ON THE ACTION OF THE GROUP OF ISOMETRIES
ON A LOCALLY COMPACT METRIC SPACE:
CLOSED-OPEN PARTITIONS AND CLOSED ORBITS

ANTONIOS MANOUSSOS

ABSTRACT. In the present work we study the dynamic behavior
of the orbits of the natural action of the group G of isometries on a
locally compact metric space X using suitable closed-open subsets
of X. Precisely, we study the dynamic behavior of an orbit even in
cases where G is not locally compact with respect to the compact-
open topology. In case G is locally compact we decompose the
space X into closed-open invariant disjoint sets that are related
to various limit behaviors of the orbits. We also provide a simple
example of a locally compact separable and complete metric space
X with discrete group of isometries G such that the natural action
of G on X has closed and non-closed orbits.

1. INTRODUCTION

The group of isometries and their actions play an important role in
many branches of Mathematics (especially in Geometry). This class of
actions is rich, as a recent result of Abels, Noskov and the author in
2] shows. In [2] it is shown that if Y is a locally compact o-compact
metrizable space then a locally compact group I' acts properly on YV if
and only if there exists a I'-invariant proper compatible metric on Y
(recall that a metric on Y is called proper or Heine-Borel if every ball
has compact closure in Y'). So, in this case, we can consider such a
group as a closed subgroup of the group of isometries of a proper met-
ric space (modulo the kernel of the action). The first result concerning
the local compactness of the group of isometries of a locally compact
metric space is the van Dantzig - van der Waerden theorem in 1928 (see
[7] and [10, Theorem 4.7]) which says that the group G of isometries of
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a connected, locally compact metric space X is locally compact (with
respect to the compact-open topology) and acts properly on X. In [12]
(see also [14]) this result is generalized for the case of a locally compact
metric space which has quasi-compact (i.e. compact but not necessar-
ily Hausdorff) space of connected components (or quasi-components).
In particular it is shown that the group of isometries of X is locally
compact but may fail to act properly on X even for the case that X has
only two connected components. A crucial point in obtaining this re-
sult is making use of suitable closed-open subsets of X (for more details
see the next section). At the same time Gao and Kechris in [8, Theo-
rem 5.4 and Corollary 6.2] (see also [6]) showed a stronger result: that
the group of isometries G of a locally compact separable metric space
X with finitely many pseudo-components (which are also closed-open
subsets of X, see [8, Proposition 5.3]) is locally compact and in case X
is locally compact, separable and pseudo-connected then G acts prop-
erly on X (for definitions and more details see [8, p. 32] and Section 3
below). Important examples of locally compact, separable and pseudo-
connected spaces are the proper (Heine-Borel) spaces. Comparing the
results of [12] and [8] we would like to mention that the assumption
about the quasi-compactness of the space of connected components of
X in [12] is purely topological hence the result in [12] applies to any
metric that induces the topology of X. Obviously the assumption in [§]
about finitely many pseudo-components depends on the choice of the
metric on X but the result is stronger since a locally compact metric
space with quasi-compact space of connected components has finitely
many pseudo-components.

The purpose of this paper is to show that the closed-open subsets of
X used in [12] and [8] also give information for the space X and the
dynamic behavior of the orbits of the natural action of G on X, even
for the case that GG is not a locally compact group. In what follows, X
will denote a locally compact metric space with a fixed metric d and
G = Iso(X,d) will denote the group of (surjective) isometries of X
endowed with the compact-open topology. The natural action of G on
X is the action with (g,z) — g(x), g € G, x € X. The main results in
this work are stated below:

In Section 3 (see Propositions 3.1 and Corollary 3.4 below) we show
the following:

Proposition. Let x,y € X and a net {g;} in G with gizx — y. Then
there exist a subnet {g;} of {9}, a closed-open subset A of X that
contains x and a map f : A — X which preserves the distance such
that g; — f pointwise on A, f(x) =y and f(A) is an open subset of X.
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The same result also holds if we replace A with the pseudo-component
Cy that contains x. In this case f(Cy) = Cyy).

The previous proposition gives as corollaries the van Dantzig - van
der Waerden theorem (see Corollary 3.2 below) and the results of Gao
and Kechris in [8, Theorem 5.4 and Corollary 6.2] (see Corollary 3.5
below). In Section 4 we give some applications in case G is locally
compact and there exist closed orbits for the action of G on X. We
also give a simple example of a locally compact separable and complete
metric space with a discrete group of isometries such that the natural
action of G on X has closed and non-closed orbits (see Example 4.4
below). In Section 5 we show that the closed-open subsets of X used
in [12] leads to a decomposition of the space X into closed-open G-
invariant disjoint sets that are related to the limit behavior of the
orbits (see Theorem 5.1 below): Let

L(xz) = {y € X | there exists a net {g;} in G
with ¢g; — oo and lim g;z = y},

denote the limit set of # € X, where g; — oo means that the net {g;}
has no cluster point in G.

