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Introduction

These notes grew out of a series of lectures given at East China Normal University (Shanghai)
in July of 2006. The primary objective of my talks was two-fold: to provide a first introduction
to the theories of Hopf algebras and algebraic groups on the one hand, and to delineate the rôle
of certain combinatorial and geometric techniques within their representation theory on the other.
Accordingly, our exposition emphasizes the discussion of illustrative examples and plausibility con-
siderations highlighting the salient points of the theory. Proofs have been included primarily when
they serve this purpose, and they often only sketch the main ideas rather than embarking on
detailed discussions.

These notes are exclusively concerned with the “classical” theory of cocommutative Hopf alge-
bras, leaving the very active field of quantum groups out of the account. Our Hopf algebras will
also appear in a geometric guise, as affine algebraic group schemes. Since our point of view veils
the historical sources of the subject matter, let me briefly mention that the axioms of our algebras
first occurred in the work of the topologist Heinz Hopf [72], defining what are now called graded
Hopf algebras.

Using broad brushstrokes the first chapter provides a quick tour of Hopf algebras, their asso-
ciated group schemes, and restricted Lie algebras. Since the selection of the topics is dictated by
what is relevant for the later sections, many interesting aspects have been left out of the account.
The reader who is interested in a more in depth introduction may consult [81, 89] for the abstract
theory of Hopf algebras, and [80, 123] for group schemes. The techniques involved in the repre-
sentation theory of infinitesimal groups are often inductive, that is, one reduces problems to the
consideration of “small” groups, whose structure is well enough understood to be amenable to the
methods from the abstract representation theory of Artin algebras. The reduction process involves
subgroups as well as quotients, and §5 provides a brief introduction to the latter. For almost all of
our purposes, it suffices to know that the Hopf algebras associated to quotients are in fact quotient
algebras. Accordingly, the notion of faithfully flat ring extensions, that is necessary for a more
conceptual understanding of quotients, has been omitted.

In Chapter II we introduce two important tools that are defined in the wider context of self-
injective algebras. The complexity of a module measures the polynomial rate of growth of its
minimal projective resolution. We explore its relationship with the growth of certain Ext-groups
and exhibit special features for Hopf algebras. The Heller operator is shown to induce a bijection on
the set of isoclasses of non-projective indecomposable modules, leading to a necessary cohomological
condition for an algebra to have finite representation type. The study of the algebras belonging to
this class was the origin of many interesting developments in modern representation theory, such
as the Auslander-Reiten theory of almost split sequences or tilting theory. Representation-finite
algebras are one constituent of a trichotomy, whose other parts are the tame and wild algebras,
which we briefly discuss in the final section.

In the context of finite group schemes, the complexity can also be interpreted as the dimension
of a certain affine variety, the cohomological support variety of a module. These varieties have
been available for modules over group algebras of finite groups for quite some time. The extension
to arbitrary cocommutative Hopf algebras is based on the fundamental work by Friedlander-Suslin
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vi INTRODUCTION

[63], who showed that the cohomology ring of a finite group scheme is finitely generated. We
discuss representation theoretic support spaces, which, via the notion of a p-point, provide a non-
cohomological interpretations of support varieties. Generalizing features from rank varieties, p-
points are flat homomorphisms k[X]/(Xp) −→ kG, whose associated pull-back functors mod kG −→
mod k[X]/(Xp) are used to study G-modules.

As a first application, we show that modules over finite group schemes of tame representation
type have complexity at most 2. For Frobenius kernels of smooth groups, the combination of rank
varieties with basic results on nilpotent orbits yields the determination of the representation-finite
and tame blocks. In fact, the latter are Morita equivalent to tame blocks of the first Frobenius
kernel of SL(2). In particular, these blocks are special biserial and of domestic representation type.
Section 5 is devoted to a summary of recent progress concerning support spaces. The notion of
a π-point, set forth by Friedlander-Pevtsova in [61], allows the geometric study of group schemes
over arbitrary fields and also includes infinite-dimensional modules.

In Chapter IV we introduce another geometric tool, given by varieties of diagonalizable sub-
groups. These are essential to understanding the structural impact of conditions on rank varieties
of restricted Lie algebras. For Lie algebras of smooth groups, much information is derived from
the so-called root space decomposition associated to a maximal torus. Since any two such tori
are mapped onto each other by an automorphism of the ambient algebra, any maximal torus will
do. By contrast, for arbitrary restricted Lie algebras the information encoded in the root space
decomposition is highly sensitive to the choice of the torus. Schemes of tori (diagonalizable groups
of height ≤ 1) are introduced to study all tori simultaneously and to consider algebraic families of
Lie algebras.

Chapter V is concerned with the combinatorial tool given by the representation theory of
bound quivers. We quickly review the fundamental results of Gabriel and Nazarova, Donovan-
Freislich concerning basic algebras and the representation type of quivers. Representations of
quivers correspond to modules over hereditary algebras, a class that substantially differs from
algebras of measures. The notion of a trivial extension affords the passage from hereditary algebras
to self-injective algebras. The concomitant doubling process involving the corresponding Gabriel
quivers turns out to match the formation of the so-called McKay quivers, which we introduce in
Section 5.

The final Chapter combines the aforementioned techniques to study those finite group schemes,
whose principal blocks have finite or tame representation type. We begin by reviewing the classical
case concerning semi-simple Hopf algebras, which is covered by Nagata’s Theorem on linearly
reductive group schemes. In Section 2 we collect basic results on tensor products and explain the
connection between the Ext-quivers and the McKay quivers of certain algebras. The latter arise in
conjunction with the classification of the linearly reductive finite subgroup schemes of SL(2), the
so-called binary polyhedral group schemes.

These notes are preliminary in the sense that they do not address the recent developments on
π-points and Auslander-Reiten theory. Nevertheless, I feel that the current exposition may provide
the interested reader with the background necessary to follow these emerging directions.

Finally, it is a pleasure to thank the Mathematics Department of East China Normal University
in general and Professor Bin Shu in particular for their hospitality during my stay in Shanghai.



CHAPTER I

Finite Group Schemes

1. Basic Properties of Hopf Algebras

Throughout these notes k will denote a field. The standard example of a Hopf algebra is the
group algebra kG of some abstract group G. Recall that the G-modules correspond to the kG-
modules. Accordingly, the module categories of group algebras enjoy special features that those of
ordinary algebras do not have: If M and N are G-modules, then the vector spaces M ⊗k N and
Homk(M,N) carry the structure of a G-module by setting

g.(m⊗ n) := g.m⊗ g.n and (g.ϕ)(m) := gϕ(g−1m)

for every g ∈ G, m ∈M, n ∈ N, ϕ ∈ Homk(M,N), respectively.
Since these structures extend to kG, we should try to understand them without reference to G.

Let’s first look at tensor products: The spaces M and N are kG-modules, so M ⊗k N carries the
structure of a kG⊗k kG-module by defining

(a⊗ b).(m⊗ n) := a.m⊗ b.n ∀ a, b ∈ kG, m ∈M, n ∈ N.
Note that the map

G×G −→ kG⊗k kG ; (g, h) 7→ g ⊗ h
induces an isomorphism k(G×G) ∼= kG⊗k kG. Hence the diagonal map g 7→ (g, g) gives rise to an
algebra homomorphism ∆ : kG −→ kG⊗k kG. By definition, the kG-module structure on M ⊗k N
is the pull-back of the kG⊗k kG-structure along ∆.

In order to understand the kG-structure of Homk(M,N), we observe that the map g 7→ g−1

induces an isomorphism η : kG −→ kGop from kG to its opposite algebra kGop. The space
Homk(M,N) obtains the structure of a kG⊗k kG

op-module via

((a⊗ b).ϕ)(m) := aϕ(bm) ∀ a, b ∈ kG, m ∈M, ϕ ∈ Homk(M,N).

Our G-structure corresponds to the pull-back of this structure along the algebra homomorphism
(idkG⊗η) ◦∆.

The maps ∆ and η have various properties that will be listed in the definition below. One
obvious relation is (∆⊗ idkG)◦∆ = (idkG⊗∆)◦∆, ensuring that the natural k-linear identification
(X ⊗k Y )⊗k Z ∼= X ⊗k (Y ⊗k Z) is an isomorphism of kG-modules.

Unless mentioned otherwise, a k-algebra Λ is meant to be associative with an identity element
that acts on all (left) modules via the identity operator. We will occasionally write m : Λ⊗kΛ −→ Λ
for the multiplication map. Given a k-algebra Λ, a Λ-module M , and k-linear maps ϕ : V −→
Λ, ψ : W −→M originating in some k-spaces V, W , we denote by ϕ⊗̂ψ : V ⊗kW −→M the linear
map given by (ϕ⊗̂ψ)(v ⊗ w) := ϕ(v)ψ(w) ∀ v ∈ V, w ∈W .

Definition. Let H be a k-algebra, ∆ : H −→ H ⊗k H, ε : H −→ k, and η : H −→ H be
k-linear maps. We say that (H,∆, ε) is a bialgebra if

(1) ∆ and ε are homomorphisms of k-algebras,
(2) (∆⊗ idH) ◦∆ = (idH ⊗∆) ◦∆ (co-associativity),
(3) (idH ⊗̂ε) ◦∆ = idH = (ε⊗̂ idH) ◦∆ (counit).
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2 I. FINITE GROUP SCHEMES

If, in addition, we have
(4) (η⊗̂ idH) ◦∆ = ε 1 = (idH ⊗̂η) ◦∆,

then (H,∆, ε, η) is referred to as a Hopf algebra.

Remarks. (i) If H = kG is the group algebra of a group G, then ε is the unique homomorphism
such that ε(g) = 1 ∀ g ∈ G.

(ii) If one writes down the axioms for a k-algebra H as commutative diagrams involving the
multiplication m and the canonical map k −→ H, then (2) and (3) follow by dualizing these
diagrams, that is, by making all arrows point in the opposite direction.

(iii) When dealing with the comultiplication ∆ it is convenient to use the so-called Heyneman-
Sweedler notation

∆(h) =
∑
(h)

h(1) ⊗ h(2).

For instance, (3) and (4) read ∑
(h)

h(1)ε(h(2)) = h =
∑
(h)

ε(h(1))h(2)

and ∑
(h)

η(h(1))h(2) = ε(h) =
∑
(h)

h(1)η(h(2)),

respectively. The main advantage lies in the treatment of iterated coproducts:

((∆⊗ idH) ◦∆)(h) =
∑
(h)

h(1) ⊗ h(2) ⊗ h(3) = ((idH ⊗∆) ◦∆)(h).

The identity ((ε⊗̂ idH)⊗ idH) ◦ (∆⊗ idH) ◦∆ = ∆ then simply reads∑
(h)

ε(h(1))h(2) ⊗ h(3) =
∑
(h)

h(1) ⊗ h(2)

for every h ∈ H.
(iv) The maps ε and η are called the counit and the antipode of the Hopf algebra H, respectively.

The antipode is a homomorphism H −→ Hop. It is bijective whenever H is finite-dimensional (cf.
[102]).

(v) The ideal H† := ker ε is customarily referred to as the augmentation ideal of the Hopf
algebra H.

An algebra homomorphism f : H −→ H ′ between two bialgebras is a bialgebra homomorphism if
(f ⊗ f) ◦ ∆ = ∆′ ◦ f and ε′ ◦ f = ε. If H and H ′ are Hopf algebras with antipodes η and η′,
respectively, then a Hopf algebra homomorphism additionally satisfies η′ ◦ f = f ◦ η.

An element g 6= 0 of a Hopf algebra H is called group-like if ∆(g) = g ⊗ g. The set G(H)
of group-like elements of H is a subgroup of the group of units of H, the inverse of g ∈ G(H)
being given by η(g). Moreover, G(H) ⊆ H is a linearly independent subset, so that G(H) is finite
whenever H has finite dimension.

We say that x ∈ H is primitive, provided ∆(x) = x ⊗ 1 + 1 ⊗ x. The set Lie(H) of primitive
elements is a subspace, that is closed under the Lie bracket [x, y] := xy− yx of H. In other words,
Lie(H) is a Lie subalgebra of the commutator algebra H− of the associative algebra H.

A subalgebra H ′ ⊆ H of a Hopf algebra H is referred to as a Hopf subalgebra provided ∆(H ′) ⊆
H ′⊗kH

′ and η(H ′) ⊆ H ′. An ideal I of a bialgebra H is called a bi-ideal if ∆(I) ⊆ H⊗k I+I⊗kH
and ε(I) = (0). In that case, the factor space H/I canonically obtains the structure of a bialgebra.



1. BASIC PROPERTIES OF HOPF ALGEBRAS 3

If, in addition, H is a Hopf algebra and η(I) ⊆ I, then I is called a Hopf ideal and H/I inherits
the Hopf algebra structure from H.

Examples. (1) Let T be an indeterminate over k. We can endow the polynomial ring k[T ] and
its localization k[T ]T at T with the following Hopf algebra structures:

(a) ∆(T ) = T ⊗ 1 + 1⊗ T , ε(T ) = 0, η(T ) = −T .
(b) ∆(T ) = T ⊗k T , ε(T ) = 1, η(T ) = T−1.

Note that the Hopf algebra k[T ]T is the group algebra kZ of the group Z of integers.
(2) Let n ∈ N, and consider the bialgebra k[Matn] := k[Xij , 1 ≤ i, j ≤ n], whose comultiplication

and counit are given by

∆(Xij) :=
n∑

`=1

Xi` ⊗X`j ; ε(Xij) = δij ,

respectively. Note that the polynomial det((Xij)) belongs to G(k[Matn]).
(3) Given q ∈ k \ {0}, we consider the k-algebra kq[k2] := k〈x, y〉/(yx− qxy). Then kq[k2] has

a bialgebra structure given by

∆(x) = x⊗ 1 + y ⊗ x, ∆(y) = y ⊗ y, ε(x) = 0, ε(y) = 1.

This bialgebra is often referred to as Manin’s quantum plane.

Let H be a bialgebra, Λ be any k-algebra. Given linear maps ϕ, ψ : H −→ Λ, we define the
convolution ϕ ∗ ψ : H −→ Λ of ϕ and ψ via

(ϕ ∗ ψ)(h) :=
∑
(h)

ϕ(h(1))ψ(h(2)) ∀ h ∈ H.

Lemma 1.1. Let H be a Hopf algebra. Then the following statements hold:
(1) The dual space H∗ is a k-algebra with multiplication given by convolution.
(2) If H is finite-dimensional, then H∗ is a Hopf algebra with comultiplication

∆∗(f) =
∑
(f)

f(1) ⊗ f(2) :⇔ f(ab) =
∑
(f)

f(1)(a)f(2)(b) ∀ a, b ∈ H,

and counit and antipode defined via ε∗(f) = f(1) and η∗(f) = f ◦ η, respectively.

Proof. We illustrate the existence of an identity element: Note that

(ε ∗ f)(h) =
∑
(h)

ε(h(1))f(h(2)) =
∑
(h)

f(ε(h(1))h(2)) = f(h) ∀ h ∈ H.

Consequently, ε is the identity element of H∗. �

Suppose that dimk H <∞. The group-like elements of H∗ are the characters of H, and the group
X(H) := G(H∗) of k-algebra homomorphisms H −→ k is referred to as the character group of
H. The space Lie(H∗) consists of the derivations H −→ k, that is, of all linear maps ψ such that
ψ(ab) = ψ(a)ε(b) + ε(a)ψ(b) ∀ a, b ∈ H.

Example. Consider the Hopf algebra k[T ] with

∆(T ) = T ⊗ 1 + 1⊗ T, ε(T ) = 0, η(T ) = −T.
Suppose that char(k) = p > 0. Given r ∈ N, the binomial formula yields ∆(T pr

) = T pr⊗1+1⊗T pr
.

Accordingly, (T pr
) is a Hopf ideal, and k[Ga(r)] := k[T ]/(T pr

) has the structure of a Hopf algebra.
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We put t := T + (T pr
), so that k[Ga(r)] has basis {ti ; 0 ≤ i ≤ pr − 1}. Let {δi ; 0 ≤ i ≤ pr − 1}

be the dual basis within kGa(r) := k[Ga(r)]∗. Then we have

(δi ∗ δj)(tm) =
{ (

i+j
i

)
i+ j = m

0 otherwise.

