 such that, for all
g € G, there exists a sequence g¢i, ..., g, of elements of G such that

g=gi--gn and

> lgily < Agly and [gif, <6 forall 1 <i<n. (6)
i=1
Subdivide the word ¢; - - - g,, into subsequent subwords hq, ..., hy,, s s0

that for each ¢ =1,...,m we have |h;|; > 6/2 but the initial subwords
h; have norm < 0/2 , and the word s has a norm < §/2 as well as each
of its initial subwords . Then 6/2 < |h;|; < 3d/2 for each i =1,...,m
By triangle inequality and weak equivalence we have

~ - 39 5

ok < D il < 30 () +0 ) < v (5 )40 (3) - 1)
1 1

On the other hand

m

Z | < Z l9ily < Mgly (8)

1

3
w|<>q

From the second estimate, we conclude that m < 2067 '\|g|,, which,
combined with the first estimate, yields

ok < 300 (5 ) o+ (3). )

Exchanging the norms, we obtain the converse inequality. m

Remark 13 In fact, it will be shown in the next section that if the lin-
ear span of an R-generating set A coincides with a Lie algebra g of a Lie
group G then the Lie word norm |-| 4 turns out to be a Finslerian norm
and consequently it is Lipschitz equivalent to (any) Finslerian norm
on G, in particular to any Riemannian norm. Lipschitz equivalence is
claimed in ([Osi01], Lemma 3.1) for the case of an R-generating set
which s a basis of a Lie algebra. But the proof is not convincing to
the present author. Particularly weak is the claim that any 1-parameter
subgroup i a Lie group is a local geodesic. The simplest counterez-
ample is a 2-dimensional solvable group R, x R with multiplication
(a,b) (a',0') = (ad',all +b). Such examples also exist in the class of
2-step nilpotent connected simply connected Lee groups [Ebe04].
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Remark 14 The Lipschitz equivalence 1s not true in general. Consider
a subbundle H C T (V)of the tangent bundle of a smooth manifold
V.. Suppose that H is spanned by the vector fields X; and T (V) is
spanned by the commutators of degree < 2 of X;. It is shown in [Gro96],
Section 1.1.B. that the CC-distance along the curve, transversal to H,
is (infinitezimally) > v/ Riemannian distance.

1.5 Lie word norm versus CCF-norm. The proof of Theorem A

In this section we prove that a Lie word norm on a connected real Lie
group is of generalized Riemannian type, more precisely, it is a Carnot-
Caratheodory-Finsler norm. 3

Nonholonomic distributions. Let M be a smooth manifold en-
dowed with a smooth distribution of k-planes. Such a distribution A
associates with each point m € M a k-dimensional subspace of the tan-
gent space T, M. A piecewise continuously differentiable curve o on M
is said to be horizontal, if it is tangent to the distribution A everywhere.
The class of such curves will be denoted by PC' = PC' (A). Similarly a
horizontal vector field on X is defined. Following Rashevskii [Ras38], we
shall call the k-distribution A completely nonholonomic, if the smallest
Lie algebra of smooth vector fields on M over the ring of smooth real
functions on M containing the submodule of smooth horizontal fields on
M (i.e., tangent to the distribution A), is the Lie algebra X (M) of all
smooth vector fields on M. A continuous almost everywhere differen-
tiable curve is called horizontal if its derivative is tangent to A almost
everywhere. It is proved in [Ras38] that any two points of a connected
manifold M endowed with a completely nonholonomic distribution can
be joined by a piecewise continuously differentiable horizontal curve.

Sub-Finslerian geometry. Suppose, that for each p € M a norm
F, on A, is given, such that for any continuous horizontal vector field
X on M the function p — F, (X (p)) is continuous. This field of norms
we call by the sub-Finslerian metric (=Carnot -Caratheodory-Finsler met-
ric=CCF-metric). If all norms are Euclidean ones then we speak about

3Bewaring of reader’s (and ours) confusion by two-faced understanding of the word "metric" in the riemannian
geometry (as a distance and as a field of Euclidean norms), we retain the term "metric" only in riemannian context
and use the term "distance (function)" when considering metric spaces.
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sub-Riemannian metric or CC-metric. Suppose next that we distinguish
a set H of horizontal curves in M, which is closed under concatenations
and such that the subset H,, of horizontal curves joining p and q is
nonempty for every p,q € M. By CCF- distance between the points
p,q € M is meant

dy (p,q) = inf {length (w)}, (10)

wEH pq

It is understood that the length of a curve w is measured with re-
spect to the norm F),, defined on the k-dimensional subbundle of T'M
equipped with the distribution A. By this definition CCF-distance apri-
ori depends on the choice of H.

Further we consider only the case when M is a Lie group G, thus we
can speak about norms on G rather then about distances. We are going
to prove that the class of CCF-distances on G coincides with the class
of Lie word norms. The following is proven in [Ber88], in particular see
Lemma 8 therein:

Theorem 15 Any CCF-norm |-| on a Lie group G is a length norm,
and the norm topology coincides with the manifold topology. Moreover,
for any Riemannian norm |-|, on G there is a continuous real function
W, defined in the neighbourhood of zero in R and vanishing at 0 and
such that |g] < (lg|,) for g sufficiently closed to 1.

The main result of [Ber88] is the following

Theorem 16 Let G be a connected Lie group with a length norm v.
Then there exists a vector subspace go of the Lie algebra g of G which
generates g as a Lie algebra, and a norm |-| on g such that v coincides
with the CCF-norm corresponding to (go, |-|)-

The main result of this section is

Theorem 17 A norm on a connected real Lie group G is a Lie word
norm if and only if it is a CCF-norm.

