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Abstract

Given a local Kato measure p on R4\ {0}, d > 2, let H§+“(U) be the con-
vex cone of all continuous real solutions u > 0 to the equation Au + up =0
on the punctured unit ball U satisfying lim;_; u(xz) = 0. It is shown that
H0A+“(U) # {0} if and only if the operator f — [, G(-,y)f(y) du(y), where
G denotes the Green function on U, is a bounded operator on £2(U, 11) hav-
ing a norm which is at most one. Moreover, extremal rays in 7-[0A TU) are
characterized and it is proven that the Picard principle holds for A+ p on U,
that is, that H(]A+“ (U) consists of one ray, provided there exists a suitable
sequence of shells in U such that, on these shells, y is either small or not too
far from being radial. Finally, it is shown that the verification of the Picard
principle can be localized.
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1 Introduction

For every relatively compact open set V in R¢, d > 2, let Gy denote the (classical)

Green function on V/, normalized such that AGy(-,y) = —¢,, y € V. Throughout

this paper we fix a measure u on R¢ which does not charge the origin and is a (local)

Kato measure! on R?\{0}, that is, for some covering of R\ {0} by relatively compact

open sets V, the potentials = — [;, Gy (z,y) du(y) are continuous and real.
Moreover, we fix R > 0 and define

B:={re€R: |z| < R}, U := B\ {0}.

Let HOA TH(U) be the convex cone of all continuous real solutions v > 0 to the
Schrodinger equation

(1.1) Au+up =0

on U which vanish at the boundary 0B of B. Here solution is meant in the sense of

distributions, that is,
/ ulAp d\? + / wpdp =0
U U
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IThis is a natural assumption, since otherwise (1.1) would not admit continuous solutions u # 0.



for all C**-functions ¢ with compact support in U, ¢ being Lebesgue measure on R,

By definition, dimy (A + p), the Picard dimension of A+ pu on U, is the number
of extremal rays in Hy " (U). Of course, dimy(A + p) = 0 if HS™(U) = {0}.
If H5S™(U) # {0} and 20 := (R/2,0,...,0), then {h € H5T(U): h(xy) = 1} is
a compact base of H5 ™ (U), dimy (A + 1) is the number of extreme points of this
set, and hence dimy (A + p) > 0.

We say that A + p satisfies the Picard principle on U provided
(1.2) dimy (A 4+ p) < 1.

In [NT97Db] it is shown that (1.2) holds, if d = 2. Moreover, it is satisfied if u has
a locally Hélder continuous density with respect to A? which is radial ([NT97a]).
However, the problem seems to be open for d > 3 and general measures .

In this paper, we prove that Hy 7 (U)#{0} if and only if the operator

K fos /U G(y) F(y) dp(y),

where G := Gy = Gglyxy, is a bounded operator on L2(U, ) with ||K|s <1
(Corollary 4.6). In particular, (1.2) holds, unless K is bounded on £*(U, 1) and
Kl < 1.

Since H5'(U) is the set of all positive multiples of Gy := Gp(-,0)|y (cf. (2.2))
and hence dimy A = 1, it would be sufficient to consider the case u(U) > 0. We
shall see first that, whatever u is, every function in an extremal ray of HOA )
is either a multiple of >~ JK"G\ or a continuous strictly positive K-invariant
function h (see Proposition 2.1). This implies that dimy(A 4+ p) = 1, if K is
a bounded operator on L£*(U, 1) such that |K||z = 1 and 1 is an eigenvalue of K
(Proposition 3.2 in connection with Corollary 4.6).

Further, we shall prove that the Picard principle holds for A + p on U provided
that there are arbitrarily small shells A of constant relative thickness, where the
potential [, G(-,y) du(y) is small enough (Theorem 5.3) or the measure 144 is not
too far from being invariant under rotations (Theorem 6.4).

Finally, we shall see that the verification of the Picard principle can be localized
in different ways (Theorem 7.1).

2 Nature of extremal functions in H5 ™ (U)

For every open set W in R%, let ST (W), H* (W) denote the set of all positive func-

tions on W which are superharmonic, harmonic respectively. For every relatively

compact open set V in R%, let Ky denote the mapping f — [, Gv (-, y)f(y) du(y).

If V is regular and 0 ¢ V, then Ky maps the space B, (V) of all bounded Borel mea-

surable functions on V' into the subspace Co(V') of all continuous functions in 5,(V)

vanishing at the boundary V. The harmonic kernel of V' will be denoted by Hy, .
Let us note that every u € C*(U) satisfying (1.1) is superharmonic. Hence

HETHU) € ST(U).

A function h € Hy(U) \ {0} is extremal, if it is contained in an extremal ray
of H5 ™ (U), that is, if every h € Hy ™ (U) such that 0 < h < h is a multiple of h.
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PROPOSITION 2.1. Let h be an extremal function in Hy™(U) \ {0}. Then
Kh = h or h is a multiple of the series Y~ K"Gy.

Proof. For every n € N, let
1 1
A, = {xr € R%: ER <lz| < (1- E)R} and g, := Ha h € H(A,).

Then

h_KAnh:gna TLGN,
since A(h—Ka,h) = Ah+hp =0o0n A, and K4, h € Cy(A,,). The sequence (K 4, h)
is increasing to Kh. So the sequence (g,) is decreasing to a function g € H*(U),
and we have

(2.1) h=g+ Kh.

To prove our result it remains to consider the case g # 0. Since g < h, we know
that lim, .z g(z) = 0. Therefore

(2.2) g =aGy

for some o > 0 (see [AGO1, Exercise 2.11]). By an obvious induction, we see
from (2.1) that, for every m € N,

m—1
h=> K'g+Km"h,

n=0

and therefore

In particular, limy, .z h(z) = 0. Since Kh + K(h —h) = Kh = h — g € C*(U),
where both Kh and K(h — h) are lower semicontinuous, we obtain that Kh €
C*(U). Moreover, clearly h = g + Kh, hence h € Ct(U) and Ah = AKh = —hyp.
Therefore h € HA+“ (U). Since h is extremal by our assumption and h > h >

O

g > 0, we conclude that i = fh for some 8 > 0. Thus we finally see that h
(/) ZZO:O K"Gy (and Y°° ) K"G) is an extremal function in Hg (1))

If go := > "> K"Gy < 00, then obviously
(2.3) 9o = Kgo + Go > Kgo.