Consequently, δi ∗ δj = (i+j
i )δi+j , where the right-hand term is understood to be zero whenever

i+ j 6∈ {0, . . . , pr − 1}. This readily yields δp
i = 0 for i ≥ 1, and it follows that the map Xi 7→ δpi

induces an isomorphism

k[X0, . . . , Xr−1]/(X
p
0 , . . . , X

p
r−1) −→ kGa(r)

of k-algebras. Thus, as an algebra, kGa(r) is isomorphic to the group algebra of the p-elementary
abelian group (Z/(p))r. However, the Hopf algebras kGa(r) and k(Z/(p))r are not isomorphic: The
dual of kGa(r) is local (its group scheme is infinitesimal), while the dual of k(Z/(p))r is separable
(its group scheme is étale).

Let M be a k-vector space. The linear map

τM : M ⊗k M −→M ⊗k M ; m⊗ n 7→ n⊗m
is called the flip.

Definition. A bialgebra H is called cocommutative if τH ◦∆ = ∆.

Note that a bialgebra is cocommutative exactly when its dual algebra is commutative.

Examples. (1) The Hopf algebras kG, k[T ], k[T ]T , and kGa(r) are cocommutative.
(2) The bialgebras kq[k2] and k[Matn] are not cocommutative.

Lemma 1.2. Let H be a Hopf algebra. Then the following statements hold:
(1) If H ′ ⊆ H is a finite-dimensional subalgebra such that ∆(H ′) ⊆ H ′ ⊗k H

′, then H ′ is a
Hopf subalgebra of H.

(2) If H is finite-dimensional and I ( H is an ideal such that ∆(I) ⊆ I ⊗k H +H ⊗k I, then
I is a Hopf ideal of H.

Proof. (1) Let f ∈ Endk(H ′) be a k-linear map. By assumption, we have (f ∗ idH′)(h) =∑
(h) f(h(1))h(2) ∈ H ′ for every h ∈ H ′. Hence

ψ : Endk(H ′) −→ Endk(H ′) ; f 7→ f ∗ idH′

is a well-defined linear map. Given f ∈ kerψ and h ∈ H ′, we obtain, observing ∆(H ′) ⊆ H ′⊗k H
′,

f(h) =
∑
(h)

f(h(1))ε(h(2)) =
∑
(h)

f(h(1))h(2)η(h(3)) =
∑
(h)

ψ(f)(h(1))η(h(2)) = 0,

so that ψ is injective. Since H ′ is finite-dimensional, there exists an element g ∈ Endk(H ′) such
that

g ∗ idH′ = ε|H′1.
A computation similar to the one above then implies g(h) = η(h) for every h ∈ H ′, so that
η(H ′) ⊆ H ′. Consequently, H ′ is a Hopf subalgebra.

(2) We consider U := {f ∈ Endk(H) ; f(I) ⊆ I} as well as

ψ : Endk(H) −→ Endk(H) ; f 7→ f ∗ idH .
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Since I is an ideal satisfying ∆(I) ⊆ I ⊗k H +H ⊗k I, we have ψ(U) ⊆ U . As ψ is injective and
U has finite dimension, there exists g ∈ U such that g ∗ idH = ε. Consequently, η = g ∈ U , so that
η(I) ⊆ I. As a result,

ε · 1 = η ∗ idH = ψ(η) ∈ U,
implying ε(x)1 ∈ I for every x ∈ I. Thus, I 6= H is contained in ker ε. �

We continue by recording an important homological property of Hopf algebras. Recall that a finite-
dimensional k-algebra Λ is referred to as a Frobenius algebra if it admits a nondegenerate bilinear
form ( , ) : Λ× Λ −→ k such that

(ab, c) = (a, bc) ∀ a, b, c ∈ Λ.

Forms with the latter property are referred to as associative. Associative forms correspond to linear
maps λ : H −→ k, the correspondence being given by

(a, b)λ := λ(ab) ∀ a, b ∈ Λ.

The associative form ( , ) is usually not symmetric. Its departure from symmetry is measured by
the Nakayama automorphism µ : Λ −→ Λ that is given by

(b, a) = (µ(a), b) ∀ a, b ∈ Λ.

Our next results show that Hopf algebras are Frobenius algebras affording a Nakayama automor-
phism of finite order.

Given a Hopf algebra H, we let
∫ `
H := {x ∈ H ; hx = ε(h)x ∀ h ∈ H} be the space of left

integrals of H. Analogously,
∫ r
H := {x ∈ H ; xh = ε(h)x ∀ h ∈ H} is the space of right integrals

of H.

Theorem 1.3 ([118, 85]). Let H be a finite-dimensional Hopf algebra.
(1) We have dimk

∫ `
H = 1.

(2) If λ ∈
∫ `
H∗ \{0}, then ( , )λ is a nondegenerate, associative form. �

Owing to (1), there exists an algebra homomorphism ζ` : H −→ k such that xh = ζ(h)x for every
h ∈ H and x ∈

∫ `
H . The function ζ` is called the left modular function of H. The unique algebra

homomorphism ζr : H −→ k with hx = ζ(h)x for every h ∈ H and x ∈
∫ r
H is referred to as the

right modular function of H. Note that

ζ` = ζr ◦ η−1.

Given an algebra homomorphism (a character) γ : H −→ k, the map idH ∗γ is readily seen to be
an automorphism of the algebra H. In fact,

X(H) −→ Autk(H) ; γ 7→ idH ∗γ

is group homomorphism from the character group X(H) to the automorphism group Autk(H) of
the algebra H. In particular, the automorphisms idH ∗γ have finite order.

Proposition 1.4 ([92, 56]). Let H be a finite-dimensional Hopf algebra with antipode η and
left modular function ζ`. Then η−2 ◦ (idH ∗ζ`) is a Nakayama automorphism of H.
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Proof. Let π ∈
∫ `
H∗ be a non-zero left integral of H∗, so that

(x, y)π = π(xy)

endows H with the structure of a Frobenius algebra. Directly from the defining property of π, we
obtain

(∗) π(h)1 =
∑
(h)

π(h(2))h(1) ∀ h ∈ H.

Since the map H −→ H∗ ; h 7→ π.h is an isomorphism of right H-modules, there exists a unique
element uπ ∈ H such that

π.uπ = ε.

In other words, we have
π(uπh) = ε(h) ∀ h ∈ H.

In view of π((uπh− ε(h)uπ)x) = 0 for all h, x ∈ H, we see that u := uπ is a non-zero right integral
of H. Given x ∈ H, we now obtain, observing (∗),∑

(u)

η(u(1))π(u(2)x) =
∑

(u),(x)

η(u(1))u(2)x(1)π(u(3)x(2)) =
∑

(u),(x)

ε(u(1))x(1)π(u(2)x(2))

=
∑
(x)

x(1)π(ux(2)) =
∑
(x)

x(1)ε(x(2)) = x.

Thus, letting µ be the Nakayama automorphism relative to ( , )π, we have

µ−1(x) =
∑
(u)

η(u(1))π(u(2)µ
−1(x)) =

∑
(u)

π(xu(2))η(u(1)).

Using (∗) again, we compute η−2 ◦ µ−1:

(η−2 ◦ µ−1)(x) =
∑
(u)

π(xu(2))η
−1(u(1)) =

∑
(u),(x)

π(x(2)u(3))x(1)u(2)η
−1(u(1))

=
∑

(u),(x)

π(x(2)u(2))x(1)ε(u(1)) =
∑
(x)

π(x(2)u)x(1) =
∑
(x)

ζr(x(2))π(u)x(1)

=
∑
(x)

ζr(x(2))x(1) = (idH ∗ζr)(x).

It follows that

µ = (idH ∗ζr)−1 ◦ η−2 = (idH ∗(ζr ◦ η)) ◦ η−2 = η−2 ◦ (idH ∗(ζr ◦ η−1)) = η−2 ◦ (idH ∗ζ`),

as desired. �

If H is cocommutative, then η2 = idH , so that idH ∗ζ is a Nakayama automorphism of finite order.
Since the antipode has finite order, this result also holds in the general case [102]. Integrals and
modular functions are usually hard to compute. If H = kG is the group algebra of a finite group
G, then the element

∑
g∈G g is an integral, and ε is the modular function. In particular, group

algebras are symmetric algebras (i.e., they afford a symmetric, nondegenerate associative form). By
contrast, the Hopf algebras associated to arbitrary finite group schemes are usually not symmetric.

In our prefatory remarks we emphasized the fact that tensor products of modules over a Hopf
algebra H are also H-modules. Given H-modules M and N , we define H-module structures on
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M ⊗k N and Homk(M,N) in analogy with the special case kG:

h.(m⊗ n) :=
∑
(h)

h(1)m⊗ h(2)n ∀ m ∈M, n ∈ N, h ∈ H

and
(h.ϕ)(m) :=

∑
(h)

h(1)ϕ(η(h(2))m) ∀ m ∈M, ϕ ∈ Homk(M,N), h ∈ H.

Let me indicate the utility of these concepts by giving a result that illustrates the way in which
tensor products can be exploited.

Lemma 1.5. Let H be a finite-dimensional Hopf algebra, P be a projective H-module, M be an
arbitrary H-module. Then P ⊗k M is projective and injective.

Proof. Recall that the functors Homk(P ⊗k M,−) and Homk(P,Homk(M,−)) are naturally
equivalent. Direct computation shows that this equivalence induces an equivalence

HomH(P ⊗k M,−) ∼= HomH(P,Homk(M,−)).

Consequently, the left-hand functor is, as the composite of two exact functors, exact. Thus, P⊗kM
is projective, and since H is a Frobenius algebra, P ⊗k M is also injective. �

Using (1.5) one obtains identities for Ext-groups such as

Extn
H(M,N) ∼= Extn

H(k,Homk(M,N)) ∀ n ≥ 0,

where the right-hand groups coincide with the Hochschild cohomology groups of the augmented
algebra (H, ε) with coefficients in the H-module Homk(M,N).

We conclude our survey of basic properties by quoting a Hopf algebra freeness theorem that was
first verified in [92] for cocommutative Hopf algebras.

Theorem 1.6 ([91]). Let K be a Hopf subalgebra of the finite-dimensional Hopf algebra H.
Then H is a free left and right K-module. �

2. Group Schemes

In this section we introduce the geometric interpretation of the theory of cocommutative Hopf
algebras. For a more thorough discussion we refer to [80] and [123]. Throughout, Mk and Ens will
denote the categories of commutative k-algebras and sets, respectively. A functor X : Mk −→ Ens
is called a k-functor. The k-functors we will primarily be interested in are the so-called affine
schemes: given a commutative k-algebra A, we consider the k-functor

Speck(A) : Mk −→ Ens ; R 7→ Algk(A,R),

where Algk(A,R) is the set of k-algebra homomorphisms from A to R. An affine scheme is called
algebraic if A is a finitely generated k-algebra. Accordingly, a k-functor X is affine algebraic if and
only if there exist polynomials f1, . . . , fm ∈ k[X1, . . . , Xn] such that

X(R) = {(x1, . . . , xn) ∈ Rn ; fi(x1, . . . , xn) = 0 , 1 ≤ i ≤ m},
for every commutative k-algebra R. Thus, the k-rational points X(k) of the affine algebraic schemes
are the affines varieties from classical algebraic geometry. Note, however, that the coordinate ring
k[X] of an affine scheme X = Speck(k[X]) may have nilpotent elements.
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Group functors take values in the category Gr of groups. In order to see the connection with
Hopf algebras, we require the following basic result:

Theorem 2.1 (Yoneda’s Lemma). Let A, B be two commutative k-algebras. The assignment
Φ 7→ ΦA(idA) is a bijection between the set of natural transformations Speck(A) −→ Speck(B)
and Algk(B,A). In other words, for every natural transformation Φ : Speck(A) −→ Speck(B)
there exists a unique homomorphism ϕ : B −→ A of k-algebras such that ΦR(λ) = λ ◦ ϕ for every
λ ∈ Algk(A,R) and R ∈Mk.

Proof. Each natural transformation Φ : Speck(A) −→ Speck(B) is determined by ΦA(idA) ∈
Speck(B)(A): If λ : A −→ R is a homomorphism of commutative k-algebras, then

ΦR(λ) = ΦR(λ ◦ idA) = ΦR(Speck(A)(λ)(idA)) = Speck(B)(λ)(ΦA(idA)) = λ ◦ ΦA(idA).

Since the above equation defines a natural transformation, our result follows. �

Let Φ : Speck(A) −→ Speck(B) be a natural transformation. The corresponding homomorphism
B −→ A is often denoted Φ∗ and referred to as the comorphism associated to Φ. In view of (2.1)
Φ∗ is uniquely determined by

ΦR(λ) = λ ◦ Φ∗ ∀ λ ∈ Speck(A)(R), R ∈Mk.

Let A and B be commutative k-algebras. Then there is a natural equivalence

Π : Speck(A)× Speck(B) −→ Speck(A⊗k B)

sending a pair (x, y) of algebra homomorphisms with values in R to the unique map

x⊗̂y : A⊗k B −→ R ; a⊗ b 7→ x(a)y(b).

Definition. A k-functor G : Mk −→ Gr from Mk to the category Gr of groups is called a
k-group functor. We say that G is an affine group scheme if the k-functor G is affine. If the
representing algebra k[G] is finitely generated, then the affine group scheme is called algebraic. In
that case G is often referred to as an (affine) algebraic k-group.

Directly from the definition we obtain that
(a) the multiplication (mR : G(R)× G(R) −→ G(R))R∈Mk

, and
(b) the inverse map (ιR : G(R) −→ G(R))R∈Mk

are natural transformations.

Examples. (1) Consider the k-group functor GLn : Mk −→ Gr

GLn(R) := {(xij) ∈ Matn(R) ; det((xij)) is invertible}, R ∈Mk.

Observe that GLn = Speck(k[Matn]det(Xij)) is an affine algebraic group, the so-called general linear
group.

(2) The additive group Ga is defined by means of Ga : Mk −→ Gr ; Ga(R) := (R,+) for every
R ∈Mk.

(3) Consider µ : Mk −→ Gr ; µ(R) := (R×, ·) for every R ∈Mk. The k-group functor µ = GL1

is represented by the Hopf algebra k[T ]T .
(4) Suppose that char(k) = p > 0. Given r ∈ N, we consider the group Ga(r) that is given by

Ga(r)(R) := {x ∈ Ga(R) ; xpr
= 0}.
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Note that Ga and Ga(r) are represented by the commutative Hopf algebras k[T ] and k[T ]/(T pr
), re-

spectively. For Ga the points of R are identified with the values of x(T ), where x ∈ Speck(k[T ])(R).
The operation of Ga is induced by the comultiplication of k[T ]:

x(T ) + y(T ) = (x⊗̂y)(T ⊗ 1 + 1⊗ T ) = ((x⊗̂y) ◦∆)(T ).

Inverses are given by the antipode:

−x(T ) = x(−T ) = (x ◦ η)(T ).

For every R ∈ Mk the group Ga(r)(R) = Speck(k[T ]/(T pr
))(R) is contained in Ga(R), and the

inclusion is induced by the surjective map k[T ] −→ k[T ]/(T pr
). This is an example of a closed

subgroup of an algebraic group.

The group GLn is an example of a reduced group scheme. Recall the bialgebra k[Matn]. This
algebra represents the monoid functor Matn that associates to every commutative k-algebra R
the multiplicative monoid Matn(R) of (n × n)-matrices with coefficients in R. Since this algebra
is reduced (i.e., zero is the only nilpotent element), its localization k[Matn)]det(Xij) has the same
property. The algebraic groups represented by reduced Hopf algebras, are called reduced group
schemes. They are determined by their k-rational points in case k is algebraically closed. By
contrast, Ga(r)(k) = {0}, so the k-rational points don’t provide any information in this case.

Suppose that (A,∆, ε, η) is a commutative Hopf algebra. Given R ∈Mk, we define a multiplication
on Speck(A)(R) via convolution:

(1) (x ∗ y)(a) =
∑
(a)

x(a(1))y(a(2))

for x, y ∈ Speck(A) and a ∈ A. (Observe that we need the commutativity of R to ensure that x ∗ y
is indeed a homomorphism of k-algebras.) Then (Speck(A)(R), ∗) is a group with identity element
ε and inverse x−1 = x ◦ η. These operations endow Speck(A) with the structure of an affine group
scheme.