In one direction the Theorem is easy to prove. By Lemma 10 a Lie
word norm is a length norm, hence by the Theorem 16 it is a CCF-
norm. This proof does not give any construction of a CCF-metric
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corresponding to a given R-generating system A. Rather lucid picture
is given as follows. Associated to A is a linear span RA C g and a left
invariant distribution {g (RA)} ;. Then the CCF-metric in question
is associated to the norm F' on a subspace RA given by

F (U) — lim |6Xp (tv)lA
t—0

, 0 € RA, (11)

see Lemma 9 from [Ber88|. It follows from this formula that the unit
F-ball Br contains A and thus contains a closed convex hull ch (A) of
A. We do not know whether it is true that Bp = ch (A).

For the converse we claim that a CCF-norm associated to a pair
(V,]+]) is a Lie word norm corresponding to R-generating system A =

{v:|v]| <1}. As a preliminary step we formulate and prove now the
"fellow traveller property" for paths in Lie groups, which means that the
paths of speed bounded by Cy > 0 and whose velocity vectors differ by
e > 0, diverge distance at most C'y/e with a constant C' depending only
on Cy and the choice of (Riemannian) measurement (compare |[Pan83|,
Section (43), [Bre07|, Lemma 6.8).

Lemma 18 Let G be a connected Lie group and let |-| denote a Eu-
clidean norm on the Lie algebra g as well as a corresponding Rieman-
nian norm on G. For every Cy > 0 there is a constant C = C(|-|,Cy) >
0 with the following property. If x,y : [0,1] — G are continuous
piecewise smooth paths in G satisfying conditions xz(0) = y(0) = e,
1z ()|, |y ()] < Co,Vt € [0,1] then for sufficiently small € > 0 the
following implication holds:

@' () =y () <e (Vte0,1]) = [+ (t)y(t)] <CVe (Ve [0(, 1]))-
12

Proof. In the course of the proof we will introduce step by step several
constants C1, Cs, ..., each depending only on || and

Coy . In all cases the existence will be clear. Also, in subsequent
calculations we sometimes skip parameter ¢ in notations and we mean
all estimates to be hold for every value of ¢ in [0, 1].

For the case when G is a linear Lie group we give the proof due to
V. M. Gichev (private communication). In fact we will prove one more
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estimate : |2 (¢)],) < C/e for each t € [0, 1]. Suppose G < GL, (R).
It follows from assumptions that the lengths of curves x,y are bounded
from above by Cp, so they, as well as the curve z = 2~y are contained
in a closed ball B|.| (Cy) about 1 € G, which is contained in a Euclidean
ball Bey. (C1) in a space of (n x n)-matrices Mat, = R" (relative to
the standard Euclidean norm). Let us estimate the length of the curve
z. Differentiating, we obtain

s= oty ey = e oy = (y — )2+ [y (13)

Denote f(t) = z(t) - 2(t) (the scalar product on matrices is given by

(aij) - (bij) = >_ aijbi;). Then
f=2t2=20 =2z 24+ 2[z,¢/] - 2 < Cye + Oy f, (14)

Now applying the Gronwall’s inequality * we obtain f < Cse or equiv-
alently |z| < Cs4/c. Further, we need the estimation |2|, < Cy+/c which
now immediately follows from (13) (|2|, € T’ means of course the deriva-
tive of z (t) at the point z (1)).

Our next step is to consider the case when G is a connected virtual
Lie subgroup in a linear Lie group [GOV97|. By definition this means
that G is a Lie group and at the same time it is a subgroup of G, =
GL, (R) for some n > 1 and the natural embedding ¢ of G into G,, is a
homomorphism of Lie groups. The Euclidean norm |-| can be extended
onto Lie algebra g, and thus to a left-invariant Riemannian metric |-, on
GG, such that dv is an isometric embedding at any point of G. Let x,y :
[0,1] — G be continuous piecewise smooth paths satisfying conditions
z(0) = y(0) = e, [2],, [y, < Co. If [2" —¢'| < e then we considering
x,y as paths in a linear group G, hence we conclude from the above
argument for linear Lie groups gives, for suitable C; > 0, the estimates

2| < Cive, |2], < C1v/e for all € smaller than some g9 > 0. (15)

(We again skip parameter ¢ in inequalities, assuming always ¢t € [0, 1]).
The second inequality is valid in G too, because z € T.G and the

1The Gronwall’s inequality asserts that if f < ¢+ Kf and f(0) = 0, then f(1) < 5%. Proof: denoting
g=c+Kf wehave § = Kf < Kg and then g/g < K . Integrating, obtain Ing(t) — Ing (0) < K (¢t — a) thus
Ing (1) < K +1ng(0), thus g (1) < eeX and f (1) < e .
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Riemannian metrics agree on G and G,. And the first inequality is
obtained by integration:
t

(Ol < [ 1260 ds < OV (16)

0

For general connected Lie group G we proceed as follows. Consider
the adjoint representation 7w : g +— ¢ from G onto the linear group
G = Ad(G) < GL, (R). By the result of Yamabe |Yam50| any arcwise
connected subgroup in a Lie group is a virtual Lie subgroup, hence G
is a virtual Lie subgroup in GL, (R). The kernel Z = ker 7 is a central
subgroup of GG. The projection 7 is a submersion, which means that
dry : T,G — Tﬂg@ is surjective for all g € G. The implicit function
theorem then guarantees that Z is a submanifold of G and thus Z
is a Lie subgroup of GG. The cosets gK are called the fibers of the
submersion. By the implicit function theorem, the tangent space V,G
to the fiber through g € G just the kernel of the differential of the
projection 7. This space is called the space of vertical vectors, and a
vector field on G whose values at every point are vertical will be called
a vertical vector field.