If go is locally bounded on U and lim,—g go(x) = 0, then (2.3) implies that go is
continuous on U, Agy = —gop, and hence gy € ’HOA T (U). Moreover, any locally
bounded function A on U which vanishes at 9B and satisfies K'h = h is contained
Atp
in Hy, ™ (U).
Let us recall that, taking zo := (R/2,0,...,0), the convex set

(2.4) Hy ™ = {h € Hy™(U): h(zo) = 1}



is a compact base of HOA (), and hence, by Choquet’s theorem, for every function

h € H5(U)\ {0}, there exists a probability measure x on the set of extreme points
of H™ such that

(2.5) h(l;(]) = /izdx(ﬁ)?

This leads to the following consequence of Proposition 2.1.

COROLLARY 2.2. Every function h € Hy ™ (U) is p-integrable and satisfies
Kh < h, where even, Kh = h, if go & Hy ™ (U).
If go € Hy ™ (U), then gy is extremal.

Proof. Let us fix h € Hy™(U). Obviously, by Proposition 2.1, (2.3), and (2.5),
Kh < h, and even Kh = h if gy ¢ Hy ™ (U). Of course, h is bounded on the set
Uy:={x€U:|z| > R/2}, and pu(U;) < oco. Further, inf{G(z,x¢): x € U\ U;} > 0,
and hence the inequality | G(z,zo)h(z) du(x) = Kh(xg) < h(zo) < oo implies that
h is p-integrable on U \ U;. Thus h € LY(U, p).

Finally, let us assume that gy € HOA *M(U). Then the measure y associated
with gy must charge go/g(x¢), since otherwise we would obtain that Kgy = go,

contradicting (2.3). So g is extremal. O

3 Applications

In the proof of the following result (and later on) we shall tacitly use the fact that,
for every s € ST(U), there exists a unique extension to a function § € ST(B) (and
5(0) = liminf, ., s(y); see [AGO1, Corollary 5.2.2]).

PROPOSITION 3.1. Suppose that gg is bounded by a multiple of Go. Then there
exists C' > 0 such that

(3.1) ZK"SSC’S for every s € ST(U).
n=0

In particular, A + p satisfies the Picard principle, Hy ™ (U) = R g,.

Proof. By Corollary 8.3, there exists C' > 0 such that (3.1) holds. In particular,
there is no s € ST(U) such that Ks = s. So there is no h € Hy ™ (U) satisfying
Kh = h. Thus, by Proposition 2.1, H5 ™ (U) = R+ gp. O

In Section 4, we shall see that H5 ™ (U) # {0} if and only if K is a bounded
operator on L2(U, p) with ||K||s < 1 (Corollary 4.6). A first step in this direction is
the following.

PROPOSITION 3.2. Let us suppose that n(U) > 0 and that K is a bounded
operator on L2(U, 1), where 3 := ||K||2 is an eigenvalue of K.* Then there exists
w e L2(U, ), u> 0, such that

(3.2) {ve LU, u): Kv=p3v}=Ru.

2We even know that the measure y is uniquely determined by h.
3Since G is symmetric, we know that ||K||2 is an eigenvalue of K, if K is a compact operator
on L2(U, ).



Moreover, for every v € BT (U) satisfying Kv < (v, there exists ¢ > 0 such that
v =cu p-a.e. on U.

In particular, A+ u satisfies the Picard principle on U, if 3 > 1. More precisely,
H™M(U) CRu if =1, Hy™(U) = {0} if B > 1.

Before starting the proof let us note that the assumption of Proposition 3.2
implies that, in fact, H(]A+“(U) = R*u if 8 =1 (see Corollary 4.6). Moreover, the
first statement is more or less known (see e.g. [BAHO1, Proposition 3.12]). However,
since the first and the second statement can be obtained almost simultaneously, we
shall present a complete proof.

Proof of Proposition 3.2. 1. By assumption, there exists a function v € L2(U, u)
such that p({u # 0}) > 0 and Ku = Bu p-a.e. Since we can replace u by 5~ Ku on
the p-null set { Ku # fu}, we may suppose without loss of generality that

(3.3) Ku = Pu (everywhere) on U.

Moreover, we may assume that pu({u > 0}) > 0 (if necessary, we replace u by —u).
2. Next let v € B(U) such that v > —|u| and Kv < Sv. We define

(3.4) w:= (Jul —v)*.

Since K|u| > |Ku| = B|u|, we know that Kw > K(|u| —v) > B(Ju| — v). Hence
(3.5) Kw > pw > 0.

Moreover, w € L2(U, u1), since 0 < w < 2|u|, and

Juwrin< @ [uran

since | K ||2 = 8. Therefore
(3.6) Kw = pw p-a.e. on U.

If p({w > 0}) > 0, then Kw > 0, hence, by (3.6), w > 0 p-a.e on U, that is,
(3.7) lu| —v >0 p-a.e. on U.
If, however, w = 0 p-a.e., then Kw = 0, hence, by (3.5), w = 0, that is,
(3.8) v > |ul.

3. If we take v := w, then (3.7) does not hold, since u({u > 0}) > 0 and
|u| —u =0 on {u > 0}. So, by (3.8), u > |u| > 0. In fact, this shows that, for every
function @ € £%(U, ) satisfying Ku = (34,

0 or —u>0.

