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1. Introduction.

Let G, = Aff(R™) be the group of affine transformations of R”. The group G,, is the
semidirect product GL,(R) x R™ where R" is identified with its group of translations.
A semigroup S of G, is said to act properly discontinuously on R™ if for every compact
subset K of R™ the set {g € S : gK N K # (} is finite. If a discrete group consists
of isometries, then it acts properly on R™. But this is not true for an arbitrary discrete
subgroup of G,,, e.g. for an infinite discrete subgroup of GL,(R). A semigroup S of G, is
called crystallographic if S acts properly discontinuously on R™ and there exists a compact
subset K of R™ such that (J, g sKo = R".

If the signature of a non degenerate quadratic form B on R" is (n — 1,1) the form
B is called hyperbolic. Let O(B) (resp. SO(B)) denote the orthogonal (resp. special
orthogonal) group of B. Define the subgroup G of G,, as the subgroup leaving the form



B invariant. It is clear that G'p is the semidirect product O(B) x R™.

It turns out that a crystallographic affine semigroup leaving a positive definite quadratic
form invariant (i.e. Euclidean semigroup) is a group [GS 1], [GS 2]. The major step in the
proof of this claim was to prove that the Zariski closure of an Euclidean crystallographic
semigroup is a virtually solvable group. This questions came from our works on the
Auslander conjecture. It also became clear that we need to have more information about
affine crystallographic semigroup. The motivation questions here are the following:

Question (H.Abels, G.Margulis, G.Soifer). Is the Zariski closure of a crystallographic
affine semigroup leaving a hyperbolic form invariant a virtually solvable group ?

Our interest to these questions came from our work on the Auslander conjecture. The
main result of this paper is the following

Main Theorem Let S be a crystallographic semigroup , S € Af(R™),n < 3. Then the
Zariski closure of S is a virtually solvable group.

Thus we have prove

Corollary A. The Zariski closure of a crystallographic semigroup S of AffiR™),n <3
leaving a hyperbolic form invariant is a virtually solvable group .

Based on this fact it is not difficult to show that

Corollary B A crystallographic semigroup S of Aff{(R™),n < 3 leaving a hyperbolic form
mvariant 1S a group.

It is not clear if the same statement can be proved for a hyperbolic semigroup acts on
R™ n > 4.
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2. Preliminaries.

In order to make the exposition as self -contained as possible in this section we collect
the information needed in the proofs.
In this section we introduce the terminology we will use throughout the whole paper and
recall terminology and results from [A], [AMS 1], [AMS 2], [AMS 3], [AMS 4] and [BG].
We will prove some basic lemmas about the geometry and dynamics of action of an affine
transformation under the assumption that its linear part is hyperbolic.
2.0. Let V be a finite dimensional vector space over a local field k£ with absolute value
| -] and let P = P(V) be the projective space based on V. Let g € GL(V) and let
Xg(A) = [T, (A — Ai) € E[A] be the characteristic polynomial of the linear transforma-
tion g. Set Qg) = {Ai @[N] = maxici<, [A]} Put xa(A) = [},cqq (A — i) and
x2(A) = I1),¢a() (A — Ai). Since the absolute value of an element is invariant under Ga-
lois automorphism then x; and ys belong to k[A]. Therefore x1(g) € GL(V) and x2(g) €
GL(V). Let us define by V(g) (resp. W(g)) the subspace of V' corresponding to ker(x(g))
(resp. ker(xz(g))). We will often use for an element g € GL(V) the following notation
Vig) = V*(g9), W(g) = W(g), V(97') = V(g) and W(g™") = W*(g). Let A_(g) =
max{|A | : Aisan eigenvalue of g of absolute value less than 1 }. Let A (¢g) = min{|A|: A
is an eigenvalue of g of absolute value more then 1}. Put A(g) = max{\;'(g), A\_(g9)}. It
is clear that A(g) = A(g™})
2.1. Recall that ¢ € GL(V) is called prozimal if dim(V*(g)) = 1. A proximal el-



ement g has a unique eigenvalue of maximal absolute value hence this eigenvalue has
algebraic and geometric multiplicity one. For S C GL(V) set Qy(S) = {g € S :
gand g~!are proximal}. A semisimple element g € Qo(GL(V)) is called dipole.

