WELL-POSEDNESS AND ASYMPTOTIC BEHAVIOR FOR
STOCHASTIC REACTION-DIFFUSION EQUATIONS WITH
MULTIPLICATIVE POISSON NOISE
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ABSTRACT. We establish well-posedness in the mild sense for a class of stochastic semi-
linear evolution equations with a polynomially growing quasi-monotone nonlinearity
and multiplicative Poisson noise. We also study existence and uniqueness of invariant
measures for the associated semigroup in the Markovian case. A key role is played by
a new maximal inequality for stochastic convolutions in L, spaces.

1. INTRODUCTION

The purpose of this paper is to obtain existence and uniqueness of solutions, as well as
existence and uniqueness of invariant measures, for a class of semilinear stochastic partial
differential equations driven by a discontinuous multiplicative noise. In particular, we
consider the mild formulation of an equation of the type

du(t) + Au(t) dt + F(u(t)) dt = /ZG(u(t—), z) p(dt, dz) (1)

on Ly(D), with D a bounded domain of R™. Here —A is the generator of a strongly
continuous semigroup of contractions, F' is a nonlinear function satisfying monotonicity
and polynomial growth conditions, and ji is a compensated Poisson measure. Precise
assumptions on the data of the problem are given in Section 2 below. We would like
to note that all results of this paper also hold if we add a stochastic term of the type
B(u(t)) dW(t) to the right hand side of (1), where W (t), t > 0 is a cylindrical Wiener
process on Lo(D) and B satisfies appropriate assumptions. For simplicity we concentrate
on the jump part of the noise. Similarly, all results of the paper still hold with minimal
modifications if we allow the functions F' and G to depend also on time and to be
random.

While several classes of semilinear stochastic PDEs driven by Wiener noise, also with
rather general nonlinearity F', have been extensively studied (see e.g. [8, 10, 11] and refer-
ences therein), a corresponding body of results for equations driven by jump noise seems
to be missing. Let us mention, however, several notable exceptions: existence of local
mild solutions for equations with locally Lipschitz nonlinearities has been established in
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[20]; stochastic PDEs with monotone nonlinearities driven by general martingales have
been investigated in [16] in a variational setting, following the approach of [21]; an an-
alytic approach yielding weak solutions (in the probabilistic sense) for equations with
singular drift and additive Lévy noise has been developed in [23]. The more recent mono-
graph [29] deals also with semilinear SPDEs with monotone nonlinearity and additive
Lévy noise, and contains a well-posedness result under a set of regularity assumptions
on F' and the stochastic convolution. In particular, continuity with respect to stronger
norms (more precisely, in spaces continuously embedded into Lo(D)) is assumed. We
avoid such conditions, thus making our assumptions more transparent and much easier
to verify.

Similarly, not many results are available about the asymptotic behavior of the solution
to SPDEs with jump noise, while the literature for equations with continuous noise is
quite rich (see the references mentioned above). In this work we show that under a suit-
ably strong monotonicity assumption one obtains existence, uniqueness, and ergodicity
of invariant measures, while a weaker monotonicity assumption is enough to obtain the
existence of invariant measures.

Our main contributions could be summarized as follows: we provide a) a set of suffi-
cient conditions for well-posedness in the mild sense for SPDEs of the form (1), which
to the best of our knowledge is not contained nor can be derived from existing work;
b) a new concept of generalized mild solution which allows us to treat equations with
a noise coefficient G satisfying only natural integrability and continuity assumptions; c)
existence of invariant measures without strong dissipativity assumptions on the coeffi-
cients of (1). It is probably worth commenting a little further on the first issue: it is
in general not possible to find a triple V.C H C V' (see e.g. [16, 21, 30] for details)
such that A + F is defined from V to V' and satisfies the usual continuity, accretiv-
ity and coercivity assumptions needed for the theory to work. For this reason, general
semilinear SPDEs cannot be (always) treated in the variational setting. Moreover, the
Nemitskii operator associated to F' is in general not locally Lipschitz on Ly(D), so one
cannot hope to obtain global well-posedness invoking the local well-posedness results of
[20], combined with a priori estimates. Finally, while the analytic approach of [23] could
perhaps be adapted to our situation, it would cover only the case of additive noise, and
solutions would be obtained only in the sense of the martingale problem.

The main tool employed in the existence theory is a Bichteler-Jacod-type inequality
for stochastic convolutions on L, spaces, combined with monotonicity estimates. To
obtain well-posedness for equations with general noise, also of multiplicative type, we
need to relax the concept of solution we work with, in analogy to the deterministic
case (see [3, 6]). Finally, we prove existence of an invariant measure by an argument
based on Krylov-Bogoliubov’s theorem under weak dissipativity conditions. Existence
and uniqueness of an invariant measure under strong dissipativity conditions is also
obtained, adapting a classical method (see e.g. [12]).

The paper is organized as follows. In Section 2 all well-posedness results are stated
and proved, and Section 3 contains the results on invariant measures. Finally, we prove
in the Appendix an auxiliary result used in Section 2.

Let us conclude this section with a few words about notation. Generic constants will
be denoted by N, and we shall use the shorthand notation a < b to mean a < Nb.
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If the constant N depends on a parameter p, we shall also write N(p) and a <, b.
Given a function f : R — R, we shall denote its associated Nemitsky operator by
the same symbol. Moreover, given an integer k, we shall write f*¥ for the function
¢ — f(&)*. For any topological space X we shall denote its Borel o-field by B(X).
We shall occasionally use standard abbreviations for stochastic integrals with respect to
martingales and stochastic measures, so that H - X (t) := fot H(s)dX(s) and ¢ * pu(t) :=
fot J ¢(s,y) u(ds, dy) (see e.g. [19] for more details). Given two Banach spaces E and F,
we shall denote the set of all functions f : ' — F such that

ap F@ = 1@l _

TF#y |33 - y|E

by COY(E, F).

