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1 Introduction

Let X be an open set in R?, d > 2, such that X¢ is non-polar, if d = 2, and let z € X.
In [2] it is shown that any convex combination of harmonic measures Y, ... U,
where Uy, ..., Uy are open neighborhoods of x in X, can be approximated by a se-
quence (p!") of harmonic measures such that each W, is an open neighborhood
of z in Uy U---UU,. Harmonic measures pY, x € U, U open in X, are obtained by
balayage (with respect to X) of the Dirac measure e, at z on X \ U: u¥ = en V.
They are special cases of measures © on X which are representing measures for x
with respect to the convex cone P(X) of all continuous real potentials on X, that
is, such that u(p) < p(z) for all p € P(X). The convex set M,(P(X)) of these
representing measures is compact and metrizable with respect to the topology of
weak convergence. By [4], it is known since forty years that the set (M, (P(X))).
of extreme points of M, (P(X)) consists of the balayage measures €2, where A is
a Borel set in X. By elementary convergence properties, the set of harmonic mea-
sures Y, x € U, U open in X is dense in (M, (P(X))).. Therefore, by the theorem
of Krein-Milman, the approximation result above implied that the set (M, (P(X))).
of extreme points in M (P (X)) is dense in M, (P(X)).

It seemed to be widely believed that M, (P (X)) is a simplex, and hence a Poulsen
simplex. We shall disprove this belief by exhibiting open neighborhoods Uy, Uy, Us, Us
of z in X such that the harmonic measures 1y’ € (My(P(X)))e, 0 < j < 3, are

pairwise different and satisfy
(1.1) P = gt

Assuming without loss of generality that z is the origin, the open sets U;, 0 < j < 3,
will be related in a very simple way. For y = (y1,...,54) € R, let

T(y17y27y3a ce 7yd) = (—3/27917937 o 7yd)>

that is, 7' turns the (y1,y2)-part of y counterclockwise around the origin by /2.
Then we shall have .
U =T/(U,), 0<j<3.
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More precisely, given any open ball U centered at 0 (or any other non-empty
T-invariant connected open neighborhood U of 0) and any non-polar Borel set A
in {y € U: y; >0, yp =0} which is finely closed in U, (2.12) holds if we take

Uj:==U\T(A), 0<j<3.

The measures g, 1, f2, 43 Will form a square, in the sense that their densities with
respect to a T-invariant measure 7 on U form a square in L2(U, 7) (see Corollary 2.5).

In fact, equalities like (1.1) show that none of the compact convex sets M,.(S(WV)),
x € W, W open in X, is a simplex (see Corollary 3.2). By definition, M, (S(W)) is
the set of all measures  on X which are representing measures for x with respect to
the convex cone S(W) of all P(X)-bounded continuous real functions on X which
are superharmonic on W. M, (S(W)) is a closed face of M,(P(X)) and

{E?UWC: A Borel set in W} C (M, (S(W)))e

(with equality if W is regular; see [1, VIL.9.5]). We note that S(X) = P(X), and
hence M, (S(X)) = M, (P(X)).

As long as we have certain symmetries, the same is true for many potential-
theoretic settings (Riesz potentials, heat equation, Laplace-Kohn operator on the
Heisenberg group, general sub-Laplacians on stratified Lie algebras).

Finally, we shall see that in many parabolic cases (whenever we have a space-
time structure), we do not need symmetries to prove that the compact convex sets

M, (P(X)) and M, (S(W)), x € W, W open in X, are never simplices.

2 Results based on global symmetries

Let (X, W) be a balayage space. A homeomorphism on X is called an automorphism
of (X, W), if WoT =W (cf. [1, Sect. VI.8]), and hence, for all z € X and A C X,

(2.1) T(ed) = el

Throughout this section, let us fix 2o € X and suppose that we have automorphisms
R, T of (X,W) and a Borel set A in X such that

Rzg=Txg =x9, T"=1 (identity) , &2 #0,
the fine closures (or even the closures) of the sets
Aj = TI(A), 0<j<3,
are pairwise disjoint, and
(2.2) R=1 on A UA4;, R=T? on AyU A,.
EXAMPLES 2.1. For x = (21, 9,23, ...,74) € R%, d > 2, let

Rz = (—z1,m9,23,...,24) and Tx:=(—x9,21,3,...,2q),



that is, R is reflection at the hyperplane {x € R%: z; = 0} and 7, as in the Intro-

duction, turns the (x1,zs)-part of z counterclockwise by 7/2. Let X be a domain
in R? such that 2o := 0 € X and R(X) = T(X) = X, and let

Ac{zeX:x >0,20=0} = Hy

such that 0 is not contained in the closure of A and the (d—1)-dimensional Hausdorff
measure of A is strictly positive.