Let g be a semisimple element in GL(R™). Then the space R" can be decomposed
into the direct sum of three subspaces A™(g), A=(g), A°(g) determined by the condition
that all eigenvalues of the restriction g | A™(g) (resp. g | A= (g9), g| A°(g) ) have absolute
value more than 1 (resp. less than 1, equal to 1). It is clear B™(g) = AT (g9) & A%g)
and B=(g) = A= (g9) ® A%g), then obviously B*(g) N B~(g) = A%g). Put Cr(g) =
B*(g) UB™(g). A semisimple element g € GL,(R) is called hyperbolic if dim(A°(g)) =
min{dimA°(t)| ¢ is a semisimple element, ¢ € GL,(R)}.

2.2. Let || .|| and d denote the norm and metric on R” corresponding to the standard
inner product on R". Let P = P(R") be the projective space corresponds to R". Let 7 :
R"/{0} — P be a natural projection. For a subset non-zero subset X from R" we put
7(X) = m(X/{0}) .

The metric || . || on R” induces the metric d on the projective space P = P(V). Thus for
any point p € P and a subset A C P we can define

~ ~

d(p, A) = mind(p, a).

a€A

Let B be a subset in P. We define

d(A,B) = o d(a,b).

For two subsets X CR", X # {0} and Y CR™" Y # {0} we put d(X,Y) = d(n(X),n(Y)).
A hyperbolic element g is called e-hyperbolic if

and



Two different hyperbolic elements g; and g, are called transversal if A*(g1) () B¥(g2) =
{0} and A*(go) N BT (g91) = {0}. Two transversal hyperbolic elements g; and g, are called

e- transversal if

~ ~

min_{d(A*(g:), B~(g,)), d(A”(9.), B*(9;))} = <.

1<i#j<2

Let [ : G,, — GL,(R) be the natural homomorphism (see [A]). Recall that I(g) is called
the linear part of an affine transformation g. Let X C G,, then the set [(X) = {l(z),z €
X} is called the linear part of X. It is clear that Gg = {z € G,, | I(z) € O(B)} and
[(Gp) = O(B). An affine transformation is called dipole (corr. hyperbolic, € — hyperbolic)if
l(g) is dipole (corr. I(g) is hyperbolic, I(g) is e- hyperbolic). Two affine transformations
g1 and gy are called transversal (corr. e — transversal) if the linear parts I(g;) and [(gz)
are transversal (corr. € -transversal).

2.3. Consider a hyperbolic element g € G,, without fixed points. Then there exists a
g-invariant line L, and the restriction of g to L, is the translation by a non- zero vector
ty. Let us note that all such lines are parallel and ¢, does not depend on the choice of L,
and [(g)t, = t,. We will assume that we fixed once and for all some point in the affine
space R" as an origin point and the line L, we define as a closest to the origin g -invariant
line. Define an affine subspace C°(g) by D°(g) = L, + A%(g). Let as remind the following
useful observation [A]: if a semigroup S acts proper discontinuous and g is a hyperbolic
affine transformation g € S, then g acts without fixed points then ¢, # 0 and [(g)t, = t,.
Therefore, if a semigroup S, S C G,, acts proper discontinuous then the linear part I(g)
of every hyperbolic element g € S has an eigenvalue 1. Actually every element from S of
infinite order has an eigenvalue 1 [A]

2.4. For a non-zero vector v,v € R"™ by L, we denote a line parallel to v and passes
through the point of origin. Let S be a semigroup, S C G, and let K be a compact
subset of R". We consider the set of norm one vectors X, (5, K) defined as follows: v €

X (S, K) if there exist a constant C' = C(S, K), a sequence of points {p; }ien € K and a

bt



sequence of elements {s;};en C S such that d(s;p;, p;) — oo and d(L,, s;p;) < C as i —

(0. 9]

Lemma 2.5. Let S be a crystallographic semigroup S C G,,. Then

1. For every two compact subset K1 and Ky in R™ X(S, K1) = Xoo(S, K3). Therefore
we will write Xoo(S) instead of Xoo(S, K).

2. For everyv € X and s € S we have sv/|sv| € Xu.

3. Xoo(S) = S = {v e R, |v]| = 1}.

Proof. The proof is straightforward. m

2.6. Now we will recall an important definition first introduced by G.Margulis [GM 1]
for n = 3, generalized in [AMS 2] in the case when the signature a quadratic form is (k +
1, k) and for an arbitrary quadratic form in [AMS 3]. We will follow along [AMS 3]. Let
B be a quadratic form of signature (p,q), p > q,p + ¢ = n. Let v be a vector in R" v =
T101 + - TpUp + 1WA+ -+ YWy, Where vy, v, .., U, W, Wa, ..., W, s a basis of R™.