(3.9)

=g
vV

So every v € L*(U, i) satisfying Kv = [Bv is a multiple of u, since otherwise there
certainly is a linear combination @ of u and v violating (3.9).
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4. Let us next suppose that v € BT (U) and Kv < (v. To show that v is
p-a.e. equal to a multiple of u we may suppose that pu({u > v}) > 0 (we replace
v by nuv, where n > 0 is sufficiently small). Then pu({w > 0}) > 0 and therefore,
by (3.7), v < u p-a.e. on U. Since v > 0, we hence see that v € L£*(U,u). If
uw({Kv < fv}) > 0, then, by the symmetry of G,

6/uvd,u>/u(KU)d,u:/(Ku)vdu:ﬁ/uvdu,

a contradiction. So Kv = (v p-a.e. Replacing v by f7'Kv on the p-null set
{Kv < v} we obtain a function o satisfying K¢ = 0. Then © = cu for some ¢ > 0
and hence v = cu p-a.e.

5. If 3 =1, then H5(U) € Ru by Corollary 2.2 and the preceding considera-
tions. Finally, let us suppose that § > 1 and let h € H§+“(U). Then Kh < h < 3h,
hence h = cu p-a.e. for some ¢ > 0. So h = Kh = h and therefore h = 0. O]

We stress that our general assumption on g does not exclude the possibility
that there is a function h € HOA TH(U) which satisfies Kh = h but is not contained
in £2(U, ).

EXAMPLE 3.3. For every n € N, let B, be the open ball of radius 2="*3 R
centered at z, := (27"R,0,...,0), let a, € (n,00) such that G(-,z,)/a, < 27"
on U\ B, and
P = min{a,, G(-,x,)/an}.

Then p, € C(U) and p,, = G* for some measure v,, which has total mass 1/a,, and
a support C,, C B,,. Let v := 3> v, p:=G" = > 7 p,, and p = (1/p)v.
Then Kp = GP* = G¥ = p. Since the balls B,, n € N, are pairwise disjoint and
Y27 =1, we have p € C(U) and

(3.10) an=pp <p<a,+1 on supp(v,).

Obviously, p vanishes at 0B. Hence p € HOA (). Moreover, for every n € N,
[ G™dv, = a,/a, =1 and hence [p*dp= [G"dv > > " [ G dv, = .

Corollary 4.6 will show that, nevertheless, K is a bounded operator on £2(U, 1)
and || K|, < 1. Further, (3.10) implies that, for every n € N, K1, = GU/Pvn >
an/(an +1) >n/(n+1) on Cy, and hence | K|z > n/(n+ 1). Therefore || K |2 = 1.
Finally, let us note that both Theorem 6.4 and Corollary 6.5 immediately imply
that dimy (A + ) = 1. We could even smear v a little, add Lebesgue measure on U
(leading to a measure p having a strictly positive C*°-density on U), and still have
the same result.

4 Characterization of H5 1 *(U)# {0}

In this section we shall see that Hy ™ (U) # {0} if and only if the p-eigenvalues of A
on the shells {x € R?: R/(n+1) < |z| < R}, n € N, are at least 1 or — equivalently —
if and only if K is a bounded operator on £*(U, u) with |[K||z < 1 (Corollary 4.4
and Corollary 4.6). For a useful consequence of ||K||3 < 1 see Lemma 6.2.

Let us first recall the following from [HH88] (where the proof is so short that we
may just as well include it).



LEMMA 4.1. Let L be a bounded kernel on a measurable space (E,E). Then the
following statements are equivalent.

(i) The function Y~ L™1 is bounded.

(ii) The operator I—L on (&, ||-||e0) is invertible, its inverse is the positive bounded
operator y o L™.

(iii) The operator I — L on (&, || - ||e) is invertible, its inverse is positive.
(iv) There exists f € &, such that 1+ Lf < f.

Proof. (i) = (ii)= (iii): Trivial.
(iii) = (iv): The function f := (I — L)7'1 € &, satisfies 1 + Lf = f.
(iv) = (i): By induction, Z;L__Ol L1+ L"f < f, and thus ) - L"1 < f. O

For every v > 0, let H2+7* denote the sheaf of (A +~u)-harmonic functions: For
every open set W in R\ {0}, HAT™(W) denotes the set of all (A + yu)-harmonic
functions on W, that is, of all continuous real solutions to the equation Au+~upu = 0
on W. Let us note that (R?\ {0}, HA"*) is a Brelot space (see [BHHS87, Theo-
rem 7.7]). In particular, (A + yu)-harmonic functions satisfy Harnack’s inequalities.
Of course, functions are called (A + v )-superharmonic provided they are superhar-
monic with respect to the sheaf HAT7".

Given an open set V which is relatively compact in R¢\ {0}, let I'y; denote the
set of all v > 0 such that I — vKy: B,(V) — B,(V) is invertible and the inverse
is positive. In the next two propositions we collect results which are proven in
[HH88] in a far more general setting. For the convenience of the reader we include
a complete proof for our situation.

PROPOSITION 4.2. Let V # 0 be a relatively compact regular open set in R4\{0}
and v € I'y,. Then the following holds.

1. For every v € 'y, the set V is reqular with respect to HA" and the corre-
sponding harmonic kernel is

[e.9]

(4.1) Hy™ ™ = (I —yKy)™'Hy = > (yKy)"Hy.
n=0

2. If s is a bounded (A+vyu)-superharmonic function on'V and liminf,_., s(x) > 0
for every z € OV, then s > 0.

Proof. 1. Let L := vKy and ¢ € C(0V). Then the function ¢ := (I — L) ' Hy¢
satisfies v — Ly = Hyp € H(V). Hence ¢ is (A + yu)-harmonic on V' and satisfies
lim,_., ¥(x) = p(z) for every z € dV. Moreover, ¢ > 0 if ¢ > 0.

If ¢ is any (A 4+ yp)-harmonic function on V' such that ¥ tends to 0 at V, then
g = 1; — Lz/; is harmonic on V' and vanishes at V. So g = 0 and hence 1/; = 0.

Therefore V is regular with respect to H2*7, and (4.1) follows from Lemma 4.1.

2. Next let s be as indicated. Then, by [BHH87, Theorem 3.2|, t := s — Ls is
a bounded superharmonic function on V. Moreover, liminf, .. t(x) > 0 for every
2z € dV. Sot >0, and therefore s = (I — L)'t > 0. m
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Let
ay =suply.