Figure 1. The sets Ag, A1, Ao, A3
Then our assumptions are satisfied in each of the following cases:
(i) Classical case (X¢ non-polar, if d = 2),
(ii) Riesz potentials (a € (1,2)),
(iii) Heisenberg group (or — more generally — stratified Lie algebras),
(iv) Heat equation on R x R, d > 3 (with A C {z € Hy : 24 < 0}).

Let us now return to the general case and let U be an open neighborhood of xg
in X such that
RU)=T(U)=U and &3°"(U)>0
(for example, U = X). We define

= gngAj+1UUC7 0 S j S 37

where we take A, := Aj. If A is closed, then p; is the harmonic measure ugg for the
open set
Uj:=U\(4; UAj).
By (2.1),
(2.3) pj=Tpo,  1<j<3.
LEMMA 2.2. The measures pu, i1, [t2, i3 have pairwise different supports.

Proof. We may assume without loss of generality that A C U and A is finely closed
in U. Then the measures p; are supported by A; U A;1; UU® and, by [1, VI.9.4],

5fOOUUC = ol apuve + (ol a,)

By assumption 299V (U) > 0. Hence pg(Ag) > 0 or po(A1) > 0. By (2.3), for every
1<j<3,

AgUUc®

1i(A;) = po(Ao) and  p1;(Aj41) = po(Asr).
A consideration of the possible cases for the values of po(Ax), k € {0, 1}, immediately
shows that the measures g, i1, f12, 13 have pairwise different supports. O
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To see how the relation between R and T can be exploited let us first consider
the simple case, where U = X.

THEOREM 2.3. Assume thatU = X. Then po+ps = p1+ps, where the measures
Mo, f1, p2, 3 € Mo (P(X)) are pairwise different. In particular, M, (P (X)) is not
a simplez.

Moreover, let vy denote the restriction of pg on the fine closure of Ay = A. Then
po = vo + Ty, |2 — || = [|p1 — wol] (where || || denotes total variation), and the
signed measures 1o — 1 and py — po have disjoint supports, ps — p1 L pg — po.

Proof. We may suppose that A is finely closed. Let

vj = la,py, 0<7 <3
Then, by (2.3), for every 1 < j < 3,
(2.4) vi=Tv and [v;] = |wll.

By (2.1) and (2.2),
y ( ) ( ) R(A()UA1) — EAQUAl —

R,LLO = € xo M-
Defining v, := 14, 1o we have py = v + v;). Hence, by (2.2),
p = Rug = Ry + Rv) = T?vy + v},

where T2y, is supported by A, and v} is supported by A;. So v} = vy, that is,
to = v+ v1. By (2.3) and (2.4), we see that

pi=vi+vi,  0<7<3,
where v4 := 1. Thus
Mo + po = Vo + V1 + Vo + V3 = [ig + 3.
By Lemma 2.2, the measures pyg, ji1, fi2, 43 are pairwise different. Moreover,
pir— o =vo — vy and  pp — py = vy — vy
So the signed measures i1 — o and puy — gy are orthogonal and, by (2.4),
11 = poll = 2wl = llp2 = pual.

]

The following result is more subtle (note that the identity pg = v + T in the
proof of Theorem 2.3 is the special case, where U = X). Its immediate consequence
is stronger and more useful than Theorem 2.3 (see Corollaries 2.5 and 3.2).

PROPOSITION 2.4. There exists a measure o on Ag U U such that

(25) Ho =0+ To.



Proof. Again, we may suppose that A C U and A is finely closed in U.
Let us fix ¢o € P(X), ¢ > 0, and define ¢ := qo+qooT + qooT? + qoo T?. Then
g€ P(X),q>0,and goT = q. Let

po = (1/2)e,, and B:=AgUA UU"

so that
(2.6) pio = (po+Tpo)® and  po(q) = q(wo) < oc.
We claim that there exist measures o, 01,09, ... on AgUU® and measures p1, pa, . . .

on A, such that, for every n € {0} UN,

(2'7) (pn + Tpn)B =op+To, + (pn+1 + Tpn+1)B and  ppg1 (q) < pn(q)/z'

Then, by (2.6) and (2.7), the proof will be finished taking o := Y~ 0,.
To prove (2.7) we suppose that n € {0} UN and that we have a measure p,
on {IQ} U AQ. Let