Theorem. Assume that G is locally compact and not compact and let
CL = {x € X | L(x) is not empty and compact},
NCL ={z € X | L(x) is not compact} and
P ={x € X|L(x) is the empty set}.

Then the sets CL, NC'L and P are closed-open G-invariant disjoint,
their union is X and each one of them is a union of pseudo-components.

2. PRELIMINARIES

A continuous action of a topological group I' on a topological space
Y is a continuous map I' x Y — Y with (g, x) — gz, g € I, € Y such
that (1,2) — z, for every z € Y where 1 denotes the unit element of
[, and h(gx) = (hg)x for every h,g € T'and x € Y. For U C Y let
I'U denote the set {gz|g € I',x € U}. Especially, if U = {z} then the
set 'z := I'{x} is called the orbit of x € Y under I'. If 'U = U we
say that U is I'-invariant. The subgroup I'y, ;= {g € T'| gx = x} of T is
called the isotropy group of z € Y.

In what follows, X will denote a locally compact metric space with a
fized metric d and G := Iso(X,d) will denote the group of (surjective)
isometries of X endowed with the compact-open topology. The natural
action of G on X is the action with (g,x) — g(z), g € G, v € X.
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If we endow G with the topology of pointwise convergence then G
is a topological group (see [5, Ch. X, §3.5 Corollary]). On G there
is also the topology of uniform convergence on compact subsets which
is the same as the compact—open topology. In the case of a group
of isometries these topologies coincide with the topology of pointwise
convergence, and the natural action of G on X with (g,z) — g(z) is
continuous (see [5, Ch. X, §2.4 Theorem 1 and §3.4 Corollary 1]).

We recall that in [4, Ch. III, §4.1 Definition 1] a continuous action
of a topological group I' on a topological space Y is said to be proper
(or Bourbaki proper) if the map

I'xY —Y xY with (¢g,z) — (z,g9z), forge T andx €Y

is proper, i.e. it is continuous, closed and the inverse image of a single-
ton is a compact set.

To simplify the proofs we shall use the following equivalent definition
for properness: a continuous action is proper if the extended limit sets
J(z) are empty for every x € Y, where

J(z) = {y € Y| there exist nets {z;} in Y and {g;} in T

with g; — oo, limx; = x and lim g;z; = y}’

where g; — oo means that the net {g;} has no cluster point in G. It is
easy to see that in the special case of actions by isometries J(x) = L(z)
holds for every = € Y, where

L(z) = {y € Y | there exists a net {g;}in I'
with g; — oo and lim g;z = y},

denotes the limit set of x € Y under the action of I" on Y. Hence
an action by isometries is proper if and only if L(x) is the empty set
for every x € Y. The limit and the generalized limit sets for locally
compact spaces and groups are closed and I'-invariant (see [3]). The
following example shows that even in case that X has two connected
components the action of G on X may not be proper (see also [14]).

Example 2.1. Let X = L; U Ly, C R? where L; = {(0,t)|t € R} and
Ly ={(2,t)|t € R}. We consider the metric d = min{dg, 1} where dg
is the usual Euclidean metric on R?. With this metric X is a locally
compact separable space. Since for a point z € X (actually for every
x € X) the isotropy group G, contains an isomorphic copy of the reals
the action of G on X is not proper.

Let F' be a subset of G. We define K(F') to be the set
K(F) :={z € X | the set F'z has compact closure in X}.
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These sets played a crucial role in [12] where it is shown that they are
closed-open subsets of X (see [12, Lemma 3.1], [14]). Actually we can
find the same definition and result in Bourbaki (see [5, Ch. X, Exercise
13, p. 323]) but as we mentioned in [2] there is a mistake in part d) of
this exercise (for a counterexample see [2] or [11]).

3. THE GENERAL CASE

In this section the only assumption is that X is locally compact with-
out assuming the same for G. We study the following problem: Assume
that there is a pair of points 2,y € X and a net {g;|i € I} in G such
that g;z — y. What can we say about the convergence of {g;}?

Proposition 3.1. Let z,y € X and a net {g;|i € I} in G with g;x —
y. Then there exist a subnet {g;|j € J} of {gi|i € I}, a closed-open
subset A of X that contains x and a map f : A — X which preserves
the distance such that g; — f pointwise on A, f(x) = y and f(A)
is an open subset of X. Moreover, if {g;} is a sequence and X is a
second countable space (in which case the limit sets can be described
using sequences) then f(A) is closed.