If u(V') =0, then obviously I'y = (0, 00) and hence oy = oc.

PROPOSITION 4.3. Let V be a connected relatively compact reqular open set in
R4\ {0} and p(V) > 0. Then the following holds.

1. 0<ay <oo and I'y = (0, ay).

2. There exists a strictly positive (A + ayp)-harmonic function h € Co(V).
Moreover, ker(I — ayKy) = Rh, and every positive bounded (A + ayp)-
superharmonic function on V' is a multiple of h.

3. For every vy > ay, the constant function 0 is the only positive bounded function
on V which is (A 4 yu)-superharmonic.

In particular, cy is the first p-eigenvalue of A on V' and the corresponding eigen-
functions are multiples of a strictly positive function.

Proof. Let A be a compact set in V' such that p(A) > 0. Then Ky1ly > 0 on V.
So there exists 5 € (0,00) such that BKy14 > 14. By induction, (BKy)"14 > 14
for every n € N, and hence ) (6Ky)"1 = oo on A. Therefore, by Lemma 4.1,
0 < ay < < ooand 'y is an interval from 0 to ay. We still have to show that
'y is open. To that end let us consider v € T'y and 0 < & < ||({ + vKy) 'Ky || 7.
Then

(I=(y+e)Ky) 1= [e(I +vKy) "' Ky]"(I +7Ky)~'1
n=0
is bounded, and hence v+ ¢ € I'y. So I'y is an open interval, I'y = (0, ay/).
Let (7,) be a sequence in 'y which is increasing to ay . For every n € N, let

A n
g = HyT"1 and e = ||gnlloo-
By (4.1), for every n € N, 1 < g,, < gps1 and

(4.2) In = T Kvgn = 1.

If supc, < oo, then g := lim,, .o g, is bounded and g — ay Ky g = 1, and hence
ay € I'y by Lemma 4.1, a contradiction. So sup ¢, = o00.

Since Ky is a compact operator on (By(V), || - ||s) Which maps B, (V') into Co(V),
there exists a subsequence (h,,) of (¢, 'g,) such that the sequence (Kyh,) converges
uniformly to a function h € Cf (V). By (4.2), the sequence (h,) itself converges
uniformly to h and h — ay Kyh = 0, that is, h € ker(I — ayKy). Of course,
Ih||lco = 1, since ||h,l|lec = 1 for every n € N. Since h > 0, we hence see that
h =ayKyh > 0on V. Finally, Ah = —ayhp. So his (A + ayp)-harmonic.

Let v > ay and s be a bounded (A + 7yu)-superharmonic function, s > 0.
There exists a regular open set W such that W C V and A := V \ W satisfies
llov Ky 1w ||oo < 1. Then ay Kyl < ||ay Ky 1wl < 1 and hence ay € Ty, Let

a:=sup{a>0:ahy<son A} and t:=s—ah.
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Then ¢ is (A + ayp)-superharmonic on V', ¢ > 0 on A, and there exists a point
x € A such that t(z) = 0. Clearly, liminf, ., t(y) > 0 for every z € OW (recall that
h — 0 at dV). Hence, applying (2) with W in place of V', we obtain that ¢ > 0
on W, and therefore ¢ > 0 on V. Since V' is connected and ¢(z) = 0 for some x € A,
we conclude that ¢ = 0, that is, s = ah.

If W is an open set such that W C V and 7Ky 15|l < 1, then
H2FWh > H2F ) = h,
W =W

Since a > 0 and H%ﬂ“s < s, we conclude that H%ﬂ“h = h. Hence h € HATH(V),
Ah + vhp = 0. On the other hand h € HA(V), Ah + ahp = 0. Since v > ay,
s>0on V,and u(V) > 0, this implies that v = ay.

Finally, if g € ker(I — ay Ky ), there exists b > 0 such that bh — g > 0 on A
and hence bh — g > 0 on V by (2) (with W in place of V). By the preceding
considerations, there exists ¢ > 0 such that bh — g = ch and therefore g € Rh. [

For every n € N, let
Uy ={r R R/(n+1)<|z| <R} and a,:=ay,.
COROLLARY 4.4. The following statements are equivalent.
(i) Hy™(U)#{0}.
(ii) For everyn € N, o, > 1.
(iii) For everyn € N, a,, > 1.

Proof. If u(U) = 0, then H5(U) = R*Gy and o, = 00, n € N. So let us suppose
that u(U) > 0.

(i)= (ii): Let g € H5™(U)\ {0} and n € N. Then s := g|y, is a positive
bounded (A + u)-(super)harmonic function on U, and s > 0 at U, \ 0B. By (3)
in Proposition 4.3, 1 < a,.

(ii) = (i): By Proposition 4.2, the sets U,, n € N, are regular with respect
to HAT#. Hence, for every n € N, we have a function

A
gn = Hy M ou,\08

which is strictly positive and (A + p)-harmonic on U,. Let z := (3R/4,0,...,0)
and Gn := gn/gn(x0), n € N. Then there exists a subsequence of (g,) which is
locally uniformly convergent to a positive (A + p)-harmonic function g on U. The
convergence is uniform on Uy, since g, = H é 15, and §, vanishes at 9B, n € N.
Thus g € H()A+“(U). Of course, g # 0 since g(zo) = 1.

(ii) = (iii): Trivial.

(iii) = (ii): It suffices to show that a,41 < an, if n is sufficiently large. Since
w(U) > 0, there exists ng € N such that p(U,,) > 0. By Proposition 4.3, for every
n > ng, a, € (0,00) and there exists a strictly positive function h, € Co(U,) N
HAYn(U,). Let us now fix n > ng. Then s := h,yi|y, is a strictly positive
bounded (A + ay,+1p)-(super)harmonic function on U,. Clearly, s is not a multiple
of h,, since h,1 > 0 on OU, \ 9B. So a,41 < ay, by Proposition 4.3. O
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PROPOSITION 4.5. If Hy " (U) #{0}, then K is a bounded operator on L2(U, 1)
and ||K ||z = sup ot < 1.