Now suppose that G is given with a left-invariant Riemannian metric
||,- We supply G with a left-invariant Riemannian metric |5 in such
a way that the projection m became a Riemannian submersion in a sense
that the horizontal space H,G = V,G™ at each g € G is mapped by dr
isometrically onto ngé, i.e. is bijective and preserves the scalar product
of tangent vectors.

We assert now that 7 is complete in the Ehresmann sense which means
that any path v in G starting at h € G has a horizontal lift in G starting
at any given point in the fiber 7='h over h. Indeed, this follows from the

completeness of Riemannian metric (G, Hg>, see (|Bes87|, Theorem 9.42

(due to R. Herman) and the last one is equivalent to the completeness
of the norm |-| by the Hopf-Rinow theorem.

Now suppose that z,y : [0,1] — G are continuous piecewise smooth
paths in G satisfying conditions x(0) = y(0) = e, |2’ (¢)],|y (t)| <
Co,Vt € [0,1]. Since 7 is a Riemannian submersion, for descended
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curves 7,9 we have |7 — 7| < ¢ and since G is a virtual Lie subgroup
of the linear Lie group GL,, (R), by the previous argument we have g =
Tay, where the curve @ satisfies |alg < Civ/e, ‘&‘ < C1+v/e . Making
use of completeness of m we lift & to the horizontal curve a in G, such
that a (0) = e and |a|; < Cive, |@l, < Cie . The images of y, za in
G coincide so they differ by a curve § lying in ZG = ker 7 , that is,
y = xaf, f € Z. Differentiating, we obtain

y =a"+d + 7, (17)
a-exponent means the adjoint action) which we rewrite in the form
J

(18)
B = —(Ady —Id)2" + (yy —2') — . (19)

By assumption |y’ — 2| < €, thus we need only estimate the norm of
operator Ad, — Id = Ads; — Id for & close to e. Write & = expa,a € g,
then Ad; = exp (ad (a)) and |a| < Cyy/e. Furthermore

|Ads — Id| = |exp (ad (a)) — Id| < explad(a)] —1 < expCsla|] — 1
(20)
< Cyla] < C5v/e (21)

for |a| small enough. |B'| < Cgv/2 that is [8] < Cgy/e . Thus we get
that ’xily’ = |af| < C'y/e for suitable C = C (|-|,Cp). =

The end of the proof of the Theorem 17. We have to prove
that the CCF-norm associated to a pair (V,|-|) is a Lie word norm
corresponding to R-generating system A = {v: |v| < 1}. We first fix
some auxiliary Riemannian norm ||| on G. By definition the CCF-
norm |g| of the element g € G can be approximated by the length T
of the PC'-path «a(t) : [0,T] — G of unit speed: |/ (t)| = 1,t €
[0,T]. For a given € > 0 take a subdivision 0 = ¢ty < t; < -+ <
t, = T so that the velocity vector ' is continuous on each segment
of this subdivision and moreover the ||/ (s) — &/ (t)|| < € for s,t from
one segment. Now approximate « inductively: [ (t) = exp (ta/ (0))
on [0,t1], B(t) = B(t1)exp ((t —t1) ' (t1)) on [t1,ts] and in general
B(t) = B(t;)exp ((t —t;) & (t;)) on [t;,tiiq] for 1 < i < m—1. The
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path (3 (t) is a word path corresponding to the word
w=a (0)"a (1) (ty, ) (22)

whose norm equals to 7. By Lemma 18 ‘6‘1 (T) « (T)}T < (Ce. Both
CCF-norm and Lie word norm of 3(T) are equal to T. The error
B(T) ' a(T) can be made arbitrarily small in both metrics due to

Lemma 15. Thus both the Lie word norm |g|, and CCF-norm |g| coin-
cide. W

2 Lie word norm versus word norm. Two-step nilpotent Lie groups

Suppose G is a Lie group with the Lie algebra g and I' is a finitely
generated subgroup in GG. Given an R-generating set A < g of G it
may happened that exp A is contained in I' and, moreover, generates
it. Then we have two norms on I'. The first is the word norm |-, 4
corresponding to exp A and the second is the restriction to I' of the Lie
word norm ||, on G. Clearly the first one is greater or equals to the
second one. The problem of further comparison of these two norms on
I' seems to be rather delicate. In this section we will solve this problem
in the case when G is a connected simply connected 2-step nilpotent
Lie group and I' is a lattice in G. Namely, we will prove, following to
[St098], that for a finite A = exp A the two norms under consideration

are coarsely equal, i.e. differ by a bounded amount.

2.1 2-step nilpotent Lie groups and algebras

By a free 2-step nilpotent real Lie algebra on n—generators we mean the
space
In = R" 8> /\QRna
with a Lie bracket
[(:L‘, U’): (yv U)] = (07 x N\ y)

The set A, = {(e1,0), (e2,0),...,(en,0)} generates g, as a Lie alge-
bra and g, is "free" in a sense that any map from A, into any 2-step
nilpotent Lie algebra g can be extended to a Lie algebra homomorphism
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from g,, to g. In particular, any 2-step nilpotent n—generated Lie alge-
bra is a homomorphic image of g,,.The corresponding simply connected
Lie group G, is called the free 2-step nilpotent Lie group on n genera-

tors. The underlying set for G, is g,with a group multiplication given
by

() (5,0) = (@ + g, ut v+ 5@ M)

The exponential map exp : g, — G, is identical. It is easy to see
that the set A, is an R-generating set of G,,. ° If G is any simply
connected 2-step nilpotent Lie group with an n-element Lie generating
set S = {s1,...,,}, there is an epimorphism of Lie groups G,, — G
sending e; to s; for © = 1,...,n. Sometimes we find it convenient to
denote the elements (x,0) as  and (\z,0) as 2%, A € R.