AIQZ:A()UAlUAgUUC, A/S::AOUAluAQUUC,

AL e Al _ 2
Tp = pn2|A0UUc7 Pn41 = (Tpn) 3|A27 On+1 = Tn + T Pn41-

TTn Tn
Tty T30
Pre1 0 T%Pnu Pn Tn
E Tpn Tpna
Figure 2. Decomposition of (Tp, )43 Figure 3. Decomposition of prQ

We first observe that

(2.8) (Tpa)™ = poi1 + T+ T?ppn and  p22 = Tp,i1 + 7 + Tpoia
(see Figures 2 and 3). Indeed, by (2.1),

(2.9) T(py?) = (Tpa)™,

and hence T'7, is the part of (T'p,)*% on T(Ay U U®) = A; U U®. Moreover, by (2.1)
(with R in place of T'),

(2.10) (R(Tp)) ™ = R((Tpa)™).
The measure T'p,, is supported by {zo} U A3, and R =T on {zo} UA; U A3, R=T?
on Ay U Ay. Therefore R(Tp,) = Tp, and R(A}) = Aj. So (2.10) implies that
(Tpn)"s = R((Tp,)"%) and hence

(Tpn)*s|ay = RU(Tpn)"*|4,) = Rpnsr = T?pps1.
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So the first identity in (2.8) holds, and the second follows immediately, by (2.9).
The set Af is the disjoint union of B and Aj, the set A} is the disjoint union
of B and Ay. Thus, by [1, VI1.9.4] and (2.8) (see also Figures 2 and 3),

i = 2B+ (2] 43)? = TP prsa + 7o+ (Tpnin)®,
(Tpn)? = (Tpn) |5 + (Tpa)*]42)" = T1 + T?prsr + piys-
By definition, 6,41 = 7, + T?pp+1. Hence we see that
(2.11) (pn + T:On)B = 0pi1 +Topi1 + (o1 + Tanrl)B‘

Finally, since g o T' = ¢, we obtain that

20n41(0) = (Prs1 + T?pn11)(0) < (T02)*(q) < (Tpa)(q) = pulq).
0

Let us fix a T-invariant measure 7 on X such that the measure p is absolutely
continuous with respect to 7 and

dpio 2
=—c LY(X

(we shall not distinguish between functions in £2(X, 7) and equivalence classes in
L?(X,7)). Of course, a possible choice would be 7 := g + py + g2 + p3 and then
0 < ¢ < 1. In (i), (iii), and (iv) of the Examples 2.1, 7 could be (d—1)-dimensional
Hausdorff measure provided U has a smooth boundary.

Defining ¢; := g o T7 it is easily verified that, for every 1 < j < 3,

ljllz = lleoll2  and  p; = T7(po7) = @57

On L*(X, 7) we have the inner product

(p,9) = /Wdﬂ

the norm [|||s := (@, )2, and ¢ L 9 if and only if (¢, ) = 0.

COROLLARY 2.5. g+ pe = p1 + 3. The measures g, p1, iho, fi3 are pairwise
different, and the densities g, @1, P2, 3 form a square in L*(X,T).

Proof. By Lemma 2.2, the measures g, i1, t2, 43 are pairwise different. By Theo-
rem 2.4, there exists a measure o on Ay U U® such that py = o + To. By (2.3),

o+ p2 =0 +To+T?0 +T%0 = iy + pis,
and hence

(2.12) o+ P2 = p3 + 1.

Of course, o is absolutely continuous with respect to 7 and



Defining s; := s o T/ we obtain that, for every 0 < j < 3,
T'o = s;7 and @; =s; +s;n
(where, of course, sy := sg). Moreover,

¢1;:@1—@0:S2—80 and 77D2::(,02_(;01:83_817

where, by the T-invariance of 7, (s9, s9) = (s3, 1) and, for every 0 < j < 3,

H=5‘j||2 = ||80||27 <3j+173j> = <81780>.

This immediately implies that ||1;]]2 = ||12]]2 and

(V1,%9) = (52, 83) — (52, 51) — (54, 83) + (50, 51) = 0.
Together with (2.12) this proves that ¢g, 1, @2, @3 form a square in L2(X, 7). O
Corollary 2.5 has the following immediate consequence.

COROLLARY 2.6. M, (S(U)) is not a simplex.

3 Result based on local symmetries

In the situation of a harmonic space (which excludes Riesz potentials) we may
localize our assumptions.