We can and will assume that
Blo.v) = o o bad -y .

Consider the set W of all maximal B-isotropic subspaces. Let X be the subspace spanned
by {v1,v2,...,v,} and Y be the subspace spanned by {w,ws, ..., w,}. It is clear that
R" =X @Y. Define the cone

Cp ={v € R"|B(v,v) < 0}.
Clear that Y C Cp. We have the two projections
Ty :R" — X andnmy : RY" — Y
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along Y and X, respectively The restriction of my to V' € W is a linear isomorphism
V — Y. Hence if we fix an orientation on Y we have also fixed an orientation on each
V € U. For V € VU let us denote the B-orthogonal complement of V by V1 = {z €
R™ ; B(z,V)=0}. We have V C V< since V is B-isotropic. We also have

dimV+ =dimV + (p — q) = p.

The restriction of 7y to V1 is a linear isomorphism V+ —— X. Hence if we fix an
orientation on X we have also fixed an orientation on V+ for each V € ¥. Thus we have
orientations on both V and V+ and we have naturally induced an orientation on any
subspace W, such that V- =W @ V. If V; € ¥ and V5 € ¥ are transversal, then W =
V2 NVt is a subspace which is transversal to both V; and Va; therefore W &V, = Vi-
and W @ Vy = VZL. So there are two orientations w; and ws on W, where w; is defined if
we consider W as a subspace in VX, We have [AMS 3, lemma 2.1]

Lemma 2.7. The orientations defined above on W are the same if q is even and are
opposite if q is odd.

2.8. Assume now that B has signature (k+ 1, k). Let g be a hyperbolic element without
fixed points, g € Gp. Then, B¥(g) = (A*(g))" and B (g) = (A (g))", dim A*(g) =
dim A= (g) = k and dim A°(g) = 1. We define (see [AMS2] )an orientation on the space
A%(g) induced by an orientation on B (g). Let vy(g) be the corresponding unite vector.
Thus C%(g) is an g-invariant line and the restriction g | C°(g) is a translation by a
non-zero vector ty,t, € A%g) . Remark, B(t,,t,) > 0 since t, € A%g). It is easy to
check that if p is an arbitrary point in R and ¢, = gp — p then B(¢,,t,) = B(t,,t,) and
B(t,,v0(g9)) = B(tg,v0(g)). Recall that for e-hyperbolic element g there exist two non-
zero constants ¢ () and cy(e) such that for any vector v € A%(g) we have ¢;(g)B(v,v) <

|lv]] < ca(e)B(v,v). Asin [AMS 3] define a sing a(g) of a hyperbolic affine transformation



g by
alg) = Bltg,vo(9))/ Bty ty)'/*.

It is clear that: «(g) = £1 and for arbitrary point p € R" we have

a(g) = B(tp, vo(g))/B(tp, tp)l/Q-

Let us recall the following important observation [A]: if a semigroup S C R™ contains two
hyperbolic transversal elements ¢; and go such that a(g;)a(g2) < 0 then S does not act
proper on R™.

2.9. Now we explain the main ideas of the proof of theorem 1. First under the assumption
that the Zariski closure of S is not a solvable group we construct two hyperbolic transver-
sal elements g; and go in S. By lemma 1, X(S) = S"!. Briefly speaking lemma 1
says, there are all possible directions in X, (5). Since direction determines the sign of
a hyperbolic element we transform them to two transversal hyperbolic transformations
with different sign, i.e. a(g)a(gs) < 0. This gives us necessarily contradiction since we
know that in this case S does not acts properly discontinuous on R". It will reduce the
proof to the case when the Zariski closure [(S) is a group with common fixed vector and

then will lead to the proof.

3. Main results.

First we will recall some known facts on hyperbolic elements in G [AMS 3],

[AMS 5]. Since B(g) = (A*(g))™* it is easy to see, that if g and h are two & -hyperbolic

elements such that d(A*(g), AT(h)) > e then there exists a constant c(g) such that



~

d(A*(g), BT (h)) > ¢(¢). Thus we can conclude
Lemma 3.1 : Let g and h be two ¢ -hyperbolic elements such that

min{d(A*(9), A (), d(A™(g), A ()} > .
Then there exists a constant c(e) such that two - hyperbolic elements g and h are c(g)-

transversal
Remark 3.2 Let B be a hyperbolic form of a signature (2,1), and let g be an element

g,9 € Gg. Then g is hyperbolic if and only g is dipole. A*(g) = V*(g) and U*(g) =
W*(g).
We recall some results from [AMS 2].