2. WELL-POSEDNESS

Let (Q, F, (Ft)t>0, P) be a filtered probability space satisfying the usual conditions and
E denote expectation with respect to P. All stochastic elements will be defined on this
stochastic basis, unless otherwise specified. The preditable o-field will be denoted by P.
Let (Z, Z,m) be a measure space, i a Poisson measure on [0,7] x Z with compensator
Leb®m, where Leb stands for Lebesgue measure. We shall set, for simplicity of notation,
Zy = (0,t] x Z, for t > 0, and Lp,(Z;) := Lp(Z:,Leb ® m). Let D be an open bounded
subset of R? with smooth boundary dD, and set H = Ly(D). The norm and inner
product in H are denoted by |- | and (,-), respectively, while the norm in L,(D),
p > 1, is denoted by |- |,. Given a Banach space E, we shall denote the set of all E-
valued random variables & such that E|{|” < co by L,(FE). For compactness of notation,

we also set L, := L,(L,(D)). Moreover, we denote the set of all adapted processes
w: [0,7] x Q — H such that

1/p 1/p
[ully == (supBlu(t)) " <00, Jully = (Esup u(t)}) " < o
t<T t<T

by H,(T) and H,(T), respectively. Note that (H,(T),|[-]|p) and (H,(T),] - ||p) are
Banach spaces. We shall also use the equivalent norms on H,(T") defined by

1/p
= (Esupe™fu)P)
t<T

and we shall denote (H,(T), || - |lp,) by Hpo(T').

a >0,

2.1. Additive noise. Let us consider the equation
du(t) + Au(t) dt + f(u(t)) dt = nu(t) dt + / G(t, z) p(dt,dz), w(0) =z, (2)
Z

where A is a linear maximal monotone operator on H; f : R — R is a continuous
maximal monotone function satisfying the growth condition |f(r)] < 1 + |r|¢ for some
(fixed) d € [1,00[; G : %[0, T|x Zx D — Ris a PR Z®B(R"™)-measurable process, such
that G(t, z) = G(w,t, z, -) takes values in H = Ly(D). Finally, 7 is just a constant and the
corresponding term is added for convenience (see below). We shall assume throughout
the paper that the semigroup generated by —A admits a unique extension to a strongly
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continuous semigroup of positive contractions on Log(D) and Lg« (D), d* := 2d?. For
simplicity of notation we shall not distinguish among the realizations of A and e~*4 on

different L, (D) spaces, if no confusion can arise.

Remark 1. Several examples of interest satisfy the assumptions on A just mentioned.
For instance, A could be chosen as the realization of an elliptic operator on D of order
2m, m € N, with Dirichlet boundary conditions (see e.g. [1]). The operator —A can
also be chosen as the generator of a sub-Markovian strongly continuous semigroup of
contractions T; on Ly(D). In fact, an argument based on the Riesz-Thorin interpolation
theorem shows that T; induces a strongly continuous sub-Markovian contraction semi-
group Tt(p) on any L,(D), p € [2,400[ (see e.g. [13, Lemma 1.11] for a detailed proof).
The latter class of operators includes also nonlocal operators such as, for instance, frac-
tional powers of the Laplacian, and even more general pseudodifferential operators with
negative-definite symbols — see e.g. [18] for more details and examples.

Definition 2. Let x € Log. We say that w € Ha(T) is a mild solution of (2) if u(t) €
Log(D) P-a.s. and

¢
u(t) = e o + / e~ =94 (u(s) — f(u(s))) ds + / e U=94G(s, 2) (ds, dz)  (3)
0 Zt
P-a.s. for allt € [0,T], and all integrals on the right-hand side exist.

Let us denote the class of processes G as above such that

//\Gtz|p (dz) + /\Gtz|p dz)) }ds<oo.

by L. Setting d* = 2d?, we shall see below that a sufficient condition for the existence of
the integrals appearing in (3) is that G € L4-. This also explains the condition imposed
on the sequence {G,} in the next definition.

Definition 3. Let x € Ly. We say that u € Hy(T) is a generalized mild solution of (2)
if there exist a sequence {x,} C Log and a sequence {G,} C Lg+ with x, — x in Loy and
Gn — G in Lo(La(Z7)), such that u, — w in Ho(T), where u, is the mild solution of
(2) with z,, and Gy, replacing x and G, respectively.

In order to establish well-posedness of the stochastic equation, we need the follow-
ing maximal inequalities, that are extensions to a (specific) Banach space setting of
the corresponding inequalities proved for Hilbert space valued processes in [26], with a
completely different proof.

Lemma 4. Let E = L,(D), p € [2,00). Assume that g : Q@ x [0,T] x Z x D — R is a
P @ Z @ B(R™)-measurable function such that the expectation on the right-hand side of
(4) below is finite. Then there exists a constant N = N(p,T') such that

E?gg‘// s, z) ii(ds dz)‘
SNE/ [ [ 1ot o miaz) + ([ lats. i) as, @)
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where (p,T) — N is continuous. Furthermore, let —A be the generator of a strongly
continuous semigroup e~ of positive contractions on E. Then one also has

Efg‘ /0 t /Z e =94y (5 ) p(ds,dz))p
< NE /OT[ [t 2 mia) + ([ lots. 2 pmia=)" s, (9

where N is the same constant as in (4).

Proof. Since the right-hand side of (4) is finite, Fubini’s theorem implies that there exists
D' C D, Leb(D\ D') =0, such that

/ /]gsz§|1’ (dz) + /\gszf m(d )) ]d5<oo

for all £ € D'. Fix £ € D'. By the Bichteler-Jacod inequality for real-valued integrands
(see e.g. [4, 26]) we have

E)// (s,2,6) i dsdz)‘
SB[ [ [ lots.20pma + ([ otz 07 ma) " s, )

Furthermore, Fubini’s theorem for integrals with respect to random measures (see e.g.
[22] or [5, App. A]) yields

E‘// s, 2) dsdz :/E‘// (s,2,&) in dsdz)‘dﬁ,
hence also

E(// 5, 2) dsdz NPTE///\gszg\pdgm(dz)
+E/0/D /Z|g(s,z,§)|2m(dz)> e ds.

However, Minkowski’s inequality (see e.g. [24, Thm. 2.4]) implies that the second term
on the right-hand side of the previous inequality is less or equal to

E/OT(/Z(/D\g<s,z,5>\pd£)2/’“m< ) a5 = [ [ lots, ) mia=)) s

We have thus proved that

Blgn(D)fy Sor B [ [ [ loto Mm@+ ( [ lots. 2 mia a2))""] as.
7

Estimate (4) now follows 1mmed1ately, by Doob’s inequality, provided we can prove that
g * i1 is an FE-valued martingale. For this it suffices to prove that

E[(g* i(t) — g * fi(s), $)| Fs] =0, 0<s<t<T,
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for all ¢ € C°(D), the space of infinitely differentiable functions with compact support
on D. In fact, we have, by the stochastic Fubini theorem,

oxn@) =g x i) 9) = ( [ [ o002 ptaraz)0)

- /@,ﬂ /Z /D 9(r, %, €)8(€) d€ idr, d2),

where the last term has F;-conditional expectation equal to zero by well-known prop-
erties of Poisson measures. In order for the above computation to be rigorous, we need
to show that the last stochastic integral is well defined: using Holder’s inequality and
recalling that g € £, we get

