THE ALMOST SPLIT TRIANGLES FOR
PERFECT COMPLEXES OVER GENTLE ALGEBRAS

GRZEGORZ BOBINSKI

Throughout the paper k denotes a fixed field. All vector spaces and
linear maps are k-vector spaces and k-linear maps, respectively. By Z,
N, and N, , we denote the sets of integers, nonnegative integers, and
positive integers, respectively. For i,7 € Z, [i,j] :={l € Z|i <1< j}
(in particular, [i,j] = @ if i > j).

INTRODUCTION

Given an abelian category A one defines its bounded derived cat-
egory Db(A) [27] (of bounded complexes of objects of A) having a
structure of a triangulated category, which is an important homologi-
cal invariant of A. In particular, given a finite dimensional algebra A
one may study the bounded derived category D°(mod A) of the cate-
gory mod A of finite dimensional A-modules, which one shortly calls
the derived category of A and denotes D°(A). Since the observation
of Happel [17] (generalized by Cline, Parshall, and Scott [13]), which
states that derived category is invariant under titling process, an im-
portance of derived categories in the representation theory of finite
dimensional algebras became clear. This observation was supported by
results connecting derived categories of finite dimensional algebras with
derived categories of coherent sheaves over projective schemes [7,14].
Since that time a lot of results concerning derived categories of finite
dimensional algebras were obtained (see for example [1,10,11,15,23]).
In particular, Rickard [24] developed the Morita theory for derived cat-
egories of finite dimensional algebras. One of the consequences is that
the derived categories of two finite dimensional algebras are equivalent
as triangulated categories if and only if the subcategories of perfect
complexes are equivalent as triangulated categories. Recall that if A is
a finite dimensional algebra, then the subcategory of D?(A) formed by
perfect complexes can be identified with the bounded homotopy cat-
egory K’(proj A) of (bounded complexes of) of projective A-modules.
Another evidence that the homotopy category of projective modules
delivers a lot of information about the derived category of an alge-
bra is provided by the result of Krause and Ye [22] stating that the
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graded centers of K’(proj A) and D’(A) are isomorphic for each finite
dimensional algebra A.

A class of finite dimensional algebras whose derived categories attract
a lot of interest is the class of gentle algebras introduced by Assem and
Skowroniski [4]. An important feature of this class of algebra is that
it is closed under derived equivalence, i.e. if A is a gentle algebra and
D’(A) is equivalent as a triangulated category to D’(B) for a finite
dimensional algebra B, then B is also gentle [26]. Next, this class of
algebras appears naturally in many classification problems. Namely,
the tree gentle algebra are precisely the piecewise hereditary algebras
of type A [2] (i.e. the algebras derived equivalent to hereditary algebras
of type A). Further, if A is a derived discrete algebra, then either A is
piecewise hereditary of Dynkin type or A is a one-cycle gentle algebra
which does not satisfy the clock condition [28]. Moreover, the one-cycle
gentle algebras coincide with the piecewise hereditary algebras of type
A [4]. Partial results concerning the derived equivalence classification
of two-cycle gentle algebras were also obtained [5,9]. An important
role in these investigations is played by an invariant introduced by
Avella-Alaminos and Geiss [6].

If A is a gentle algebra, then it is possible to investigate Db(A) by
means of the stable category mod A of the module category mod A over
the repetive algebra A [25] (which is no longer finite dimensional) and
the Happel functor [18] D’(A) — mod A. This description is useful,
since the description of the indecomposable objects in mod A is known.
Unfortunately, the precise formula for the Happel functor seems to be
not known. In [8] Bekkert and Merklen described the indecomposable
objects in D’(A) without using A, however they did not describe how
the above two descriptions are connected.

Let A be a gentle algebra. Since gentle algebras are Gorenstein [16],
it follows [19] that the almost split triangles in D"(A) exist precisely
for perfect complexes. The aim of this paper is to describe the almost
split triangles in D°(A) in terms of the above mentioned description
of the indecomposable objects in D(A) due to Bekkert and Merklen.
According to the above remark, this is equivalent to describing the
almost split triangles in K°(proj A). The precise formulas are given in
Section 6. The idea of the proof is to use the Happel functor and the
known description of the almost split triangles in mod A. As a side
effect we obtain a link between the two different ways of describing the
indecomposable objects in D(A).

The paper is organized as follows. In Section 1 we introduce the lan-
guage of quivers and their representations, and in Section 2 we present
notions of strings and bands. Next, in Section 3 we present a de-
scription of the indecomposable perfect complexes over gentle algebras
due to Bekker and Merklen, while in Section 4 we collect necessary
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information about the repetitive algebras of gentle algebras. Finally,
in Section 5 we describe the correspondence between the indecompos-
able perfect complexes over a gentle algebra and the indecomposable
modules over its repetitive algebras, and in Section 6 we use this cor-
respondence to describe the almost split sequences in K%(proj A).

For basic background on the representation theory of algebras (in
particular, on the tilting theory) we refer to [3].

The article was written while the author was staying at the Univer-
sity of Bielefeld as an Alexander von Humboldt Foundation fellow. The
author also acknowledges the support from the Research Grant No. N
N201 269135 of the Polish Ministry of Science and High Education.

1. PRELIMINARIES ON QUIVERS AND THEIR REPRESENTATIONS

By a quiver I' we mean a set I'y of vertices and a set I'y of arrows
together with two maps s,t : I'y — @'y which assign to a € I'; the
starting vertex sa and the terminating vertex ta, respectively. We
assume that all considered quivers I' are locally finite, i.e. for each
x € I'g there is only a finite number of o € I'y such that either sae = x
or tae = x. A quiver is called finite if T'y (and, consequently, also I'y) is a
finite set. For technical reasons we assume that all considered quivers I'
have no isolated vertices, i.e. there is no x € I'y such that sa # x # ta
for each a € T'y.

Let I" be a quiver. If [ € N, then by a path in I' of length [ we
mean o = aq - - -y such that a; € I'y for each ¢ € [1,1] and sy = ta;q
for each i € [1,] — 1]. In the above situation we put so := sq; and
to := tay. Moreover, we put a;(o) := o, for i € [1,{]. Observe that
each o € T" is a path in I of length 1. Moreover, for each x € 'y we
introduce the path 1, in I' of length 0 such that s1, := x =: t1,. We
denote the length of a path ¢ in I" by ¢(0). If ¢’ and ¢” are two paths
in I" such that so’ = to”, then we define the composition o’c” of o’
and ¢”, which is a path in I" of length ¢(0”) 4+ ¢(c”), in the obvious way
(in particular, 01s, = 0 = 1;,0 for each path ¢). In order to increase
clarity we sometimes write o’ -¢” instead of o’¢” in the above situation.
If o is a path such that so = to, then for n € N, we denote by ¢" the
n-fold composition of ¢ with itself.