Let X be a subset of P. Put B(X,r) ={p€ P, d(p,X) <r}.

Lemma 3.3.  There exist an \(e) < 1 and c(e) such that for any two e-hyperbolic

e—transversal elements g and h with A(g) < (), A(h) < A(e) we have

(1) the element gh is €/2-hyperbolic and is € /2-transversal to both g and h;

(2) AT(gh) C U(A™(g), c(e)A(9));

(3) A~(gh) S U(A™(h), c(e)A(h));

(4) Mgh) < c(e)Mg)A(h).

Let n=3 and B is a quadratic form of signature (2,1). First we will prove the following

Proposition 3.4. Let S be a crystallographic semigroup , S C Aff(R3). Then I(S)
the linear part S is not Zariski dense in O(B).

We will divided the proof into a sequence of lemmas.

Assume that the linear part [(S) is Zariski dense in G(B). Then since the set of
hyperbolic elements is Zariski dense in S [AMS 1], it is easy to show that there exists
a pair of hyperbolic transversal elements g and h in S such that A*(g) # A*(h) and



A~ (g) # A= (h) . Fix these elements and consider two subspaces D(g) = A*(g) ® A (g)
and D(h) = AT (h) ® A= (h) of R?. Tt follows from lemma 4 that for any § > 0 there
exists N,N € Z,N > 0 such that d(A*(g™h"), A*(g)) < &, d(A*(h"g™), A*(h)) < 6,
J(A_(gmh”),A_(h)) < 6 and E(A_(h”gm),A_(g)) < 6 forn > N,m > N. Any two
elements in Cp with the same B -norm are conjugate by an element from O(B). We can
and will conjugate S such that D(g) () D(h) =Y. Therefore we have

Lemma 3.5. If the Zariski closure of the linear part 1(S) is O(B) then there are two
e- hyperbolic e-transversal elements g and h in S such that D(g)(D(h) =Y.

From now on we fix two elements g and h from S which satisfy lemma 3.5.

Lemma 8.6. There exists a sequence {g;}ien of €/2- hyperbolic elements from S such

that the sequence {A*(gn)}ien converge to A=(g). The same true for A=(h).

Proof. . Recall that g and h are two e- hyperbolic, e- transversal elements from a semi-
group S. Assume that there exists a constat ¢ such that for every hyperbolic element x €
S we have g(AJr(a:), A~ (g)) > c. Let L, be the unique g¢- invariant line and let Ky be a
compact subset of R” such that SKy = R" and L, () Ky # @. Then there are two infinite
subsets {z,,n € N} C Kj and {g,,n € N} C S such that

(1) gnzy, € Ly for all n

(2) || gnxn — Ty|| — 00 when n — oo

(3) G — Tn/B(gnTn — T, Gy — 2n)Y? — —vo(g) when n — oo

Since the Zariski closure of [(S) = O(B) by [AMS 1] we have that there exist a finite
subset H = {s1,...,S8n} C S and positive real £; such that for every every element s €
S there exists an suitable element s; from T such that ss; is ;- hyperbolic. Therefore
we can assume that for every n element g,s; is €;- hyperbolic. A projective space P is
compact and hence we can assume that the sequence {A™(g,s1) tnen converge to a point

A~ in P. Let us show that there exist a positive § and an element sy € S such that
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(1) for all positive integer n element g,s15q is 0- hyperbolic

(2) there exists a positive number N such that d(A~(gns150), A*(g)) > 6 for all n > N.