/St]/ / 7, 2,€)p(€) dfrm(dz) dr < ’¢‘2§1E/T/Z]g(s,z)]%m(dz) ds
< |¢|2 Tp/(p 2) / / (s, 2) ))P/2ds>2/p -

In order to extend the result to stochastic convolutions, we need a dilation theorem due
to Fendler [14, Thm. 1]. In particular, there exist a measure space (Y,.4,n), a strongly
continuous group of isometries T'(t) on E := L,(Y,n), an isometric linear embedding
Jj : Lp(D) — L,(Y,n), and a contractive projection 7 : L,(Y,n) — Ly(D) such that
joett =10 T(t) oj for all t > 0. Then we have, recalling that the operator norms of 7
and T'(t) are less than or equal to one,

¢
Esup‘/ /e(ts)Ag(s,z)u(ds,dz)’p
t<tlJo Jz E

= EfEIT) wT(t // ,2)) u(ds, dz))E
il sup [7(0)1 Bsp) / / ) ilds,dz)[[

t<T

s [ [ T(—s)j(g(s,z»ﬂ(ds,dz)\’;

Now inequality (4) implies that there exists a constant N = N(p,T') such that

Efgg‘/ot/ze_(t_smg(s,z) ﬁ(ds,dz)‘];
< N [ [ [ resitots, Dmia) + ([ meitots g ma)” ] a
< / / lg(s, 2)|% m(dz) (/Z]g(s,z)]%m(dz))pﬂ} ds

where we have used again that T'(t) is a unitary group and that the norms of £ and F
are equal. O

IN

IN
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Remark 5. (i) Inequality (4) could have also been proved following the same strategy of
[26], using a suitable version of 1t6’s formula for Banach-space valued processes (see e.g.
[15]).
(ii) The idea of using dilation theorems to extend results from stochastic integrals to
stochastic convolutions has been introduced, to the best of our knowledge, in [17].
(iii) Since g x @i is a martingale taking values in L,(D), it has a cadlag modification,
as it follows by a theorem of Brooks and Dinculeanu (see [7, Thm. 3]). Moreover, the
stochastic convolution also admits a cadlag modification by the dilation method, as in
[17] or [29, p. 161].

We shall need to regularize the monotone nonlinearity f by its Yosida approximation
fr, A > 0. In particular, let Jy(z) = (I +Mf)"H(x), Ar(z) = A"z — Ja(z)). Tt is well
known that fx(z) = f(Ja(z)) and f € C%(R) with Lipschitz constant bounded by

2/\. For more details on maximal monotone operators and their approximations see e.g.
[2, 6]. Let us consider the regularized equation

du(t) + Au(t) dt + fx(u(t)) dt = nu(t) di + /Z Gt 2) ildt,dz),  uw(0) =z,  (7)

which admits a unique cadlag mild solution uy € Ha(T") because —A is the generator of a
strongly continuous semigroup of contractions and fy is Lipschitz (see e.g. [20, 26, 29]).
We shall now establish an a priori estimate for solutions of the regularized equations.

Lemma 6. Assume that x € Loy and G € Lg. Then there exists a constant N =
N(T,d,n,|D|) such that

Esgp [ur()33 < N (1 + Elz39). (8)
t

Proof. We proceed by the technique of “subtracting the stochastic convolution”: set

ya(t) = ux(t) — /0 t e U=9AG(s, 2) i(ds, dz) =: up(t) — Ga(t),  t<T,

// ~t=9)AG(s, 2) fi(ds, dz).

Then y) is also a mild solution in Lo(D) of the deterministic equation with random
coeflicients

YA(t) + Aya(t) + falua(t) + Ga(t) = nya(t) +nGa(®),  ua(0) ==z, (9)
P-a.s., where ¢/ (t) := dé(t)/dt. We are now going to prove that y is also a mild solution
of (9) in Log(D). Setting

Aty) = Ay +Galt)) — nly + Ga(t))

where

and rewriting (9) as
ya(t) + Aya(t) + fat, ya(t) = 0,
we conclude that (9) admits a unique mild solution in Log(D) by Proposition 16 below
(see the Appendix).
Let yxg be the strong solution in Laq(D) of the equation

Yas(t) + Agyns(t) + fauas(t) + Ga(t) = nyas(t) +1Gat),  ua(0) ==,  (10)
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which exists and is unique because the Yosida approximation Ag is a bounded operator
on Lyg(D). Let us recall that the duality map J : Log(D) — L _2a (D) is single valued
2d—1

and defined by

J(@) : €= 9O P (€)o7
for almost all £ € D. Moreover, since L 24 (D) is uniformly convex, J(¢) coincides
with the Gateaux derivative of ¢ +— ](béi?é. Therefore, multiplying (in the sense
of the duality product of Log(D) and L 2 (D)) both sides of (10) by the function
T (s () |yrs (D552 = yas(t)*~", we get

;Cijt!yw( )129 + (Agyas(t), T (yas (1)) lyas (1) 242

+ (A Was®) + Gat), urg®> 1) = nlyas(t) 155 + n{yas(£)* 1, Ga(t)).

Since A is m-accretive in Log(D) (more precisely, A is an m-accretive subset of Log(D) X
Lq(D)), its Yosida approximation Ag = A(I + BA)~! is also m-accretive (see e.g. [2,
Prop. 2.3.2]), thus the second term on the left hand side is positive because J is single-
valued. Moreover, we have, omitting the dependence on t for simplicity of notation,

Iuns + Gy = (Ing + Ga) — K(Ga)uasuag * + MA(Ga)RS

> (Ga)yss (1 6)-ae,
as it follows by the monotonicity of fy. Therefore we can write
1 d

57 713 < nluas(D3d + G at) = fA(Ga®)yas()* )
< nlyrg ()34 + NG a(t) — fr(Ga)lad !ym(f)w_”%
= nlyas(t) |34 + [nGa(t) — Fr(Ga)laa lyas()50 "
< s (OB + o nGalt) — G+ 2 st 30

where we have used Holder’s and Young’s inequalities with conjugate exponents 2d and
2d/(2d — 1). A simple computation reveals immediately that there exists a constant N
depending only on d and n such that

G a(t) — FA(Ga)35 < N(L+]Ga(t)3%).
We thus arrive at the inequality

1d

o s B < (1 25 s O3 + N (1 -+ 1Ga(RE),

and Gronwall’s inequality yields
as(D3Y Sam 1+ 2033 + |G a(t) 2,
hence also, thanks to (5) and the hypothesis that G € Ly,
Esup [yxs ()53 < N (1 + Elel5g).
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where the constant /N does not depend on A. Let us now prove that yyz — yy in Hy(7T)
as 3 — 0: we have

g () — ua ()] < [(e74% — e “Hyr(0))]
+ / ‘ef(tfs)AﬁfA(s, yag(s)) — ef(tfs)Af;\(s, yx(s))‘ ds
(e — e )yx(0)]

/ =948 _ o==94| | F, (5, ya (5))] ds

+/ le= =248 £ (s, u0(5)) — Fa(s, ya(s))| ds.
0

Setting a(3) := sup;<r le7t48 — ¢7*4| and recalling that fy has Lipschitz constant
bounded by 2/\, we obtain

Esup [yxs () - () St a(B)|ya(0)] + a(B)E sup |Fa(s,y(s)?