Let I' be a quiver. We define the double quiver I of I' in the following
way: I := I, T} := T3 UT!, where I'! := {a7! | a € T}, and
sa~!:=ta and ta™! := sa for a € I';. By =~ we denote the equivalence
relation in I'; whose residue classes are I'; and I'7!. We put (o))" :=
a for a € T'; and extend the operation (—)~! to the paths in T of
positive length in such a way that (w'w”)™! = w”~ 1w~ for all paths '
and w” in T of positive length such that sw’ = tw”. If w is a path in
T of positive length and i € [1,£(w)], then a; '(w) := (a;(w))~!. For a
set X of paths in T of positive length we put 7! := {o7! | 0 € Z}.
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Let I' be a quiver. We define the path category kI' of I' as follows.
The objects of kI' are the vertices of I'. If 2/, 2” € T'y, then the homo-
morphism space kI'(z, ") consists of the formal k-linear combinations
of paths starting at 2’ and terminating at 2””. The composition of maps
in £T" is induced by the composition of paths in I'. For a set R of mor-
phisms in kI" we denote by (R) the ideal in kI' generated by R. A
morphism g in T is called a relation if ¢ € (I'1)%. A set R of relations
in kI is called admissible if there exists n € N, such that (I';)" C (R).

By an (admissible) bound quiver we mean a pair (I', R) consisting of
a quiver I" and an (admissible, respectively) set of relations in kI'. For
a bound quiver I' = (I, R) we denote by kI" the corresponding factor
category kI'/(R). If I' = (I', R) is a bound quiver and o € kT'(2/, 2")
for o', 2" € Ty, then we put sp := 2’ and tp := z”. A bound quiver
(I, R) is called monomial if R consists of paths.

Let ' = (I', R) be a monomial bound quiver. By a path in " we
mean a path in I" which does not belong to (R). If 2/,2" € Iy, then
we identify kI'(2’,2”) with the subspace of kI'(z,2") spanned by the
paths in I starting at 2’ and terminating at x”. A path o in T is said
to be maximal in T' if there are no paths ¢’ and ¢” in T' such that
so’ =to, to" = so’, o’'cc” is a path in T', and ¢(0”) 4+ £(0”) > 0. The
lack of isolated vertices in I" implies that ¢(o) > 0 for each maximal
path ¢ in T'.

For the rest of the section we assume that I' = (I', R) is an admissible
bound quiver.

By a representation of I' we mean a functor M : kI' — mod k, where
mod k denotes the category of finite dimensional vector spaces over
k, such that M(xz) # 0 only for a finite number of z € T'y. Observe
that a representation M of T' is uniquely determined by the collection
(M(x))zer, of vector spaces and the collection (M («))qer, of linear
maps. On the other hand, a pair of such collections determines a rep-
resentation of I' if and only if the induced map M () vanishes for each
o€ R. If M and N are two representations of I'; then the morphism
space Homrp (M, N) consists of the natural transformations of the cor-
responding functors. We denote the category of representations of I’
by repI'. It is well-known that rep I' is an abelian category which pos-
sesses almost split sequences. We denote by 7 the Auslander—Reiten
translation in repI’. We remark that Gabriel proved (see for exam-
ple [3, Corollaries 1.6.10 and I1.3.7]) that for each finite dimensional
algebra A the category of A-modules is equivalent to the category of
representations for an appropriate admissible bound quiver. This im-
plies in particular, that we may work with bound quivers instead of
algebras.

Now we describe the indecomposable projective representations of
I". For each x € Iy we define P, € rep T as follows: P,(z2) := kI'(z, 2")
for ' € Ty and P.(0)(¢") := 00’ for morphisms p and ¢ in k' such
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that so’ = x and sp = to’. Moreover, if p is a morphism in kI", then
we define p, : P, — Py, by po(z)(0') := ¢'p for x € I'y and a morphism
o in kT with s¢o’ = to and t¢’ = z. It is an easy exercise to check
that the map Homp(P,, M) — M(x), f — f(z)(1,), is an isomor-
phism of vector spaces for each z € I'y and M € repI'. This implies
that the above formulas describe the fully faithful contravariant functor
I' — rep I whose essential image coincides with the full subcategory of
indecomposable projective representations of I'.

Similarly, we describe the indecomposable injective representations
of I'. For x € Ty we define @, € repI’ by Q.(z') := (kI'(2/,z))* for
x' € Iy, where (—)* : mod k& — mod k denotes the k-linear dual, and
Q:(0)(p)(0) := ¢(0 ) for morphisms g and ¢ in kT such that s’ = tp
and to’ = z, and ¢ € (kI'(so,x))*. Moreover, if g is a morphism
in kI', then we define g, : Qi — Qs by ¢,(2)(9)(¢") = @(00") for
x € I'y, morphisms p and ¢ in kI' such that s¢o’ = x and to’ = sp,
and ¢ € (kI'(x,tp))*. Again, the map (M (x))* — Homr(M,Q.),
v — (m— (0 — @(M(p)(m)))), is an isomorphism for each x €
'y and M € repI’, and, consequently, we obtain the fully faithful
contravariant functor I' — rep I' whose essential image coincides with
the full subcategory of indecomposable injective representations of T'.

2. ALMOST GENTLE QUIVERS

An admissible monomial bound quiver I' = (I', R) is called almost
gentle if the following conditions are satisfied:

(1) for each z € I'y there are at most two a € I'y such that sa =z
and at most two o € I'; such that ta = =z,

(2) for each v € T'y there is at most one o’ € I'y such that so/ = ta
and o« € R, and at most one o € I'y such that ta/ = sa and

ad' € R,

(3) for each av € T'; there is at most one o/ € I'; such that sa/ = t«a
and o/a € R, and at most one o € I'; such to/ = sa and
ad’ € R.

Equivalently, T" is an almost gentle quiver if and only if there exist
functions S, T : 'y — {£1}, which we call string functions for I', such
that the following conditions are satisfied:

(1) if sa/ = sa” and o # o for o/, " € 'y, then Sa/ = —Sa”,

(2) if to/ =ta” and o # o for o/, " € T'y, then T/ = —=Ta”,

(3) if sa/ = ta” and /o’ ¢ R for o/, " € I'y, then So/ = —Ta".

(4) if s/ = ta” and /o’ € R for o/, " € I'y, then Sa/ = To".
Note that the string functions for I' are not uniquely determined by
I'. For the rest of the section we fix an almost gentle bound quiver
I' = (', R) together with string functions S and 7.

Let R := RUR'U{aa a7 la | @ € I'1}. Then (I,R)) is a

monomial bound quiver. If [ € N, then by a string in I" of lenght
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| we mean a path in (T, R’) of length I. Moreover, for each x € T
we introduce two strings 1,; and 1, _; such that ¢(1,.) := 0 and
sy == x =:t1,, for e € {£1}. We put (1,.)' :=1, . for z € Ty
and € € {£1}. Observe that every path in I' of positive length is a
string in I'. A string w in I' is called simple if either {(w) = 0 or w is
a path in T' (of positive length). Moreover, a string w in I is called
directed if either w or w™! is a simple string. A string w in I is called a
band if ¢(w) > 0, either oy (w) € I'y and O‘z_(i)(w) €Ty ora;t(w) el
and ay)(w) € I't, sw = tw, w" is a string in T for each n € N, and
there is no string &’ in I" such that /(&) < {(w), sw’ = tw', and w = W™
for some n € N.