2.2 Bounded geodesic width

Recall that the norm of a Lie word w = atfag2 ceealn is |ty |4 [te] - - ||

and the width is n. A word w is geodesic if its norm equals to |W|g 4,
that is R—length of the element w. We say that a Lie group G has a
bounded geodesic width relative to an R-generating set A if there is ng
such that any g € G has a geodesic name of width < ny. The following
result is a slight generalization of the Lemma 3.3 in [Sto98].

Theorem 19 (Bounded geodesic width) Let A be an R—generating set
for the simply connected 2-step nilpotent Lie group G. Then G has a
bounded geodesic width relative to A.

Proof. It suffices to prove the theorem for G = G, and A = A,,. We
show first that any g € G can be represented by a word of width < n?.
Take a word w (ay,...,a,) of the shortest width, representing g and
suppose that this width is > n?. Then at least one generator, say a,,, has
> n occurrences in w. Write w = woallwyia2wsal? - - - wy_1al*wyg,where
k > n, all w; do not depend on a, and t = (¢1,...,tx) has nonzero
coordinates. Write wow; -~ w; = (z;,u;) with z; € Z?_lR e; C R”

5In fact, any basis of R” C gy, serves as well as A,
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k k
1
w = (CISk + ( E ti> En, Uk + 5 ( E tiZEil) €n> .
1 1

We wish to change from ¢ to some other ¢’ which: 1) does not affect
W = g, ie. satisfies n linear equations Svt; = SVt S tx ., =
S #x;_y and 2) does not increase the contribution to the Lie word
norm, ie. Y|t < |t| = Y |ti|. We now show that conditions 1),2)
are satisfied by some vector ¢’ at least one of whose coordinates is zero.
This will contradict the minimality of width of w. Since k& > n , the
affine subspace T of R* given by the linear equations in 1), is at least
one-dimensional. Since all t; are nonzero, the set of t' satisfying ¢it; >
0,[t| <|t|,i =1,...,k is a k-dimensional simplex A. The point t €
T N A belongs to a face of A given by inequality |¢'| < [t|. Hence T has
to meet one of the other faces of A as well. The corresponding point ¢/
has at least one nonzero coordinate and satisfies 1) and 2), thus we get
the desired contradiction.

It remains to prove the existence of geodesic Lie word representing an
arbitrary element g € G. Consider the set of words W, of width < n?
and such that each letter occurs with an exponent < |g|, + 1. This
set can be parameterized by a compact set in the space R™. The Lie
word norm is a continuous function on W, by the Corollary 8 and thus
it achieves its infimum on some w € W,. This w is a geodesic Lie word
representing g. ®

2.3 Approximation of R-paths by integral paths

In this section we prove the result of M.Stoll about comparison of Lie
word norm and word norm in 2-step nilpotent groups.

Theorem 20 ([St098]) Let G be a simply connected 2-step mnilpotent
Lie group, and let I" be a discrete cocompact subgroup in G with a finite
generating set A. Then the Lie word norm |-|g 4 and the word norm |-| 4
coarsely equal on I' in a sense that they differ by a bounded amount.
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Proof. We first consider the case when G = G, is the free 2-step
nilpotent Lie group, n > 2 and I' = I'}, is a cocompact discrete sub-
group generated by the set A = A, = (e1,0),...,(en,0). The ele-
ments of I',, are said to be integral (although it is not literally true: in
fact T',, = (Z Zei,%ZZ(ei A ej))). We will use one more norm |-
on G, = (R" P /\2R") , namely sup-norm, corresponding to the basis

{ei;,eiNe;}, 1 < i, < n. The expression a € b will denote the C-
coarse equality, i.e. an equality up to an error not exceeding C'. We will
us the notation 9h = ghg~! for a conjugation in a group.

We start from the problem of approximation of elements of G, of the
form (me;, v Ame;),m € Z,v € A*R" by elements of I',, of the form
(me;, w),w € Y Z(e; A ej) in such a way that (me;, v A me;), (me;, w)
differ by a bounded amount and the A-length (me;, w) is bounded from
above by |m|+2n(n—1)|v|. =

Lemma 21 (Cf. [St0o98], Lemma 4.2.) Let G, = R" & N’R" be a free
2-step nilpotent n—generated Lie group with a standard generating set
A,. Then Ya € N and Yv € R",s.t. |[v]| < a and Ym € Z there is
an element w € >_ 7 (e; A ej) such that w = v A me; (relative to the
sup-norm on G, ), and

|(me;, w)|a < |m|+2n(n—1)a.

Proof of the Lemma. For illustration consider first the case n = 2.
For an element vie; A mey, 0 < v1 < a denote by my the integer next
to ™2 and of modulus not greater than ‘%‘ We assert that one can
take w = ae; A myes. Indeed ae; A mies = aey A %eg = v1e1 A\ mes.
To compute the word length we note that

(meg, ae; Amyey) = ““ (myeg, 0) - (m — my) es, (23)

from which it follows that |(me;, w)|a < |m| + 2a.