The following result shows that all affine group schemes arise in this fashion.

Proposition 2.2. Let A be a commutative k-algebra such that Speck(A) is a group scheme.
Then A has the structure of a Hopf algebra such that the group structure on Speck(A) is given by
(1).

Proof. Let m be the multiplication on G := Speck(A). Then m : G × G −→ G is a natural
transformation. We compose this transformation with the natural equivalence Π−1 : Speck(A ⊗k

A) −→ G×G. By Yoneda’s Lemma, there exists an algebra homomorphism ∆ : A −→ A⊗k A such
that

(m ◦Π−1)(x) = x ◦∆ ∀ x ∈ Speck(A⊗k A)(R), R ∈Mk.

Let g, h ∈ G(R). Since Π−1(g⊗̂h) = (g, h), we have

(g · h)(a) = ((g⊗̂h) ◦∆)(a) =
∑
(a)

g(a(1))h(a(2)) = (g ∗ h)(a)

for every a ∈ A. Yoneda’s Lemma also provides an algebra homomorphism η : A −→ A such
that g−1 = g ◦ η for every element g ∈ G(R). The Hopf algebra axioms are now readily seen to
correspond to the group axioms. �
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Remark. Since (g−1)−1 = g for every g ∈ G(R), we conclude that the antipode η of a com-
mutative Hopf algebra H satisfies η2 = idH . In view of (1.1) the antipode of a finite-dimensional
cocommutative Hopf algebra satisfies the same identity. By the same token, an algebra homo-
morphism ϕ : H −→ H ′ between two finite-dimensional cocommutative Hopf algebras satisfying
∆′ ◦ ϕ = (ϕ⊗ ϕ) ◦∆ is a homomorphism of Hopf algebras.

A natural transformation ϕ : G −→ H between two k-group functors is a homomorphism of k-group
functors. Yoneda’s Lemma then shows that the homomorphisms between affine group schemes
correspond to the Hopf algebra homomorphisms k[H] −→ k[G]. More precisely, we have:

Proposition 2.3. The categories of affine group schemes and commutative Hopf algebras are
anti-equivalent.

Proof. We only have to understand how to retrieve A from Speck(A). For any scheme X,
we define k[X] to be the set of natural transformations X −→ Speck(k[T ]). This set naturally has
the structure of a k-algebra. In case X = Speck(A), Yoneda’s Lemma provides an identification
k[X] ∼= Speck(k[T ])(A) ∼= A. �

Definition. Let X be a k-functor. Then the k-algebra k[X] of all natural transformations
X −→ Speck(k[T ]) is called the function algebra of X. If X is an affine scheme, then k[X] is the
coordinate ring of X.

Given a homomorphism ϕ : G −→ H of affine group schemes, we consider the functor kerϕ that
is defined by kerϕ (R) := kerϕR for every R ∈ Mk. Let ϕ∗ : k[H] −→ k[G] be the Hopf algebra
homomorphism corresponding to ϕ, and let I := k[G]ϕ∗(k[H]†) be the ideal generated by the image
of the augmentation ideal k[H]† of k[H]. Then x ∈ kerϕ (R) if and only if x(I) = (0). In other
words, the functor kerϕ is represented by the Hopf algebra k[G]/I.

Suppose that k is algebraically closed, and let A be a finitely generated, commutative k-algebra.
Every finite-dimensional semi-simple subalgebra S ⊆ A gives rise to a finite subset of mutually
orthogonal idempotents of A. Since A is noetherian, it follows that A possesses a unique maximal
finite-dimensional semi-simple subalgebra π0(A). Moreover, if A is a Hopf algebra, then π0(A)
is a Hopf subalgebra of A. (For arbitrary fields, one considers separable subalgebras instead of
semi-simple ones.)

Now let G = Speck(A) be an affine algebraic k-group. We put π0(G) := Speck(π0(A)), and
consider the homomorphism π : G −→ π0(G) that is given by restriction. The subgroup G0 := kerπ
is called the connected component of G.

Definition. An affine group scheme G := Speck(k[G]) is connected if k[G] possesses exactly one
idempotent.

Note that G0 is a connected, affine algebraic group scheme. An arbitrary affine algebraic group
G = Speck(A) is connected if and only if the prime ideal spectrum of A is connected.
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3. Algebras of Measures

In this section we interpret cocommutative Hopf algebras as the algebras of measures on the
finite algebraic k-groups. For simplicity we assume throughout that the ground field k is algebraically
closed.

Definition. An affine group scheme G is said to be finite if its coordinate ring k[G] is finite-
dimensional. Given such a scheme G, we call kG := k[G]∗ the algebra of measures on G. The number
ord(G) := dimk k[G] is referred to as the order of the finite algebraic group G.

By definition, kG is a finite-dimensional cocommutative Hopf algebra. Our previous results now
show that the category of finite-dimensional cocommutative Hopf algebras is equivalent to the
category of finite group schemes. Indeed, if H is such a Hopf algebra, then GH := Speck(H∗) is a
finite group scheme such that H ∼= kGH .

Algebras of measures can be viewed as “group algebras” of finite group schemes: Given a k-
vector space V , we consider the k-functor Va : Mk −→ Ens ; Va(R) := V ⊗k R. In particular,
we can consider V := kG. Note that kG ⊗k R has the structure of a Hopf algebra over R with
comultiplication

∆R : kG⊗k R −→ kG⊗k kG⊗k R ∼= (kG⊗k R)⊗R (kG⊗k R) ; h⊗ x 7→
∑
(h)

h(1) ⊗ h(2) ⊗ x.

There is an embedding ιG : G ↪→ kGa, which interprets an element g : k[G] −→ R of G(R) as a
homomorphism k[G] ⊗k R −→ R of R-algebras. Since HomR(k[G] ⊗k R,R) ∼= Homk(k[G], R) ∼=
kG ⊗k R, this amounts to identifying G(R) with the group G(kG ⊗k R) of group-like elements of
kG⊗k R. Given any morphism f : G −→ Va, there exists a unique k-linear map f̂ : kG −→ V such
that

fR = (f̂ ⊗ idR) ◦ (ιG)R ∀ R ∈Mk.

The interested reader may consult [122] for more details.

Definition. Let G be a k-group, V be a k-vector space. We say that V is a G-module if there
exists a natural transformation G× Va −→ Va such that, for every R ∈Mk, the map

G(R)× (V ⊗k R) −→ V ⊗k R

is an action of the group G(R) on V ⊗k R by R-linear transformations.

Suppose that G is a finite algebraic group. The aforementioned universal property of kG entails that
the notions “G-module” and “kG-module” coincide: every G-module possesses a unique kG-module
structure and vice versa. We shall therefore use the two notions interchangeably.

Examples. (1) Let char(k) = p > 0 and consider the group Ga(r). We have observed before that
kGa(r)

∼= k[X0, . . . , Xr−1]/(X
p
0 , . . . , X

p
r−1) as an algebra. Recall that the generator Xi corresponds

to the functional δpi , where {δ0, . . . , δpr−1} is the basis dual to the canonical basis {1, t, . . . , tpr−1}
of the coordinate ring k[T ]/(T pr

) of Ga(r). Direct computation shows that

∆(δi) =
i∑

j=0

δj ⊗ δi−j ; ε(δi) = δi,0 ; η(δi) = (−1)iδi.

Thus, Lie(kGa(r)) = kδ1, while G(kGa(r)) = {δ0}. In particular, the algebra kGa(r) is generated by
Lie(kGa(r)) if and only if r = 1.
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(2) Given r > 0, we consider the finite group scheme µ(r) : Mk −→ Gr,

µ(r)(R) := {x ∈ R ; xr = 1}.

Note that µ(r) = Speck(k[T ]/(T r − 1)). If t := T + (T r − 1), then ∆(t) = t ⊗ t, ε(t) = 1 and
η(t) = tr−1. Given g, h ∈ kµ(r), we have

(g ∗ h)(ti) = g(ti)h(ti),

whence kµ(r)
∼= kr is semi-simple. If {δ0, . . . , δr−1} is the basis dual to {1, t, . . . , tr−1}, then the δi

are the primitive idempotents of kµ(r). Note that

∆(δi) =
r−1∑
j=0

δj ⊗ δi−j ; ε(δi) = δi,0 ; η(δi) = δ−i,

where the subscripts are considered elements of Z/(r). Moreover, Lie(kµ(r)) = (0) for p - r, and
dimk Lie(kµ(r)) = 1, otherwise.

So far, the characteristic of the underlying base field k has not played a major rôle. The following
fundamental result shows how the classical characteristic zero theory differs from the modular
theory. It says that algebraic groups in characteristic zero are reduced and hence are completely
determined by their k-rational points. We require the following result from commutative algebra.

Theorem 3.1 (Krull’s Intersection Theorem,[35]). Let R be a commutative noetherian ring,
Max(R) be the set of maximal ideals of R. Then⋂

M∈Max(R)

⋂
n∈N

Mn = (0).

Let A be a commutative k-algebra. A k-linear map, d : A −→ M with values in an A-module M
is called a derivation of A into M , provided

d(xy) = x.d(y) + y.d(x) ∀ x, y ∈ A.
Given a derivation d : A −→M , the map

idA⊗d : A⊗k A −→ A⊗k M ; a⊗ b 7→ a⊗ d(b)
is a derivation of the k-algebra A⊗kA with values in the (A⊗kA)-module A⊗kM , whose structure
is defined by

(a⊗ b).(a′ ⊗m) := aa′ ⊗ b.m.
Let H be a commutative Hopf algebra with augmentation ideal I := ker ε. We consider the map

πH : H −→ I/I2 ; h 7→ h− ε(h)1 + I2,

which is readily seen to be a derivation. Hence idH ⊗πH is a derivation of H ⊗k H with values in
H ⊗k (I/I2). Consequently,

dH := (idH ⊗πH) ◦∆
is a derivation of H into H⊗k (I/I2), where the latter space is the tensor product of the H-modules
H and I/I2.

Theorem 3.2 (Cartier). Suppose that char(k) = 0. Then every finitely generated commutative
Hopf algebra H over k is reduced.
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Proof. Since the k-algebra H is finitely generated, the vector space I/I2 is finite-dimensional.
Hence there are elements x1, . . . , xr ∈ I such that their residue classes form a basis of I/I2. Using
multi-index notation, we write

xm := xm1
1 · · ·x

mr
r and |m| :=

r∑
i=1

mi

for m ∈ Nr
0. The following claim says that the graded algebra, defined by the powers of the

augmentation ideal I, is a polynomial ring in r variables.

(i) Let n ≥ 1. The residue classes {xm + In+1 ; |m| = n} form a basis of In/In+1.
Given i ∈ {1, . . . , r}, we consider the k-linear map

fi : I/I2 −→ k ; x̄j 7→ δij

as well as
f̃i : H ⊗k I/I

2 −→ H ; a⊗ v 7→ fi(v)a.
For a, b ∈ H and v ∈ I/I2, we obtain

a.(b⊗ v) =
∑
(a)

a(1)b⊗ a(2)v =
∑
(a)

a(1)b⊗ ε(a(2))v = (
∑
(a)

a(1)ε(a(2)))b⊗ v = ab⊗ v,

so that the map f̃i is H-linear.
Consequently, the map

di : H −→ H ; h 7→ f̃i ◦ dH(h)
is a derivation of H with di(h) =

∑
(h) fi(πH(h(2)))h(1) for all h ∈ H. We thus obtain

(ε ◦ di)(h) =
∑
(h)

ε(h(1))fi(πH(h(2))) = fi(
∑
(h)

ε(h(1))πH(h(2))) = (fi ◦ πH)(h),

whence
(∗) di(xj) ≡ δij mod I

for 1 ≤ i ≤ r. Let 1i ∈ Nr
0 be the element with coordinates δij . Since di is a derivation, (∗) implies

di(xm) ≡ mix
m−1i mod I |m|.

In particular, di(In) ⊆ In−1 for all n ≥ 1. Thus, if∑
|m|=n

αmx
m ≡ 0 mod In+1,

then, applying di, we obtain

0 =
∑
|m|=n

miαmx
m−1i mod In,

so that induction implies miαm = 0. Since char(k) = 0, we conclude that αm = 0. �
(ii) If h2 = 0, then h ∈

⋂
n∈N I

n.
We have h ∈ I, and if h 6∈

⋂
n∈N I

n, then there exists n ∈ N with h ∈ In \ In+1. We write

h =
∑
|m|=n

αmx
m + z,

with αm ∈ k and z ∈ In+1. Our assumption in conjunction with (i) implies∑
m+m′=t

αmαm′ = 0
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for all t ∈ Nr
0 with |t| = 2n. Upon ordering the elements of Nr

0 lexicographically we obtain 0 = αm̃,
where m̃ = max|m|=n{αm 6= 0}, a contradiction. �
If M�H is a maximal ideal of H, then Hilbert’s Nullstellensatz provides an algebra homomorphism
λ : H −→ k such that M = kerλ. Direct computation shows that λ induces an automorphism

ψλ : H −→ H ; h 7→
∑
(h)

λ(h(1))h(2)

of H, whose inverse is ψλ◦η. Since

(ε ◦ ψλ)(h) =
∑
(h)

λ(h(1))ε(h(2)) = λ(
∑
(h)

h(1)ε(h(2))) = λ(h)

for every h ∈ H, it follows that Ψλ(M) = I.
Let h ∈ H be nilpotent. Without loss of generality, we may assume that h2 = 0. Given

a maximal ideal M = kerλ, (ii) implies that ψλ(h) ∈
⋂

n∈N I
n, whence h ∈

⋂
n∈N Mn. Krull’s

Intersection Theorem now yields h = 0, as desired. �

Corollary 3.3. If H is a finite-dimensional, cocommutative Hopf algebra such that H∗ is
reduced, then there exists a finite group G such that H ∼= kG. In particular, all finite-dimensional
cocommutative Hopf algebras of characteristic zero are semi-simple.

Proof. By assumption, H∗ is a finite-dimensional reduced algebra and thus is a product of
copies of k. We let G := X(H∗) be the character group of H∗, endowed with the convolution
product. Then ord(G) = dimk H, and G ⊆ H is linearly independent. Consequently, the canonical
map kG −→ H is an isomorphism of Hopf algebras.

If char(k) = 0, then Cartier’s Theorem ensures that H∗ is reduced, so that there exists a finite
group G with H ∼= kG. Owing to Maschke’s Theorem, the latter algebra is semi-simple. �

Since we will be mainly interested in questions related to the representation type of an algebra,
(3.3) shows that we will ultimately be studying Hopf algebras that are defined over fields of positive
characteristic.

Let H be a finite-dimensional Hopf algebra with counit ε. As an algebra, H decomposes into
its blocks

H = B0 ⊕B1 ⊕ · · · ⊕Bn.

Here B0 is the block to which the trivial H-module k, with H acting via ε, belongs. In other words,
B0 is determined by the property ε(B0) 6= (0). This block is usually referred to as the principal
block B0(H) of H. It is not true in general that the principal block of a Hopf algebra is a Hopf
subalgebra. In fact, if H is commutative, then B0(H) is a Hopf subalgebra if and only if B0(H) = H
(B0(H) is local with unique non-zero idempotent e0. Thus, if B0(H) is a Hopf subalgebra, then
∆(e0) = e0 ⊗ e0, and e0 is invertible, whence e0 = 1).

Definitions. Let G be an affine group scheme. A subfunctor H ⊆ G is called a (closed) subgroup
if there exists a Hopf ideal I ⊆ k[G] such that H(R) = V(I)(R) := {g ∈ G(R) ; g(I) = (0)} for
every commutative k-algebra R.

A homomorphism G −→ G′ of affine group schemes is called a closed embedding if the associated
comorphism k[G′] −→ k[G] of k-algebras is surjective.

Let N ⊆ G be a subgroup. We say that N is a normal subgroup of G if N(R) is normal in G(R)
for every R ∈Mk.
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Note that the comorphism c∗ : k[G] −→ k[G]⊗k k[G] of the conjugation c : G× G −→ G ; (g, h) 7→
ghg−1 is given by c∗(a) =

∑
(a) a(1)η(a(3))⊗ a(2). Hence N = V(I) is normal if and only if c∗(I) ⊆

k[G]⊗k I.