We extend the functions S and T to the strings in I' as follows.
First, we put Sa™! := Ta and Ta™! := Sa for o € T';. Next, we put
Sw = Sayy(w) and Tw = Toy(w) for a string w in I' of positive
length. Finally, we put S1,. := ¢ and T1,, := —¢ for z € I'y and
e € {£1}. Observe that if w’ and w” are strings in I" of positive length
such that sw’ = tw” and W'w” is a string in I', then Sw’' = —Tw".
Consequently, if w is a string in T, z € I'y, and ¢ € {£1}, then we say
that the composition wl, . (1, .w) is defined (and equals w) if and only
if x = sw and € = Sw (z = tw and € = —Tw, respectively).

Let w be a string in I" of length . If i € [0,1], then we denote by wy;
and jw the strings in I" of length 7 and [ — 4, respectively, such that
w = wy * [gw. In particular, wy) = 1w, —71w and peyw = 1 sw-

Fixz € I'yand € € {£1}. By X, . we denote the set of simple strings
o in T such that so = ¥ and So = ¢. Similarly, 3, _ denotes the set of
simple strings o in I' such that to = x and T'oc = . Next,

Qg e 1= and o, =

i

@ otherwise.

a o€ X, NIy,
& otherwise,

, {oz ae NIy,

Finally, we denote by o, . and o, _ the strings of maximal length in
Y, and X! _, respectively.

x,e9

3. THE HOMOTOPY CATEGORY OF A GENTLE QUIVER

An almost gentle bound quiver I' = (I', R) is called gentle if T" is
finite and R consists of paths of length 2. For the rest of the section we
assume that I' = (I', R) is a fixed gentle bound quiver together with
string functions S and 7.

Let K’(T') denote the bounded homotopy category of complexes of
projective representations of I'. Recall that K°(T') has a structure
of a triangulated category [21, Theorem 2.3.1] with the suspension
functor given by the degree shift X +— X|[1]. Moreover, since I' is
Gorenstein, i.e. pdimp () < oo for each injective representation () of
I' and idimp P < oo for each projective representation P of T' [16],
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KP(T') possesses almost split triangles [20, Section 5], thus also the
Auslander—Reiten translation, which we denote by 7 (r).

Let R :={aa™',;a 'a | a € I'1}. Then (T, R') is a monomial bound
quiver. If [ € N, then by a homotopy string in I' of length [ we mean
a path in (T, R') of length I. Moreover, 1,; and 1, ; are homotopy
strings in T' of length 0 for each = € T'y. Observe that every string in
I' is a homotopy string in I'. We extend S and T to the homotopy
strings in I' in the usual way. If W' and w” are homotopy strings in
I" of positive length, then we say that the composition w'w” is defined
(in the obvious way) if sw’ = tw” and one of the following conditions
is satisfied, where o’ := . (w') and o := oy (w"):

(1) Sw’ = Tw” and either o/,a” € Ty or o/~ 0”7 € Ty,
(2) Sw' = —Tw" and either o/, "' €Ty or /71, 0" € T.

Similarly, if w is a homotopy string in I" of positive length, x € 'y, and
e € {£1}, then the composition wl, . (1,.w) is defined (and equals
w) if and only if + = sw and either ¢ = Sw and oy)(w) € I'y or
e = —Sw and a;(}u) (w) €Ty (z = tw and either e = Tw and a4 (w) € Ty
or ¢ = —Tw and a;*(w) € Ty, respectively). Finally, if 2/,2" € Ty
and ¢’,¢” € {£1}, then the composition 1,/ 1, is defined (and
equals 1,/ ./) if and only if 2/ = 2” and ¢ = £”. Observe that the
above definitions for homotopy strings differ from the ones we have
for strings. If w is a homotopy string in I', then by o, we denote the
string of maximal length among the simple strings ¢ in I" such that the
composition ocw (as homotopy strings in T') is defined.

A simple homotopy string € in I' is called an antipath in I' pro-
vided «;(0)a;11(0) € R (equivalently, Sa;(0) = Ta;1(0)) for each
i€ [1,0(0)—1]. For x € 'y and € € {£1}, let O, . denote the set of all
antipaths 6 in I" such that t = x and 70 = . If there is an antipath
in ©,,. of maximal length, then we denote it by 6, .. Otherwise, we
put 0, . = @.

Let w be a homotopy string in I'. If {(w) > 0, then w has a unique
presentation in the form w = oy -0, L € N, such that o; is a
directed string in T' of positive length for each i € [1,L], and the
composition of 0;0,41 (as homotopy strings in I') is defined for each
i € [1,L —1]. In the above situation we put L(w) := L, 0;(w) := 0;
and 0; *(w) := o; ! for i € [1, L], and

degw :=|{i € [1,L] | 0; is a path in T'}|
— e, L] | o/

7

!is a path in T'}|.

Moreover, we put L(w) := 0 and degw := 0 if f(w) = 0. If ¢ €
[0, L(w)], then we denote by w!! and lw the homotopy strings in T'
of length >, ; €(oj(w)) and D1 1wy €(0j(w)), respectively, such
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that w = wl - lw. In particular,

W0 — {ltw,Tw l(w) >0 and a;(w) € Ty,

14, —1. otherwise,

and

L), — lew-s50 f(w) >0 and a;(i) (w) €Ty,
1i50  otherwise.

Moreover, bl .= El(WU) for i, j € [0, L(w)], i < j.

Let w be a homotopy string in I' and m € Z. We define X =
Xmw € KA(T) in the following way. First, for m’ € Z we put Z,, =
Tw(m,w) == {i € [0,L(w)] | m + degwl! = m’}. Then X™ :=
P P, i for m' € Z and

ieI’"L/ s
Do) ©=Jj+1andojyi(w)isapathinT,
(d¥ )iy = Dot w) t=j—1and a;l(w) is a path in T,
0 otherwise,

for m’ € Z, j € Ty, and i € L,,v41. The objects of K°(T") of the above
form are called the string complexes.

For a homotopy string w in I' and m € Z we denote by T,,, the
map T : Xy, — Xyidegww—1 defined by

Tm’ o Pslil 1= L(w> - ja
w 0 otherwise,

form’ € Z, j € Tw(m,w), and i € I,,y(m + degw,w™1). Observe that
T, is an isomorphism for each homotopy string w in I' and m € Z
— the inverse map is given by T, 4 degw w1 -

Let w be a homotopy string in I'. Let o be a path in I' of positive
length such that the composition ow (as homotopy strings in T') is
defined. For m € Z we denote by Fj, , , the map F’ : X,
X, defined by

™m pU Z - OJ
Fz'/,o = .
{O otherwise,
i € Z,,(m,w). Similarly, let o be a path in T' of positive length such

that the composition 0~ 'w is defined. We denote by F}, ., the map
F": Xonw — Xma,, s, defined by

o | = 07
= Ps J )
" 0  otherwise,
for j € Z,,(m,w). Next, if m € Z and o is a path in T of positive length
such that the composition wo™! is defined, then we put G’ =

m,o.w

/! .
Tm‘l'dengw*l © Fm+degw,a,w—1 © Tm—i—deg%lw,Tg : Xm+degW,1ta,Ta - Xm,w‘

lto,fTo -
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Finally, if m € Z and o is a path in I" of positive length such that

. . i —
the composition wo is defined, then we put G7, , , = Tt degw 105, ©

" .
m+degw,o,w=1 © Tm,w : me 7 Amidegw,lso, 50

A homotopy string w in I' is called a homotopy band if degw = 0,
L(w) > 0, either oy(w) and a;(lw) (w) are paths in T’ or o;*(w) and
01w (w) are paths in I, sw = tw, Sw = —Tw, and there is no homotopy
string w’ in I" such that /(') < {(w), sw' = tw', and w = w™ for some
n € Ni. If w is a homotopy band in I" and ¢ € [0, L(w) — 1], then we
put w® = . Wl Observe that it may happen that w® is not a
homotopy band in the above situation.