In general case, without loss of generality, assume that j =n, m >0
and 0 < vy < vy < -+ < vy < a,v, = 0 (re-order the basis and
multiply by suitable signs to achieve this). Decomposition

n—1
v = Z vie; = vie] + (ve —wvy) e+ -+ (V1 — vp2) €], 4,

1
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where
n— n—

1 1
/ / /
ey = g €j, €y = E €iyerey €y 1 = €p_1, (24)
1 2

allows to represent the element g = v A me,, in the form
Un—1 — Un—2

/
en+ - tae, ; Am———e,.
a

Vo — U1

/ U1 /
aey AN m—e, + aey A'm
a

V2=

Similarly to 2-dimensional case we m; = [m%] , Mo = [mT] N (R

Un—1—"Un—2

- ] We assert that one can take

[m

w = ae} Ame, + aeh Amae, + -+ ae, | Amy_q1e,.  (25)
Similarly to 2-dimensional case we show that w = vAme,. Writing down
each multiple as a conjugator allows to get the following presentation

for g = (me,, w) :

/

g= "1 (me,) - " (maey) - ot (myyen) - (M=) mie).
It follows that the g is represented by a word of the length at most

(2na +my) a+- - -+(2na + my—1) a+ (m - Z mz) =m+2n(n—1)a.
(26)
Lemma is proved. W

Returning to the proof of the Theorem 20, we note that by bounded
generation width 3, s.t. Vg € G,

1
g = (rie;,0)---(re;,0) = (Z Tk, 5 Zmeki ATjer,),

i 1<j

|9lrRa = ZW-

We have to show that for any g = (z,v) € I the difference |g|, — |g|ra
is bounded independently of g. Fix a geodesic Lie word for g as above

and denote g; = (riex,,0) - --- - (rjex,,0) = (z;,v;). Choose m; = [ry]
or [r;] + 1 so that for each g = (myey,,0) - - - (mjex,;, 0) = (2, u}), 7 =
1,...,c we have |z; — 2f| < 3. Then z; = 2; = x and r; = m; + ¢

,|eil < 1. Denote ¢ = (mqeg,,0) - - - (myeg,, 0). We have

g=1](mi+e)en,0) = riex,v), (27)

7
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where

20 = Z mieg;, N\ mjeg, + Z mieg, N\ gjex; + Z i€k, \ mjex; +
1<j 1<j 1<g
Z Ei€k; N Ej€;-
1<)

Collecting members, rewrite ZKJ- miek, \ €jey, + ZKJ- i€k, N\ mjey,
in the form Zé’:l u; A mjey, with |u;| <1 (j=1,...,1). Applying the
above Lemma to each u; A mj ey, we find v} € Y7 (e; A ej) such that
each (mjey,,u;) coarsely ¢ = [](mjer,,u;) € I';y coarsely coincides
with g and |¢'| ; < > mj+2n(n — 1) 1% < |g|g4 coarsely coincides with
that of g.

general case.

Let G be a simply connected 2-step nilpotent Lie group, and let I'
be a discrete cocompact subgroup with finite generating set S. Let
S = {s1,...,8,}. There is a unique continuous group epimorphism 7 :
G, — G, taking g; to s;,7 = 1,...,n. Then 7 also gives an epimorphism
mr : I'y, — I'. Note first that I, N H is cocompact in H = kerm.
Indeed, if G = FT for a compact F', then mF'NT is finite, say 7 F'NIT" =
{my1,s. ., 7y} Then U; (H N Fry;) = F' is a fundamental domain for
I', N H in H.To compare the metrics, note that for v € I" and v/ € T,
such that 7y =~

V| = inf |/ (H N Fn)\sn , |7\RS” = inf ‘V/H‘Rsn = inf |F'y' (H N Fn)‘RSn .

The boundedness of the difference now follows.

3 Asymptotic cones

In this section we show that the asymptotic cone of a finitely generated
torsionfree 2-step nilpotent group I' with a horizontal word norm is
within a finite Hausdorff distance from I'. The theorem is known in the
case of 3-dimensional Heisenberg group |[Kra99], |[Kra01].
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3.1 Preliminaries

A non-principal ultrafilter on N is a finitely additive measure w such that
all subsets S C N are measurable with w(S) € {0,1} and w(S) = 0 for
finite S. Let X be a metrics space. We say that © € X is the ultralimit
of a sequence (x,) in X relative to w, and write lim, x,, = = , if for
any positive € the inequality d(x,,x) < € holds on a set of n-s of full
measure. A nice feature of this notion is given by

Lemma 22 Any bounded sequence in any proper metric space X has
an ultralimat relative to any ultrafilter on N. For a fived ultrafilter the
ultralimit is unique.

Proof. Recall that properness means that all closed balls in X are
compact. Any bounded sequence (x,) in X entirely lies in some closed,
hence compact, ball K. If no point of K were a limit of (x,), then each
q € K would have a neighborhood V| such that the inclusion z,, € V
holds almost anywhere. Then for ant finite subset F' of K the inclusion
Ty € UgerV, also holds almost anywhere. It is clear now that no finite
subcollection of (V;) can cover K contradicting the compactness of K.
The uniqueness is easy.

For a metric space X = (X, d) and positive number € we denote by
e X the metric space (X, ed) . Given a metric space X with a basepoint
p , ultrafilter w, and a sequence of positive scaling factors e, — 0,
the associated asymptotic cone CX = C(X,p, (e,),w) is, roughly, a
metric space which includes information on finite configurations of points
which occur in almost all (measured with w) of the metric spaces €, X.
Precisely, CX is the space of sequences (x,) in X of growth rate at most
é(relative to p), endowed with the pseudometric lim,, £,d(x,,, y,, ), which
made a metric by identifying the sequences zero pseudodistance apart.
That is, we consider the sequences (z,), such that e,d (z,,p) < C,Vn €
N for some constant C, depending on a sequence but, not on n.The
equivalence (z,) ~ (y,) is given by condition lim, e,d(z,,y,) = 0
and the equivalence class is denoted by [x,]. Remarkable feature of
the correspondence X +— CX is that it converts a coarsely isometric
embedding X — Y into isometric embedding CX — CY.
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Examples. The map [z,] — lim,e,x, gives rise to the isometry
CR™ = R"™,m € N, where R™ is considered with a metric induced by
any norm. Next, consider Z" with a word norm || 4, corresponding to
a finite (symmetric) generating set A. Then CZ™ = R™ with the same
isometry, and R is considered with a norm whose unit ball is a convex
hull of the set A. The essential property, had been used in this example,
is the presence of dilations on R"”. We can generalize this as follows.
Let (0¢)¢~0 be a l-parameter group of dilations of a metric space X
with a basepoint p, that is each d; is a bijection fixing p, 0:0; = 4,
Vs, t , 01 = id, and d(d;(z),d:(y)) = td(z,y), x,y € X, Vt. Then, if
X is complete and proper, the isometry CX = X takes place and it is
given by the map ¢ : (z,) — lim, d., (x,). In the Proposition below we
generalize this property even further.