Suppose that char(k) = p > 0, and consider the group µ(r), where r = ps` with p not dividing
`. The map x 7→ (xps

, x`) is an isomorphism µ(r)
∼= µ(`) × µ(ps). Note that the first factor is

represented by k[T ]/(T ` − 1) ∼= k`, while the second has local coordinate ring k[T ]/(T ps − 1). We
now prove that finite algebraic groups always afford such a decomposition.

Theorem 3.4. Let G = Speck(A) be a finite algebraic group. Then G is a semidirect product

G = G0 o Gred,

where G0 is normal and Gred
∼= π0(G). As a k-functor, the connected component G0 is represented

by the principal block B0(A) of A.

Proof. We decompose A =
⊕n

i=0 Bi into its blocks, and denote the (central) primitive idem-
potents by {e0, . . . , en} with B0 := B0(A) = Ae0. Since each block Bi = Aei is local and of the
form Bi = kei⊕Rad(Bi), the subalgebra S :=

∑n
i=0 kei is the largest semi-simple subalgebra of A,

and we have A = S ⊕ Rad(A).
As Rad(A) is the set of nilpotent elements of A, it is a Hopf ideal. Consider the closed subgroup

Gred := V(Rad(A)) of G.
Note that {ei⊗ej ; 0 ≤ i, j ≤ n} is the set of orthogonal primitive idempotents of A⊗kA. Since

∆(ei) is an idempotent of A⊗k A, we have ∆(ei) ∈ S ⊗k S. Consequently, S is a Hopf subalgebra
of A, and the composition λ ◦ ι of the canonial projection A

λ−→ A/Rad(A) with the inclusion
ι : S ↪→ A is an isomorphism S ∼= A/Rad(A) of Hopf algebras. Accordingly, the corresponding
isomorphism Speck(λ ◦ ι) : Gred −→ π0(G) factors as

Gred
Speck(λ)−→ G

π−→ π0(G),

so that G = G0 o Gred. By definition, the closed subgroup G0 = kerπ is normal in G. Since
G0 = V(AS†) and AS† =

⊕n
i=1 Bi, we see that the representing algebra A/AS† is isomorphic to

B0(A). �

The foregoing result can also be interpreted at the level of Hopf algebras. Recall from (3.3) that,
given a reduced finite algebraic group G, we have kG ∼= kG, where G = Algk(k[G], k) = G(k) is the
finite group of k-rational points of G. Now let G = G0 o Gred be an arbitrary finite algebraic group.
Since the connected component G0 is represented by a local algebra, we have

G(k) = G0(k) · Gred(k) = Gred(k).

It follows that
kG ∼= kG0#kGred

∼= kG0#kG(k) ∼= (kG0)G(k)

is the smash product of kG0 with the group algebra of the group of k-rational points of G. The
right-hand term interprets the smash product as a skew group algebra.

Definition. A finite group scheme G is infinitesimal if its coordinate ring k[G] is local. In that
case, kG is also called the distribution algebra of G and one also writes kG = Dist(G) (see also the
comments below).
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Note that an affine algebraic k-group G is infinitesimal if and only if G(k) = {1}. By Cartier’s
Theorem, any infinitesimal group of characteristic zero is trivial.

When studying the representations of a cocommutative Hopf algebra one thus has to understand
the following disciplines:

(a) The modular representation theory of finite groups. By now, this field is rather well-
understood.

(b) The representation theory of the infinitesimal group G0.
(c) The fusion of (a) and (b).

It has turned out that the methods figuring prominently in (a), such as the Mackey decomposition
theorem and the defect theory of blocks, usually break down for infinitesimal group schemes. This
has ultimately led to the approach via the geometric methods to be outlined in Chapters III and
IV.

For the remainder of this section we assume that char(k) = p > 0.

Examples. (1) The groups Ga(r) and µ(pr) are infinitesimal for every r > 0.
(2) Given r ∈ N, we consider the closed subgroup of GL(2) given by

GL(2)r(R) = {
(
a b
c d

)
∈ GL(2)(R) ; apr

= 1 = dpr
, bp

r
= 0 = cp

r}

for every commutative k-algebra R. The group GL(2)r is readily seen to be the kernel of the
homomorphism

F r : GL(2) −→ GL(2) ;
(
a b
c d

)
7→

(
apr

bp
r

cp
r

dpr

)
.

Accordingly,
k[GL(2)r] ∼= k[GL(2)]/({Xpr

11 − 1, Xpr

22 − 1, Xpr

12 , X
pr

21}),
so that GL(2)r is finite. Since GL(2)r(k) = {1}, the group scheme GL(2)r is infinitesimal.

(3) Let L : Mk −→ Gr be the group scheme, given by

L(R) := {
(
a b
c d

)
∈ SL(2)(R) ; ap = 1 = dp , bp

2
= bp , cp = 0}

for every R ∈ Mk. Then L is a closed subgroup of SL(2) such that L(k) = {
(

1 b
0 1

)
; b ∈

Fp} ∼= Z/(p). Moreover, using Proposition 3.5 below, we see that L0 = SL(2)1 := kerF |SL(2).
Consequently,

L = SL(2)1 o U,

where, for every commutative k-algebra R, the R-points of U are the group

U(R) = {
(

1 b
0 1

)
; bp = b}.

The second example above shows how one can generate infinitesimal groups. The relevant notion
in this context is that of the Frobenius homomorphism. If V is a k-vector space, we denote by V (r)

the k-vector space with underlying abelian group V and action given by

α · v := αp−r
v ∀ α ∈ k, v ∈ V.

Given an affine k-group G, we let G(r) := Speck(k[G](r)) be the affine group scheme defined by the
twisted coordinate ring of G.
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Definition. Let G be an affine algebraic group scheme over the algebraically closed field k of
characteristic p > 0. The homomorphism F : G −→ G(1) satisfying

FR : G(R) −→ G(1)(R) ; FR(λ)(x) = λ(x)p ∀ λ ∈ G(R), x ∈ k[G], R ∈Mk

is called the Frobenius homomorphism of G. The kernel Gr of its iterate F r : G −→ G(r) is referred
to as the r-th Frobenius kernel of G.

Remarks. (1) Note that FR(λ) is indeed a k-linear map:

FR(λ)(α · x) = λ(α
1
px)p = αFR(λ)(x)

for every x ∈ k[G](1) and α ∈ k.
(2) We have F r = Speck(ϕr), where

ϕr : k[G](r) −→ k[G] ; x 7→ xpr

is the comorphism of F r. It follows that k[Gr] = k[G]/k[G]ϕr(k[G]†) = k[G]/k[G]{xpr
; x ∈ k[G]†}.

Consequently, Gr is an infinitesimal k-group whenever G is algebraic.
(3) Certain problems on representations of connected algebraic groups can already be decided on

sufficiently large Frobenius kernels. For instance, two finite-dimensional G-modules are isomorphic
if and only if their restrictions to a suitable Frobenius kernel Gr enjoy this property (see [80,
(I.9.8)]).

Examples. (1) The group Ga(r) is the r-th Frobenius kernel of Ga.
(2) For r ≥ 1, let

A[r](R) := {
(
a b
c d

)
∈ GL(2)(R) ; apr

= 1 = dpr
, bp

2
= 0 = cp} , R ∈Mk.

Then A[r] ⊆ GL(2)r is an infinitesimal subgroup of GL(2) containing GL(2)1, which is not a
Frobenius kernel of GL(2).

Proposition 3.5. Let G be a finite algebraic k-group. Then G is infinitesimal if and only if
G = Gr for some r ≥ 0.

Proof. Suppose that G is infinitesimal, and put I := k[G]†. By assumption, the ideal I is
nilpotent, so there exists an integer r ≥ 0 such that xpr

= 0 for every x ∈ I. By our remark above,
this implies that Gr = V(k[G]{xpr

; x ∈ I}) = V((0)) = G. �

Definition. Let G be an infinitesimal k-group. Then ht(G) := min{r ∈ N0 ; G = Gr} is called
the height of G.

The distribution algebra of an infinitesimal group scheme is a special case of a more general con-
struction that applies to arbitrary affine group schemes. We briefly indicate the definition; a
thorough account can be found in Jantzen’s book [80, I.§7]. Let G = Speck(A) be an affine group
scheme. Then

Dist(G) := {h ∈ A∗ ; h((A†)r) = (0) for some r ∈ N}
is a subalgebra of A∗. If G is algebraic, then the definition of the comultiplication for finite-
dimensional A still works, and Dist(G) has the structure of a Hopf algebra. This Hopf algebra is
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called the distribution algebra of G. If G is a finite algebraic group, then Dist(G) ⊆ kG with equality
holding if and only if G is infinitesimal.

Definition. Let G be an affine algebraic k-group. Then Lie(G) := Lie(Dist(G)) is called the
Lie algebra of G.

Let x ∈ Lie(G). Then we have x(ab) = x(a)ε(b) + ε(a)x(b) for a, b ∈ k[G], so that x((k[G]†)2) = (0).
Consequently, the natural map Dist(Gr) ↪→ Dist(G) induces an isomorphism Lie(Gr) ∼= Lie(G).

Let G be an affine algebraic k-group. Since ek = V(k[G]†) is a normal subgroup, the comorphism
c∗ : k[G] −→ k[G] ⊗k k[G] of the conjugation action satisfies c∗(k[G]†) ⊆ k[G] ⊗k k[G]†. Hence we
have an action, defined by

k[G]∗ ⊗k Dist(G) −→ Dist(G) ; (ϕ · ψ)(a) := ((ϕ⊗̂ψ) ◦ c∗)(a) =
∑
(a)

ϕ(a(1)η(a(3)))ψ(a(2))

for every a ∈ k[G]. Direct computation shows that ϕ·ψ =
∑

(ϕ) ϕ(1)∗ψ∗η∗(ϕ(2)) for ϕ, ψ ∈ Dist(G).
Thus, our action specializes to the (left) adjoint representation of the Hopf algebra Dist(G). One
verifies that

ϕ · ψ ∈ Lie(G) ∀ ϕ ∈ k[G]∗, ψ ∈ Lie(G).

In particular, the group G(k) acts on Lie(G) via the adjoint representation:

g · ψ := g ∗ ψ ∗ g−1 ∀ g ∈ G(k), ψ ∈ Lie(G).

Finally, we have ϕ · ψ = ϕ ∗ ψ − ψ ∗ ϕ ∀ ϕ, ψ ∈ Lie(G).

4. Restricted Lie Algebras

Given a Hopf algebra H, we have defined the associated Lie algebra Lie(H) via

Lie(H) := {x ∈ H ; ∆(x) = x⊗ 1 + 1⊗ x}.

The subspace Lie(H) is closed under the commutator product [x, y] := xy−yx of H, that is, Lie(H)
is a Lie subalgebra of the Lie algebra (H, [ , ]). If char(k) = p > 0 we also have xp ∈ Lie(H) for
every x ∈ Lie(H). Lie algebras with the latter property are examples of restricted Lie algebras. The
abstract notion of a restricted Lie algebra arose first in work by N. Jacobson [75, 76] concerning
a Galois theory for purely inseparable field extensions of exponent 1.

Throughout this section we assume that k is a field of characteristic char(k) = p > 0. Given
a Lie algebra g, the left multiplication effected by the element x ∈ g is customarily denoted
adx : g −→ g ; y 7→ [x, y]. If (g, [ , ]) is a Lie algebra over k, and R is a commutative k-algebra,
then g ⊗k R obtains the structure of a Lie algebra over R via [x ⊗ r, y ⊗ s] := [x, y] ⊗ rs for all
x, y ∈ g, r, s ∈ R.

Definition. A restricted Lie algebra (g, [p]) is a pair consisting of a Lie algebra g and a map
[p] : g −→ g ; x 7→ x[p] such that

(1) adx[p] = (adx)p ∀ x ∈ g,
(2) (αx)[p] = αpx[p] ∀ α ∈ k, x ∈ g,
(3) (x+ y)[p] = x[p] + y[p] +

∑p−1
i=1 si(x, y), where the si are given by the identity

(ad (x⊗ T + y ⊗ 1))p−1(x⊗ 1) =
∑p−1

i=1 i si(x, y)⊗ T i−1 in g⊗k k[T ].
A map [p] : g −→ g satisfying (1)-(3) is called a p-map.
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If (g, [p]) is a restricted Lie algebra, a subalgebra h ⊆ g (an ideal m ⊆ g) is called a p-subalgebra (a
p-ideal) if x[p] ∈ h ∀ x ∈ h (x[p] ∈ m ∀ x ∈ m). The notions of homomorphisms and factor algebras
of restricted Lie algebras are defined in the canonical fashion.

Examples. (1) Given an associative k-algebra Λ, its commutator algebra (Λ−, [ , ]) with product
[x, y] = xy − yx is restricted with respect to the ordinary p-th power operator x 7→ xp.

(2) Let Λ := Matn(k) be the algebra of (n× n)-matrices over k. The corresponding restricted
Lie algebra, which we denote by gl(n), is called the general linear Lie algebra. Note that the special
linear Lie algebra

sl(n) := {x ∈ gl(n) ; tr(x) = 0}
is a p-ideal of gl(n).

(3) For n = 2, we shall refer to the basis {e, h, f} defined via

e :=
(

0 1
0 0

)
; h :=

(
1 0
0 −1

)
; f :=

(
0 0
1 0

)
as the standard basis of sl(2).

Suppose that g is an abelian Lie algebra, i.e., [x, y] = 0 for x, y ∈ g. Then the p-maps on g are just
the p-semilinear maps. These are determined by their values on a basis. To see how this generalizes
to arbitrary restricted Lie algebras, we quote several basic results, whose proofs can be found in
[77, 115].

Theorem 4.1. Let g be a Lie algebra with basis (ei)i∈I . Suppose there exist xi ∈ g (i ∈ I) such
that

(ad ei)p = adxi ∀ i ∈ I.
Then there exists a unique p-map [p] : g −→ g such that e[p]

i = xi for every i ∈ I. �

The foregoing result enables us to construct simple examples.

Examples. (1) We consider the (2n+1)-dimensional Heisenberg algebra hn with basis {x1, . . . ,
xn, y1, . . . , yn, z}. The Lie product is given by

[xi, yj ] = δijz ; [xi, xj ] = 0 = [yi, yj ] ; [z, hn] = (0).

We endow hn with the following p-maps:
(a) x

[p]
i = 0 = y

[p]
i ; z[p] = 0.

(b) x
[p]
i = 0 = y

[p]
i ; z[p] = z.

(2) Let g = kt⊕ kx, [t, x] = x. Then g possesses exactly one p-map, namely the one satisfying

t[p] = t ; x[p] = 0.

(3) We endow the vector space sl(2)⊕ k with the structure of a Lie algebra by setting

[(x, α), (y, β)] = [(x, y), 0] ∀ x, y ∈ sl(2), α, β ∈ k.
In other words, sl(2) ⊕ k is the direct sum of sl(2) and the one-dimensional Lie algebra. This Lie
algebra supports essentially three p-structures, defining four-dimensional restricted Lie algebras
sl(2)0, sl(2)s, and sl(2)n. In the following formulae we consider the basis e, h, f, v0 of sl(2) ⊕ k,
where v0 := 1:

(a) sl(2)0: e[p] = 0 ; h[p] = h ; f [p] = 0 ; v[p]
0 = 0.
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(b) sl(2)s: e[p] = 0 ; h[p] = h+ v0 ; f [p] = 0 ; v[p]
0 = 0.

(c) sl(2)n: e[p] = 0 ; h[p] = h ; f [p] = v0 ; v[p]
0 = 0.

We shall see later that the representation theories of these three restricted Lie algebras are rather
different.

(4) Let (g, [p]) be a restricted Lie algebra, R be a commutative k-algebra. The extended Lie algebra
g⊗k R has the structure of a restricted R-Lie algebra via

(x⊗ r)[p] := x[p] ⊗ rp ∀ x ∈ g, r ∈ R.

The following subsidiary result explains how many different p-maps can be defined on a given Lie
algebra. We denote by

C(g) := {x ∈ g ; [x, y] = 0 ∀ y ∈ g}
the center of the Lie algebra g.