Proof. Since d(x, g; 'y) = d(g;x,y) — 0 it follows that g; 'y — z. By
the local compactness of X there exists an index iy € I such that, if
F :={g;|i > ip} then z € K(F) and y € K(F~'), where F~! :=
{g;7'|i >0} Set A:= K(F). By [12, Lemma 3.1] A is a closed-open
subset of X. If g;|4 denotes the restriction of each g; on A, then the
Arzela-Ascoli theorem implies that the set {g;|4 : A — X |i > iy} has
compact closure in C'(A, X) (this the set of all continuous maps from
A to X). Thus, there exists a subnet {g;|j € J} of {g;|i € I} and a
map f: A — X with f(z) =y which preserves the distance such that
g; — [ pointwise on A. We show that f(A) is open: Let z € f(A).
That is, there is w € A such that f(w) = z. It is enough to show
that if {z;} C X is a net such that z; — z then z; € A eventually for
every [. Since w € A then gjw — f(w) = z. Hence gj_lz — w. As
before there exists an index jy such that, if Fy := {g;|j > jo} then
w € K(Fy) and z € K(F;'). Again by the Arzela-Ascoli theorem
there exist a subnet {gz} of {g;} and a map h : K(F;') — X which
preserves the distance such that g,' — h pointwise on K(F; ') and
h(z) = w. Since K(F, ') is open and z € K(F] ') we may assume that
2z € K(F[ ') eventually for every I. Hence h(z) — h(z) = w € A
as | — oo and for each I, g;'zy — h(z) as k — oo. Therefore
h(z) € A eventually for every [. Fix a point h(z) € A. Then

ge(h(z)) — f(h(z)). Thus d(z, f(M(=))) < dlgg, 2, gh(z)) +
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d(guh(z), f(h(z1))) = d(gy "z, h(z)) + d(gih(21), f(h(z))) — 0 as k —
oo. Hence z; = f(h(z)) € A eventually for every .

Note that up to this point we have only used the property that the
sets K(F) are open. If {g;]i € N} is a sequence we can set Fy :=
{9:]1 € N} and A := K(F,). Then A is a non-empty closed-open
subset of X and, as before, there exists a subsequence {g; |n € N} of
{g:} (here we use that X is second countable) and a map f: A — X
with f(x) = y which preserves the distance such that g;, — f pointwise
on A. We will use now the property that the sets K (F') are closed to
show that f(A) is also a closed subset of X. If we set F3 := {g;, |n €
N} then it is easy to verify that f(A) C K(F; ') and there exist a
subsequence {g;, |l € N} of {g;,} and a map h : K(F;') — X which
preserves the distance such that g; ll — h pointwise on K(F; ). Take

a sequence {f(ax)|k € N}, ar € A such that f(ax) — b for some
b€ X. We will show that b € f(A). Fix k € N. Since f(A) C K(F; ')
and K(F;') is closed then f(az) € K(Fy1), gi’nllf(ak) — h(f(ay))
as [ — oo and b € K(F;'). The latter implies that g[nllb — h(b).
Note that d(g[nllb, h(b)) = d(b, gi, h(b)) — 0 so g, h(b) — b. We will
show that h(b) € A and g;, h(b) — f(h(b)), hence b = f(h(D)) €
f(A) and the proof is finished. Indeed, observe that d(gi_nllf(ak), ay) =
d(f(ak), gi,,arx) — 0 as | — oo. Therefore h(f(ax)) = ax. Thus aj =
h(f(ag)) — h(b) as k — oco. But ax € A and A is a closed subset of X
hence h(b) € A. So gi, h(b) — f(h(b)). O

Note that f(A) may not be G-invariant, see for instance Example
2.1. As an application of Proposition 3.1 we can prove the van Dantzig
- van der Waerden theorem in a short and elegant way comparing to
the proof in the original work of van Dantzig and van der Waerden [7]
or to the lengthy one in [10, Theorem 4.7, pp. 46-49]:

Corollary 3.2. (The van Dantzig - van der Waerden theorem) The
group G of isometries of a connected, locally compact metric space X
is locally compact (with respect to the compact-open topology) and G
acts properly on X.