If A=~ = A"(h) then we can take s, = 1. Assume that c/l\(A’,AJr(h)) > 5 > 0.
By Lemma 4 (3) there exists N; such that d(A*(hmg™), A*(h)) < min(6,/8,£/8) and
d(A=(h™g™), A=(g)) < min(c/8,8,/8,2/8) for m > Ny. Therefore d(A~, AT(hmg™)) >
01/2. Thus there exists positive integer N; such that for all n > N; we have

E(A_ (gns1), AT(R™g™)) > 6/4/. According to our assumption for all n we have

c?(A_ (gns1), A~ (g)) > c¢. We thus conclude that for n and m bigger then N = max(Ny, N»)
and dy = min(d,1/4,¢/4), gn,s1 and h™g™ are dy- transversal. Therefore by (3), Lemma
3.4, there exists M; such that for my > M; and all n > N element g,s1h"°g™° is §5/2-
hyperbolic and /(\d)(A_(gnslhmogmo),A_(g)) < 93/8. We can conclude that for sy =
hmogmo | every n > N and ¢ = min(e/2,¢/2) we have c?(A‘(gnslso),AJ“(g)) > §. Put
Ky = s7's5 " Ko U Ko, Gn = Gn5150, Yn = 51 "Sp Tn, Y € K;. Then

(1) for every n € N element g, is é-hyperbolic, g, and g are J- transversal

(2) |gnyn = ynll — 00 when n — oo

(3) Gutn = Y/ B(Guhn = Y Gy — Yn)'* — —0(g)

Put h,(m) = g,g™. By our assumption from (1) and lemma 3.4 follows that there exists
positive integer M; such that element h,,(m) is §/2-hyperbolic and g(A_ (hn(m)), A= (g)) <
Mg)™? for all n,m > M;. Consider the intersection A*(h,(m))()A~(g). Denote by
wo(hyp(m)) the unique vector, wy(h,(m)) € AT (h,(m)) (A (g) such that,
B(wo(hn(m)),ve(g)) = 1. Since E(A‘(hn(m)),A_(g)) < Mg)™? for all n,m > M there
exists a constant cy(d) such that ||vg(hy,(m)) — wo(hn(m))|| < c2(8)A(g)™/2. Therefore we
can chose a positive number my such that for every anisotropic vector w we will have
| B(w, vo(hn(m))) — B(w, wo(h,(m)))| < 1/8|B(w,w)|"?. Put h, = h,(mg). Set Ky =
g~ " K;. We thus have a sequence {h, }nen and a subset {z,,n € N} C K, such that

1/2

hnty — T/ B(hpxy, — T, by, — x,) " — —vo(g) when n — co. Denote w,, = h,z,, — .
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Since B(wo(hn(m)), vo(g)) = 1 and | B(vo(hn(m)) —wo(hn(m)), vo(hn(m)) —wo(hn(m)))| <

1/8 we thus have
B(w, vo(hn))/B(wn, w,)"? < B(=vo(g), vo(hn) + 1/8 < —B(vy(g), wo(g)) +1/4 < 0.

Then «a(g,) < 0 for sufficiently big n. Therefore S contains two hyperbolic transversal
elements with different sign. Contradiction, since S acts properly discontinuously and

therefore all elements from S have the same sign. This proves lemma. m

Put a; = A%(g),a2 = A*(h), a3 = A™(g), as = A~ (h)
Corollary 3.7. For each point a;,1 < i < 4 there exist two sequences Lz(l) = {xf)}teN
and Lz@) = {yy)}teN and positive number § such that
(1) z; and y, are - hyperbolic for every t € N,
(2) limy_oo A+ (217) = limy o0 AT (17) = @,
(3) limy_oo A= () = by, limy—oo A~ (4") = ¢; and d(b;, c;) > 6.

Proof. Let x and y be two e-hyperbolic elements such that each pair x and g, y and g, x
and y~! are e-transversal for some e. Put i = gtzt and ygl) = g'y'. Tt is clear that this
sequences fulfill (1),(2) and (8) for a;. Take h instead of g and we get sequence suite for
as. From lemma 3.6 and arguments above follows that such sequences exist for points as

and ay. O

3.8. We will use here notations and definitions from 2.6. Let V.V C R” be a
maximal B- isotropic subspace and let v be a vector from V such that V' is spanned by v
and 7y (v) = w;. Let v be a vector from V+ N X such that B(vg,v9) = 1 and the basis
7x(v), vy has the same orientation as vy, ve. Let W be a maximal B- isotropic subspace,
W # V. Then dim(V+ W) = 1. There exists the unique vector wo(W), wo(W) €
VAW such that wo(W) = vy + a(W)v. Set &, = {W € ®|a(W) > 0} and ¢y, =
{W € ®&|a(W) < 0}. From lemma 2.7 and the chose of hyperbolic elements g and h
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immediately follows that & = &7 and % = OF .