Lemma 4.2. Let (g, [p]) be a restricted Lie algebra, {p} : g −→ g be a map. Then the following
statements are equivalent:

(1) {p} is a p-map.
(2) There exists a p-semilinear map f : g −→ C(g) such that {p} = [p] + f . �

Let g be a Lie algebra with universal enveloping algebra (U(g), ι). By definition, U(g) is an asso-
ciative k-algebra and ι : g −→ U(g)− is a homomorphism of Lie algebras satisfying the following
universal property: for any associative k-algebra Λ and any homomorphism f : L −→ Λ− of Lie
algebras there exists a unique homomorphism ϕ : U(g) −→ Λ of associative algebras such that
ϕ ◦ ι = f .

It will be convenient to employ multi-index notation. Let Λ be a k-algebra, a := (a1, . . . , a`) ∈
Λ`, and i = (i1, . . . , i`) ∈ Nn

0 . Then we put

ai :=
∏̀
j=1

a
ij
j .

Given `-tuples r = (r1, . . . , r`) ; s = (s1, . . . , s`) ∈ N`
0, we define

r ≤ s :⇔ ri ≤ si 1 ≤ i ≤ `.
We also put τ := (p− 1, . . . , p− 1).

The following result is usually referred to as the PBW-Theorem:

Theorem 4.3 (Poincaré-Birkhoff-Witt). Let g be a Lie algebra with basis {x1, . . . , x`}. Then
{ι(x)n ; n ∈ N`

0} is a basis of U(g) over k. �

In particular, ι : g −→ U(g) is an embedding, and we will henceforth consider g a subalgebra of
U(g)−. Since x 7→ x⊗ 1 + 1⊗ x is a homomorphism g −→ (U(g)⊗k U(g))− of Lie algebras, there
is a unique extension ∆ : U(g) −→ U(g) ⊗k U(g) to a homomorphism of associative k-algebras.
By the same token, there exist unique homomorphisms η : U(g) −→ U(g)op and ε : U(g) −→ k
such that η(x) = −x and ε(x) = 0 for every x ∈ g. Consequently, U(g) is a Hopf algebra that is
generated by g.

Many features from the theory of finite-dimensional Hopf algebras lose their validity for U(g).
For instance, the global dimension of U(g) coincides with dimk g. By contrast, Frobenius algebras
never have finite non-zero global dimension. Moreover, U(g) is free of zero divisors. In view of
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(1.3), this shows that k · 1 is the only finite-dimensional Hopf subalgebra of U(g). Thus, while
Dist(G) ∼= U(Lie(G)) in case char(k) = 0 (cf. [31, II.§6]), it will follow from (4.6) below that these
algebras are not isomorphic over fields of positive characteristic.

Definition. Let (g, [p]) be a restricted Lie algebra with universal enveloping algebra U(g). Let
I ⊆ U(g) be the two-sided ideal generated by {xp − x[p] ; x ∈ g}. Then

U0(g) := U(g)/I

is called the restricted enveloping algebra of g.

If (g, [p]) is a restricted Lie algebra with basis {x1, . . . , x`}, we define zi := xp
i − x

[p]
i ∈ U(g). Then

one can modify the PBW-Theorem to show that {xizj ; 0 ≤ i ≤ τ, j ∈ N`
0} is a basis of U(g) over

k (cf. [75]). Denoting by ι : g −→ U0(g) the natural map, we thus obtain:

Corollary 4.4. The set {ι(x)r ; 0 ≤ r ≤ τ} is a basis of U0(g) over k. In particular, ι is
injective, and dimk U0(g) = pdimk g. �

Accordingly, we will henceforth consider g a subalgebra of U0(g)−. Since the ideal I is generated
by primitive elements, I is a Hopf ideal, and U0(g) inherits the Hopf algebra structure from U(g).
As U0(g) is generated by primitive elements, it is a cocommutative Hopf algebra. Note that U0(g)
has the following universal property: for any k-algebra Λ and any homomorphism f : g −→ Λ−

of restricted Lie algebras, there exists a unique homomorphism ϕ : U0(g) −→ Λ of associative
k-algebras such that ϕ|g = f .

Example. For restricted enveloping algebras, modular functions and Nakayama automor-
phisms can be written down explicitly. Let (g, [p]) be a restricted Lie algebra with basis {e1, . . . , en},
and corresponding basis {er ; 0 ≤ r ≤ τ} of U0(g). We consider the linear form

ψ : U0(g) −→ k ;
∑

0≤r≤τ

αre
r 7→ ατ .

Since each ei is primitive, we have ∆(er) =
∑

0≤s≤r

(
r
s

)
es ⊗ er−s, where

(
r
s

)
:=

∏n
i=1

(
ri
si

)
. For

ϕ ∈ U0(g)∗ we thus obtain

(ϕ ∗ ψ)(er) =
∑

0≤s≤r

(
r

s

)
ϕ(es)ψ(er−s) = δr,τϕ(1) = ε(ϕ)ψ(er).

Hence ψ is a left integral of the commutative Hopf algebra U0(g)∗. It was shown in [45] that
ψ(erx) = ψ((x + tr(adx)1)er) for every x ∈ g. Owing to (1.4), the unique automorphism µ :
U0(g) −→ U0(g) satisfying µ(x) = x + tr(adx)1 for every x ∈ g is a Nakayama automorphism of
U0(g). By the same token, the map x 7→ tr(adx)1 gives rise to the left modular function of U0(g).

In contrast to group algebras of finite groups, restricted enveloping algebras are usually not sym-
metric. In fact, they are symmetric precisely when tr(adx) = 0 for every x ∈ g, which was first
observed by Schue [110].

Let G be a reduced affine algebraic k-group. Then G acts on kGr via the adjoint representation
Ad, and a combination of [80, (I.9.7)] and [80, (I.8.8)] shows that the character g 7→ det(Ad(g))
defines a modular function of kGr. As noted in [80, (I.9.7)], these results are also valid for arbitrary
infinitesimal groups of height 1. Our next result implies that this also yields the above formula for
the Nakayama automorphism of U0(g).
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We will return to the structure of restricted Lie algebras in Chapter IV when we study schemes
of tori. Presently, we are interested in the interpretation of Lie algebras as infinitesimal groups of
height ≤ 1. We record the following basic result from ring theory:

Proposition 4.5. Let Λ′ ⊆ Λ be a subring of the artinian ring Λ such that Λ = Λ′ + Rad(Λ).
Then we have Λ = Λ′. �

Theorem 4.6. Let G be an infinitesimal k-group.
(1) There is an embedding U0(Lie(G)) ↪→ kG of Hopf algebras.
(2) The group G has height ≤ 1 if and only if U0(Lie(G)) ∼= kG.

Proof. Let g := Lie(G). The universal property of U0(g) guarantees the existence of an algebra
homomorphism ψ : U0(g) −→ kG such that ψ|g = idg. Thus, ((ψ⊗ψ)◦∆)|g = (∆◦ψ)|g, εG◦ψ = εg,
and (ηG ◦ ψ)|g = (ψ ◦ ηg)|g, so that ψ is in fact a homomorphism of Hopf algebras.

Let {x1, . . . , xn} be a basis of g over k. By (4.4), the set {xr ; 0 ≤ r ≤ τ} is a basis of U0(g) over
k. Let {δr ; 0 ≤ r ≤ τ} be the dual basis of the commutative Hopf algebra k[g] := U0(g)∗. Direct
computation shows that δr ∗δs =

(
r+s
r

)
δr+s. If εi denotes the n-tuple with i-th entry 1 and all other

entries zero, then the map Xi 7→ δεi induces an isomorphism k[X1, . . . , Xn]/(Xp
1 , . . . , X

p
n) ∼= k[g] of

k-algebras. Moreover, k[g]† = (δε1 , . . . , δεn).
Recall that g is the space of derivations k[G] −→ k, which is isomorphic to k[G]†/(k[G]†)2.

Application of this argument to k[g] shows that dimk Lie(U0(g)) = n, so that g = Lie(U0(g)).
(1) Consider the transpose map ψt : k[G] −→ k[g]. Since ψ|g = idg, we see that ψt induces an

isomorphism k[G]†/(k[G]†)2 ∼= k[g]†/(k[g]†)2. Consequently,

k[g] = ψt(k[G]) + (k[g]†)2 = ψt(k[G]) + Rad(k[g])2,

so that (4.5) implies that ψt is surjective. Consequently, ψ is injective.
(2) Suppose that G is infinitesimal of height ≤ 1. Then xp = 0 for every x ∈ k[G]†. Since

dimk g = n, the local algebra k[G] is generated by n elements of k[G]†. Thus, the resulting
surjective homomorphism k[X1, . . . , Xn] −→ k[G] factors through the truncated polynomial ring
k[X1, . . . , Xn]/(Xp

1 , . . . , X
p
n). Hence dimk G = dimk k[G] ≤ pn = dimk U0(g), and the injection ψ is

surjective. �

Remark. Thanks to (4.6), the functors G 7→ Lie(G) and g 7→ Speck(U0(g)∗) induce equivalences
between the categories of infinitesimal groups of height ≤ 1 and restricted Lie algebras, respectively.

Proposition 4.7. Let G be an infinitesimal k-group. Then there exists n ∈ N0 with dimk kG =
pn.

Proof. Let A be a local, commutative Hopf algebra. We show that A has dimension a power
of p. We proceed inductively, and consider the Hopf subalgebra B := {ap ; a ∈ A}. If B = k1,
then G := Speck(A) is an infinitesimal group of height ≤ 1 with function algebra A. Hence our
assertion follows from a consecutive application of (4.4) and (4.6).

Alternatively, (1.6) implies that A is free over B. Moreover, rkB(A) = dimk A/AB
†. Since

A/AB† is also a local Hopf algebra, the inductive hypothesis ensures that dimk B and rkB(A) are
p-powers. Hence dimk A = rkB(A) dimk B is also a p-power. �
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5. Quotients

Let G be an affine algebraic k-group, N � G be a normal subgroup. We would like to define a
quotient G/N. The naive approach, setting G/N(R) := G(R)/N(R) does not work, as the resulting
k-functor is not necessarily representable (see the example below). What we need is a categorical
quotient, i.e., a map π : G −→ G/N with kernel N that satisfies the following universal property:

• If ϕ : G −→ H is a homomorphism of affine group schemes such that N ⊆ kerϕ, then there
exists a unique homomorphism ψ : G/N −→ H such that ψ ◦ π = ϕ.

Let us see what this condition amounts to: Let π∗ : k[G/N] −→ k[G] be the associated Hopf
algebra homomorphism. Setting I := kerπ∗, we consider the subgroup H := V(I) ⊆ G/N as
well as the canonical embedding ι : H −→ G/N. By construction, there is a homomorphism
γ∗ : k[H] −→ k[G] of Hopf algebras such that γ∗ ◦ ι∗ = π∗. By the universal property, the
corresponding homomorphism γ : G −→ H induces a unique map ω : G/N −→ H with ω ◦ π = γ.
Accordingly, we have π = ι◦γ = (ι◦ω)◦π, and unicity implies ι◦ω = idG/N. Thus, ω∗◦ι∗ = idk[G/N],
so that I = ker ι∗ = (0). We therefore make the following definition:

Definition. A homomorphism π : G −→ H between two affine k-groups is a quotient map if
the corresponding Hopf algebra map π∗ : k[H] −→ k[G] is injective.

It is by no means clear that for any normal subgroup N � G a quotient map with kernel N exists.
It turns out that the algebra k[G]N of invariants gives rise to the quotient group. Thus, if G

is algebraic, then the question as to whether G/N inherits this property is related to Hilbert’s
fourteenth problem. Of course, for finite algebraic groups we don’t need to worry about such
issues.

Theorem 5.1. Let G be an affine k-group, N � G be a normal subgroup. Then there exists a
quotient map π : G −→ H with kernel N. If G is algebraic, so is H. �

Remarks. (1) By the universal property, the pair (H, π) is unique up to isomorphism. One
thus writes G/N := H and calls G/N the factor group of G by N.

(2) Note that the quotient map π : G −→ G/N is usually not surjective at each point. Suppose
it is, then there exists λ ∈ G(k[G/N]) such that π(λ) = idk[G/N]. Accordingly, the comorphism
π∗ : k[G/N] −→ k[G] is split injective.

Example. Consider the group Ga(2) with coordinate ring k[Ga(2)] = k[T ]/(T p2
). We write

t := T + (T p2
) and observe that the primitive element tp generates a Hopf ideal I � k[Ga(2)]. Thus,

the corresponding normal subgroup N := V(I) is isomorphic to Ga(1). Consider the group scheme

X : Mk −→ Gr ; R 7→ G(R)/N(R).

Then π := (πR : G(R) −→ X(R))R∈Mk
is a homomorphism of k-group functors. If X = Speck(k[X])

is representable, then π∗ : k[X] −→ k[G] is split injective, and there exists an ideal J � k[G] such
that

k[G] = k[X]⊕ J.
Since k[G] is free over k[X], we have dimk k[X] = p. Consequently, xp = 0 for every x ∈ k[X]†, so
that k[X]† ⊆

⊕p2−1
i=p kti. The condition ∆(k[X]) ⊆ k[X] ⊗k k[X] then implies k[X] = k[tp]. Thus,

xp ∈ k[X] for every x ∈ k[G], and the p-th power map is trivial on J . Since k[G]† = k[X]† ⊕ J , we
obtain xp = 0 for every x ∈ k[G]†, a contradiction.
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For finite algebraic groups, we could have defined quotients via the following argument: If N � G

is a normal subgroup, then, as we shall see below, kGkN† is a Hopf ideal of kG. In view of the
equivalence between the categories of finite group schemes and finite-dimensional cocommutative
Hopf algebras, there exists a finite group scheme, G/N say, such that

k(G/N) ∼= kG/(kGkN†).

We now show that this brute force definition agrees with the previous one. In this context, the
following notion is convenient:

Let G be a finite algebraic k-group. If η denotes the antipode of kG, then the action given by

h.x :=
∑
(h)

h(1)x η(h(2)) ∀ h, x ∈ kG

is called the (left) adjoint representation of kG.

Proposition 5.2. Let G be a finite algebraic k-group, N�G be a normal subgroup. Then kGkN†

is a Hopf ideal, and k(G/N) ∼= kG/(kGkN†).

Proof. Consider the natural map G×N −→ N ; (g, n) 7→ gng−1. By the universal property,
there exists a unique linear map k(G×N) −→ kN extending the above action. Direct computation,
using k(G×N) ∼= kG⊗kkN, shows that this map is given by the adjoint representation. Accordingly,

h.x ∈ kN ∀ h ∈ kG, x ∈ kN.
Given x ∈ kN† and h ∈ kG, we therefore have

xh =
∑
(h)

ε(h(1))xh(2) =
∑
(h)

h(1)η(h(2))xh(3) =
∑
(h)

h(1)(η(h(2)).x) ∈ kGkN†.

Thus, kGkN† is a two-sided ideal, and it readily follows that it is also a Hopf ideal.
Let π : G −→ G/N and ι : N ↪→ G be the quotient map and the canonical embedding, respec-

tively. Since π∗ : k[G/N] −→ k[G] is injective, the induced map π̂ : kG −→ k(G/N) is surjective.
By the same token, ι̂ : kN −→ kG is injective. Since π ◦ ι ≡ 1, we have π̂ ◦ ι̂ = ε. Consequently,
kGkN† ⊆ ker π̂.

Consider the cocommutative Hopf algebra H := kG/(kGkN†) as well as H := Speck(H∗). There
results a factorization π̂ = ζ̂ ◦ γ̂, with a surjective homomorphism γ̂ : kG −→ H of Hopf algebras.
Note that γ̂ corresponds to a homomorphism γ : G −→ H. Since γ̂ ◦ ι̂ = ε, we have γ ◦ ι ≡ 1,
whence N ⊆ ker γ. The universal property now provides a homomorphism ω : G/N −→ H such
that ω ◦ π = γ. Consequently,

(ω̂ ◦ ζ̂) ◦ γ̂ = ω̂ ◦ π̂ = γ̂,

so that the surjectivity of γ̂ yields ω̂◦ ζ̂ = idH . As a result, ζ̂ is injective, so that ker π̂ = ker(ζ̂ ◦ γ̂) =
ker γ̂ = kGkN†. �



CHAPTER II

Complexity and Representation Type

Let Λ be a finite-dimensional k-algebra. By the theorem of Krull-Remak-Schmidt, each finite
dimensional Λ-module M decomposes in an essentially unique fashion into a direct sum

M = M1 ⊕M2 ⊕ · · · ⊕Mn

of indecomposables. Thus, when studying the category mod Λ of finite-dimensional Λ-modules,
attention first focusses on the classification of indecomposable Λ-modules. The classical theory of
semi-simple algebras is concerned with the case, where all indecomposables are simple. Wedder-
burn’s Theorem then shows that the block decomposition of Λ is particularly nice: There exist
division algebras ∆1, . . . ,∆r over k with

Λ ∼= Matn1(∆1)⊕ · · · ⊕Matnr(∆r).