Proof. Tt is enough to show that G acts properly on X (i.e. L(z) = () for
every € X, see Section 2) because in this case for every pair of points
x,y € X there exist open neighborhoods U,,U, of z,y respectively
such that the set {g € G|gU, NU, # (0} has compact closure in G
(see e.g. [3]). Let z,y € X and a net {g;} in G such that g;x — y.
Proposition 3.1 implies that there exist a subnet {g;} of {g;}, a closed-
open subset A of X and a map f : A — X which preserves the distance
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such that g; — f pointwise on A. Since X is connected it follows that
A = X. Note that d(x,g;'y) = d(g;xr,y) — 0 hence we can repeat
the same procedure as before and find a subnet {gx} of {g;} and maps
f,h : X — X which preserve the distance such that g, — f and
g:' — h pointwise on X. Obviously & is the inverse of f. This shows
that f € G. Hence, L(z) = () and since x € X was arbitrary the action
is proper. 0

A question which arises from Proposition 3.1 is whether there is any
difference if one replaces A with the pseudo-component that contains
the point x € X. We answer this question in the affirmative in Corol-
lary 3.4. Before we present these result we need some formulation that
we can also find in [8, p. 32]:

An important notion in the definition of the pseudo-component of a
point x € X is the radius of compactness p(x) of z:

p(x) :=sup{r > 0| the open ball B(z,r) has compact closure}

where B(z,r) denotes the open ball centered at z € X with radius
r > 0. It is easy to see that if ¢ € G then p(gx) = p(x). We define
an equivalence relation £ on X as follows: Firstly we define a directed
graph R on X by

2Ry if and only if d(x,y) < p(x).
Let R* be the transitive closure of R, i.e.
xRy if and only if for some wug = x,uy,...,u, =y

we have u;Ru; .1 for every ¢ < n. Finally, define the following equiva-
lence relation £ on X

x€y if and only if z =y or (zR*y and yR*x).

We call the £-equivalence class of € X the pseudo-component of x,
and we denote it by C,. We call X pseudo-connected if it has only one
pseudo-component. It follows that pseudo-components are closed-open
subsets of X (see [8, Proposition 5.3]). An immediate consequence of
the definitions is that ¢gC, = C,, for every g € G.

The following example shows that in many cases the closed-open set
A in Proposition 3.1 may contain strictly the pseudo-component that
contains the point x € X.

Example 3.3. Let X = L; U Ly U Ly C R? where L; = {(0,t) |t €
R}, Ly = {(2,t)|t € R} and L3y = {(4,t)|t € R} endowed with the
metric d = min{dg, 1} where dg is the usual Euclidean metric on R2.
With this metric X is a locally compact separable and complete metric
space with finitely many pseudo-components. Let z := (0,0) and let
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gn: X — X, n € Nwith g,(t,a) = (t,a) if a=0or 2 and t € R and
gn(4,t) = (4,t +n), t € R. Obviously g,z = x for every n € N, the
map g, restricted to L; U Ly is the identity and the pseudo-component
C, of x is the set L;. Hence, if we take as A := L;U Ly then A contains
strictly C,.

Corollary 3.4. Assume that X is locally compact (perhaps with in-
finitely many pseudo-components). Let x,y € X and a net {g;} in G
such that gix — y. Then there exist a subnet {g;} of {g;} and a map
[ Cp — X which preserves the distance such that g; — f pointwise

on Cy, f(x) =y and f(C,) = Cyz)-

Proof. With a slight modification of the technical Lemma 5.5 in [§]
in order to use nets instead of sequences we have the following: Let
z,y € X and {g;} be a net in G with g;x — y. Then for F':= {g;} the
set F(z) has compact closure in X for every z € C,. For A := K(F)
Proposition 3.1 implies that there exist a subnet {g,} of {g;} and a map
f + C; — X which preserves the distance such that g; — f pointwise
on C, and f(z) = y. Since g; ' f(x) — = then there exist a subnet {gy}
of {g;} and amap h : Cyy — X which preserves the distance such that
gy " — h pointwise on C(;) and h(y) = z. Take a point z € C,. Since
grz — f(2) and the pseudo-component Cf(, is a closed-open subset
of X then f(2) € Cu) (so f(Cr) € Cpr)) and gz € Cyy) eventually
for every k. Hence z = g, '(gx2) — h(f(2)). In the same way we can
deduce that f(h(w)) = w for every w € Cy,, thus f(C;) = Cpy. O

As an implication of the previous corollary we can take the results
of Gao and Kechris [8, Theorem 5.4 and Corollary 6.2]:

Corollary 3.5. (The Gao - Kechris theorem) The isometry group of a
locally compact metric space with only finitely many pseudo-components
15 locally compact. In case X s locally compact and pseudo-connected
then G acts properly on X.

Proof. Let C,Cs, ..., C, denote the pseudo-components of X and take
points 1 € Cy,x9 € Cy,...,x, € C, and open balls B(x,,,r) C C,,,
m=1,2,...,n,r > 0such that all B(x,,,r) have compact closures. We

will show that the set V := ﬂ {9 € G|gxm € B(xp,r)} is an (open)

m=1
neighborhood of the identity in G with compact closure. Indeed take
anet {g;} C V. Since each B(x,,,r) has compact closure there exist a
subnet {g;} of {¢;} and points y; € Cy,y2 € Cs, ..., y, € C, such that
GiTm — Ym, as j — 00, for every m = 1,2, ..., n. Corollary 3.4 implies
that there exist a subnet {¢;} of {g;} and maps f,, : C,, — C,, which
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preserve the distance such that g, — f,, on C,, and f,,(C,,) = C,,
for all m. This shows that {gx} converges to a surjection of X which
actually gives that {gi} converges to an isometry of X.