T
+Mr2/A+ ) [ Esuplans(s) - (o) dt,
0 s<

where the second term on the right-hand side is finite again because f) is Lipschitz
and yy, G4 belong to Hy(T). Since a(8) — 0 as f§ — 0 by well-known properties
of Yosida approximations, Gronwall’s lemma implies the claim. Therefore, by a lower
semicontinuity argument, we get

Esup [ya(t)]35 < N (1 + Elz[39).
t<T
By definition of y) we also infer that
Esup [ux (t)[3 Sa Esup |yx(t)[37 + Esup [Ga(t) 3
t<T t<T t<T

Since
Esup|Ga(t)33 <jp| Esup [Ga(t)[2% < 1+ Esup|Ga(t)2%,
t<T t<T t<T

we conclude
Esup lux(®)[39 <ranip) 1+ Elz|34. O

The a priori estimate just obtained for the solution of the regularized equation allows
us to construct a mild solution of the original equation as a limit in Hy(T'), as the
following proposition shows.

Proposition 7. Assume that x € Log and G € Lg«. Then equation (2) admits a unique
cadlag mild solution in Hy(T) which satisfies the estimate

Esup [u(t)[34 < N(1 + Elz|39)
t<T

with N = N(T,d,n,|D|). Moreover, we have & — u(x) € C%(Lg, Hy(T)).
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Proof. Let uy be the solution of the regularized equation (7), and uyg be the strong
solution of (7) with A replaced by Ag studied in the proof of Lemma 6 (or see [27,
Thm. 34.7]). Then uyg — uy,g solves P-a.s. the equation

L ura1) — wa 1) + Aaurat) — us(1)

+ Ma(uag(®)) = fuluup®)) = n(urg(t) —uus(t)). (1)
Note that we have
uxng — Upp = uxg — Jxurg + Jxung — St + Juus — wup
= AMa(urg) + Iaurg — Juupp — pfu(upp),
hence, recalling that fy(urg) = f(Jrurg),
(Fa(uag) = fulupg)surg — wus) = (falung) = fuluus), AMalung) — pfuuug))
> N faluap))? + pl fu(wup)? = A+ ) 2 (uag) ] fu ()]

A
> —%|fx(u,\@)|2 - §’fu(uuﬁ)|2=

thus also, by the monotonicity of A,

%Ium(t) — uup(t)* = 2nluns(t) — wus(t)|* < il Fa(urg () + Al fu (s (1)) .

2

Multiplying both sides by e~ and integrating we get

t
€20y 5(t) — (1) < /0 €2 (4l f (urs ()12 + Al fy (i (5))[2) s,

Since uyg — uy in Hy(T) as f — 0 (as shown in the proof of Lemma 6) and fy is
Lipschitz, we can pass to the limit as 8§ — 0 in the previous equation, which then holds
with uyg and w,g replaced by uy and w,,, respectively. Taking supremum and expectation
we thus arrive at

Esup [ux() - u, ()P < TN+ wEsup (1A + [ fuuu () ).

Recalling that |fy(z)| < |f(x)| for all z € R, Lemma 6 yields
Esup | fx(ux(t))]” < Esup|f(u(t))]* S Esup |ux(t)[3g < N(1+Elzf39),  (12)
t<T t<T t<T

where the constant N does not depend on A, hence

Esup [ux(t) - w,(8))? S A+ p) (1 + Elz]39),

which shows that {u)} is a Cauchy sequence in Hy(7T), and in particular there exists
u € Hy(T) such that uy — u in Hy(7"). Moreover, since uy is cadlag and the subset of
cadlag processes in Hy(7T') is closed, we infer that u is itself cadlag.

Recalling that fi(xz) = f(Jr(x)), Jxx — = as A\ — 0, thanks to the dominated
convergence theorem and (12) we can pass to the limit as A — 0 in the equation

t t
ux(t) = ety — / e_(t_S)Af,\(u,\(s)) ds + 77/ e_(t_S)Au,\(s) ds + G4(t),
0 0
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thus showing that u is a mild solution of (2).
The estimate for Esup,<7 [u(t)[24 is an immediate consequence of (8).

We shall now prove uniqueness. In order to simplify notation a little, we shall assume
that f is n-accretive, i.e. that r — f(r) + nr is accretive, and consequently we shall
drop the first term on the right hand side of (2). This is of course completely equivalent
to the original setting. Let {ej}ren C D(A*) be an orthonormal basis of H and ¢ > 0.

Denoting two solutions of (2) by u and v, we have

((I+ A" Lep, u(t) — v(t)) =— /0 (A*(I + A ey, u(s) — v(s)) ds

t
- /0 (1 + A" e Fluls)) — F(u(s))) ds
for all £ € N. Therefore, by It6’s formula,
(T + A" e ult) — v(t))

= —2/0 (A*(I + eA") e, u(s) — v(s)) ((I+ eAN) e, u(s) — v(s)) ds
— 2/0 <(I + 5A*)_lek, fu(s)) — f(v(s))> <(I+ z—:A*)_lek,u(s) — v(s)> ds.

Summing over k and recalling that (I +eA*)~! = ((I + €A)_1)*, we obtain
(1 +eA) " (ult) - o(t))|?

= —2/0 (A(I+eA) N (u(s) —v(s)), (I +eA) " (u(s) —v(s))) ds
- 2/0 (I +eA) T (fu(9) = f(u(5))), (I +eA)" (uls) = v(s))) ds.

Using the monotonicity of A and then letting e tend to zero and we are left with
¢
Ju(t) —v(t)]* < —2/0 (f(u(s)) = f(v(s)),uls) —v(s))ds
t
<20 [ Juls) = o) ds,
0

which immediately implies that u = v by Gronwall’s inequality.