Of course, determining the simple Λ-modules may still be rather difficult.
By definition, semi-simple algebras have (up to isomorphism) only finitely many indecompos-

ables. In the 1950’s, people working on representations of finite groups started to look at algebras
with the latter property. Later, the notion of tameness was developed and it turned out that
for algebras that are neither representation-finite nor tame, the abovementioned classification of
indecomposable modules is rather hopeless.

Aside from providing the fundamental notions, this chapter introduces two important tools:
The Heller operator and the complexity of a module. Our basic references are [8, 4, 12, 13].

1. The Heller Operator

Let Λ be a finite-dimensional self-injective algebra, M ∈ modΛ. Given a minimal projective
resolution (Pi, ∂i)i≥0 of M , the syzygies Ωn

Λ(M) := ker ∂n−1 (n ≥ 1) are uniquely determined up
to isomorphism. Hence ΩΛ := Ω1

Λ is a well-defined operator on the isoclasses of Λ-modules. This
operator is customarily referred to as the Heller operator or loop space operator. Directly from the
definition we obtain Ωm

Λ ◦ Ωn
Λ = Ωm+n

Λ for m,n ≥ 0. Note that ΩΛ induces a functor on the stable
module category modΛ. This category has the same objects as modΛ and morphisms

HomΛ(M,N) := HomΛ(M,N)/P (M,N),

where P (M,N) is the subspace of those homomorphisms that factor through a projective module.
Dually, we can construct for n ≥ 1 operators Ω−n

Λ by setting Ω−n
Λ (M) := coker ∂n−1, where

(Ei, ∂
i)i≥0 is a minimal injective resolution of M .

Given M ∈ modΛ, the theorem of Krull-Remak-Schmidt yields a decomposition

M = Mpf ⊕ (proj.),

in which the first summand is the sum of all non-projective indecomposable constituents of M . In
the following, we shall consider the full subcategory (modΛ)pf of mod Λ consisting of those finite-
dimensional Λ-modules M for which M = Mpf . Since Λ is self-injective, each object of (modΛ)pf

is characterized by the property that it admits no non-zero projective submodules.

25
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Since Ωn
Λ(M) is defined via a minimal projective resolution of M , Schanuel’s Lemma implies

that, given an arbitrary projective resolution (Pi, ∂i)i≥0 of M , the module Ωn
Λ(M) is a direct

summand of ker ∂n−1. Moreover, Ωn
Λ(M) ∈ (modΛ)pf for all n ∈ Z \ {0}, so that Ωn

Λ(M) ∼=
(ker ∂n−1)pf . The objects of (modΛ)pf are referred to as projective-free modules.

Lemma 1.1. Let M, N ∈ (modΛ)pf . Then the following statements hold:
(1) Ω−1

Λ (ΩΛ(M)) ∼= M ∼= ΩΛ(Ω−1
Λ (M))

(2) ΩΛ(M ⊕N) ∼= ΩΛ(M)⊕ ΩΛ(N).
(3) Ω−1

Λ (M ⊕N) ∼= Ω−1
Λ (M)⊕ Ω−1

Λ (N).
(4) M is indecomposable if and only if ΩΛ(M) is indecomposable.
(5) M is indecomposable if and only if Ω−1

Λ (M) is indecomposable.

Proof. (1) We show that the projective cover (PM , εM ) of M is an injective hull of ΩΛ(M). We
denote this injective hull by I. Since Λ is self-injective, PM is an injective Λ-module. Hence there
exists a Λ-linear map f : I −→ PM such that f |ΩΛ(M) is the canonical inclusion ΩΛ(M) ↪→ PM .
Thus, f is injective, and there exists a Λ-linear map σ : PM −→ I such that σ ◦ f = idI . We
thus obtain a decomposition PM = (kerσ) ⊕ (im f). Since ker εM = ΩΛ(M) ⊆ im f , the map
ε|ker σ : kerσ −→M is injective and M contains the injective module kerσ. Hence kerσ is a direct
summand of M and our assumption M ∈ (modΛ)pf yields kerσ = (0). Consequently, PM

∼= I is
the injective hull of ΩΛ(M), so that Ω−1

Λ (ΩΛ(M) ∼= M . The other assertion is proved analogously.
(4) Suppose M to be indecomposable, and write ΩΛ(M) = X ⊕ Y . Since Ω−1

Λ (ΩΛ(M)) ∼= M ,
(3) yields

M ∼= Ω−1
Λ (X)⊕ Ω−1

Λ (Y ),
so that we may assume without loss of generality that Ω−1

Λ (X) = (0). As a result, X = Xpf
∼=

ΩΛ(Ω−1
Λ (X)) = (0), proving that ΩΛ(M) is indecomposable. �

Remark. The condition of self-injectivity is essential for the validity of (4). Consider for
instance the three-dimensional local algebra Λ := k[X,Y ]/(X2, XY, Y 2). If we define the Heller
operator as above, then ΩΛ(k) ∼= Rad(Λ) is isomorphic to the semi-simple Λ-module k ⊕ k.

In the sequel, we shall write M ∼= N ⊕ (proj.) to indicate that M is isomorphic to the direct sum
of N and an unspecified projective module.

Lemma 1.2. Let Λ be a finite-dimensional Hopf algebra, M , N be finite-dimensional Λ-modules.
Then we have

Ωr
Λ(M)⊗k Ωs

Λ(N) ∼= Ωr+s
Λ (M ⊗k N)⊕ (proj.)

for every r, s ≥ 0.

Proof. We first consider the case, where s = 0. Let (Pn, ∂n)n≥0 be a minimal projective
resolution of M . Thanks to (I.1.5), (Pn ⊗k N, ∂n ⊗ idN )n≥0 is a projective resolution of M ⊗k N ,
so that our observations above imply

Ωr
Λ(M)⊗k N ∼= (ker ∂r−1)⊗k N ∼= ker(∂r−1 ⊗ idN ) ∼= Ωr

Λ(M ⊗k N)⊕ (proj.).

Applying the analogous result for r = 0, we obtain

Ωr
Λ(M)⊗k Ωs

Λ(N) ∼= Ωr
Λ(M ⊗k Ωs

Λ(N))⊕ (proj.) ∼= Ωr
Λ(Ωs

Λ(M ⊗k N)⊕ (proj.))⊕ (proj.)
∼= Ωr+s

Λ (M ⊗k N)⊕ (proj.),

as desired. �
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2. Complexity

The notion of the complexity of a module, first introduced by Alperin for group algebras of finite
groups [1], has proven to be an effective tool in representation theory. Like the Heller operator, it
makes methods from homological algebra amenable to applications.

Let (ai)i≥0 be a sequence of natural numbers. We call

gr((ai)i≥0) := min{s ∈ N ∪ {∞} ; ∃ λ > 0 such that an ≤ λns−1 ∀ n ≥ 1}
the polynomial rate of growth of the sequence (ai)i≥0. If V := (Vi)i≥0 is a sequence of finite-
dimensional k-vector spaces, then we write gr(V) := gr((dimk Vi)i≥0).

Throughout this section, Λ is assumed to be a finite-dimensional k-algebra.

Definition. Let M be a finite-dimensional Λ-module, P := (Pi, ∂i)i≥0 be a minimal projective
resolution of M . Then cxΛ(M) := gr(P) is called the complexity of M .

Remarks. (1) Since any two minimal projective resolutions are isomorphic, the complexity of
a module is well-defined.

(2) The modules of complexity zero are precisely the modules of finite projective dimension.
Thus, if Λ is self-injective, then a Λ-module M has complexity zero if and only if it is projective.

By our last observation, semi-simple algebras are characterized by the property that they are self-
injective with all their modules having complexity zero. In the following chapters we want to
provide similar characterizations for algebras of finite- and tame representation types. We begin
with an interpretation of the complexity in terms of extension groups. Let S be a complete set of
representatives for the isomorphism classes of the simple Λ-modules. The projective cover of the
simple Λ-module S will be denoted P (S).

The following result, due to Alperin-Evens [3], relates the complexity of a module to the growth
of certain Ext-groups.

Proposition 2.1. Let M be a finite-dimensional Λ-module. Then

cxΛ(M) = max
S∈S

gr((Extn
Λ(M,S))n≥0).

Proof. Given a minimal projective resolution (Pn)n≥0 of M , we decompose each Pn into its
indecomposable constituents and write Pn

∼=
⊕

T∈S `n,TP (T ). Basic properties of Ext yield

dimk Extn
Λ(M,S) =

∑
T∈S

`n,T dimk HomΛ(P (T ), S) = `n,S dimk HomΛ(S, S)

for every S ∈ S. Consequently,

cxΛ(M) = max
S∈S

gr((`n,S)n≥0) = max
S∈S

gr((Extn
Λ(M,S))n≥0),

as desired. �

In certain cases, the rate of growth of a sequence V = (Vi)i≥0 of finite-dimensional k-vector spaces
can also be characterized via power series. The Poincaré series PV(t) ∈ k[[t]] is defined via

PV(t) =
∑
i≥0

(dimk Vi) ti.
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If
⊕

i≥0 Vi is a finitely generated module, over a finitely generated, commutative, graded k-algebra
A =

⊕
i≥0Ai, then the Hilbert-Serre Theorem provides a polynomial f(t) ∈ k[t] such that

PV(t) =
f(t)∏s

j=1(1− tkj )
,

where k1, . . . , ks are the degrees homogeneous generators of A as an A0-algebra. It then follows
that gr(V) is the order of the pole of PV(t) at t = 1, cf. [13, (5.3)] for more details.

We continue by collecting a few basic properties of the complexity of modules.

Proposition 2.2. Let Γ ⊆ Λ be a subalgebra, M ∈ modΛ, N ∈ modΓ.
(1) If S1, . . . , Sn are the composition factors of M , then cxΛ(M) ≤ max1≤i≤n cxΛ(Si).
(2) If Λ is a projective left Γ-module, then cxΓ(M) ≤ cxΛ(M).
(3) If Λ is a projective right Γ-module, then cxΛ(Λ⊗Γ N) ≤ cxΓ(N).
(4) If Λ is a Hopf algebra, then cxΛ(M) ≤ cxΛ(k).

Proof. (2),(3) Let P := (Pi)i≥0 be a minimal projective resolution of the Λ-module M . By
assumption, the functor HomΓ(Pi,−) ∼= HomΛ(Pi,HomΓ(Λ,−)) is exact. Hence each Pi is a pro-
jective Γ-module, and cxΓ(M) ≤ gr(P) = cxΛ(M).

If Q := (Qi)i≥0 is a minimal projective resolution of N , then the adjoint isomorphism

HomΛ(Λ⊗Γ Qi,−) ∼= HomΓ(Qi,−)

yields the exactness of the left-hand functor, so that Λ⊗ΓQ := (Λ⊗ΓQi)i≥0 is a projective resolution
of the induced module Λ ⊗Γ N . Consequently, cxΛ(Λ ⊗Γ N) ≤ gr(Λ ⊗Γ Q) ≤ gr((Λ ⊗k Qi)i≥0) =
cxΓ(N).

(4) Let P := (Pi)i≥0 be a minimal projective resolution of the trivial Λ-module k. Thanks to
(I.1.5), the complex P ⊗k M := (Pi ⊗k M)i≥0 is a projective resolution of M . Hence cxΛ(M) ≤
gr(P⊗k M) = cxΛ(k). �

Example. Suppose that char(k) = p > 0, and consider the Hopf algebra

kGa(2)
∼= k[X,Y ]/(Xp, Y p) ∼= k[X]/(Xp)⊗k k[Y ]/(Y p).

Let P = (Pi)i≥0 be a minimal projective resolution of the trivial k[X]/(Xp)-module k, i.e., Pi =
k[X]/(Xp) for every i ≥ 0. SettingQi :=

∑i
j=0 Pj⊗kPi−j , we obtain a minimal projective resolution

Q := (Qi)i≥0 of the kGa(2)-module k ⊗k k ∼= k. Since dimk Qi = (i+ 1)p2, we have cxkGa(2)
(k) = 2.

One can iterate this process to see that cxkGa(r)
(k) = r.

In view of Proposition 2.1, we also have

cxkGa(r)
(k) = gr(H∗(Ga(r), k)).

The structure of the cohomology ring H∗(Ga(r), k) is well-understood: For p > 2 there exists an
isomorphism

H∗(Ga(r), k) ∼= k[X1, . . . Xr, Y1, . . . , Yr]/(Y 2
1 , . . . , Y

2
r ) ∼=

r⊗
i=1

k[Xi]⊗k

r⊗
j=1

k[Yj ]/(Y 2
j ),

of graded vector spaces, where deg(Xi) = 2 and deg(Yi) = 1, see [22, (7.6)]. As a result, the
Poincaré series of H∗(Ga(r), k) has the form

P (t) =
r∏

i=1

PK[Xi](t)
r∏

j=1

PK[Yj ]/(Y 2
j )(t) =

r∏
i=1

1
1− t2

r∏
j=1

(1 + t) =
1

(1− t)r
,
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so that gr(H∗(Ga(r), k)) = r.

As noted earlier, the algebra kGa(r) is isomorphic to the group algebra k(Z/(p))r) of the p-
elementary abelian group of rank r. Such groups play an important rôle in the representation
theory of finite groups.

Theorem 2.3 ([3]). Suppose that char(k) = p > 0. Let G be a finite group, M be a finite-
dimensional G-module. Then

cxkG(M) = max
E∈E

cxkE(M),

where E is the set of p-elementary abelian subgroups of G. �

Definition. A finite-dimensional non-projective indecomposable Λ-module M is said to be
periodic if there exists n > 0 such that Ωn

Λ(M) ∼= M .

Examples. (1) Suppose that char(k) = p > 0. Let Λ = kGa(1) = k[X]/(Xp) and write
x := X + (Xp). Since

(0) −→ kxp−1 −→ k[X]/(Xp) x·−→ k[X]/(Xp) ε−→ k −→ (0)

defines the initial terms of a minimal projective resolution of the trivial module k, we have
Ω2

kGa(1)
(k) ∼= k.

(2) Let b := kt ⊕ kx be the two-dimensional non-abelian restricted Lie algebra with product
and p-map given by

[t, x] = x and t[p] = t ; x[p] = 0,
respectively. The simple U0(b)-modules are of the form kλ, where the character λ : U0(b) −→ k is
defined via

λ(x) = 0 ; λ(t) ∈ Fp.

We therefore identify the character group of U0(g) with Z/(p), and write the convolution as addition.
Let 1 : U0(b) −→ k be the character defined by 1(x) = 0 ; 1(t) = 1. Since P (λ) := U0(g)⊗U0(kt) kλ

is indecomposable projective, with Rad(P (λ))/Rad2(P (λ)) ∼= kλ+1 and Soc(P (λ)) ∼= kλ−1, there
results an exact sequence

(0) −→ kλ −→ P (λ+ 1) −→ P (λ) −→ kλ −→ (0),

whence Ω2
U0(b)(kλ) ∼= kλ.

(3) Assume that p ≥ 3, and consider the restricted Lie algebra g = sl(2). The p-subalgebra
b := kh⊕ ke is isomorphic to the algebra of (2). Given λ : U0(b) −→ k, we let

Z(λ) := U0(g)⊗U0(b) kλ

be the baby Verma module with highest weight λ. Since U0(g) is a projective right U0(b)-module,
the exact sequence of (2) yields a short exact sequence

(0) −→ Z(λ) −→ U0(g)⊗U0(b) P (λ+ 1) −→ U0(g)⊗U0(b) P (λ) −→ Z(λ) −→ (0),

whose two middle terms are projective. Consequently,

Ω2
U0(g)(Z(λ))⊕ (proj.) ∼= Z(λ).