Let w be a homotopy band in I', i an indecomposable automorphism
of a finite dimensional vector space K, and m € Z. We define Y =
Vinwyu € KP(T) in the following way. First, for m’ € Z we put J, :=

{i € [1,L(w)] | m+degw!? = m/}. Then Y™ := Dicr , Pt @i K for
m’ € Z and
(Do) © 1d i=j+1,4i>1,
and 011 (w) is a path in T,
Do) ® 1 i=j—1,j< Lw),
and 0} '(w) is a path in T,
Do (w) @ 1 j=Lw),i=1, L(w) > 2,
and oq(w) is a path in T,
( nYl/)z‘,j = Por i) @1 j=1i=L(w), L(w) > 2,

and o7 '(w) is a path in T,
Por(w) @ B+ Poriy ®Id j=L(w),i=1, L(w) =2,

and oy (w) is a path in T,
Dot (w) @ pr+ Poy(w) @Id - j=1,1= L(w), L(w) =2,

and o' (w) is a path in T,

0 otherwise,

form’ € Z, j € T, and i € Jpy1. The objects of K°(T) of the above
form are called the band complexes.

The following description of the indecomposable objects in K’(T)
was obtained in [8].

Proposition 3.1. Let IT' be a gentle bound quiver. If X is an indecom-
posable object in K°(T), then either X ~ X,,, for some m € Z and a
homotopy string w in I' or X ~ Y, ., for some m € Z, a homotopy
band w in I', and an automorphism p of a finite dimensional vector
space.
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4. THE REPETITIVE QUIVER OF A GENTLE QUIVER

Throughout this section we fix a gentle bound quiver I' = (I', R)
together with string functions S and 7. We also denote by X the set
of maximal paths in I'.

Our first aim in this section is to define the repetitive quiver T =
(T, R) of T. We put I'y := Iy x Z and I'y := (I'; X Z) U (Z* x Z), where
¥ :={o* | 0 € ¥}. Moreover, s(a[m]) := (sa)[m] and t(a[m]) =
(ta)[m] for « € Ty and m € Z, and s(c*[m]) := (to)[m + 1] and
t(o*[m]) := (so)[m| for 0 € ¥ and m € Z. For a path ¢ in I" and
m € Z we define the path o[m] in T in the obvious way. Let

ZR :={o|m|| o € R, m € Z}U
{o"Im —1]c™[m] | o', 0" € &, to' = s0”, m € Z}U
{a[m]c*[m] |a €'y, 0 € ¥, sa = so, Sa = —=So, m € Z}U
{o"Im]ajm+1] |a €Ty, 0 € X, ta =to, Ta = —To, m € Z}.
Every path in I of the form ¢ [m]o*[m]o’[m+1], where o € &, 0 = 0’0"
for paths ¢’ and ¢” in I', and m € Z, is called a full path. Let A be
the set of full paths in I". Then
R:=ZRU{N = X' | XN, N € A, sN =s)\', X £ \'}U
{(BA|BeTl, e, sB=tA\YU{A3|Bely, AeA, sh=1t5}.
We have the Nakayama automorphism v of I' given by v(z[m]) =
zlm +1] and v(a[m]) ;== a[m+ 1] for z € ', @ € 1 UL", and m € Z.
Let rep T' denote the stable category of I'. Since rep I is a Frobenius

category, @I‘ is a trlangulated category with the suspension functor
given by the inverse Q7! of the Heller syzygy functor (). Every exact
sequence in rep T induces a triangle in rep I. Moreover, rep T possesses
almost split triangles, which come from the almost split sequences in
rep I. In particular, the Auslander—Reiten translation in rep Tis given

by the Auslander-Reiten translation 74 in rep I
We define the functions S, 7 : 'y — {£1} by
S5 .= Sa afm] for a € I'; and m € Z,
] -To ﬂ—a*[m] for c € X and m € Z,

and

T3 = Ta a[m] for « € Ty and m € Z,
- -So ﬁ_U*[m]forOGZandeZ,

for € T'y. One easily checks that (I, R), where R := ZRU{\ | A € A},
is an almost gentle quiver with string functions .S and 7. By a path in
I' we mean a path (I', R). Similarly, by a string (band) in I we mean
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a string (band, respectively) in (f,E) For a string w in " and m € Z
we define the string w[m] in T' in the obvious way.

With a string ¢ in I' we associate the representation V¢ of T in the
following way. First, we put I, := {i € [0,4(()] | s¢jj = «} for x € Ty.
Then we define V; by V;(z) := k= for x € ['y and

Id i=j—1and a= (), or
(Ve(a))ij = i=j+1land a=a;}(C),
0  otherwise,

foraely, je€ly, andi € I, If i €I, for x € T'y, then we denote
by e;(¢) the corresponding basis element of V(z). Similarly, if i € I,
for x € Ty, then ef(¢) denotes the corresponding element of the basis
of (Ve(z))* dual to (;(¢));er,. The representations of T' of the above
form are called the string representations of I

For a string ¢ in I of lenght [ we denote by v¢ the map v @ X — X
given by v(e;(€)) = e_;(¢"!) for i € [0,{]. Observe that v, is an
isomorphism for each string ¢ in I (and the inverse map is given by
v¢-1). Moreover, if (" and ¢” are strings in I' such that Ver o~ Ve, then
either ¢/ = ¢" or ¢t = (".

Let ¢" and ¢” be strings in I' such that t¢’ = t¢” and T¢' = T¢". Put
I':=£(¢), " :==¢({"), and

[ :=max{i € [0,min(!',1")] | o;(¢") = a;(¢") for each j € [1,4]}.
If ¢ # ¢”, then we write ¢’ <; ¢” if either I” > [ and ay1(¢") € Ty
or I' > 1 and a(¢) € T'1. Moreover, we write ¢’ < (" if either
¢ =(¢"or ¢ < ¢" If ¢ < ¢ then by fo . we denote the map
f Ve — Ven given by f(e;(¢')) :=e;(¢") for i € [0,(] and f(e;(¢")) :=0
forie[l+1,0].

Dually, let ¢’ and ¢” be strings in I’ such that s¢’ = s¢” and S¢’ =
S¢”. We write ¢ < ¢"if ¢71 < ¢ I ¢ < (7, then we put
gergn 3= Vgn=1 0 ferm g1 0 vgr.