Let us now prove Lipschitz continuity of the solution map. Set u! := u(xy), u? :

u(z2), and denote the strong solution of (2) with A replaced by Ag, f replaced by fy,
and initial condition z;, i = 1,2, by ug\ﬁ, i = 1,2, respectively. Then we have, omitting

the dependence on time for simplicity,

(uhg — Uiﬁ)/ + Aﬁ(“iﬁ —u3g) + faluyg) — fa(ulg) = W(Uiﬁ — u3p)

P-a.s. in the strong sense. Multiplying, in the sense of the scalar product of Ly(D), both

sides by u}\ﬁ — uiﬁ and taking into account the monotonicity of A and f, we get

1 t
§IU§g(t) —u3g(t)|* < Jan — @ + 77/0 uag(s) — uig(s)[* ds,
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which implies, by Gronwall’s inequality and obvious estimates,

E sup |u}\ﬁ(t) - ug\ﬁ(t)|2 < e2TR|z) — z9)?.
t<T

Since, as seen above, ug\ﬁ —ul, i =1,2, in Ho(T) as 3 — 0, A — 0, we conclude by the

dominated convergence theorem that ||u! —u?||s < e"'|2x1 — 22|L,. O

Remark 8. We would like to emphasize that proving uniqueness treating mild solutions
as if they were strong solutions, as is very often done in the literature, does not appear to
have a clear justification, unless the nonlinearity is Lipschitz continuous. In fact, if u is
a mild solution of (2) and ug is a mild (or even strong) solution of the equation obtained
by replacing A with Ag in (2), one would at least need to know that ug converges to the
given solution u, which is not clear at all and essentially equivalent to what one wants
to prove, namely uniqueness.

In order to establish well-posedness in the generalized mild sense, we need the following
a priori estimates, which are based on It6’s formula for the square of the norm and
regularizations.

Lemma 9. Let 21, w3 € Log, G1, Go € Lg, and u', u? be mild solutions of (2) with
r=2x1, G=G1 and x = 3, G = Ga, respectively. Then one has

e MRt () — u?(t))? < Elzy — z0|® + IE/ |G1(s,2) — Ga(s, 2)|* m(dz) ds (13)

Z
and
Esup [u'(t) — u?(t)|* S Elay — 20* + IE/ |G1(s,2) — Ga(s, 2)|?m(dz)ds.  (14)
t<T Zr

Proof. Let uy and uyg be defined as in the proof of Proposition 7. Set w'(t) = e_"tug\ﬁ(t).
1t6’s formula for the square of the norm in H yields

t
' (t) = w?(t)* = 2/ (wh(s—) — w?(s—),dw' (s) — dw?(s)) + [w' — w’](t),
0

™M upg(t) — uXp(t)[* + 2 /0 ™M (Ap(urg(s) — u3p(s)), urg(s) — u3s(s)) ds

¢
+ 2/0 e 21 (fa(ung()) — Fa(uXp(s)), ung(s) — ulg(s)) ds
< oy — @2 + [wh — w?)(t) + M(t),
where M is a local martingale. In particular, since A and f are monotone, we are left
with
e M uzg(t) — uxg(t)|? < |1 — waf” + [w! — w?](1) + M(2). (15)
In particular, taking expectations on both sides (along a suitable localizing sequence of
stopping times if necessary), we obtain

e_Q”t}E|u%\ﬁ(t) - uiﬁ(tﬂz < Elzy — 20> + ]E/ |G1(s, 2) — Ga(s, 2)|* m(dz) ds,
Zy
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where we have used the identity

E[w! — w?](t) = E(w! — w?)(t) = IE/Z e 215|G (s, 2) — Ga(s, 2)[*m(dz)ds.  (16)

Recalling that ug\ﬁ — ug, i=1,2,in Hy(T) as [ go to zero (see the proof of Lemma 6
or e.g. [26, Prop. 3.11]), we get that the above estimate holds true for u}, u3 replacing
u%\ﬁ, uiﬂ, respectively. Finally, since mild solutions are obtained as limits in Hy(7") of

regularized solutions for A — 0, (13) follows.
By (15) and (16) we get

E sup efznt]u}w(t) - uiﬂ(t)|2 < Elzy — a9 + E/ |G1(s,2) — Ga(s, 2)|* m(dz) ds

t<T Zr

+ Esup |[M(t)].
t<T

Note that

M(t) = 2/2 <’w1, —w?,(G1(s,2) — Go(s, 2)) fi(ds,dz)) = 2(w! —w?) - (X! - X?),

where X := G; * [i, i = 1, 2. Thanks to Davis’ and Young’s inequalities we can write

Esup| M ()| < 6E[(w! —w?)- (X' = X?)|(1)"/?
t<T

< 6E(sup ' (1) ~ w?(0)) X" — X*|(1)"?

< 6eEsup |w'(t) — w?(t)]* + 6 'E[X — X2|(T)
t<T

< 6eE sup 6_2”t|ui5(t) - uiﬁ(t)|2
t<T
+ GEIE/ |G1(s, 2) — Ga(s, 2)|* m(dz) ds.
Zr

Therefore we have

(1 — 6¢)Esup eiQ"t\uiﬁ(t) - uiﬁ(t)\z

t<T
< Elzy — 22 + (1 + 651)E/ |G1(s, 2) — Ga(s, 2)|* m(dz) ds,
Zr
hence, passing to the limit as 5 and A go to zero, we obtain (14). O

Proposition 10. Assume that x € Ly and G € Lo(L2(Z7)). Then (2) admits a
unique cadlag generalized mild solution v € Hy(T). Moreover, one has r — u €
COY (Lo, Ha(T)).

Proof. Let us choose a sequence {x,} C Loy such that z,, — = in Ly, and a sequence
{Gr} C L4 such that G,, — G in La(L2(Z7)) (e.g. by using a cut-off procedure). By
Proposition 7 the stochastic equation

du+ Audt + f(u) dt = nudt + G, dp, u(0) =z,
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admits a unique mild solution u,. Then (14) yields

Esup un(t) = wn(t) S Bl — 2 +E [ [Ga(s:2) = Gon(s.2) P m(d) ds

t<T Zr

In particular {u,} is a Cauchy sequence in Hy(7'), whose limit v € Hy(T") is a generalized

mild solution of (2). Since u,, is cadlag for each n by Proposition 7, u is also cadlag.
Moreover, it is immediate that 2; — u;, i = 1,2, satisfies [u; —ug||3 < |21 — z2f ), i.e.

the solution map is Lipschitz, which in turn implies uniqueness of the generalized mild

solution. (|

Remark 11. One could also prove well-posedness in Hz(T'), simply using estimate (13)
instead of (14). In this case one can also get explicit estimates for the Lipschitz constant
of the solution map. On the other hand, one cannot conclude that a solution in Ha(7T')
is cadlag, as the subset of cadlag processes is not closed in Ho (7).