Remark Base on corollary 3.7 we come to the following important observation. Let x €

S be a hyperbolic element. Then there is a constant ¢ = ¢(5) and two hyperbolic elements
g1 and hy such that z and g; (resp. z and g») are c-transversal and A*(z) € @7, (o) (resp.
At (z) € @ (resp. At (z) € D,

A+(92)) or A+<x) € (I);H(gl) A+(92))

Now we will prove Proposition 3.5

Proof. Assume that [(S) is Zariski dense in Gg. Let K{ be a compact subset of R™ such
that SKy = R™ and let L be a line parallel to w; such that L () Ky # @. Then there are
two infinite subsets {l,,,n € N} C L and {g,,n € N} C S such that

(1) gnl,, € Ky for all n,

(2) || gnln — 1,]| — oo when n — oo,

(3) gnln — 1n/|B(gnln — lny guln — 1,)|"? — wy when n — oo.

Using the same arguments as we used in the proof of lemma 3.7 we can additionally as-
sume that there exists a positive d; such that g, is d;-hyperbolic for all n € N. A projective
space P is compact hence we can assume that there are two points p; € P and py € P such
that lim, o 7(A*(g,)) = p1 and lim,, o, 7(A™(g,)) = p2. Remark that c/l\(pl,pg) > 0;. Let
Vi (resp. V3) be a subspace of R? such that 7(V}) = p; (resp. m(Va) = py). It is easy the
show that there exists a hyperbolic element sy € S such that {7(A*(so)), (A" (s0))} C
P\ {p1,p2}. Thus there exists a positive number N such that for n > N elements g,, and
sg are transversal. By the lemma 3.3 there exist positive integers M and 5 such that for
m > M

(1) element s™g, is do- hyperbolic for all n € N,

(2) A(s™ga) < A™/2(s0),

(3) 1|8 gnln — ]| — 00 when n — oo,

(4) 8" gnln, — 1 /| B(s™gnln — Lo, S" gnln — ln)|1/2 — w; when n — oo.
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Fix m and consider the sequence {s"g,},en. We can assume since P is compact that
{AT(8™g) bnen and { A7 (8™ gy ) fnen converge. Denote Af = lim,, ., A*(s™g,) and A, =
lim,, oo A7 (s™¢,). As above we will assume that the sequence {A; },en converges. Put

A~ =lim,, . 4,,. Then there exists a positive number 3, such that

~ o~ -~ ~

max{min{d(A~, A*(9)),d(A~, A (9)}, {min{d(A~, AT(h)),d(A~, A= (h)}} > d3. There-
fore we can assume that min{d(A~, A*(g)),d(A~,A=(g)} > 05. Since ®*(A*(g)) =
GTA™O) let us first assume that A~ € ®T(AT(g)). We have B(w;,w;) = —1. Then from
3.8 we conclude that there exists a non-zero positive number ¢ such that
B(wy,wo(AT(g))) < —cand B(wy,wo(A™(g))) > c. For each point A™(g) and A~ (g) there
are two sequences which fulfill the properties of the corollary 3.7. Hence there exist two
sequences Ly = {zy,t € N} and Ly = {y;,t € N} such that (1) lim;_.., A" (x;) = AT (g),
limy oo AT (1) = A7 (9),

(2) limy oo A= (2;) = A and d(A, A*) > 0,

(3) limy_.oo A~ (y,) = B and d(B, A™) > 0.

From the above by the lemma 3.3 it follows that for every ¢ there exists a positive integer
M such that for all m > M, r,t > M we have ||v;(m,n)—wo(A*(g))|| < € and ||va(m,n)—
wo(AT(9))|| < e, where vi(m,n) = vo(xs'gs), vi(m,n) = vo(ysi'g:). Thus there ex-
ists a positive number M; such that for m > M, r,t > M; we have |B(vi(m,n),w;) —
B(wy(A*(g9)),w1)| < ¢/8 and |B(va(m, n), wy) — B(we(A™(g9)), w1)| < ¢/8. Fix my > M
and define h = 0500 g, and hy = ;055 g,. It is easy to see, that hily —1;/|B(hil; —
Lo, hil, — 1)|Y? — wy and h; 1, — 1,/|B(h 1, — I, by 1y — 1)/ — w; when t — oco. Then
there exists a positive integer N such that for ¢ > N we have B(h;l; — I, wo(AT(g))) >
c/2 and B(h; l; — l;,wo(A™(g))) < —c/2). It follows that for ¢y > N we have B(hyl;, —
li,) < —c¢/4 < 0 and B(hfl, — ;) > ¢/4 > 0. Thus there are two transversal hyperbolic
elements in S with the opposite signature. Hence S does not act properly discontinuous