Assume that X is pseudo-connected. In order to show that G acts
properly on X it is enough to show that the limit set L(x) is empty
for every # € X (see Section 2). Let z,y € X and a net {g;} in G such
that g,z — y. Corollary 3.4 implies that there exist a subnet {g;} of
{9;} and a map f : C, — X which preserves the distance such that
g; — f pointwise on C,, f(x) = y and f(C;) = Cju). Since X is
pseudo-connected then C, = Cf,) = X. Hence f € G thus L(z) is
empty. U

Remark 3.6. Note that in Corollary 3.5 we do not require that X is
separable like in [8, Theorem 5.4 and Corollary 6.2]. This is not a real
improvement since we can show that a locally compact metric space X
with countably many pseudo-components is separable. For a proof we
can imitate the proof of Lemma 3 in [10, Appendix 2| (actually this is
a result of Sierpinski, see [13]): We define a relation S on X by xSy
if and only if there exist separable open balls B(x,r;) and B(y,rs)
with y € B(x,r;) and © € B(y,r2). For every A C X we denote
by SA := {y € X |ySz for some z € A}. If A = {z} is a singleton

we write Sz instead of S{z}. Set S"*lx := SS"z for every n € N
+oo

and U(x) = U S"zx. Then by [10, Lemma 3 in Appendix 2] each
n=1

U(x) is a separable closed-open subset of X and if U(x) N U(y) # 0

then U(x) = U(y). By construction every U(x) contains the pseudo-

component of x € X. Therefore X is separable.

Remark 3.7. Proposition 3.1 and Corollary 3.4 point out a natural
generalization of the notion of properness for locally compact metric
spaces with groups of isometries which are not closed in the space of all
continuous selfmaps of X endowed with the compact-open topology: In
particular, it will be interesting to study actions with the property “if
x,y € X and there is a net {g;} in G such that g;z — y then there exist
a subnet {g;} of {g;} and a map f: X — X not necessarily surjective,
which preserves the distance and such that g; — f pointwise on X”.
That is, let’s say, if g; — oo then this happens in a “strong” way.

4. CLOSED ORBITS

In this section we assume that both X and G are locally compact and
we will discuss some implications of the existence of closed orbits. In
the previous section we saw that if there is a pair of points x,y € X and
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anet {g;} in G such that g,z — y then there exist a subnet {g;} of {g;},
a closed-open subset A of X that contains z and a map f: A — X
which preserves the distance such that g; — f pointwiseon A, f(z) =y
and f(A) is an open subset of X. A question which arises naturally is:
When is the map f a restriction of some element of G on A? An answer
can be given using the following general proposition but before we see
that we need again some formulation: Given a continuous action of a
locally compact group I' on a locally compact space Y we can define a
homomorphism ¢ : I' — H(Y') with ¢(g)(x) :== gz, g € T, x € Y where
H(Y) denotes the group of homeomorphisms of Y endowed with the
compact-open topology. This homomorphism is always continuous (see
e.g. [3] or [15, Lemma 10.4 (c)]). If g|4 denotes the restriction of g € I'
on a subset A of Y we define ¢ : I' — C(A,Y) with ¢(g)(z) := gz,
g €', 2 € A where C(A,Y) denotes the space of all continuous maps
from A to Y endowed with the compact-open topology. Note that ¢ is
a continuous map.

Proposition 4.1. Let Y be a locally compact space, A be an open or
closed subset of Y and I' be a locally compact o-compact group which
acts continuously on Y . If there exists a point x € A with closed orbit

such that ¢(I'y) is closed in C(A,Y) then ¢(I') is closed in C(A,Y).

Proof. Since I' is locally compact and o-compact and I'(x) is closed
in Y, the map ¢ : I'/T, — D'(x) with ¢(g[';) := 'z, g € T' is a
homeomorphism (see [15, Theorem 10.10 (c)]). Let {g;|i € I} be a
net in I" such that ¢(g;) — h for some h € C(A,Y). Since the orbit
['(x) is closed, there exists v € I' such that vz = h(x) so g;I', — 1.
The quotient map I' — T'/T', is open and I' is locally compact hence
there exist an open neighborhood V' of v with compact closure and
nets {f;} in V, {v;} in T', such that ¢; = f;v; eventually for every
i € I. Thus, there exist a subnet {f;} of the net {f;} and f € I" such
that f; — f. The set A is locally compact, hence the composition
map T : C(Y,Y) x C(A)Y) — C(AY) with T(f1, fo) = fio fa, f1 €
C(Y,Y), fo € C(A,Y) is continuous (see [15, Lemma 9.4 (c)]). Thus,
d(v;) = o(f; ) 0 ¢(g;) — ¢(f~1) o h. Since ¢(I') is closed in C(A,Y)
there exists g € I', such that ¢(f~1)oh = ¢(g) from which follows that
h = ¢(fg). Hence ¢(I") is closed in C'(A,Y). O