2.2. Multiplicative noise. Let us consider the stochastic evolution equation
du(t) + Au(t) dt + f(u(t)) dt = nu(t) dt + / G(s,z,u(s—)) (ds, dz) (17)
Z

with initial condition «(0) = =, where G : Qx [0, T]|x ZxRxD - RisaPRZ®@B(R)®
B(R™)-measurable function, and we denote its associated Nemitski operator, which is a
mapping from Q x [0,7] x Z x H — H, again by G.

We have the following well-posedness result for (17) in the generalized mild sense.

Theorem 12. Assume that x € L2 and G satisfies the Lipschitz condition
IE/ |G(s, z,u) — G(s, z,v)[* m(dz) ds < h(s)|u — v|?,
z

where h € Li([0,T]). Then (17) admits a unique generalized solution u € Ha(T'). More-
over, the solution map is Lipschitz from Lo to Ha(T).

Proof. For v € Ho(T') and cadlag, consider the equation
du(t) + Au(t) dt+ f(u(t)) dt = nu(t) dt+/ G(s,z,v(s—)) p(ds,dz), u(0) =z. (18)
Z

Since (s,z) — G(s,z,v(s—)) satisfies the hypotheses of Proposition 10, (18) admits a
unique generalized mild solution belonging to Ha(7"). Let us denote the map associating
v to u by F. We are going to prove that F'is well-defined and is a contraction on Hy o (7")
for a suitable choice of o > 0. Setting u’ = F(v?), i = 1,2, with v!, v? € Hy(T), we have

d(ut —u?) + [A(ut —u?) + ful) — f(u®)]dt

= 77(“1 - u2) dt + /;[G(7 ) Ul—) - G(a ) Uz)] d/‘_b
in the mild sense, with obvious meaning of the (slightly simplified) notation. We are
going to assume that u' and u? are strong solutions, without loss of generality: in fact,
one otherwise approximate A, f and G with Ag, fy, and Gy, respectively, and passes
to the limit in equation (19) below, leaving the rest of argument unchanged. Setting
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w'(t) = e~®*ui(t), i = 1,2, we have, by an argument completely similar to the one used
in the proof of Lemma 9,

! () = ) < (7o) [ o2l (5) —2(s)? ds + [t — w?)(1)
2 [ (e (5m) = (). (Gl 201 (5m) = Gl 07(5m) i ds. ).
The previous itnequality in turn implies
o =l < =) [ " Esupetju(s) — u2(s) ds

s<t
+ 2Esup |(wl —w?) - (X' — X?)|

t<T
—HE/ / e 29| G(s, 2,01 (s—)) — G(s, 2,v%(5—))|? m(dz) ds,
where we have set X' := v" ) % i and we have used the chain of identities
Esup[w! — w2](t) = IE[w1 — w?|(T)

t<T

T
= e 2| G (s, 2,0 (8)) — G(s, z,v%(s))|> m(dz) ds.
=B [ [ 060201 0) = Gls.z 02 (9) Em(dz) d

An application of Davis’ and Young’s inequalities, as in the proof of Lemma 9, yields

2Esup |(wl —w?) - (X' — X?)| < 6Esup |w' (t) — w?(t)|?
t<T t<T

T
+66_1E/0 /26_20‘3|G(5,Z,U1(5)) — G(s,2,v%(s))[* m(dz) ds,

because [X! — X?] = [w! — w?]. We have thus arrived at the estimate
T
(1= 6e)]lu' —w?30 < (n— a)/ Esup e ***u'(s) — u?(s)|* dt
s<t

(1+ 61 / / e 2%|G (s, z, v (s)) — G(s, 2,v%(s)) [ m(dz) ds (19)

Setting ¢ = 1/12 and ¢(t) = Esup,<, e 2**|u’(s) —u?(s)|?, we can write, by the hypoth-
esis on G,

2012

T
o) <20 =) [ (0 + 146l o
hence, by Gronwall’s inequality,
lu' = w3, = &(T) < 146]h[1* 7T [lo" — 02|13 ..

Choosing « large enough, we obtain that there exists a constant N = N(T') < 1 such
that ||F(v!) — F(v?)|2.0 < N|Jv! — v?|2,. Banach’s fixed point theorem then implies
that F' admits a unique fixed point in Hy o (7"), which is the (unique) generalized solution
of (17), recalling that the norms || - [|2.a, o > 0, are all equivalent. Since the fixed point
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of F' can also be obtained as a limit of cadlag processes in Hy(T"), by the well-known
method of Picard’s iterations, we also infer that the generalized mild solution is cadlag.

Moreover, denoting u(z1) and u(x2) by u! and u? respectively, an argument similar
to the one leading to (19) yields the estimate

T T
B(T) < Efer — aaf? + 20 — o) /0 (1) dt + 146 /0 B(t)(t) dt,

where 9 (t) := Esup,, [u'(s) — u*(s)[®. By Gronwall’s inequality we get

2(n—)+146| |1,

lu' = w30 < w1 — a2t

which proves that  — wu(z) is Lipschitz from Ly to Ha (T"), hence also from Ly to
Hy(T") by the equivalence of the norms || - ||2,4- O
3. INVARIANT MEASURES AND ERGODICITY

Throughout this section we shall assume that G : Z x H — H is a (deterministic)
Z ® B(H )-measurable function satisfying the Lipschitz assumption

/Z G2 0) — Gz 0)Emdz) < Klu—vf?,

for some K > 0. The latter assumption guarantees that the evolution equation is well-
posed by Theorem 12. Moreover, it is easy to see that the solution is Markovian, hence
it generates a semigroup via the usual formula Pip(x) := Ep(u(t,x)), ¢ € By(H). Here
By(H) stands for the set of bounded Borel function from H to R.

3.1. Strongly dissipative case. Throughout this subsection we shall assume that
there exist By and w; > 0 such that

2(Agu — Agv,u —v) + 2(fr(v) — fr(v),u —v) — 2nlu — v|?
/ |G (2, 1) — Gu(z,0) P m(dz) > wilu —v]? (20)

for all 8 €]0,00[, A €]0,50], n > [1/05o], and for all u, v € H, where [z] stands for
the integer part of x € R. This is enough to guarantee existence and uniqueness of an
ergodic invariant measure for P;, with exponentially fast convergence to equilibrium.