Let w be a band in T' and 1 an indecomposable automorphism of a
finite dimensional vector space K. We define the representation W,, ,, of
I as follows. First, for z € Ty we put J, := {i € [1,{(w)] | soy(w) = x}.
Then W, ,(x) := K’* for z € Qp and
(Id je[2,4(w)],i=7—1, and a = a;j(w), or

je[llw)—1,i=j+1,and a = aj_jl(w),
(Wopula))ij =qpn j=1i=L(w), and @ = ay(w), or
j={l(w),i=1,and a = a; ' (w),

0 otherwise,

fora €Iy, j € Jso, and @ € Jy,. The represeptations of T' of the above
form are called the band representations of T'.
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Let = be the set consisting of all paths in I' and a chosen full path
starting at y for each y € . For ¢ € = we denote by £ unique ¢’ € =
such that t&' = s¢ and &£’ is a full path. Observe that (o[m])* = o*[m)]
for all o € ¥ and m € Z. Moreover, (£*)* = v€ for each £ € =.

Fix y € Tg. If yf € Ty and 2(y,y) := {€ € 2| s€ = o/, t& = y},
then (the residue classes of) (§)¢cz(yy) form a basis of kT(y,y). For
each o/ € Ty we identify (§")ecz(y,y) With the basis of (kD(y/,y))* dual
to (§)eez(yy)- This identification induces isomorphisms (kD(y,y))* ~
kf‘(yy, ),y € I, which extend to an isomorphism Qy, ~ P,,, which
we also treat as identification.

Let ¢ be a string in T of positive length. Then we have a presentation
C=&& &, L € Ny, where & is a directed string in T of positive
length for each i € [1,L], and &&4q is not a directed string in T' for
each i € [1,L — 1]. In the above situation we put L({) := L, and
&(C) ==& and & 1(¢) := & for i € [1, L]. Moreover, if ¢ is a band in
I, then we put ¢© := ¢ and ¢ =&,y &6+ & fori e [1, L —1].
We also put L(1,.) := 0 for z € Ty and ¢ € {#1}.

Now we define the operation (—)* on the strings in I. First, we put
(1,0)% :=1,, . fory € Tyand e € {£1}. Next, if € is a directed string
of positive length, then we put £ := (£*)7! if £ is a path in T, and
& = (EH*if €71 is a path in I'. Finally, if ¢ is an arbitrary string
in T of positive length, then ¢* := &(¢)* - - &0 (€)*. The operation
(—)* is clearly invertible. We denote the inverse operation by (—)7.

We also need some additional operations on the strings in . Let ¢
be a string in T, [ := 0(¢), and L := L(¢). If L > 0, then we denote by
d¢ the unique string ¢’ in T' such that ¢ = &(¢) - ¢’ We put

9¢ = {aC L >0 and &(C) is a path in T,

(  otherwise,

and

y 9¢ L>0and ¢1(C) is a path in T,
0'¢ = ;
¢  otherwise.

Next, we put
, ¢ [>0and a;(¢) ey,
0¢ =

o,—1cC  otherwise.

5o {G-y 1> 0and a,y(¢) €Ty,
° ¢ ‘732‘1,— sc Otherwise,

6//C .: [I]C [ >0 and O‘fl(C) € fla
0 \oiclp¢ otherwise.
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and

grc = G 1> 0and e (¢) € I,
*7 | ¢oke_gc otherwise.

Moreover, we put §'¢ := 90.0;¢ = 9;0.¢ and "¢ := d/0/C = 6{0/C.
Finally, we put A¢ := §(¢*). Observe that A is invertible and A™!( :=
8" (¢).

Let ¢ be a string in I'. We describe a projective cover m¢ 1 Pr — V¢
of Ve. Write ¢ = §& & &), where L € Ny and &, ..., & are
simple strings in I' such that ¢(¢;) > 0 for each ¢ € [2,20 — 1]. Let
li =321 0(&) for i € [1,L]. Then 7¢ : Pe — Vi, where P :=
Dicpi ) Poerioy and (m¢); corresponds to e, (¢) under the canonical iso-
morphism Homp (P, ,, Vi) = Ve(s€2i-1) for each i € [1, L], is the min-
imal projective cover of V;. Observe that QV; := Kermy ~ Va-1,. We
identify Vi with Va-1.. Further, P is an injective envelope of Va-1¢.
More precisely, if A™'¢ = &71¢,--- &1 &, for L € N; and simple
strings &1, ..., & in I' such that 0(&) > 0 for each i € [2,2L — 1], then
Pe = @icpppy Quey, - Moreover, if [ := 3. 1 U(E]) for i € [1, L]
and ¢ : Va-1c — P is such that (¢¢); corresponds to (—1)%e}, (A7'() un-
der the canonical isomorphism (Va-1¢(t€2-1))* =~ Homf\(VA171C7 Qiers )

for each ¢ € [1, L], then the sequence 0 — Va-1, -, Py AN Ve — 0is
exact. We will use sequences of the above form to calculate the action
of €2 on morphisms in rep I. In particular, it follows that Qfe ¢» and
fa-rga-1er (Qger ¢r anﬁAqg,Aqgu) coincide up to sign for strings &’
and ¢ in T such that t& = &, T = T¢", and & <, " (s¢' = s&”,
Sf, — Sﬁ”, and 5/ <, f").

Similarly as above we show that QW , ~ WC+’(,1)L(¢)/QN_1.

5. THE HAPPEL FUNCTOR

Throughout this section we fix a gentle bound quiver T' = (I', R)
together with string functions S and 7. We also denote by X the set
of maximal paths in T'.

Let D(T") denote the derived category of rep’. It is known that
D'(T) is a triangulated category and K°(T') can be viewed as a full
triangulated subcategory of D°(T'). We identify M € repT with the
complex in D°(T') concentrated in degree 0. In [18] Happel constructed

A

a fully faithful triangle functor D°(I') — rep I’ which extends the in-
clusion functor repI’ — @f‘. By ¥ we denote the restriction of this
functor to K*(T).

Let w be a homotopy string I'. We define the string w in I by
induction on L(w) as follows. First, ¢w := 0,[0] - (0,-1)71[0] if L(w) =
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0. Next, if L(w) > 0, then

0,[0] - (e[0])* - 07(¢T) oisapathinT,
Yw = ¢ 0,[0] - o[0] - 6L(¢X) o~!is apath in T and £(¢) > 0,
0,[0] - Te(o)—11 (0] o~1is a path in T and ¢(¢) = 0,

where 0 := 0 (w) and ¢ := & (Y (Hw)).
The meaning of the above assignment is explained in the following.

Proposition 5.1. Let w be a homotopy string in I' and m € Z. Then
VX o = Va-mw). Moreover, under the isomorphisms of the above
form, we have the following:

(1) If o is a path in T' of positive length such that the composition
ow 1is defined, then \IIF,QWW = EfA-m (P11 _10), A (yw) JOT SOME
e € {£1}.

(2) If o is a path in T of positive length such that c~'w is defined,
then WE) |, = €fa-m(pw).a-m(yl.,.s,) fOT some € € {£1}.

(3) If o is a path in T of positive length such that wo™" is defined,
then WG, = EGA-deso—m(y1,, 10),0-m(yw) JOT SOMeE € € {£1}.

(4) If o is a path in T' of positive length such that wo is defined, then
VG, 5w = E9a—m(pw),a-deso—my1,, o) for some e € {1}

m,o,w

Proof. We prove the above claims by induction on L(w). If L(w) = 0,
then the proofs are immediate (observe that X,, ., ~ X, [—m] for each
m € Z). It also follows easily that WY, and vy, coincide in this case.