Proposition 23 Suppose that a proper metric space (X, d) admits a 1-
parameter group of dilations (8¢)i=0 with a basepoint p . Suppose that X
is a coarsely dense subset of X (which means that some d—neighbourhood
of Xo coincides with X ) and Xy is given with a metric dy which is
coarsely equivalent to d|x,, that is |d —dp| is bounded on Xy. Then CXj
is 1sometric to X wvia the map ¢ : (x,) — lim, 0. (x,). Furthermore,
(Xo, do) is within finite Hausdorff distance from (X, d).

Proof. First verify that the map ¢ is well defined. Suppose [z,] € C Xy,
that is €,dy (z,,,p) < C,n € N for some constant C. By assumption |d—
dy| is bounded by some constant Cy, hence d (0., (x,,),p) = end (xy, p) <
en (do (z,p) + C1) < C+ C for n > 0, that is the sequence 0., () is
d—bounded. In view of properness lim,, d. (z,) exists.

Next, the map ¢ is onto: for y € X consider the sequence § 1 (y) € X.

&n

By coarse density there is a sequence (x,,) in X such that d <:1:n, o1 (y))

is bounded. We assert that ¢[x,] = y. Indeed lim, d (6., (x,),y) =
lim,, €,d (xn,cS (y)) = 0. The map ¢ is isometric. Indeed, denot-

ing d°,d, the limiting metrics in CXy,CX respectively, for [x,], [y.] €
CXO we have dg([xn] ) [yn]) = lim,, 5nd0(xnayn) = lim,, 5nd(xn7yﬂ> -
dy ([z2] , [yn])- (In the last expression we keep in mind that [x,], [y,] €

CX ).
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To prove the final statement, we first recall some definitions. For
a map of metric spaces f : X — Y define the distortion §(f) =
sup, yox ld(a. y)—d(fz, fy)|. Setting 5(X,Y) — mf{s(f) | [ X — V)
we define the Hausdorff distance between X and Y as dy(X,Y) =
max{d(X,Y),d(Y,X)}. Thus to prove the finiteness of the Hausdorff

distance dg(Xo, X) it is sufficient (and necessary) to find maps X ER
X 4 X, of finite distortion. As f we take a natural embedding map,
then its distortion is finite, since by assumption the function |d — dy| is
bounded on X (from above) by some constant C;. Now, by assumption
there is an 7 such that N, (Xy) = X (neighbourhood is taken in metric
d of course). Thus for any point € X there is a point g (z) € Xy
distance at most r away from x. The resulting map ¢ has a distortion
at most 2r +2C4. =

We say that the pseudodistances d,d’ on a set X are asymptotically

equivalent if j,(é’y)) tends to 1 when both d (z,y) ,d (x,y) tend to infinity.

Proposition 24 Let d,d’ be two asymptotically equivalent proper pseu-
dodistances on a set X. Let (6¢)i0 be a 1-parameter group of dilations
of (X,d") with a basepoint p. Then for any nonprincipal ultrafilter w
and any scaling sequence () the asymptotic cone C (X, d) is isometric
to (X,d') via the map ¢ : (x,) — limy, . (x;,).

Proof. First verify that the map ¢ is well defined. Suppose [z,] €
C (X,d), that is e,d (z,,p) < C,;n € N for some constant C. Then,
by asymptotic equivalence, &,d' (z,,p) < C + 1 for n > 0. By dilation
property d' (6., (x,,),p) = epnd (zy,p) < C+1forn > 0, hence o, (z,,) is
bounded and thus in view of properness of (X, d’) it has a limit. If (y,,) ~
(x,), that is lim,, €,d(z,, y,) = 0, then by asymptotic equivalence and
dilation property lim, e,d' (z,,y,) = 0 = lim, d' (0., (z,),0:, (yn)),
that is lim,, o;, (z,) = lim,, 0. (yy).

Let us verify that ¢ is surjective. For x € X consider the sequence
(x,) with z,, = 5%(@. We have e,d (z,,p) = d (0, (z,),p) =d (z,p)
is bounded. Hence &,d (2, p) is bounded too, that is [z, is defined. The
image of [x,] is precisely lim,, 0. (z,) = x. Finally, putting lim 0., z, =
x and lim d. vy, = y, isometricity follows from the following calculation:
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do ([Tn], [yn)) = lime,d (xp, yn) = lime,d (x,, yn) = limd' (6., @, 0, Yn) =
d(z,y). =

4 Asymptotic cones of nilpotent groups
4.1 Nilpotent Lie algebras, gradings and automorphisms J;.

For a fuller treatment we refer the reader to |Bre07] . Let g be a fi-
nite dimensional nilpotent Lie algebra over R. Define the lower central
filtration by

g =9 ¢ =lg9d",

then gl Dg?D---Dg?D gl =0, where g? # {0} and d is the
length of filtration. For each k choose in g* a complementary to g**!
subspace V. - we call such a choice by polarization of g. Then g is the
linear direct sum of these subspaces

g=Vie---oVy (28)

and V] generates g as a Lie algebra. We identify polarization 7 with
a tuple (my,...,my) of natural projections m; : g —V; i = 1,...,d
according to decomposition (28). Associated to each

polarization 7 is a 1-parameter group of linear automorphisms (6¢),-
of the vector space g, where §; = 07 acts on Vi by multiplication by
t* k =1,..,d . In general (0;),., does not preserve the Lie bracket on
g. This happens if and only if