Proposition 13. Under hypothesis (20) there exists a unique invariant measure v for
P, which satisfies the following properties:

(@) [ laf vido) < oo
(i) let o € COY(H,R) and A\g € M1(H). Then one has

[Prota) datdn) — [ ovtdy)] < [ehe™ [ o~y xa(d) vl

Following a classical procedure (see e.g. [12, 29, 30]), let us consider the stochastic
equation

du(t) + (Au(t) + f(u))dt t)dt +/ G(z,u(t—)) dup(dt,dz), u(s) =z, (21)
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where s €] — oo, t], i1 = u1 — Leb ® m, and

t,B), t>0,
/Jo(*t,B), t <0,

for all B € Z, with pg an independent copy of p. The filtration on which p; is considered
can be constructed along the lines of [30, p. 99], using in their argument the Poisson
point processes associated to u and pg instead of Wiener processes. We shall denote the
value at time t > s of the solution of (21) by u(t; s, x).

For the proof of Proposition 13 we need the following lemma.

Lemma 14. There exists a random variable ( € Lo such that uw(0;s,z) — ¢ in Ly as
s — —oo for all x € Ls. Moreover, there exists a constant N such that

Elu(0; s, 2) — z|? < e 215N (1 + E|z[?) (22)
for all s < 0.

Proof. Let us denote the strong solution of the approximating equation by ulg. By Ito’s
lemma we can write

[ubs(8)]* + 2/ [(Aguig(r), uls(r)) + (fa(uhs(r), uis(r)) — nluig(r)*] dr

|x!2+2// (2, uxg(r—)), uxg(r)) p(dr, dz) // |G (2, ug(r N wldr, dz).

Note that we have, by Young’s inequality,
—(fa(u),u) = =(fa(u) = f(0),u = 0) = (fx(0), u)
~(fa() = F(0),u = 0+ Shul? + SO
and, similarly,

/]Gn(u,z)\2m(dz):/ (Gl 2) — G (0, 2) + Gin (0, 2)|? m(d=)
Z Z

§/Z|Gn(u,z)—Gn(O,z)|2m(dz)+5K|u|2—1—(1+6_1)/Z\Gn((),z)|2m(dz).

Since fx(0) — f(0) as A — 0 and G,(0,-) — G(0,-) — 0 in La(Z, m) as n — oo, there
exists 6 > 0, A\g > 0 and ng > 0 such that

IAOF <[FOP+6/2  ¥A< A,
(1+€)1/Z\Gn(0,z)]2m (I4+¢e)” / |G(0, z)|“m(dz) + §/2 Vn > ng.
Therefore we have, for 8 < By, A < Ao A fo, and n > ng V [1/5],
— 2 A, ) — 20 fr (), wla) + 2nlusl + / Gl )2 m(d2)

< s + o1+ K + e | FO) + /yGo D2 m(dz) + 6.
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Taking expectations in (23), applying (20), and passing t the limit as § — 0, A — 0,
and n — oo, we are left with

t
E]u(t)|2 < IE|3:|2 — wg/ E\u(r)|2 dr + N,

s

where wo 1= w; — (1 + K)e and N := ¢~ 1(|f(0)]> + (1 + e~ 1)|G(0, ) %Q(Z m)) + 6. We
choose € so that wy > 0. Gronwall’s inequality then yields

Elu(t))? <1+ e~ 22+sDE|z)2. (24)

Set ui(t) := u(t; s, ), ua(t) := u(t; s2,x) and w(t) = uyi(t) — ua(t), with se < s1. Then
w satisfies the equation

dw + Awdt + (f(u1) — f(u2))dt = nwdt + (G(ur) — G(u2)) dj,

with initial condition w(s1) = x —u2(s1), in the generalized mild sense. By an argument
completely similar to the above one, based on regularizations, It6’s formula, and passage
to the limit, we obtain, thanks to (20),

t
1E|w(t)|2 <El|x — u2(51)|2 —wq / E|w(r)|2dr,

S1

and hence, by Gronwall’s inequality,
Elu1(0) = u2(0)* = E[w(0)* < e 1 E|z — u(s1)[*.
Estimate (24) therefore implies that there exists a constant N such that
Efur (0) — us(0)? < 211N (1 4 Efaf?), (25)

which converges to zero as s; — —oo. We have thus proved that {u(0;s,z)}s<o is a
Cauchy net in Ly, hence there exists ( = ((z) € Lg such that u(0;s,2) — ¢ in Ly as
s — —oo. Let us show that ¢ does not depend on z. In fact, let x, y € Ly and set
ui(t) = u(t; s, x), ua(t) = u(t; s,y). An argument based on Itd’s formula for the square
of the norm and the monotonicity assumption (20) yields, in analogy to a previous
computation,

Elu1(0) — ua(0)]* < e > FIE |z — y|?, (26)
which implies () = ((y), whence the claim. Finally, (25) immediately yields (22). O
Proof of Proposition 13. Let v be the law of the random variable { constructed in the
previous lemma. Since ¢ € Lo, (i) will follow immediately once we have proved that v is

invariant for P,. The invariance and the uniqueness of v is a well-known consequence of
the previous lemma, see e.g. [9].
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Let us prove (ii): we have

|| Preta) xofaa) - / () v(dy)|
=| [ ] Peeta) stz vidy) = [ [ Piota) rafdo) i)

< / Prp() — Prp(y)| Mo(dz) v(dy)
HxH

< [90]16‘”1’5/HxH |z — y| Mo(dz) v(dy),

where in the last step we have the estimate (26). O

3.2. Weakly dissipative case. In this subsection we replace the strong dissipativity

condition (20) with a super-linearity assumption on the nonlinearity f, and we prove

existence of an invariant measure by an argument based on Krylov-Bogoliubov’s theorem.
We assume that —A satisfies the weak sector condition and let (£, D(E)) be the

associated closed coercive form (see [25, §1.2]). We set H := D(E), endowed with the

norm associated to the inner product & (-,-) := (-, ) + (-, ).

Theorem 15. Assume that

(i) f satisfies the super-linearity condition (f(r),r) > blr[?*+®) b >0, a > 0.
(ii) H is compactly embedded into La(D).

Then there exists an invariant measure for the transition semigroup associated to the
generalized mild solution of (17).