Proof. If i(U) = 0, then K = 0 and inf o, = 00. So we assume that Hy H(U) # {0}
and u(U) > 0. Let n € N such that p(U,) > 0, and hence a,, = ay,, € (0, 00).

By Proposition 4.3, there exists h,, € HAT*#(U,) N Co(U,), h, > 0. We define
K, = Ky, . Then o, K,,h,, = h,, since o, K,,h,, — h,, is harmonic on U,, and vanishes
at OU,. Considering h,, as a function on U which vanishes on U \ U,, we have

h, € L2(U, 1) and

(4.3) /(Khn)zd,uZ/ (Knhn)Qdu:anQ/ hid,u:anQ/ h2 dp.
U

n n U

By [BAHO01, Theorem 2.5], K,, := Ky, is a compact operator on £L2(U,, 11). In ad-
dition, K, is positive, self-adjoint, and o, ! is the first eigenvalue of K,,. Therefore
| Knllz = a;t (see e.g. [HL99, Lemma 6.2.1 and Corollary 5.2.7]) and we conclude
that, for every f € L2(U, u), f >0,

(4.4 L prau=s [ (5o a < swwar [

n n

Combining (4.3) and (4.4), we see that K is a bounded operator on £2(U, ;1) and
|K|2 = supa,, . By Corollary 4.4, supa,, ' <1, O

COROLLARY 4.6. H5™(U) # {0} if and only if K is a bounded operator
on L2(U, u) with | K|, < 1.

5 Smallness of u on shells
For all 7 > 0 and § € (0,1/4), let
B, :={x ¢ R%: |z| <1}, Sy = {z € R*: |z| = r},
Ans i={r e R (1-28)r < |z| <r}.

For every measure v on U, let

Gu(z) = /UG(x,y) dv(y), xeU.

By [BHHS87, Proposition 7.6], we know the following.

PROPOSITION 5.1. There ezists n > 0 (which we shall fix once and for all)
such that, for all s € ST(U) and measures v on U N Bgs,

G(sv) <s/2, whenever Gv <.

PROPOSITION 5.2. For every 0 < § < 1/4, there exists ¢ > 1 such that, for all
g € HYT(U) and all 7 € (0, R/2),

(5.1) sup g(Sa—syr) < cinf g(Sa_s)r),  whenever G(14, ;1) <.

10



Proof. Let § € (0,1/4). By scaling invariance and Harnack’s inequalities, there
exists ¢ > 1 such that, for every r > 0,

(5.2) sup h(Sa—syr) < ginfh(S(l_(;)T) for all h € H*(A,s).
Let g € HY™(U) and r € (0, R/2) such that A := A,; satisfies G(1ap) < 7.
Since g € ST(U) NC(U), we see that s :== Hag € ST(U)NC(U), s < g, and
h:=s|a € H*(A). Let S := S(1_s),. By Proposition 5.1 and (5.2),
1
G(lasp) < 35 and  suph(S) < g inf A(S).
By the first inequality, Kah < G(1asp)|a < (1/2) h, hence
gla =D (Ka)"h <Y 27"h=2h
n=0 n=0
and
sup g(S) < 2sup h(S) < cinf h(S) < cinf g(5).
[

THEOREM 5.3. Suppose that there exist 6 € (0,1/4) and r, € (0, R) such that
rn 1 0 and, for every n € N, the annulus A,, := A, 5 satisfies

(5.3) G(la,pu) <.
Then A + u satisfies the Picard principle on U.

Proof. Let us assume that we have extremal functions hy, hy € H5 ™\ {0}. We shall
see that they are not linearly independent, and hence dimgy (A + p) < 1.

Let ¢ denote the constant of Proposition 5.2 and let us fix C' > 1 such that
h; < Chj on Sgs for 4,5 € {1,2}. By Proposition 4.2 and Proposition 4.3,

(54) hl S Chj on U \ BR/Q.

Assuming that already 7 < R/2, we define x,, := ((1 — 0)ry,0,...,0) € Sa—_s)r,,
n € N. By Proposition 5.2, for all 7 € {1,2} and n € N,

C_lhi(xn) < hz < Chz(l‘n) on S(l—é)rn7

and hence, for i, j € {1,2},

hi(n)
hi <& = by SA—6)ry -
=C h](l'n) i O O(1-5)r,
We may assume without loss of generality that there exist 1 < ki < ky < ...
such that for some real a > 0 the sequence (hy(z,)/he(zk,) is bounded by a
(if lim hq(z,,)/ha(x,) = oo, we exchange the role of hy and hsy, and take a = 1).
Let ¢ := max{ac?, C'}. Then, for every n € N,

(5.5) hi < ého

on Sa—g)r, U Sgse. By Proposition 4.3, (5.5) holds for all n € N and z € U such
that r, < |z| < R/2. In view of (5.4), we obtain that (5.5) holds for all x € U.

Since hs is an extremal function in HOA e (U), we conclude that hy = yhy for some

v > 0. O]
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6 Almost radial measures

For r > 0, let o, denote the normalized surface measure on S,. Given r € (0, R/2),
we define

(6.1) a, = |[|Goy||0o-

To work with almost radial measures (see Definition 6.3) we shall need two simple

properties of o, (where it would be sufficient to have some constant ¢y instead of 2471
and 29+1),

LEMMA 6.1. Let r € (0, R/2). Then Go, = Go,(0) = a, on B,. Moreover,
(6.2) arja < 27, and a, <2"7'G(x,y) for all z,y € B,.

Proof. Let z := (r,0,...,0). Since the potential Go, is a radial function which is
harmonic on B\ S,, we immediately see that

(6.3) a, = G(0,2) = Go,(0) = Go, on B,.
To prove (6.2) we define
(B2 — ) (R — [y|*)

= B).
o(x,y) B2z — g (z,y € B)
Clearly, ¢(0,z) = (R/r)* — 1 and, for all z,y € B,,
9 _ _
(6.4) le =l < olwy) < le—y™

Let us first consider the case d = 2. Then, for all z,y € B,

(6.5) G, y) = (47) " (1 + é(x, 1))

(see [AGO1, Theorem 4.1.5, Corollary 4.3.3]). Since 1+ ¢(0,2) = (R/r)?, we see
that
a, = (27) "' In(R/7).