Now assume that L(w) > 0 and let ¢’ := 0;(w) and ' := Mw. We
also assume that ¢’ is a path in T, the case when ¢'~! is a path in I is
similar.

By induction hypothesis \IIXO’lto-’,—TU’ ~ V@blw/,qa/ and VX, o~
Vipor. Moreover, if f := WEy , ., then f equals up tosign fy1,, .-
Let (; = A<¢1tol7_Tgl) and

letol,—TUI C*> PC *C> ‘/2

bbb

Vd,w/ ! 7 V 7 ‘/C

be the push-out diagram. Then

Vi Lv,LvEiv

to! ,—Tao’

is a triangle in re_pf‘. Direct calculations show that V' >~ V) in
@f‘. Moreover, by choosing ¢ in an appropriate way we get that f’
and f” equal up to sign gyu Awpw) and Vet 0 fa(pw) -1, respectively.
Since we have an isomorphism X, , ~ X_; ,[—m — 1] for each m € Z
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and a triangle

F’ ’ "
0,0/ ,w’ F F
S XO,w’ ? X—l,w ? X—l,l

0’1ta/,—To'/ to!,—To’

in K°(T), we get the first claim. Moreover, under the appropriate
isomorphisms, VF' = f" and VF” = f”.

Let ¢ be a path in I' of positive length such that soc = tw and
So = Tw. Then we have the commutative diagram

Id
Xo’lto',de 0 X_l’lto',fTa X_l’ltcr,fTa
/ /
\LFO’G’ltO'/,TU/ FO/,a,w F_lvg*lta/,—Ta’
Fl
0,07 0’ jad " X
071t(r’,—Trf’ 0,w’ X—l,w > 7171t0'/,—T(r/

in K(T), which gives rise to the commutative diagram

Id
leta,fTa 0 VA(wlta,de) - VA(wltU,fTa')
i\PFé’U’ltJ/,To/ l \L\I’Fé,o,w l\PFl_l’g’lto/,Ta/
f ! "
Vo, rgr —— Viur Vaww) Ve

in rep I'. By induction hypothesis ‘IJF(;,UJW,’ and WF" Loy o

equal up to sign fy1,, o1, 7, A0 fA@1,, _10).¢> TESPectively. More-
over, WF/ = QMHUE, and the above diagram de-

m,o,lw/ﬁTU/

4 /
termines WF”, 4

—To’

—To’
v - hence (1) follows. The remaining claims are
o/, —To

proved similarly. U

Observe that ' = " if Y’ = Yw” for homotopy strings w’ and w”
in I'. In fact we have more.

Lemma 5.2. Let ' and w” be homotopy strings in T and m € Z. If
Yo' = A" (Yw"), then m =0 and ' = W".

Proof. In light of the preceding remark it is sufficient to prove that m =
0. Without loss of generality we may assume that m < 0. Observe that
t(ypw') € Ty[0]. Moreover, easy induction shows that t(A™(¢Yw")) €
[o[—m"] for some m” € N, 0 provided m < 0, hence the claim follows.

O

Corollary 5.3. Let w be a homotopy string in T'. Then (Yw)™ ! =
Afdegw(d)wfl)'

Proof. Recall that X, ~ Xgegu -1, thus Proposition 5.1 implies that
Vi = Va-desw(yo-1). Hence, either ¢w = A48 (™) or (Yw)™! =
A~dee@ (3hy=1). In the former case the previous lemma implies that
w~! = w, which is impossible. O

Now we calculate the images of the band complexes. For this we
need an additional function ¢’ between the homotopy strings in I" of
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positive length and the strings in I'. Let w be a homotopy string in
I of positive length. Put L := L(w) and ¢ := 0y(w). If L = 1, then
Y'w := (o]0])T provided o is a path in ', and ¢'w := o[0] provided o~
is a path in I". If L > 1, then

W = Yo (¥ (Ww))t oisapathinT,
)Wo' (Mw))* o~'is a path in T.

One can easily deduce the formula for ¢'w as follows:

Yw = (o1 (w))™ - (op (w)) <",
where
N — {—degw["] oi(w) is a path in T,
"] —degw® —1 o7'(w) is a path in T,

for i € [1,L], and (—)*" denotes the n-th power of (—)* for n €
Z. The above formula implies immediately that /w™ = (/'w)~t if
degw = 0. Moreover, if degw = 0 and ' is a homotopy string in
I" of positive length such that the composition ww’ is defined, then
P (ww') = Y'w - YW’ Finally, it follows that ¢'w is a band in Tif wis
a homotopy band in T'.

We also need the following property of .

Lemma 5.4. Let w be a homotopy string in I' such that L(w) > 0 and
degw = 0. If W' is a homotopy string in T’ such that the composition
ww' is defined, then ¥(ww') = 0,[0] - Y'w- ' (Yw'). In particular, Yw =
0,[0] - P'w - (o,-1) 7HO].

Proof. If L(w) = 2, then the claim follows by direct calculations. Ob-
serve that in this case either w = o0’0”~! or w = o'~'¢” for paths o’
and ¢” in T' of positive length.

Now assume that L := L(w) > 2. There are some cases to consider.

First assume that there exists i € [2, L — 2] such that degwl! = 0.
Observe that deglw = 0. Then we have the following sequence of
equalities

blww) ¥ ouf0] - Yl o (¢ (Tuw))
= 0, 0] - Wl Py 0 (Yuo) = 0,[0] - Yw - O (W)
hence the claim follows in this case.

If the above condition is not satisfied, then degMw!*~1 = 0. Put
o' :=o01(w) and ¢” := o (w). Assume in addition that ¢’ is a path in
I', the other case is similar. Then ¢”~! is a path in I'. Moreover, if
(' (') > 0, then we have the following sequence of equalities

Ylww') € o, [0] - (o[0])* - 82((0 (W - o)) )
2 0] - (0[0])T - O (@ (WelP =) (& ((0"W))) ™)
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def

< ,[0] - o 8 (' (M=) F - (0 [0])T - (81((0 () )) )
= 0,[0] - ¢'o’ - (¢ (WwE=I))F - (o) - & (o)
= 0,[0] - o’ - (' (Pw))* - O (') € a,[0] - w - & ('),

On the other hand, if ¢(0'(¢/'w’)) = 0, then by repeating some of the
calculations above we get

Y(we') = 0u[0] - 9o 8 (0 (M=) * - (afypm_y[0])T)
(

= 0, [0] - o’ - (¢ (M=) * - (o"[0])
= 0,[0] - 'w - I ('),
what finishes the proof. O

The above lemma will be used in the proof of the following.

Proposition 5.5. Let w be a homotopy band in I' and p an indecom-
posable automorphism of a finite dimensional vector space. Let

1 oy(w) is a path in T,
£ =
—1 o, (w) is a path in T.

Then WYy, ~ Wy erpe for some €' € {1} depending only on w.