Note that in our case, if X is a second countable locally compact
metric space with locally compact group of isometries G then G is
o-compact (see [5, Ch. X, §3.3 Corollary]). Following the proof of
the previous proposition, if z,y € Y and {g¢;} is a net in I" such that
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gix — y then g; = fiv; for some nets {f;} in a compact subset of T" and
{v;} in T';, so we have the following:

Corollary 4.2. Let Y be a locally compact space and T be a locally
compact o-compact group which acts continuously on'Y . If x is a point
of Y with closed orbit then the limit set L(x) is not empty if and only
if the isotropy group I'y of x is not compact.

If we assume that X is second countable (hence separable) and com-
plete and its group of isometries G is locally compact then G is second
countable (see [5, Ch. X, §3.3 Corollary]). So, in this case, both X
and G are Polish spaces. In [9] Glimm showed that for the case of an
action of a locally compact separable group on a locally compact sep-
arable space the existence of a Borel section (or selection) is actually
equivalent to the fact that each orbit is locally closed. Recall that a
subset S of a topological space Y is called a section (or selection) for a
continuous action of a topological group I' on Y if S meets every orbit
in exactly one point. In our case if x,y is a pair of points of X and
{g;} is a net in G such that g;v — y then g; 'y — z, since g; preserves
the metric. Thus, for isometric actions, locally closed orbits are closed
and vice versa. A question which arises naturally is the following:

Question 4.3. If X and G are locally compact do there exist always
closed orbits?

Note that we are considering the full group of isometries of X because
if we ask the same question for the action of a closed subgroup of G on
X then the answer is negative (see [11]). The following simple example
shows that the answer is also negative for the action of G on X:

Example 4.4. Let X = RUQ C R? where R = {(¢,0)|t € R}
and @ = {(¢,1)]|q € Q}. For every pair of points w; = (x1,41),
wy = (xg,y2) € X define

’$1—I‘2|, if’wl,U)QER
d(wy,wy) :== < |z1 — 22|+ 1, if only one of wy,ws is not in R
|ZL‘1—[E2|+2, ifwl,wgeQ.

It is easy to verify that d is a metric on X and X with this metric is a
locally compact, separable and complete space. The group of isometries
G is generated by the horizontal translations by rationals and by the
horizontal reflections with centers of the form (z,y) € X with z € Q
(if we want to have only translations we may take @ := {(¢,1)|q €
Q + V2N}). Hence G is a discrete group (so it is locally compact). If
w = (z,1) € Q then the orbit G(w) = @ and if w = (z,0) € R then the
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orbit G(w) = {(z,0) € R|z € Q} so it is not closed in X. Moreover if
w € @ then L(z) = 0 and if w € R then z € L(x) = R.

In this direction Gao and Kechris in [8, p. 35| asked the following
question which still remains open:

Question 4.5. (Gao - Kechris) Let (X, d) be a locally compact com-
plete metric space with finitely many pseudo-components (or connected
components). Is it true that the action of G := Iso(X,d) on X has
closed orbits?

Based on this we ask the following question.

Question 4.6. Let (X,d) be a locally compact and complete metric
with only two connected components, one compact and one not com-
pact. If the action of G := Iso(X,d) on the non-compact component
is proper is it true that the orbits of points in the compact component
are closed?

The last question is of great interest in case of a metric space having
only one end in its Freudenthal (end-point) compactification.

As we saw in Example 4.4 the set of points of X with closed orbits
may not be the whole space X, so it is natural to ask the following:

Question 4.7. Let X be a locally compact metric space. Is the set of
points of X with closed orbits closed or open? Does it contain entire
pseudo-components?