Vi,V;] CViyj foreveryi,j=1,...,d (29)

(recall that [V;,V]] is the subspace generated by all commutators
la,b],a € Vi,b € V;). If (29) holds, we say that 7 is a grading of
the Lie algebra g, and that g is a graded Lie algebra. If (29) does not
hold, we can however consider a new Lie algebra structure on the vector
space g by defining the new Lie bracket as [z, y| = mitj([z,y]) if z € V]
and y € V. For this new Lie algebra g, polarization 7 turns out to be
a grading, thus g, is graded and d;,t > 0, are all automorphisms of the
Lie algebra g, . The construction of graded Lie algebra g, depends on
the choice of m but any such g, is isomorphic to the canonically defined
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graded Lie algebra gr (g) = @i(g'/g't!) with the commutation, induced
by those in g. Namely, the natural map V;— g' — g'/g"*!

rise to an isomorphism of vector spaces g ~¢gr (g) , which at the same

2 > 1 gives

time is a Lie algebra isomorphism between the new Lie algebra structure
gr and gr (g)

4.2 Nilpotent Lie groups

Let g be a finite dimensional nilpotent Lie algebra over R. Introduce a
Lie group structure on g via Campbell-Hausdorff-Dynkin formula:

1
xy = log (e"e?) = x+y—i—§[x, yl+Ps(x,y)+ -+ FPa(z,y),z,y € g, (30)

where Py(z,y), k = 3,...,d is the sum of Lie products of the length
k. Then the so defined Lie group G is a connected simply connected
nilpotent real Lie group with a Lie algebra g.

Let 7 be a polarization of g. The associated (J7 )¢~¢ is a 1-parameter
group of automorphisms both of the Lie algebra g, and of the Lie group
Gr. In particular, if 7 is a grading, then (67 )¢~¢ is a 1-parameter group
of Lie algebra and of Lie group automorphisms of g, G respectively. ©

4.3 Asymptotic equivalence of a norm on a discrete nilpotent group to
a norm on a corresponding graded Lie group

Let I be a finitely generated torsionfree nilpotent group. We fix an
asymptotically geodesic norm |-| on I'. This means that for every € > 0
there exists s > 0 such that for any g € I" one can find a sequence of
elements g1, go, ..., g, in G, each of the norm < s, such that g1go--- g, =
g and "' gil < (1+¢)|g]. Moreover, we require |-| to be locally
bounded (= bounded in some neighbourhood of any point) and proper,
that is all the balls are assumed to be finite.” Embed I into a connected
simply connected nilpotent Lie group G as a cocompact discrete group

6In fact the original Lie bracket [z,y] on Lie group on g can be deformed continuously to [z,y]r through a
continuous family of Lie algebra structures by setting

[$7y}t = 5% [6tx75ty] s

letting ¢ — oo.
"Two main sources of such norms are word norms and displacement norms |g| = d(gzo,70),g € T for the
isometric proper action I'": X .
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(Malcev's hull [Mal49]). Fix a relatively compact fundamental domain K
for I'in G, so that 1 € K, G = 'K and the product map I' x K — X
is bijective. Extend the norm to I'-invariant pseudodistance d on G
by setting d (z,y) = "y;l’yy , where » € v, K,y € v,K (preposition
"pseudo" means that |g| might be zero for nonidentical g). A routine

verification shows that the asymptotic cones of I',G with reference point
1, are naturally isometric.

We identify, as before, G with its Lie algebra g and we fix some
polarization 7 of g. We wish now to descend d to the norm onto subspace
Vi = mg as follows: Let A be a topological closure of a convex hull of

the set g — {5(11(79;)) o g} . (31)

Thus we have a Lie word norm |-| ; on G, which, taking into account
our Theorem A, can be described as a certain CCF-norm. One of the
main results of E. Breuillard [Bre07], which generalizes the results of
|[Pan83], can be read off as follows:

Theorem 25 ([Bre07], Thm. 6.2) For a locally bounded proper asymp-
totically geodesic norm |-| on a finitely generated torsionfree nilpotent
group I' the corresponding pseudodistance d on a Malcev hull G s
asymptotically equivalent to the Lie word norm |-| 4 in the following

d
lim ﬂ —1. (32)
o=yl oo [27 1Y) 4

sense.

What is the advantage of Lie word norm |-| , compare to the starting
norm |-|?7 First it is (left) Gr-invariant, so it admits a big connected Lie
group of isometries (although this Lie group is not isomorphic to G in
general !) compare to a smaller group I' of isometries of d. Second a
l-parameter group of automorphisms (67 ),., of the Lie group G, is a
dilation group for || 4.

The above Theorem and the presence of dilations together with Propo-
sition 24 yields

Theorem 26 For a locally bounded proper asymptotically geodesic norm
|| on a finitely generated torsionfree nilpotent group I the asymptotic
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cone C (L', |-|) is isometric to (Gx, |-|4) and isometry is given by [z,] —
lim,, (0., x,,) allclasses [xy,] in C (T, |-]).