Proof. Let uy g denote the strong solution of the equation obtained by replacing in (17)

A with Ag, f with f), and G with G,,. Then an application of It6’s formula yields the
estimate

Elujs(t)]* + 2E/0 [(Aguig(s), ubg(s)) + (fa(urs(s)), ubs(s))] ds
< Elaf” + E/O [20[uRs(5) | + |G (uks(s)) 1o zm)) ds- (27)

Since
(fa(r),ry = (f(Iar), Jar + (r = Jar)) = (f(Iar), Jar) + AL fa(r) [,

we obtain, taking into account the monotonicity of Ag and the uniform (in n) Lipschitz
continuity of G,

Elujs(t)]” < Elz” + N(1 +/0 Elujs(s)|” ds) — E/O (f(Inuzs(s)), Jauis(s)) ds
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for some constant N > 0 that does not depend on A, 3, and n. By assumption (i) and
Jensen’s inequality, we have

¢ t
- [ R Ogs (). Pas) ds < =b [ Bl ugs(s) P ds

t
< b / (El Iyl 5(s)[2) 1 ds,
0

thus also
t

t
n n n 1+a
Efuly (1) gny\2+N(1+/0 Efully(s)? ds) —b/o (Bl T 5(5)]2) " ds.

Recalling that
—0 — —
Ugﬂ B US\L A—0 " n—o00
strongly in Hs(T'), passing to the limit in the previous inequality shows that y(t) :=
E|u(t)|? satisfies the differential inequality (in its integral formulation, to be more precise)

yl S Ny—by1+a.

By simple ODE techniques one obtains that y(¢) is bounded for all ¢, i.e. Elu(t)|?> < C
for all ¢ > 0, for some positive constant C.

Taking into account the monotonicity of f) and the uniform Lipschitz continuity of
G, (27) also implies

E [ (Augp(s).fs) ds

t t
gEya;\2+N(1+/ Elu}z(s)|* ds) —b/ (E|Tauly(s)[?) T ds, (28)
0 0

for a constant N independent of A, 8 and n. As we have seen above, the right-hand side
of the inequality converges, as 3 — 0, A — 0, n — oo, to

t t
E|z|? + N(1+ / E|u(s)|? ds) — b/ (E|u(s)\2)1+a ds <1+t
0 0
In analogy to an earlier argument, setting zg := (I + BA)" 'z, z € H, we have
(Agz,2) = (Azg, 25 + 2 — 23) = (Azg, 25) + B|Agz|*.
In particular, setting v}z := (I + ﬁA)_lui\Lﬁ € D(&), we obtain

t t
E/O S(USIB(S),US\ZB(S)) ds < E/O (Apuig(s), uhg(s)) ds

t t
< E|z|? + N(1+ / E|u7}\ﬁ(s)|2 ds) — b/ (IE]J,\U%(S)F)HOC ds,
0 0

Since u}; — u in Ha(T') for all T > 0 and Elu(t)|?> < 1, we also get

t
]E/ 5(@3‘5(5),@}[3(5)) ds <1+t
0
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Since also vi4(s) — u(s) in Hy(T'), it follows that u € La(Q2 x [0,¢], D(€)) and vf; — u
weakly in Ly(Q2 x [0,t], D(E)), where D(E) is equipped with the norm 511/2(', -), and

E/Ot £1(u(s), us)) ds < 1+1.

Let us now define the sequence of probability measures (v,),>1 on the Borel set of
H = Ly(D) by

/ bduy = /nEqb(u(s,O))ds, 6 € By(H).
H

nJo
Then

/x\% vp(dx) = 711/ E&i(u(s,0),u(s,0)ds < 1,
0

thus also, by Markov’s inequality,

1 r-
supvn(BR) S = Lo, 0,
n>1 R

where B% stands for the complement in H of the closed ball of radius R in H. Since balls
in ‘H are compact sets of Ly(D), we infer that (v,)n>1 is tight, and Krylov-Bogoliubov’s
theorem guarantees the existence of an invariant measure. O

APPENDIX A. AUXILIARY RESULTS

The following proposition is a slight modification of [28, Thm. 6.1.2] and it is used in
the proof of Lemma 6. Here [0,7] C R and F is a separable Banach space.

Proposition 16. Assume that f :[0,T] x E — E satisfies
[f(t2) = f(ty)l < Nlw—yl,  vt€[0,T], z,y€E,

where N is a constant independent of t, and there exists a € E such that t — f(t,a) €
L1([0,T]; E). If A is the infinitesimal generator of a strongly continuous semigroup et
on E and ug € E, then the integral equation

u(t) = eug + / t =941 (s, u(s)) ds, t e 0,7, (29)
0

admits a unique solution u € C([0,T], E).

Proof. As a first step, let us show that, if v € Ly([0,T]; E), then t — f(t,v(t)) €
Li([0,T]; E). In fact, we have

]f(t,v(t))] < |f(t,’l)(t)> - f(t7a)’ + |f(t7a)’
< Nlu(t) —a| + [ f(t,a)] < N|o(t)| + Nla| + [ f(t, a)],
thus also

T
/0 F(t,0(t)|dt < NTla] + NTolp.. + |f(~a)|L, < oo.

As a second step, we show that the map

v = ety te(t_S)A s,v(s))ds
el = g+ [ (s (s)) d
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is a (local) contraction in Lo ([0, T]; ). In fact, setting My = sup;¢(o 1 et|, we have

T
sup |B)](2)] szﬂ4fwuo\+-ﬂda~/f £ (s,0(s)| ds < oo,
te[0,7] 0

because f(-,v(-)) € L1([0,T]; E), as proved above. We also have

sup |[Fv](t) — [Fw](t)| < NMrp sup / lu(s) —w(s)|ds

t€[0,T] te[0,T7]
< NMTT|U — w\Loo,

so that NM7pTy < 1 for Ty small enough. Then § admits a unique fixed point in
Lo ([0,Tp]; E), and by a classical patching argument we obtain the existence of a unique
solution u € Loo([0,T]; E) to the integral equation (29). As a last step, it remains to
prove that u € C([0,T]; E). To this purpose, it suffices to show that g € L1([0,T]; E)
implies F' € C([0,T]; E), with

F(t) ::/0 et=94g(s) ds.

In fact, for 0 <t <t+4e < T, we have
‘F(t—i—s |<’/ (t+e—s)A () ( ds’—i_)/ t+5 S)A()dS

t+e
sw%wij@w+mj l9(s)] ds,
0 t

and both terms converge to zero as € — 0 by definition of strongly continuous semigroup
and because g € L1([0,T], E). The case 0 <t —e <t < T is completely similar, hence
omitted. O
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