Proof. Put L := L(w). Let o' := 01(w), 0" = ag(lw)(w), and ' =
M= Observe that degw’ = 0. Consequently, ¥/'w' = 7,,[0] - 'w’ -
(0-1)710] if L > 2 (by the previous lemma) and ¢'w’ = o,[0] -
(0,-1)71[0] otherwise (by definition). Let K be the domain of p.

We assume that ¢’ is a path in I' — the other case is similar. Then

o” is also a path in I" and we have a triangle

X071 ®k K i XO,w’ ®k K — Y,Lw,u — X*l,l ® K

to!,—To’ to!,—To’

0.0' o &+ Goorwr ®Id. Observe that Propo-
sition 5.1 implies that \I/XOJ o =V, , o and WXq o = Vi If
[ := VUF, then under the above isomorphisms [ = €1fy1,, ., vw @
B 2091, _porwper @ 1d for some €1, € {1} (depending only on w)
according to Proposition 5.1 (1) and (3). Since we have the triangle

in K*(T), where F := F} _,

/
V¢1to’,—Ta’ ® K = wa’ @K — WJ’[O]w’w’-U”*l[0}76011*1
— Qil(let gt ® K)
in repI‘ where Eg ‘= —¢&1&9, vYy_ lLw,p = ~ W o’ [0]-9' W -w"=1]0],e0 1 (m the

calculation of this triangle we use the form of ¢’w’ calculated at the
beginning of the proof). Since Yy, , ~ VY 4, ,[—1] and

QWor (010110101 == Wi (—1)L00)/2

Eop?

the claim follows. O
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Corollary 5.6. Let m € Z, w be a homotopy band in ', and p an
automorphism of a finite dimensional vector space. Then WY, , ~
W oy (=m) ryer for some e " € {£1} depending only on w and m.

Proof. Since Y, o, >~ Yo, ,,[—m], the claim follows from the previous
proposition. ]

6. ALMOST SPLIT TRIANGLES

Throughout this section we fix a gentle bound quiver I' = (I', R)
together with string functions S and 7. Moreover, 1 is the map which
associates with a homotopy string in I' a string in ' as defined in
Proposition 5.1.

Our aim in this section is to determine the shape of the almost
split triangles in K°(T'). In order to restrict the number of technical
definitions we will not describe the maps appearing in the almost split
triangles, however the interested reader can easily check that “natural”
candidates are the correct ones.

We first recall that a triangle X — Y — Z — X][1] is K*(T) is an
almost split triangle in (") if and only if the corresponding triangle
VX - 0Y - U7 — Q10X in repf‘ is an almost split triangle in
@f‘ [20, Proposition 5.2], where similarly as in the previous section

U denotes the restriction of the Happel functor to K(T).
As a consequence we immediately obtain the following.

Main Theorem (Part I: Band complexes). Let m € Z and w be a
homotopy band in T'. If 0 — p' — @ie[l’n] w; — ' — 0 is an almost
split sequence in the category of the automorphisms of finite dimen-
sional vector spaces, where p', p1, ..., py and p” are indecomposable
automorphisms of finite dimensional vector spaces, then

Ym,w,,u’ - @ Ym,w“ui - Ym,w,,u” - Ym,w,,u’{l]
1€[1,n]
is an almost split triangle in K°(T).

Proof. It follows from the above remark and Corollary 5.6, since for
each band ¢ in I' and ¢,¢’ € {£1} we have an almost split triangle

-1
Weens = D Weens = Weenre — QO W

1€[1,n]

in repI" (compare [12; 29, Theorem 4.1 (2)]). O

It remains to describe the almost split triangles in K°(T') involving
the string complexes. We first describe the almost split triangles rep I'
involving the string representations.
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For a string ¢ in T we put

Usa’,—Sa’alilg o 7é 9,

+¢ =4 (97¢) o' =@ and £(9"() > 0,
%) o =@ and £(0"¢) =0,
where
o Qi1 Qg _pe 7 D and O‘;Z,l—Tgc is a string in T,
%] otherwise.

Next, we put ¢, = (4(¢7!))™! for a string ¢ in I'. Finally, if ¢ is a
string in f‘, then

_ GO+ +C# 9,

=
{+(C+) G # 2.

We leave it to the reader to verify that the above definition is correct
and . (, # @ for each string ¢ in I'. Moreover, [12; 29, Theorem 4.1
(1)] imply that for each string ¢ in T’ we have an almost split triangle
in rep I' of the form

VC - +C@VC+ 7 Vi Qilvév

where Vg := 0.

We translate the above construction to K*(T).

Let w be a homotopy band in I'. We denote by r(w) the maximal i €
[0, £(w)] such that a;j(w) € Ty for each j € [1,4] and aj(w)a;i1(w) € R
for each j € [1,7 — 1]. We put

e Ao @) Ml r(w) >0,
' w r(w)=0

and ¢ := o,. Then we define

(0, _r,0w l(o) >0,
O g’ (o) =0, {(Oy —7wr) > 0, and £(w') > 0,
(M )™t L(0) =0, £(brer 7o) > 0, and £(w') = 0,
L ey U(o) =0, £(b1y 7o) =0, £(w') > 0,
A and o '(w') € Ty,
W o) =0, (O —1uw) =0, £(w") >0,
and oy (W) € Ty,
% (o) =0, {0t —1u) = 0, and £(w') = 0.
and
() {g(ew,_%) -1 (o) >0,
Oy 1) +1(w)—1 L(o) =0.

We first prove that the above definitions are correct.
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Lemma 6.1. Let x € I'g and ¢ € {+1}. If o, = @, then 0, # O.

Proof. We show that ¢(0) < |I';| for each § € O, .. Assume this is not
the case and fix § € O, such that [ := ¢(#) > |I';|. Then there exist
i,j € [1,1], i < j, such that o;(f) = a;(#). An easy induction shows
that a;414(0) = () = a),_. Consequently, a;_;(0) € ¥, ., which is
impossible. O

Let w, o, and w’ be as in the definition of w. Obviously, a1, = &,
hence the above lemma implies that 6,, 1, # &. Now assume that
((0) = 0. This assumption means that oy, . = &, where

) Tw  r(w) >0,
ST 1w r(w) = 0.

Consequently, if r(w) = 0, i.e. w' = w, then 8,y 7 # @. On the
other hand, if r(w) > 0, then 6,7, # @. Moreover, in this case
a1 (W) - o) (W)l € Oy q, for each § € Oy 7., hence we also get
that Qtw/’,Tw/ #* .

The following lemma is crucial.

Lemma 6.2. Let w be a homotopy band inT'. Then yw = & if and only
if (Yw) = @. Moreover, if yw # @, then ,(Yw) = A~ @) (Y(Lw)).

Proof. We make some remarks about the proof and leave the details to
the reader. Let o and &’ be as in the definition of ,w.

First, if £(c) > 0, then we prove A™!(,(Yw)) = A~ —10) (4)(Lw)).
In the proof we use the following fact, which can be easily proved by
induction.

Fact. Let wy be a homotopy string in T' such that oy (ywy),—To (vwe) =
0.,,[0]. Let 1 € [0,0(wp)]. If os(wo) € T1! for each i € [1,1], then

A~ (wo) = 0w (g ~To () - O (D).
where wh = Uw,

Next, we assume that ¢(o) = 0 and either ¢(6y —7.) > 0 or {(w') >
0. In this case we show either | (A"~ (Yw)) = A= 0w/ 1) (1) (Lw))
if W # @y or (AT (Yw)) = A7 Cw —1e)FL(4h(,w)), otherwise. In
addition to the above fact, we use here also the following.