Remark 27 If G is a simply connected nilpotent Lie group, not neces-
sarily graded, then the group of dilations (8¢),~, associated to a choice
of polarization m will not consist of automorphisms of g. Note also
that if we are given two different choices of polarizations w, ', then the
Carnot-Caratheodory metrics on the corresponding graded Lie groups
are isometric if and only if the normed spaces (V1,|-|) and (V{,]-') are
wsometric. It turns out that in general there a lot of graded group struc-
tures relative to which d' is left invariant.

4.4 Proof of the Theorem B

Let g be a finite dimensional nilpotent Lie algebra over R and let G =
g be the corresponding Campbell-Hausdorft group. Let I' < G be a
cocompact lattice, that is a discrete subgroup with cocompact quotient
['\G. For a finite generating set A of I' we have g =RA + [g, g], see for
example [KM79], Theorem 6.2.5. We say that a finite generating set A of
[ is horizontal if RAN[g, g] = 0. We fix a horizontal generating set A of I
and we fix a polarization 7 of g, such that g =V1®---®Vyand V; = RA
. Note that A is an R-generating set for G , since g =RA + [g,g], see
again loc. cit.

Lemma 28 The group (67 )., is a I-parameter group of dilations of
the Lie word norm |-| 4, namely |07 (g)|a =t |g|a for g € G,t > 0.

Proof. For a R-word w = aj'---afm ay,...,a, € A define §;(w) =

a'® - -al*m for t > 0 , then

: _ | _ 1
l9la = inf{jwly - @ = g} = inf{= 0(w)[4 : @ = g} = 210:(g)].

|

From now on we assume that g is 2-step nilpotent. Then for any
choice of horizontal generating system A of I' the algebra g admits a
grading m with V; = RA, V5 = [g, g]. The following result is a detailed
version of the Theorem B.
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Theorem 29 Let I' be a finitely generated torsionfree 2-step nilpotent
group with a horizontal generating set A and let G be the Malcev hull
of I'. Then the asymptotic cone C (L', |-|4) is isometric to (G,|-|,) and
it is within a finite Hausdorff distance from (I, |-] 1)

Proof. We wish to use the Proposition 23 to prove the first state-
ment. Since I' is cocompact in G, we have G = 'K for some compact
set K, which thus has a bounded norm|K|,. Then for any ¢ € G
we can write g = vk for some v € 'k € K and hence da(g,7) =
‘g_lﬂy‘A < ‘k_l}A < !K‘l‘AwhiCh means that the set I' is coarsely

dense in (G, ]-|§). Next, the restriction of |-|§ onto T is coarsely equiv-

alent to Hi by Theorem 20. Finally, by Lemma 28, (G, Hi) admits
I-parameter group of dilations (d¢)¢~¢ with a basepoint 1 € G. Thus,
by Proposition 23 C <F, Hl;l) is isometric to (G, Hi) via the isome-

try ¢ @ [z,] — limy, . (z,), [z,] € C (F, ||£> and moreover <G, Hi) is
within a finite Hausdorff distance from (I',|-|,). m

4.5 Examples

A group which is not quasi-isometric to its asymptotic cone.
For a finitely generated nilpotent torsionfree group I' we denote by G
its Malcev hull and by g the Lie algebra on G. If we consider several
such I'-s, say I';, then the corresponding Lie groups and Lie algebras
will be denoted by G, g; respectively. There exist two finitely generated
nilpotent groups I'y, I's satisfying the following properties:

1. The graded Lie algebras gr (g1) , gr (g2) are isomorphic,
2. The second Betti numbers of gig- are different.

(the examples were built up by Y. Benoist, exposition in [Sha04]).
Moreover, dimg; = dimgs can be an arbitrary integer > 7. It fol-
lows from the Theorem [Bre07| that for any choice of locally bounded
proper asymptotically geodesic metrics dy,dy on G7,Gs respectively,
their asymptotic cones (CG1, d1) , (CGa, ) are Campbell-Hausdorff groups
built up on gr (g1) = gr (g2), respectively, hence they are isomorphic
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as Lie groups. Moreover they are quasi-isometric as metric spaces with
their limit metrics dio, dos. Nevertheless, by the result of Y. Shalom
[Sha04|, I'1, 'y are not quasi-isometric because they have distinct Betti
numbers. If both I'; and I's were quasi-isometric to CG7 and CGy re-
spectively, then since CGiand CGy are quasi-isometric, they would be
quasi-isometric to each other, contradicting to the previous claim. It
follows that at least one of the groups I'y, I's is not quasi-isometric to its
asymptotic cone. The evident reason for this phenomena is that I'y, 'y
are not graded. 8

Example of a 2-step nilpotent group which is infinite dis-
tance from its asymptotic cone.The following example is due to
E. Breuillard [Bre07] Consider the real Lie algebra g with a basis
X,Y, Z,V such that Z,V are central elements and [X,Y] = Z, then
the lower central filtration reduces to g = g,g°> = [g,9] = RZ, ¢ = 0.
Let G be a Lie group structure on g given by Campbell-Hausdorff for-
mula, then G is a direct product H X RT', where H = RX +RY +RZ.
The subgroup I' = ZX +ZY + 77 + %ZT is a discrete cocompact sub-
group in GG. The set A = {X, Y, TZ, TZ_l} generates I' but is not a
horizontal one. It turns out that any CCF-metric on G (and moreover
any homogeneous quasi-norm) is unbounded distance away from |-| .

Questions and Problems. Is it true that if G is a nilpotent non-
graded Lie group with some nice metric then the asymptotic cone of G
is not quasi-isometric to corresponding graded lie group each other? Is
it true that for any polyhedral CCF-metric for any two points there is
a geodesic between them which is piecewise C1? Is Stoll’s result true
for "nonword" norms too? It seems plausible that a connected simply
connected nilpotent Lie group is of finite Hausdorff distance from its
asymptotic cone if and only if it is graded.
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