In the following example we give (a partial) negative answer to this
question. Namely the set of points of X with closed orbits may not be
open or may not contains entire pseudo-components:

Example 4.8. This example is based on the same idea as Example
4.4. Let X = DU S C R? where D is the closed unit disk and S is an
orbit of a point on a circle with center the origin and radius 2 under an
irrational rotation 2¢?™, a ¢ Q. The distance of two points in the unit
disk is the usual Euclidean one. To measure the distance from a point
of x € S to a point of y € D we firstly move on the radius connecting
x with the origin until we meet the circle with center the origin and
radius the distance from y to the origin. Then we move on this circle
in the shortest way until we meet the point y. In a similar way we
measure the distance of two points z,y € S: Firstly we move on the
radius connecting x with the origin until we meet the unit circle and
then we move on this circle and follow back the radius connecting y
with the origin in the shortest way until we meet the point y. The space
X endowed with this metric is locally compact, separable and complete



CLOSED-OPEN PARTITIONS AND CLOSED ORBITS 13

and its group of isometries G is discrete (hence locally compact) like
in Example 4.4. Moreover, all the points of the closed unit disk except
the origin do not have closed orbits and the origin is a fixed point. The
action of GG on S is proper and the orbits coincide with S. Note that the
pseudo-component (and the connected component) that contains the
origin is the closed unit disk hence the set of points of X with closed
orbit is not closed and does not contain entire pseudo-components.

The only thing that remains to be clarified is whether the set of
points of a space X with closed orbits is a closed subset of X. In this
direction we know that if there is a pair of points z,y € X and a net
{g;} in G such that g;z — y then, by Corollary 3.4, there exist a subnet
{g;} of {¢;} and a map f : C, — X which preserves the distance such
that g; — f pointwise on C,. So, if X is separable then by Proposition
4.1, we know that if there exists some point z € C, such that ¢(T",) is
closed in C(C,, X) then ¢(I') is closed in C(C,, X). From this we can
deduce that the set of points of X with closed orbits is closed. The
general question remains open as well as the following generalized one:

Question 4.9. Is there any locally compact, separable and complete
metric space such that G is locally compact and every orbit is not
closed?

5. CLOSED-OPEN GG-INVARIANT PARTITIONS

In [12, Theorem] we showed that in case X has quasi-compact (i.e.
compact but not necessarily Hausdorff) space of connected components
(or quasi-components) the group G is locally compact. This is an
application of the fact that the sets K(F), defined in Section 2, are
closed and open. In this section we will see another application of this
property of K (F') concerning the structure of X. We will show that if
G is locally compact then there is a decomposition of X into closed-
open G-invariant sets that are related to various limit behaviors of the
orbits: To be more precise, let

CL ={z € X|L(z) is not empty and compact},
NCL = {z € X | L(x) is not compact} and
P ={z € X |L(z) is the empty set}.
Theorem 5.1. Let (X, d) be a locally compact metric space and G :=

Iso(X,d) the group of isometries of X. Assume that G is locally com-
pact and not compact. Then

(i) The closure of each orbit is a minimal set.
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(ii) If the closure of an orbit is compact then it is stable. Hence
each x € CL has a stable orbit closure.

(iii) The sets CL, NCL and P are closed-open G-invariant disjoint,
their union is X and each one of them is a union of pseudo-
components.

Proof. (i) Recall that a non-empty G-invariant closed subset A of X is
called minimal if it has no G-invariant closed proper subsets. Equiv-

alently, A = G(x) for every z € A. Let y € X and =z € G(y).
Obviously G(z) € G(y) and there exists a sequence {g,} in G such
that g,y — z. Since d(g,y,z) = d(y, g, 'z) it follows that y € G(x),
thus G(y) C G(x). Note also that since L(y) is a G-invariant closed
subset of X then whenever L(y) # () we have that L(y) = G(y).
So, if G is not compact then CL = {x € X | G(x) is compact} and

NCL = {x € X | G(z) is not compact and L(z) # 0}.
(ii) Assume that G(x) is compact for some z € X. We will show

that G(x) is stable, that is, for every open set U C X with G(z) C U

there exists a G-invariant open set V' such that G(z) CV C U. Since
X is locally compact and @ is compact then % has a neighbor-
hood base consisting of compact sets, let’s say W (see [4, Ch. I, §9.7
Proposition 10]). There is a natural direction defined on W: W; < W,
if and only if Wy C W for Wi, Wy € W. We argue by contradic-
tion: Assume that for every W € W there exist z,, € W and a point
gw € G such that g,z, ¢ U. It is not hard to see that there exist a
point y € G(z) and a subnet {x;} of the net {z,, |w € W} such that
x; — y. Since g;y € G(z) and G(x) is compact there exist a subnet
{g;y} of {giy} and a point z € G(z) such that g;y — 2. Note that
d(gjxj, z) < d(g;xj, g;y) + d(g;y, 2) = d(x,y) + d(g;y, 2) — 0 which is
a contradiction since we have assumed that g;z; ¢ U for every index i.