THEOREM 3.1. Assume that (X,W) is a harmonic space (so that swept mea-
sures BV € U, U open in X, B C U, are supported by U) . Let W be an open
neighborhood of xo € X and let S(W) denote the set of all P(X)-bounded continuous
functions on the closure of W which are (W—)superharmomc on W.t

Moreover, let us suppose that there exist open neighborhoods U and X of xg € X
such that xo € U, U C W N X, and the assumptions of Section 2 are satisfied with
respect to the restriction (X, W) of (X, W) on X.

Then M,,(S(W)) is not a simplex.

Proof. It suffices to observe that balayage of €,, on A; UU® with respect to (X, W)
coincides with the balayage of €,, on A; U U® with respect to (X, W). O

The following result for the classical case holds as well for the heat equation and
for the harmonic structure given by the Laplace-Kohn operator on the Heisenberg
group (or — more generally — by a sub-Laplacian on a stratified Lie group).

COROLLARY 3.2. Let X be any non-empty open set in R%, d > 2, equipped with
the classical harmonic structure (X¢ non-polar, if d = 2), and let z € X.

Then none of the compact conver sets My (P(X)) and M,(S(W)), = € W,
W open in X, is a simplex.

Let us note again that S(X) = P(X).



4 Parabolic cases

In many parabolic cases, including the heat equation, we may prove that we do not
get simplexes in a much simpler way, without using any symmetries.

Let us suppose that (X, W) is a balayage space such that points are polar and
1 € W (for simplicity). Moreover, we assume the existence of a sequence (H,) of
pairwise disjoint transit sets in X such that J -, H,, is finely dense in X. We recall
from [3] that a subset H of X is called a transit set if it is closed and RF =0onH.
If H is a transit set, then, for all (finite) measures v on H, A C H, and B C X,

(4.1) vAB — B
; >AUB pH | pB _ DB
since, for every p € P(X), RJY” < R+ R’ = R, on H.

EXAMPLES 4.1. 1. Let X = R x R, d > 1, and let (X, W) be the harmonic
space given by the heat equation. (Unlike in the previous sections, here one space
variable is sufficient.) Then every hyperplane H, :={z € X: 2411 =c},c€ R, isa
transit set, and the union of the hyperplanes H., ¢ rational, is finely dense in X.

2. More generally, let P = (P,);~0 be a strong Feller right continuous sub-Markov
semigroup on a locally compact space X’ with countable base and let W be the set
of all excessive functions with respect to P ® T on X := X’ x R, where T' = (T});~0
denotes the semigroup of uniform translation to the left, that is, Ty(s,:) = €54, s €
R. Then (X, W) satisfies our assumptions (taking H. := X’ x {c}) provided there
exist strictly positive, continuous real functions u, v € W such that u/v vanishes at
infinity. See [3, Section 7] and [1, V.5.6] for details.

We recall that the previous example is the special case, where X’ = R? and P is
the Brownian semigroup on R

THEOREM 4.2. For allx € X and open neighborhoods U of x, there exist pairwise
disjoint compact sets Ag, A1, Ag, A3z in U such that (taking Ay := Ag) the harmonic
measures [Lj = &?xU\(AjUAj*l), 0 < j <3, are pairwise different and g+ po = pi1 + pi3-

In particular, there is no x € X such that M, (P (X)) or any M,(S(W)), x € W,

W open in X, is a simplex.

Proof. We fix an open set U in X and x € U. There exists ny € N such that = ¢ H,,,
. HipgUH g +1U-UH,,UU® ¢
n > ng. Since p, = €z 0 Hno 1 UHR LT ZZZHO gihUU

is a transit set H (one of the sets H,, n > ng) such that

and lim,, ... pn = €, there

o =gl

wow 7 0.

Since points of X are polar and ¢ does not not charge polar sets, there are pairwise
disjoint compact sets Ao, A1, A2, A3 in H such that o(4;) >0, j € {0,1,2,3}. Let

vi=edW e and o= 14,0, 0<j5<3,

so that ¢ = 09 + 01 + 02 + 03. By [1, VI.9.4] and (4.1), for every compact set A
in HNU,

c c
SAWe _ _HUU

A
T T ) o

HUU® HUU® e
Auue + (&5 - Avve + (0 —140)7 .

(HNU)\A) =€



So, for every 0 < 5 < 3,
py = eV = gyt o+ v (0 = (05 +0540))7
whence 1ynyp; = 0j + 0j41. Thus the measures jig, i1, i2, ft3 are pairwise different
and
o+ p2 =0 +2v+0"" =y + ps.
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