Moreover, In(2/r) = In2 + In(1/r), where In2 < In(1/r). Therefore a,» < 2a,
proving the first part of (6.2). If x,y € B,, then

oz )>3R_2>1£2
)= 16 (2r)2 — 8 r2

Since In1 = 0 and the function ¢ — In(1 + ¢) is concave, we hence conclude that

1 R? 1 R? 1
In(1+ ¢(x,y)) > In(1+ §ﬁ) > 3 In(1+ 7“_2) >3 In(1 4+ ¢(0, 2)).
So G(z,y) > (1/8)a,, by (6.5) and (6.3).
Now let d > 3. Then
(6.6) Glr,y) = rg' (1= (1+ o(z,9) ) |z — y>*
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(where kg is d— 2 times the surface of Sy; see [AG01, Theorem 4.1.5, Corollary 4.3.3]
again). In particular (recall that 1+ ¢(0, z) = (R/7)?),

(6.7) r274/2 < p?7d — R¥4 = gua, < r*70

leading to the inequality a,/; < 24-1q,.
Finally, taking b := 2rR/(R* + r?) € (0,1), we have, for all z,y € B,,
(R2— 122 (R®+1r2)?

Loy 21 = m = “gmp 0

and hence, by (6.6), (6.7), and since 1 —b = (R —1)?/(R? +r?) > 1/8,

kaG(z,y) > (1= b472)(2r)2 0 > (1 = b)(2r)?7¢ > 27(@H)yp2=d > o=

Let us recall that the mapping K is defined by
Kf:=G(fn)
(whenever f: U — R is Borel measurable and G(f"u) — G(f~ u) makes sense).

LEMMA 6.2. Suppose that K is a bounded operator on L*(U, ) and |K|]y < 1.
Then

(6.8) w(B,) < 2% /q, for every r € (0, R/2).

Proof. Let r € (0,R/2) and A := B, \ {0}. By Lemma 6.1, for every x € A,

Kla(z) = / G(z,y) du(y) > 27 Va,p(A)
A
and therefore
/ (K10 dp > / (CLa)2 dpe > (27 @V, u(A))2 ().
A

On the other hand, since || K]z < 1, we know that [(K14)*dp < [(14)? dp = p(A).
Since u(A) = u(B,), (6.8) follows. O

DEFINITION 6.3. Given C > 0, r € (0,R/2), and 6 € (0,1/4), we shall say
that p is C-radial on A, g, if for every annulus A := {x € R*: s < ||z| < t}, where
(1-20)r<s<t<r,

G(Lap) < Carp(A).

If p is radial on A := A, then u is 2% '-radial on A, by Lemma 6.1, since
r/2 < (1 —26)r. More generally, if C' > 0 and

1A,u = / o dtu
(1-20)r
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such that
(6.9) Gy < Capiy(Sy) for every (1 —20)r <t <r,
then y is 2971C-radial on A. Let us note that (6.9) holds if u; = @s0; such that
(6.10) sup ¢ (S;) < Cinf i (Sy).
Indeed, (6.10) obviously implies that
G(pr0r) < suppi(St)ar < Cinf y(Si)a; < Cagfur(Sy).
THEOREM 6.4. Suppose that there exist C > 0 and § € (0,1/4) such that
inf{r € (0, R/2): p is C-radial on A, s} = 0.
Then A + u satisfies the Picard principle on U.

Proof. By Corollary 4.6, it remains to consider the case, where K is a bounded
operator on £2(U, ) and ||K || < 1. Then, by Lemma 6.2,

(6.11) w(B,) < 2% /a,  for every r € (0, R/2).
We fix m € N and § € (0,6) such that
(6.12) 2%-mC < and (1-20)*" >1-—24.

Let r € (0, R/2) such that p is C-radial on A := A, 5. By Theorem 5.3, it suffices
to prove that there exists 7 € (0,7) such that A := A ; satisfies

(6.13) G(1am) <1
To that end we define, for every 0 < j < 2™ — 1,
rji=(1-20Yr and A;:= A s

Let us note that the 2™ annuli Ag, Ay, ..., Asm_1 are pairwise disjoint sets in A C B,..
So, by (6.11), there exists 0 < j < 2™ — 1 such that, defining 7 := r; and A= Aj,
we have

u(A) <2717 a,.

Since r/2 <7 < r, we know, by Lemma 6.1, that
ap < Apjg < 2 a,.
Since p is C-radial on A | we finally conclude that
G(141) < Cazp(A) < 27mC <.
This finishes the proof. O

COROLLARY 6.5. If u is radial on U or, more generally, if there exist 6 €
(0,1/4) and r, € (0,1/2) such that r, | 0 and p is radial on every A,, 5, n € N,
then A + u satisfies the Picard principle on U.
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7 Localization

We recall that the sufficient conditions in Theorem 5.3, Theorem 6.4, and Corol-
lary 6.5 depend only on the behavior of y close to the origin. The following result
shows that, even in the most general case, the verification of the Picard principle
for A + g on U can be localized at 0 in two different ways (which can be combined
in an obvious manner; see the proof of Corollary 7.2). To that end let r € (0, R)
and V:={x e U: |z| <r}.

THEOREM 7.1. Let i/ be a measure on R4\ {0} such that 1yp < p/ < p. Then
A + p satisfies the Picard principle on U, if A + u' satisfies the Picard principle
on U orif A+ u satisfies the Picard principle on V.

Of course, there is no hope for reverse implications (unless we already know that
dimy (A + ') <1 or dimy (A + p) < 1), since, whatever 1y may be, we shall have
Hy T (U) = {0}, if Ty g is too large.

Proof of Theorem 7.1. 1. Given h € Hy " (U)\ {0}, we shall construct correspond-
ing minorants in H5 (V) and H5 ™ (U). For n € N, let

Uy ={zeU:|z|>r/(n+1)} and V,:=VnNU,.