As Z(λ) is indecomposable, it is thus either periodic or projective. It turns out that projectivity
occurs precisely when λ(t) = p− 1. The corresponding Verma module is the Steinberg module St.
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Remark. Note that every periodic Λ-module M has complexity cxΛ(M) ≤ 1. Indeed, pe-
riodicity implies the existence of a minimal projective resolution (Pi, ∂i)i≥0 satisfying Pi+r

∼= Pi

for some r > 0. Hence the dimensions of the Pi are bounded, and cxΛ(M) ≤ 1. The con-
verse is not true in general, as the example of the four-dimensional truncated quantum plane
Λq := k〈x, y〉/({yx − qxy, x2, y2}) shows: The algebra Λq is a Frobenius algebra and the unique
automorphism µ : Λq −→ Λq with x 7→ qx and y 7→ q−1y is a Nakayma automorphism. Given
t ∈ k \ {0}, we consider the two-dimensional indecomposable Λq-module Mt := Λq(x+ ty). Direct
computations shows ΩΛq(Mt) ∼= M−q−1t. Consequently, cxΛq(Mt) = 1, while Mt is not periodic
whenever q is not a root of unity.

3. Representation Type

In this section we subdivide the category of finite-dimensional associative algebras according
to their representation type, a notion that provides a measure of how complicated the module
category modΛ of a k-algebra Λ is. For self-injective algebras the representation type turns out to
be related to upper bounds on the complexity of modules.

Definition. An algebra Λ is representation-finite or of finite representation type if it admits
only finitely many isoclasses of finite-dimensional indecomposable modules.

From linear algebra we know that the indecomposable modules of the truncated polynomial ring
k[X]/(Xn) are cyclic, so that such an algebra has finite representation type. In fact, the truncated
polynomial rings in one variable belong to a particularly tractable class of representation-finite
algebras, the so-called Nakayama algebras.

Given a finite-dimensional Λ-module M , the Loewy length ``(M) is defined via

``(M) := min{i ≥ 0 ; Rad(Λ)iM = (0)}.

We say that M is uniserial if it possesses exactly one composition series. Equivalently, the Loewy
series (Rad(Λ)iM)i≥0 is a composition series of M .

Definition. An algebra Λ is called a Nakayama algebra if all of its projective indecomposable
modules and all of its injective indecomposable modules are uniseral.

The usual duality between injective left Λ-modules and projective right Λ-modules implies that Λ
is a Nakayama algebra if and only if the projective indecomposable modules for Λ and its opposite
algebra Λop are uniserial. Consequently, factor algebras of Nakayama algebras by powers of their
radicals are also Nakayama algebras.

By work of Kupisch [84], Nakayama algebras are well-understood. We will return to the de-
scription of their Morita equivalence classes once we have discussed path algebras of quivers. For
the moment we record the following basic result.

Proposition 3.1. Let Λ be a Nakayama algebra. Then every indecomposable Λ-module is
uniserial, and Λ has finite representation type.
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Proof. Let J be the radical of Λ. We prove the first assertion by induction on the Loewy
length ``(Λ) of Λ, the case ``(Λ) = 1 being trivial. Assuming ` := ``(Λ) ≥ 2, we consider an
indecomposable Λ-module M . If J `−1M = (0), then M is an indecomposable module for the
Nakayama algebra Λ/J `−1, and the inductive hypothesis yields the assertion. Alternatively, there
exists a simple left ideal S ⊆ J `−1 with SM 6= (0). We can therefore find m ∈M \ {0} such that

ψm : S −→M ; s 7→ s.m

is injective. Hence there is a map ψ̂m : M −→ E(S) to the injective envelope E(S) of S, whose
composite with ψm is the canonical inclusion S ↪→ E(S). As E(S) is uniserial, we can find i ≥ 0
with ψ̂m(M) = J iE(S). Consequently, J `−iM ⊆ ker ψ̂m, while J `−1M 6⊆ ker ψ̂m. As a result,
i = 0, so that ψ̂m is surjective and J `−1E(S) 6= (0). Since the uniserial projective cover π : P −→
E(S) of E(S) satisfies `(P ) = ``(P ) ≤ ` = ``(E(S)) = `(E(S)), we have P ∼= E(S). As M is
indecomposable, it now follows that ψ̂m is an isomorphism. Thus, M is uniserial.

As an upshot of the above, every indecomposable Λ-module M has a simple top and is thus of
the form

M ∼= P (S)/J iP (S) ; 0 ≤ i ≤ ``(Λ),
for some simple Λ-module S. Consequently, Λ has finite representation type. �

Remark. Let Λ be a local algebra of finite representation type. Then dimk Rad(Λ)/Rad2(Λ) ≤
1, so that Λ is a truncated polynomial ring k[X]/(Xn). In particular, every commutative algebra
of finite representation type is a direct sum of truncated polynomial rings: Λ ∼=

⊕m
i=1 k[X]/(Xni).

Here is a simple necessary condition for a self-injective algebra to have finite representation type.

Theorem 3.2 (Heller [68]). Let Λ be self-injective. If Λ has finite representation type, then
every indecomposable non-projective Λ-module is periodic.

Proof. Let X be the set of isomorphism types of the non-projective indecomposable Λ-modules.
Owing to (1.1), the map ΩΛ|X is bijective. Since X is finite, there exists n ≥ 1 such that Ωn

Λ|X = idX.
This implies our result. �

The converse of Heller’s Theorem does not hold in general. For instance, the group algebra of the
quaternion group

Q := 〈x, y ; x2 = y2 , yxy−1 = x−1〉
of order 8 over a field of characteristic 2 is known to possess only periodic modules: One verifies
Ω4

kQ(k) ∼= k (see [25, (XII.7)]) and applies (1.2) to obtain Ω4
kQ(M) ∼= M for every non-projective

indecomposable kQ-module. By the above remark, the non-commutative local algebra kQ does not
have finite representation type (in fact, it is tame). In Chapter VI we shall see that distribution
algebras of infinitesimal groups afford the converse of Heller’s Theorem.

Among the algebras of infinite representation type one distinguishes between those, whose
indecomposable modules can be parametrized by one-dimensional varieties and those requiring
more parameters.

Definition. A k-algebra Λ is said to be tame if it is not representation-finite, and if for every
d > 0 there exist (Λ, k[X])-bimodules M1, . . . ,Mn(d) that are finitely generated and free over k[X],
so that all but finitely many isoclasses of the d-dimensional indecomposable Λ-modules are of the
form [Mi ⊗k[X] kλ] for some i ∈ {1, . . . , n(d)} and λ ∈ Algk(k[X], k).
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Remark. The tame local algebras were classified by Ringel [106]. The list of the tame sym-
metric local algebras, which plays a prominent rôle in the classification of the tame blocks of group
algebras of finite groups, can be found in [36, Chap.III].

An easily described class of tame algebras is given by the so-called biserial algebras. If M is a
non-simple, indecomposable Λ-module, then Soc(M) ⊆ Rad(M), and we let

Ht(M) := Rad(M)/Soc(M)

be the heart of M .

Definition. A self-injective algebra Λ is biserial if for every non-simple projective indecom-
posable Λ-module P the heart Ht(P ) is a direct sum of at most two uniserial modules.

We will frequently encounter biserial algebras when studying infinitesimal groups of tame represen-
tation type. In a more classical context, any Brauer tree algebra (that is, any representation-finite
block of a group algebra kG) is biserial (cf. [2] for more details). For the moment we record the
following:

Theorem 3.3 ([28]). A biserial algebra is tame or representation-finite. �

The notion of a wild algebra, introduced by Drozd [33], captures a phenomenon first observed by
Corner and Brenner: Given any k-algebra Λ, there exists a full exact embedding

FΛ : modΛ −→ mod k〈x, y〉

from the module category of Λ to the module category of the free algebra k〈x, y〉 with two generators.

Definition. A k-algebra Λ is referred to as wild if there exists a (Λ, k〈x, y〉)-bimodule M , that
is finitely generated and free over k〈x, y〉, such that the functor

mod k〈x, y〉 −→ modΛ ; X 7→M ⊗k〈x,y〉 X

preserves indecomposables and reflects isomorphisms.

Thus, if Λ is wild and Γ is any k-algebra, then the functor

modΓ −→ modΛ ; V 7→M ⊗k〈x,y〉 FΓ(V )

induces an injection between the isomorphism classes of indecomposable modules for Γ and Λ,
respectively. Accordingly, a complete classification of the indecomposable modules of a wild algebra
is a rather hopeless endeavour.

Theorem 3.4 (Drozd (cf. [33, 27])). Suppose that k is algebraically closed. Then Λ is either
representation-finite, tame or wild. �
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Since periodic modules have complexity 1, Theorem 3.2 implies that

cxΛ(M) ≤ 1 ∀ M ∈ modΛ,

whenever Λ has finite representation type. There is a similar criterion for certain algebras of
tame representation type. This result requires geometric techniques that will be discussed in the
following chapter. Its proof is considerably harder as it employs deep results by Crawley-Boevey
[27] concerning the structure of the Auslander-Reiten quiver of tame algebras. Crawley-Boevey’s
Theorem implies the following result, which will be sufficient for our purposes.

Theorem 3.5. Let k be algebraically closed and suppose that Λ is self-injective and tame. Then,
for any d > 0, all but finitely many isoclasses of the d-dimensional indecomposable modules have
complexity 1. �

Note that for algebras of finite global dimension the statement of (3.5) provides no information.





CHAPTER III

Support Varieties and Support Spaces

In this chapter we outline the geometric approach to the representation theory of finite algebraic
groups. As before, we will be working over a field k of characteristic p > 0.

Given a module M of a commutative ring R, we recall that the support

Supp(M) := {M ∈ Max(R) ; MM 6= (0)}

of M is the set of those maximal ideals M �R for which the localization of M at M is not trivial.
If R is noetherian and M is finitely generated, then

Supp(M) = Z(annR(M)) := {M ∈ Max(R) ; annR(M) ⊆M}

is the zero locus of the annihilator of M . Thus, if R is an affine k-algebra, then Supp(M) is an
affine variety. In our context, the even cohomology ring H•(G, k) of a finite group scheme G assumes
the rôle of R, with M being given by the cohomology space H∗(G,Homk(N,N)) associated to a
G-module N .

1. The Friedlander-Suslin Theorem

Let G be a finite algebraic k-group. If M is a G-module, we denote by

Hn(G,M) := Extn
G(k,M) (n ≥ 0)

the n-th cohomology group of G with coefficients in M . Note that these groups are just the
Hochschild cohomology groups of the augmented algebra (kG, ε).

For infinitesimal groups, these cohomology groups were first studied by Hochschild [70] in the
context of restricted Lie algebras. He related them to the Chevalley-Eilenberg cohomology of the
underlying Lie algebra and provided interpretations for H1 and H2. Further early results can be
found in [93].

Given three G-modules X,Y, Z, we recall the Yoneda product

Extm
G (Y, Z)× Extn

G(X,Y ) −→ Extm+n
G (X,Z).

This product endows Ext∗G(X,X) :=
⊕

n≥0 Extn
G(X,X) with the structure of a Z-graded k-algebra.

Moreover, the spaces Ext∗G(Y,X) and Ext∗G(X,Y ) are graded left and right Ext∗G(X,X)-modules,
respectively. In particular, H∗(G,M) is a graded right module over the cohomology ring H∗(G, k).
This ring is known to be graded commutative, i.e., we have

yx = (−1)deg(x)deg(y)xy

for any two homogeneous elements x, y ∈ H∗(G, k). Consequently, the subring

H•(G, k) :=
{ ⊕

i≥0 H2i(G, k) if p > 2⊕
i≥0 Hi(G, k) if p = 2

is a commutative, Z-graded k-algebra (see [22, §6] for details).

35
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The following result by Friedlander and Suslin, which generalizes earlier work by Venkov [121]
and Evens [37] for finite groups, and Friedlander-Parshall [59] for infinitesimal groups of height
≤ 1, is fundamental for everything that follows.

Theorem 1.1 (Friedlander-Suslin [63]). Let G be a finite algebraic k-group, M be a finite-
dimensional G-module. Then the following statements hold:

(1) H•(G, k) is a finitely generated k-algebra.
(2) H∗(G,M) is a finitely generated H•(G, k)-module. �

In some cases, the cohomology ring H•(G, k) can be computed explicitly. If G is smooth, semi-
simple and simply connected and p exceeds the Coxeter number of G, then H•(G1, k) ∼= k[N], where
N := {x ∈ Lie(G) ; x[p]n = 0 for some n ∈ N} is the nilpotent cone of Lie(G) (see [58]).

LetM be a finite-dimensional G-module, (Pi, ∂i)i≥0 be a projective resolution of the trivial G-module
k. Since (Pi ⊗k M,∂i ⊗ idM )i≥0 is a projective resolution of M , we obtain a homomorphism

ΦM : H•(G, k) −→ Ext∗G(M,M) ; [f ] 7→ [f⊗̂ idM ]

of graded k-algebras. In view of the standard isomorphism Ext∗G(M,M) ∼= H∗(G,Homk(M,M)),
Theorem 1.1 implies that ΦM endows the Yoneda algebra with the structure of a finitely generated
H•(G, k)-module. We define the cohomological support variety of M via

VG(M) := Z(ker ΦM ) ⊆ Max(H•(G, k)).

Since kerΦM is a homogeneous ideal, the affine variety VG(M) is conical.

Our first result concerns the interpretation of the dimension of a support variety. Let

A =
⊕
n≥0

An

be a finitely generated, commutative, graded k-algebra. We want to find the growth gr(A) of the
sequence (An)n≥0. By the Noether Normalization Lemma, there exists a graded subalgebra

R =
⊕
n≥0

Rn

of A such that
(a) A is a finitely generated R-module, and
(b) R ∼= k[X1, . . . , X`], where deg(Xi) = d for some d ≥ 1.

Owing to (a), we have gr(R) = gr(A), while property (b) implies gr(R) = `. The number ` is
the Krull dimension of R, which, by the Cohen-Seidenberg Theorems coincides with the Krull
dimension dimA of A. We therefore obtain

gr(A) = dimA.

In the sequel, we write cxG(M) := cxkG(M) for any G-module M .

Lemma 1.2. Let G′ ⊆ G be a subgroup of the finite algebraic group G, M ∈ modG be a G-module.
(1) dim VG(M) = cxG(M).
(2) dim VG′(M) ≤ dim VG(M).
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Proof. (1) Let S be a complete set of representatives for the isoclasses of the simple G-modules.
Since the algebra H•(G, k) is finitely generated, we have

dim VG(M) = dim H•(G, k)/ ker ΦM = gr(H•(G, k)/ ker ΦM )
≤ gr(Ext∗G(M,M)) ≤ max

S∈S
gr(Ext∗G(M,S)),

where the last inequality follows from the long exact sequence in cohomology. In view of (II.2.1),
the latter number coincides with cxG(M).

To verify the reverse inequality, we let S ∈ S be a simple G-module. Thanks to (1.1), the
space Ext∗G(M,S) ∼= H∗(G,Homk(M,S)) is a finitely generated H•(G, k)-module. Since the action
is induced by the scalar multiplication Homk(M,S) × k −→ Homk(M,S), it factors through the
action Homk(M,S)×Homk(M,M) −→ Homk(M,S). As a result, ker ΦM annihilates Ext∗G(M,S).
Consequently,

gr(Ext∗G(M,S)) ≤ gr(H•(G, k)/ ker ΦM ) = dim VG(M),
so that another application of (II.2.1) yields cxG(M) ≤ dim VG(M), as desired.

(2). This follows directly from (1), (I.1.6) and (II.2.2). �

As an immediate consequence, we record the following basic criteria for blocks of finite representa-
tion type.

Corollary 1.3. Let B ⊆ kG be a representation-finite block. Then we have dim VG(M) ≤ 1
for every M ∈ modB. �

Example. Suppose that p ≥ 3. As noted before, the Künneth formula furnishes an isomorphism

H∗(Ga(r), k) ∼= k[X1, . . . , Xr]⊗k Λ(Y1, . . . , Yr),

where the Xi and Yi have degrees 2 and 1, respectively (cf. [22, (7.6)]). Consequently, k[X1, . . . , Xr]
is a Noether normalization of H•(Ga(r), k) and dim VGa(r)

(k) = r. Note that this agrees with our
earlier observations.