on R" [A, Proposition 1]. Contradiction. O
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Proof. (Main Theorem)Conversely, suppose that the Zariski closure of S is not virtually
solvable. Let Sy be a semisimple part of the Zariski closure of G = I(S). By [GS 2] this
group is not compact. Therefore we can assume that Sj is a non-compact simple group.
Hence, Sy is isomorphic to SLs(R). Recall (see 2.83), that very element from the Zariski
closure of A(S) has an eigenvalue 1. Therefore G is a subgroup of SL3(R). Thus we have
a representation p : SLy(R) — SL3(R). There are two possible cases: or p(SLs(R)) =
SO(2,1) and G = SO(2,1) or p is the direct sum of the standard an trivial representation
of SLy(R). It follows from Proposition 3.5 that the first case is impossible. Then we have
two possibilities:

(a) there is a one dimensional subspace V' such that [(s)v = v for every s € S

(b) there is a [(.S) - invariant subspace V, dim V = 2.

(a). Fix a hyperbolic element g. Let L, be the unique g-invariant line and let vy(g)
be a unique Euclidean norm one vector such that for a point p,p € L, we have gp — p =
aZUO(g). Since there exists a compact subset Kj such that SK, = R3. Following along
the same arguments we used in the proof of lemma 3.6 we come to the conclusion that
there exist a positive number ¢, a set of e- hyperbolic elements g¢,,, g, € S and a subset
{pn,pn € Ko,n € N} such that
(1) gnpn € Ly,

(2) gnpn = Pn/l|gnpn — Pull — —vo(g) when n — oo,

(3) ||gnPn — Pu|| — 00 when n — oc.

For every element s € S we have [(s)vg = vg. Therefore sg,pn — pn/l|Sgnpn — Pull —
—v9(g) when n — oo and for ¢, = s 'p, we have ¢,5¢, — Gn/l| 905G — @ull — —v0o(9)
when n — oo. Remark that {g,,n € N} is a subset of a compact set s7'Kjy. Thus, we
can assume that the sequence {A*(g,)}nen (resp. {A™(gn)}nen) converge to A1 (resp.
A~) and d(A*, A*(g)) > 0 (vesp. d(A~, A%(g)) > 0. Hence there exists a e- hyperbolic

element h transversal to g such that for a point p from the unique h invariant line Ly
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we have hp — p = —3?vy(g). Then using the same arguments as in [A], we conclude that
there exist an infinite sets N and M such that h™g" Ky (| Ko # 0 for all m € M, n € N.
This is impossible because S acts properly discontinuously.

(b). There is natural affine space A = R3/V, projection 7 : R® — A and induced
homomorphism py : Aff(R?) — Aff(A). Remark, that dimA = 1. Tt is clear that there
exists a compact subset K on the line A such that py (S)K = A. There exist a positive
number § and sequences {g;}ten and {h;}en of 6- hyperbolic elements such that for a
point k € K
(1) |gik — k| — oo, |hk — k| — oo when t — oo,

(2) (g:k — k)(hyk — k) < 0 for all t € N,

(3) g: and h; are d-transversal for all ¢ € N.

This follows by the same methods as in proofs of lemma 3.6 and proposition 3.5 From the
other hand representation p of the linear part [(S) determine the following representation

of S

a11 Q12 Az ok

Q21 Q22 Q23 *

S
0 0 1«
0O 0 0 1
where
ailr G2 ai3
p(l(s)) =] asn axn axs

0 0 1

It is easy to see that py(s) = as. Hence by (1),(2) (3) above there exist two o-

hyperbolic, § -transversal elements g and h such that apay < 0. Let Ly (resp. Ly) be the
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unique g -invariant (resp h -invariant) line. Fix a point p and an Euclidian distance d in

o~

R3. Then by [AMS 2|, lemma there exists a positive ¢ = ¢(g, h) such that

d(p, Lgmy,) < cld(p, Ly) + d(p, Ly)]

for all positive numbers m and n. Since o = na, and ayop < 0. there are infinite sets of

positive numbers N and M such that |apr + o | < ¢/2 for n € N,m € M. Consider the
ball U(p,2¢c). Then for n € N,m € M the set {ﬁmﬁnU(p, 2¢)U(p,2¢)} is non-empty.

Contradiction, which proves the theorem O]
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