By Proposition 4.2 and Proposition 4.3, the open sets U,,, V,, are regular with respect
to A+ and A + /. We first define

(7.1) v o= Hy ™ (Lnvh)  (n € N).

The sequence (v,) is increasing to a function i < h which is (A + p)-harmonic on V/
and equal to h on U \ V. Since v; — h at S := 9V \ {0}, we know that also h — h
at S. Hence

g=h—heC*(U) and g¢g=0 onU\V

Moreover, g is (A 4 )-harmonic on V, and hence g|, € H5 (V) (we cannot and

will not exclude the possibility that even g|y, = 0).
Obviously, ¢ is (A + u')-subharmonic on U and h is a (A + y)-superharmonic
majorant of g. Therefore the functions

Uy 1= Héf“ g, n € N,

are increasing to a (A + p)-harmonic function A’ which is the smallest (A + p)-
superharmonic majorant of g on U. In particular, A’ < h and hence b/ — 0 at JB.
So B € HEH (U).

There is a natural way to get g back from h’: For n € N, let

(7.2) o), = Hy ™ (1)
(where we could just as well write p instead of y/, since V,, C V). We claim that

(7.3) g = lim vj,.

n—oo
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Indeed, for every n € N, the function v}, is (A + p’)-harmonic on V,,. It is equal to A’/
on V' \ V,, it vanishes on U \ V, and it is continuous on U. Since g < 1yh' < I,
H@f” g =g, and H@f” R < k', we see that g < v/, < h' and hence

(7.4) g<uv,<1lyh’ (neN).

In particular, for every n € N, v}, = H@LJWIU;@H < Héf”’l(lvh’) = v/, that is,
the sequence (v))) is decreasing. Its limit f is (A + y')-harmonic on V' and satisfies
g < f < K, it vanishes on U \ V, and is continuous on U. Therefore the positive
function f — g is (A + p')-subharmonic on U, and we conclude that, for all n € N,

0< f—g<HZ™(f—g) <HF™N —up <h —uy.

Letting n — oo we see that f — g = 0 proving (7.3).

2. Now let hy, hy be extremal functions in Hy ™ (U) \ {0}. Then we have cor-
responding functions Ay, ha, g1, g2, and k), hy. If A + i/ satisfies the Picard prin-
ciple on U, then h}, hl, are proportional and hence g, go are proportional, by (7.2)
and (7.3). If A + p satisfies the Picard principle on V, then we know immediately
that g1, go are proportional.

3. So let us consider the case that g; = ags for some a > 0. Of course, there
exists b > 0 such that h; < bhy on S and hence hy < bhy on U \ V. By (7.1), we
see that hy < bhy. Having h; =g; + il/j, j € {1,2}, we obtain that hy < (a + b)hs.
Since hs is extremal, we finally conclude that h; is a multiple of hs. n

A consequence of Theorem 7.1 is the following result (we note that, of course,
(7.5) holds if u is a Kato measure on R9).

COROLLARY 7.2. Let us suppose that
(7.5) limsup,_,, K1(x) < liminf, o K1(z) +1 < o0

or, more generally, that Ky is a bounded operator on (By(V), || ||s) having a spectral
radius p(Ky) < 1. Then A + u satisfies the Picard principle on U.

Proof. 1f (7.5) holds, then K1 is bounded, sup K1(V) — inf K1(V) < 1, if r is
sufficiently small, and hence || Ky 1| < 1. So let us assume that p(Ky)) < 1 and let
p' = 1p, ,p. Of course, the spectral radius of the operator f — [ GGy fy) di(y)
is at most p(Ky).

By Proposition 3.1 and Corollary 8.3, A + 1 satisfies the Picard principle on V.
By Theorem 7.1, applied to V' in place of U, we obtain first that A + u satisfies the
Picard principle on V. Using Theorem 7.1 again, we finally see that A + p satisfies
the Picard principle on U. ]

8 Appendix: Triangle property on punctured sets
Let us recall the generalized triangle property. Given an arbitrary set X and func-

tions w, w*: X — (0,00), a function F': X x X — [0,00] has the (w,w*)-triangle
property, if there exists C' > 0 such that, for all x,y,z € X,

F(z,2)F(z,y) < CF(z,y) max{

w(z)
w@)’ " )
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or — equivalently — that the function F, ,«: (x,y) — F(z,y)/(w(z)w*(y)) satisfies
the triangle property, that is, for all x,y,z € X,

(8.1) Fopr (€, 2) Fyur (2,y) < CFy e (2, y) max{ Fy e (2, 2), Four (2,9) },
which, in turn, can be rewritten as
(8.2) min{FwﬂU* (x,2), Fipuw (2, y)} < CFyp+(x,y).

The following results are of independent interest.

PROPOSITION 8.1. Let X be an arbitrary set, a € X, X*:= X \ {a}. Suppose
that G: X x X — [0,00] is symmetric, 0 < G* := G(-,a)|x« < 00, and, for some
w: X — (0,00), G has the (w,w)-triangle property.

Then G|xexxa has the (G*, G*)-triangle property.

Proof. 1. Let us suppose first that w = 1, that is, there exists C' > 1 such that, for
all v,y,z € X,
min{G(:c,z),G(z,y)} < CG(z,y).

We define G: X x X — [0, 0] by

Gla.y) = Gaonenlo9) = Guiriias-

Let us fix 2,7y, 2 € X* We claim that min{G(z, z),G(z,y)} < C?G(z,y), that is,
(8.3) min{G*(y)G(z,z), G*(2)G(z,y)} < C*G*(2)G(z,y).
By symmetry, we may assume that G*(z) < G%(y). If G*(y) < CG%(z), then
min{G*(y)G(z, 2), G*(2)G(z,y) }
< CG*(2) min{G(z,2),G(z,y)} < C*G*(2)G(z,y).