(iii) Obviously the sets CL, NCL and P are G-invariant, disjoint
and their union is X. Item (i) implies that CL = K(G) hence, by [12,
Lemma 3.1], C'L is closed and open. Since J(z) = L(z) for every z € X
(because we have an action by isometries, see Section 2), P = {z €
X | J(x) = 0}. Take a point z in the complement of P. Then J(x) # ()
and since .J(z) = L(z) we have that J(z) = L(z) = G(x). Hence
X\P={zxe X |z e J(x)} and it is well known (see e.g. [3]) that this
is a closed subset of X, so P is open. We claim that P is also closed.
Let {z,, | n € N} be a sequence of points of P such that z,, — x for some
x € X. We argue by contradiction: If ¢ P then z € J(z) = L(z)
hence there exists anet {g; | i € I'} in G with g; — oo and g;z — z. Fix
a positive real number r > 0 such that the ball centered at x with radius




CLOSED-OPEN PARTITIONS AND CLOSED ORBITS 15

2r has compact closure and fix also a point z,,, such that d(z,,,z) < r.
Note that d(gizn,, z) < d(gitn,, gix) + d(giz, x) = d(xp,, x) + d(giz, T).
Since g;x — x the net {g;x,,|i € I} is eventually in the open ball
B(z,2r) hence it has a convergent subnet. This implies that L(z,,) #
(since g; — o0) thus z,, ¢ P which is a contradiction.

In Corollary 3.4 we saw that if z,y € X and {¢;} is a net in G
such that g;z — y then there exist a subnet {g;} of {¢g;} and a map
f + C; — X which preserves the distance such that g; — f pointwise
on (. This shows that the set P is a union of pseudo-components. If
we work as in the proof of Corollary 3.4 and take F' := G then it easy
to see that the set C'L has also the same property. O

A question which arises from the previous theorem is the following:
Can the sets CL, NC'L and P may coexist in any combination? We
answer this question in the affirmative using the following simple ex-
amples. Note that the Arzela-Ascoli theorem implies that C'L = X if
and only if the group G is compact. If X is connected the van Dantzig
- van der Waerden theorem implies that P = X and in Example 2.1
we have that NCL = X.

Example 5.2. (CL # (), NCL # () and P = ()). Let X = {(0,0)} U
Ly ULy C R* where Ly = {(2,t) |t € R} and Ly = {(4,t) |t € R}. We
consider the metric d = min{dg, 1} where dg is the usual Euclidean
metric on R?. As in Example 2.1 it is easy to see that CL = {(0,0)},
NCL =1L,ULyand P = 0.

Example 5.3. (CL # 0, NCL = () and P # 0). If we take X =
{(0,0)} U Ly, where Ly = {(2,t)|t € R}, and the metric as in the
previous example then C'L = {(0,0)}, NCL = and P = L.

Example 5.4. (CL =0, NCL # () and P # (). In Example 4.4 we
have that CL =0, NCL =R and P = Q.

Example 5.5. (CL # 0, NCL # () and P # ()). This example is
a modification of the Example 4.4. Firstly we replace the metric d
in Example 4.4 by the bounded metric d' = #‘ld (note that d' and d
give the same group of isometries). Then we add the point (3,0) to X
and finally we endow the set Y := X U {(3,0)} with a new metric d*
requiring that d*|xxx = d'|xxx and d*((3,0),w) = 1 for every w € X.
If G denotes the group of isometries of Y with respect to d* it is easy
to see that CL = {(3,0)}, NCL =R and P = Q.

In case P is not empty we have a very interesting result concerning
its structure. This result is an application of a theorem of Abels in [1].
Namely, in [1], Abels proved that if a non-compact locally compact
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group G with compact space of connected components acts properly
on a locally compact space Y such that the orbit space G\Y is para-
compact then Y is homeomorphic to a product of the form R™ x M for
some n € N where M is a closed subset of X. Actually n is the same
n if we write the group G as a homeomorphic image of the product
R"™ x K where K is a maximal compact subgroup of GG in the Malcev-
Iwasawa’s decomposition theorem for G (see [15, Theorem 32.5]). If
we apply this theorem to our case we have the following:

Proposition 5.6. Let (X,d) be a locally compact metric space and
G = Iso(X,d) the group of isometries of X. Assume that G is locally
compact, not compact with compact space of connected components (or
the connected component of the identity of G is not compact). Then P,
if it 1s not empty, it is homeomorphic to a product of the form R™ x M
for some n € N where M is a closed subset of P.

Proof. The proof is an immediate consequence of the previous men-
tioned theorem of Abels in [1] taking into account that if G denotes
the connected component of the identity of G then G is a closed sub-
group of G. Hence G acts properly on P and the orbit space G1\ X is
metrizable (see [3]). O

Remark 5.7. As a final remark we would like to point out that the re-
sults of this paper also hold for the natural action of a locally compact,
pointwise equicontinuous group of homeomorphisms I' on a locally com-
pact uniform space Y.
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