Fact. Let wy be a homotopy string in I' such that ((o,,) = 0. Let
r € [0,l(wo)]. If o5(wo) € Ty for each i € [1,r], then

A" (thw) = ' (Ywyp),
where wh = M.

Finally, we prove that , (A" (yw)) = @ if £(c) = 0, 0 1) =0,
and {(w') = 0. In this proof we also use the latter fact. O
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Dually, we put w; = ({(w™))™! for a homotopy band w in T.
Lemma 6.2 and Corollary 5.3 imply that (Yw), = ¢(w;) for each
homotopy band w in I'. Finally, we put

@ ! @
LWy = (+W)+ +w 7£ ) and TTLH<W) — m/(w) +W 7é )
+wy) wi # 9, m'(wy) wi # 2.

We obtain the following description of the almost split triangles in
K*(T) involving the string complexes, where X,, » is the zero complex
for m € Z.

Main Theorem (Part II: String complexes). Let w be a homotopy
string in I' and m € Z. Then we have an almost split triangle in
K*(T) of the form

Xm,w 7 Amdm/ (W), 4w S Xm,w+ 7 Amdm! (W), rwy T Am—1w-

As a consequence we obtain the following description of the almost
split sequences with indecomposable middle terms containing the string
complexes (we encourage the reader to compare this result with [6]).

Corollary 6.3. Let w be a homotopy string in T'. Then @ € { w,wy}
if and only if w = 9;:5 for x € Ty and €,&" € {£1} such that a, . = @.
Moreover, if this is the case, then fw, = 6’;;7_%, where 0 := 00 g

REFERENCES

[1] H. Asashiba, The derived equivalence classification of representation-finite self-
injective algebras, J. Algebra 214 (1999), no. 1, 182-221.

[2] T Assem and D. Happel, Generalized tilted algebras of type A,,, Comm. Algebra
9 (1981), no. 20, 2101-2125.

[3] I. Assem, D. Simson, and A. Skowronski, Elements of the Representation The-
ory of Associative Algebras. Vol. 1, London Mathematical Society Student
Texts, vol. 65, Cambridge University Press, Cambridge, 2006.

[4] 1. Assem and A. Skowronski, Iterated tilted algebras of type A, Math. Z. 195
(1987), no. 2, 269-290.

[5] D. Avella-Alaminos, Derived classification of gentle algebras with two cycles,
Bol. Soc. Mat. Mexicana (3), available at arXiv:0708.3839.

[6] D. Avella-Alaminos and Ch. Geifl, Combinatorial derived invariants for gentle
algebras, J. Pure Appl. Algebra 212 (2008), no. 1, 228-243.

[7] A. A. Beilinson, Coherent sheaves on P™ and problems in linear algebra, Funk-
tsional. Anal. i Prilozhen. 12 (1978), no. 3, 68-69 (Russian); English transl.,
Functional Anal. Appl. 12 (1978), no. 3, 214-216.

[8] V. Bekkert and H. A. Merklen, Indecomposables in derived categories of gentle
algebras, Algebr. Represent. Theory 6 (2003), no. 3, 285-302.

[9] G. Bobinski and P. Malicki, On derived equivalence classification of gentle two-
cycle algebras, Colloq. Math. 112 (2008), no. 1, 33-72.

[10] R. Bocian, Th. Holm, and A. Skowroniski, Derived equivalence classification of
one-parametric self-injective algebras, J. Pure Appl. Algebra 207 (2006), no. 3,
491-536.

[11] Th. Briistle, Derived-tame tree algebras, Compositio Math. 129 (2001), no. 3,
301-323.



22 GRZEGORZ BOBINSKI

[12] M. C. R. Butler and C. M. Ringel, Auslander—Reiten sequences with few middle
terms and applications to string algebras, Comm. Algebra 15 (1987), no. 1-2,
145-179.

[13] E. Cline, B. Parshall, and L. Scott, Derived categories and Morita theory, J.
Algebra 104 (1986), no. 2, 397-409.

[14] W. Geigle and H. Lenzing, A class of weighted projective curves arising in
representation theory of finite-dimensional algebras, Singularities, Representa-
tion of Algebras, and Vector Bundles (G.-M. Greuel and G. Trautmann, eds.),
Lecture Notes in Math., vol. 1273, Springer, Berlin, 1987, pp. 265-297.

[15] Ch. GeiB, Derived tame algebras and Fuler-forms, Math. Z. 239 (2002), no. 4,
829-862. With an appendix by the author and B. Keller.

[16] Ch. Geifl and I. Reiten, Gentle algebras are Gorenstein, Representations of
Algebras and Related Topics, Fields Inst. Commun., vol. 45, Amer. Math.
Soc., Providence, RI, 2005, pp. 129-133.

[17] D. Happel, On the derived category of a finite-dimensional algebra, Comment.
Math. Helv. 62 (1987), no. 3, 339-389.

, Triangulated Categories in the Representation Theory of Finite-

dimensional Algebras, London Math. Soc. Lecture Note Ser., vol. 119, Cam-

bridge Univ. Press, Cambridge, 1988.

, Auslander-Reiten triangles in derived categories of finite-dimensional
algebras, Proc. Amer. Math. Soc. 112 (1991), no. 3, 641-648.

[20] D. Happel, B. Keller, and 1. Reiten, Bounded derived categories and repetitive
algebras, J. Algebra 319 (2008), no. 4, 1611-1635.

[21] S. Ko6nig and A. Zimmermann, Derived Equivalences for Group Rings, Lecture
Notes in Math., vol. 1685, Springer, Berlin, 1998.

[22] H. Krause and Y. Ye, On the center of a triangulated category, preprint, Pader-
born, 2008.

[23] J. Rickard, Derived categories and stable equivalence, J. Pure Appl. Algebra
61 (1989), no. 3, 303-317.

, Morita theory for derived categories, J. London Math. Soc. (2) 39
(1989), no. 3, 436-456.

[25] C. M. Ringel, The repetitive algebra of a gentle algebra, Bol. Soc. Mat. Mexi-
cana (3) 3 (1997), no. 2, 235-253.

[26] J. Schréer and A. Zimmermann, Stable endomorphism algebras of modules over
special biserial algebras, Math. Z. 244 (2003), no. 3, 515-530.

[27] J.-L. Verdier, Categories dérivées, Cohomologie Etale, Lecture Notes in Math-
ematics, vol. 569, Springer, Berlin, 1977, pp. 262-311.

[28] D. Vossieck, The algebras with discrete derived category, J. Algebra 243 (2001),
no. 1, 168-176.

[29] B. Wald and J. Waschbiisch, Tame biserial algebras, J. Algebra 95 (1985),
no. 2, 480-500.

[19]

[24]

FacuLTy OF MATHEMATICS AND COMPUTER SCIENCE, NICOLAUS COPERNI-
cus UNIVERSITY, UL. CHOPINA 12/18, 87-100 TORUN, POLAND
E-mail address: gregbob@mat.uni.torun.pl