So let us suppose CG*(z) < G*(y). Since min{G*(y),G(y,2)} < CG*(z), we see
that G(y,z) < CG*(z). In addition, G*(z) = min{G"(z),G"(y)} < CG(x,y).
Therefore

min{G*(y)G(z,2), G*(z)G(z,y)} < G*(2)G(y, z) < C*G*(2)G(z,y).

Thus G|xaxxe has the (G*, G*)-triangle property.
2. To reduce the general case to the special one, where w = 1, it suffices to note
that G, is symmetric and that, for all z,y € X,

Guw(®,y) _
G, 0)Gow(y, a)

. Y)

G (x)G(y)
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For a better understanding of the first corollary, let us recall that, given an inner
product space (V, (-, -)),

[l
p: (z,y) =
el
(where, of course, ||z|| := (z,7)'/?) is known to define a metric on V \ {0}, since

plz,y) = [lllz 72z — lylI?y]l (see [Pin99, Lemma A.1]).

If X is an arbitrary set and p: X x X — RT is symmetric and vanishes on
the diagonal, but nowhere else, then p is a quasi-metric if and only if p~! has the
triangle property (see e.g. [Han06, p. 646, Remark 2.1.2]). So Proposition 8.1 has
an immediate consequence for quasi-metrics (and is more or less equivalent to it).

COROLLARY 8.2. Let p be a quasi-metric on a set X. Leta € X, X := X \{a},

and
p(x,y)

p(z, a)p(y, a)
Then p* is a quasi-metric on X®.

p’(x,y) = (z,y € X%).

Let us note that the following corollary has obvious analogues in the more general
situations considered in [Han06, Section 9] and [Han05].

COROLLARY 8.3. Let v be any measure on B and Lf := [ Gp(-,y)f(y) dv(y),
f € BY(B). Let us consider the following statements.

(i) There ezists a € B and ¢ > 0 such that v({a}) =0 and
(8.4) > L'Gp(-,a) < G- a).
n=0

(ii) There exists ¢ > 0 such that, for every s € ST(B), > .77, L"s < cs.

n=0
(iii) The function .~  L™1 is bounded.
Then (i) < (i) = (iii) . If v has compact support in B, then also (iii) = (ii).

Proof. Let w := min{Gp(-,0),1}. The function Gp has the (w,w)-triangle prop-
erty (see e.g. [Han06, Proposition 9.3]). So, by Proposition 8.1, Gp|paxp« has the
(G*, G*)-triangle property.

(i) = (ii): We define L, f(z) := [5. Gp(xz,y)f(y) dv(y), f € BT(B®), v € B*. By
(8.4), we know that Y~  L'G% < ¢cG%. Therefore, by [Han04, Proposition 7.4],

LIGY <c(1—(1/¢)"Gy,  neN,

where lim,, . [c(1—(1/c))"]¥/" =1—(1/c) < 1. Hence, by [Han06, Proposition 2.3
and Corollary 3.3], we infer that there exists C' > 0 such that, for every s € ST (B%),
Yoo o Llls < Cs. Since v({zo}) = 0, (iii) follows.

(i) = (i),(iii): Trivial, since Gg(-,a),1 € ST(B).

Finally, let us suppose that v is supported by a compact set A in B and that
> oo o L™1is bounded. Since inf w(A) > 0 and supw(A) < oo, we know that Gplaxa
has the triangle property. Thus, by [Han04, Proposition 3.10], (ii) follows. O
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Finally, let us note another consequence of Proposition 8.1 (where we shall not
try to achieve the utmost generality).

COROLLARY 8.4. Let G be a symmetric Green function for a connected Brelot
space (X, H) and a € X such that the following holds.

(i) G(a,a) = oo and limsup,_, . G(z,a) < co.
(i) G has the local triangle property.

(ii) There exist strictly positive real functions w,w* on X such that G has the
(w, w*)-triangle property.

Let g := min{G“,1}. Then G has the (g, g)-triangle property.

Proof. By (i), there exist a relatively compact open neighborhood V of @ and M > 1
such that G* > 1 on V and G* < M on V°. Then ¢ = 1 on V and G* < My
on V¢ Let L be a compact neighborhood of V' and W a relatively compact open
neighborhood of L. We may assume without loss of generality that g > 1/M on W.
By (ii), (iii), and Proposition 8.1, there exists C' > 1 such that, for all z,y,z € W,

(8.5) min{G(z, 2),G(z,y)} < CG(x,y),
and, for all z,y,z € X \ {a},
(8.6) min{G*(y)G(x, 2), G*(2)G(z,y)} < CG*(2)G(x,y).

Moreover, there exists ¢ > 1 such that

(8.7) h(z) < ch(2),

whenever h € H*(W) and 2,2 € L,or h € H(L) and 2,2 € V.
We claim that, for all x,y,z € X,

(8.8) min{g(y)G (v, 2), 9(x)G(2,y)} < McCg(2)G(x,y).

If z,y,2z € W, then (8.8) follows from (8.5), since g < 1 < Mg(z). So we may
assume that W # X.
Let us suppose next that z € V. If x,y € X \ {a}, then, by (8.6),

(8.9) min{g(y)G(z, z), 9(x)G(2,y)} < MCg(2)G(x,y),

since g < G* and G%(z) < Mg(z). Then, by continuity, (8.9) holds as well, if = # a,
but y = a. Analogously, if y = a and = # a. If x = y = a, then (8.9) holds trivially,
since g(z) > 0 and G(a,a) = co.

So we may and shall assume from now on that z € V, whence g(z) = 1, and
(x,y) ¢ WxW. If x € L and y ¢ W, then we may apply (8.7) and obtain that
9(x)G(z,y) < G(z,y) < ¢G(z,y). Analogously, if y € L and = ¢ W. Hence (8.8)
holds in these two cases.

Therefore it remains to consider the case, where x,y ¢ L. Since X is connected
and W # X there exists a point Z € 9V, and we know, by (8.9), that

min{g(y)G(z, 2), 9(x)G(2,y)} < MCG(z,y).
By (8.7), G(z,2) < cG(z,2), G(y,2) < cG(y, Z), and (8.8) follows. O
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