2. The Space of p-Points

We have just seen that the dimension dim VG(M) of the support variety of a G-module M
is an important invariant. Unfortunately, support varieties are usually hard to compute. It is
therefore desirable to find representation-theoretic realizations of these varieties that do not resort
to the computation of cohomology groups. The so-called rank varieties, that were first defined in
the context of finite groups [20, 21], and later generalized successively to restricted Lie algebras
[57, 59] and infinitesimal groups [116, 117], turn out to have all the requisite properties. In recent
work [60, 61], Friedlander and Pevtsova have unified and extended the foregoing approaches by
considering p-points and π-points of finite group schemes. Since their work is very much motivated
by the historical origins pertaining to finite groups, we briefly review the by now classical definition
of a rank variety.

Throughout this section, k is assumed to be a field of characteristic char(k) = p > 0. Early work
by Quillen [100, 101] showed that the support variety of the trivial module of a finite group G may
be described as the union of the corresponding supports for the p-elementary abelian subgroups
of G. In particular, the dimension of VG(k) coincides with the maximal rank of all p-elementary
abelian subgroups of G, the so-called p-rank rp(G) of G:
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Theorem 2.1 (Quillen’s Dimension Theorem,[100]).

dim VG(k) = rp(G).

Elementary abelian subgroup also arise in a different context, namely in connection with the de-
tection of projectivity.

If M is a projective G-module and G′ ⊆ G is a subgroup, then the restriction M |G′ is also
projective. The question is, on which class of subgroups can projectivity effectively be detected. It
is fairly easy to see that a module is projective, if its restriction M |P to a Sylow-p-subgroup enjoys
the same property. The following refinement of this result is much harder to prove, see [3]:

Theorem 2.2 (Chouinard,[29]). A G-module M is projective if and only if its restriction M |E
to every p-elementary abelian subgroup E ⊆ G is projective. �

Let E ∼= Z/(p)r be p-elementary abelian with generators g1, . . . , gr. Setting xi := gi − 1, the map
Xi −→ xi induces an isomorphism

k[X1, . . . , Xr]/(X
p
1 , . . . , X

p
r ) ∼−→ kE.

For λ = (λ1, . . . , λr) ∈ kr, we put uλ :=
∑r

i=1 λixi. The following result, which requires the ground
field to be algebraically closed, provides a criterion for the projectivity of an E-module:

Lemma 2.3 (Dade’s Lemma,[30]). Suppose that k is algebraically closed. The E-module M is
projective if and only if M |k[uλ] is projective for every λ ∈ kr. �

Example. Suppose that k is not algebraically closed and let K : k be a finite field extension,
α ∈ K \ k. Consider the group E := Z/(p)× Z/(p). Then kE ∼= k[X,Y ]/(Xp, Y p), with canonical
generators x, y. We consider the k-space M := Kp and define a kE-action on M via the (p × p)-
matrices

xM :=
p−1∑
i=1

Ei,i+1 and yM := αxM .

If (λ1, λ1) ∈ k2 \ {0}, then rk(λ1xM + λ2yM ) = (p−1) dimk M
p , so that M |k[λ1x+λ2y] is projective. On

the other hand, comparing Loewy lengths, we get ``(M) = p, while ``(kE) = 2p−1, implying that
M is not a projective kE-module.

In view of the above, we assume from now on that k is algebraically closed, and proceed as follows:
Given a p-elementary abelian group E, we consider a subspace V ⊆ kE with dimk V = rk(E),
whose nonzero elements u ∈ V \ {0} have the following property:

up = 0, and k[u] is a local algebra of dimension p such that kE|k[u] is free.
For an E-module M , one defines

V̂E(M) := {u ∈ V ; M |k[u] is not free} ∪ {0}.

This is a closed subset of V and hence an affine variety. Avrunin and Scott [9] showed that
V̂E(M) ∼= VE(M), and they thus obtained an intrinsic characterization of the cohomological support
variety.
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Let Ap := k[T ]/(T p) be the p-dimensional truncated polynomial ring, with generator t :=
T +(T p). Given a finite group scheme G, every element u ∈ kG satisfying up = 0 defines an algebra
homomorphism

αu : Ap −→ kG ; t 7→ u.

The freeness requirement occurring for finite groups amounts to saying that αu is left flat. In
general, any homomorphism ϕ : A −→ B of associative k-algebras, induces a pull-back functor
ϕ∗ : modB −→ modA, where ϕ∗(M) is the A-module with underlying k-space M and action

a.m := ϕ(a)m ∀ a ∈ A, m ∈M.

We say that ϕ is left flat if ϕ∗(B) is a flat A-module. In case A and B are finite-dimensional, this
amounts to saying that ϕ∗(B) is a projective A-module. If the algebra A is local, then ϕ∗(B) is
free, and ϕ is necessarily injective. Thus, if αu : Ap −→ kG is left flat, then k[u] ⊆ kG is a k-algebra
of dimension p.

Elementary abelian p-groups are abelian p-groups. In the context of finite group schemes, the
latter are the reduced abelian unipotent groups. A finite algebraic k-group U is referred to as
unipotent if the trivial module k is the only simple U-module. For example, the Frobenius kernels
Ga(r) of the additive group Ga are unipotent.

Definition ([60]). Let G be a finite group scheme. A homomorphism α : Ap −→ kG is a
p-point if

(P1) α is left flat, and
(P2) there exists an abelian, unipotent subgroup U ⊆ G such that im α ⊆ kU.

Two p-points α and β are equivalent (α ∼ β) if, for every M ∈ modG, we have

α∗(M) is projective ⇔ β∗(M) is projective.

The set of equivalence classes of p-points will be denoted P (G).

Remarks. (1) Condition (P2) looks somewhat contrived and mysterious, but it turns out to
be of vital importance. In general, p-points are hard to come by and the equivalence relation ∼
is difficult to compute. However, using (P2) many problems can be reduced to the consideration
of abelian unipotent group schemes. For such a group U, general theory (cf. [123]) provides an
isomorphism

kU ∼= k[X1, . . . , Xn]/(Xpr1

1 , . . . , Xprn

n ),
with the latter algebra being amenable to computations.

(2) By considering algebra homomorphisms rather than homomorphism of Hopf algebras we
disregard the coalgebra structure. It turns out, however, that at the level of abelian unipotent
groups every equivalence class x ∈ P (U) can be represented by a homomorphism of Hopf algebras
(see [43] for more details).

The following important projectivity criterion, which provides some control over the equivalence
relation ∼, underscores the importance of abelian unipotent subgroups.

Proposition 2.4 ([60]). Let n ≥ 1 and consider the algebra A := k[X,Y, Z]/(Xp, Y p, Zn),
whose canonical generators are denoted x, y, z. Let M ∈ modA be an A-module. Then M is
projective as a k[x]-module if and only if M is projective as a k[x+ yz]-module.
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Proof. Observe that the subalgebras k[x] and k[x + yz] are both isomorphic to Ap. By
decomposing an Ap-module N into its cyclic direct summands, we see that N is projective if and
only if the endomorphism tN associated to its canonical generator t ∈ Ap satisfies the equivalent
conditions ker tN = im tp−1

N and ker tp−1
N = im tN .

Suppose that M |k[x] is projective and consider the A-module N := ker(x+yz)M/ im(x+yz)p−1
M .

A rather involved computation shows that the operator zN is injective. As z is nilpotent, we obtain
N = (0), so that M |k[x+yz] is projective. �

We illustrate the relevance of condition (P2) by considering the case of infinitesimal groups G of
height 1. Thanks to (I.4.6), kG ∼= U0(g) is the restricted enveloping algebra of the restricted Lie
algebra g := Lie(G).

Let α : Ap −→ U0(g) be a p-point. Then α factors through the restricted enveloping algebra
U0(u) of a suitable abelian, p-unipotent p-subalgebra u ⊆ g. In this case, the generators x1, . . . , xn

of the algebra U0(u) are primitive elements and they satisfy xpri

i = 0. Repeated application of (2.4)
shows that α is equivalent to the p-point α0 : Ap −→ U0(u) given by

α0(t) =
n∑

i=1

ζix
pri−1

i ,

where (ζ1, . . . , ζn) ∈ kn \ {0}. Thus, we may assume that u := α(t) belongs to u ⊆ g and satisfies
the identity u[p] = 0. Consequently, the element u belongs to the nullcone

V̂g := {x ∈ g ; x[p] = 0}

of g. In view of (I.4.4), given v, w ∈ V̂g\{0}, the U0(g)-module Mv := U0(g)⊗k[v]k is k[w]-projective
if and only if w 6∈ kv. Thus, the line kα0(t) only depends on the equivalence class [α], and we obtain
a bijection

P (G) ∼−→ Proj(V̂g) ; [α] 7→ kα0(t).
We will refine this result at the end of this section.

Returning to the general situation, we observe that every algebra homomorphism α : Ap −→ kG
induces a homomorphism

α• : H•(G, k) −→ H•(Ap, k)
of commutative, graded k-algebras. The even cohomology ring of Ap is known to be isomorphic to
the polynomial ring k[X], where X has degree 2.

Let V be a conical affine variety, whose coordinate ring is a finitely generated, commutative,
graded k-algebra

R =
⊕
n≥0

Rn ; R0 = k.

Recall that
Proj(V) ∼= {kerϕ ; ϕ ∈ Homgr(R, k[X]), imϕ 6= k}

is computable via non-trivial graded homomorphisms with values in k[X]. Thus, the hope is that
α 7→ kerα• provides a connection between P (G) and Proj(VG(k)).

The following Proposition elicits the cohomological aspects of the equivalence relation on p-
points. The key notion is that of the Carlson module associated to a cohomology class ζ ∈ Hn(G, k)\
{0}. By general theory, we have an isomorphism Hn(G, k) ∼= HomG(Ωn

G(k), k), allowing us to view
the representing cocycle as a map ζ̂ : Ωn

G(k) −→ k. Then

Lζ := ker ζ̂
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is called the Carlson module of ζ.

Proposition 2.5 ([60]). Let G be a finite group scheme over k.
(1) If α : Ap −→ kG is flat, then

kerα• ∩ (H2n(G, k) \ {0}) = {ζ ∈ H2n(G, k) \ {0} ; α∗(Lζ) is not projective}

for every n ≥ 0.
(2) If α, β : Ap −→ kG are flat maps such that kerα• 6⊆ kerβ•, then there exist n ≥ 1 and

ζ ∈ H2n
G (k), k) \ {0} such that α∗(Lζ) is not projective and β∗(Lζ) is projective.

Proof. (1) As α is flat, the corresponding exact functor

α∗ : modG −→ modAp

takes projectives to projectives. Consequently, α∗ sends a minimal projective resolution of M ∈
modG to a (not necessarily minimal) projective resolution of α∗(M), so that

α∗(Ωm
G (M)) ∼= Ωm

Ap
(α∗(M))⊕ (proj.) ∀ m ∈ N.

Let ζ ∈ H2n(G, k) \ {0} be an arbitrary element. Upon application of α∗ to the exact sequence

(0) −→ Lζ −→ Ω2n
G (k)

ζ̂−→ k −→ (0) we obtain, observing Ω2n
Ap

(k) ∼= k, an exact sequence

(∗) (0) −→ α∗(Lζ) −→ k ⊕ (proj.)
α∗(ζ̂)−→ k −→ (0).

The definition of α• yields
α•(ζ) = 0⇔ k ⊆ kerα∗(ζ̂).

If α∗(Lζ) is projective, then it is injective and (∗) splits. Consequently, k is not a direct summand
of α∗(Lζ), so that k 6⊆ kerα∗(ζ̂), whence ζ 6∈ kerα•. Conversely, the assumption ζ 6∈ kerα• yields
the splitting of the sequence (∗), whence

k ⊕ (proj.) ∼= α∗(Lζ)⊕ k.

By the Theorem of Krull-Remak-Schmidt, the Ap-module α∗(Lζ) is projective.
(2) Since α• and β• are homomorphisms of degree 0, our assumption provides an element

ζ ∈ H2n(G, k) with ζ ∈ kerα• \ kerβ•. Thus, ζ 6= 0, and (1) shows that Lζ has the requisite
properties. �

In view of (2.5), equivalent p-points yield the same kernels in cohomology. This is the first step
towards proving the existence of a map

ΨG : P (G) −→ Proj(VG(k)) ; [α] 7→ kerα•.

The missing point is to show that imα• 6= k for all p-points α. This is actually a rather deep result.

Lemma 2.6 ([60]). Let G be a finite k-group scheme. If α : Ap −→ kG is a flat homomorphism,
then imα• 6= k.

Proof. Since α is flat, α∗(kG) is a projective Ap-module, so that the Eckmann-Shapiro Lemma
furnishes an isomorphism

H•(Ap, k) ∼= H•(G,HomAp(kG, k))
of H•(G, k)-modules, with H•(G, k) operating on H•(Ap, k) via α•. Thanks to the Friedlander-Suslin
Theorem, the space H•(Ap, k) ∼= k[X] is a finitely generated H•(G, k)-module, so that imα• 6= k. �
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Following Friedlander-Pevtsova [60], we associate to every G-module M the set

P (G)M := {[α] ∈ P (G) ; α∗(M) is not projective}.
If these sets were a good model for support varieties, then they should interact nicely with tensor
products. The subtlety of the following result resides in p-points not being Hof algebra homo-
morphisms, so that α∗ does not necessarily commute with tensor products. Nevertheless, one can
show:

Theorem 2.7 ([60]). Let G be a finite group scheme. Then we have

P (G)M⊗kN = P (G)M ∩ P (G)N

for all M,N ∈ mod kG.

Proof. Suppose first that G = U is abelian and unipotent. Recall that there exist ri ≥ 1 such
that

kU ∼= k[X1, . . . , Xn]/(Xpr1

1 , . . . , Xprn

n ).
We denote the canonical generators by the corresponding lower case letters. Thus, by defining a
comultiplication ∆1 : kU −→ kU⊗k kU via

∆1(xi) = xi ⊗ 1 + 1⊗ xi ; 1 ≤ i ≤ n
we see that kU can be considered as the restricted enveloping algebra U0(u) of the abelian restricted
Lie algebra u :=

⊕n
i=1

⊕ri−1
j=0 kxpj

i . Let ∆0 : kU −→ kU⊗k kU be the originally given comultiplica-
tion. Since tensor products of projective modules over Hopf algebras are projective, both comulti-
plications are flat. The well-known identity ∆0(u) ≡ u⊗ 1 + 1⊗ u mod(Rad(kU)⊗k Rad(kU)), in
conjunction with kU being generated by ∆1-primitive elements, yields

∆0(u) ≡ ∆1(u) mod(Rad(kU)⊗k Rad(kU)) ∀ u ∈ kU.
We let ∆i,∗ : P (U) −→ P (kU ⊗k kU) be the canonical map induced by ∆i, sending p-points of U

to flat maps Ap −→ kU⊗k kU. Then Proposition 2.4 yields

P (U)M⊗N = ∆−1
0,∗(P (kU⊗k kU)M⊗kN ) = ∆−1

1,∗(P (kU⊗k kU)M⊗kN ),

so that we may consider the tensor product relative to the Hopf structure given by ∆1. In other
words, kU is a restricted enveloping algebra.

Let [α] be an element of P (U). By our observations concerning p-points of restricted enveloping
algebras, we may assume that α : Ap −→ kU is a homomorphism of Hopf algebras, where Ap =
U0(kt) is the restricted enveloping algebra of the one-dimensional nil-cyclic Lie algebra kt. Thus,
the functor α∗ commutes with tensor products, and our result follows from the representation
theory of U0(kt).

In the general case, a p-point α : Ap −→ kG factors through an abelian, unipotent subgroup
U ⊆ G. Hence there exists a p-point β : Ap −→ kU such that ιU ◦ β = α. Here ιU denotes the
canonical inclusion, whose associated pull-back functor commutes with tensor products. �

Remark. As is shown in [43, §1], Theorem 2.7 loses its validity, if one considers arbitrary flat
maps Ap −→ kG instead of p-points.

The conceptual importance of (2.7) manifests itself in the following result that justifies the notion
of a support space:
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Theorem 2.8 ([60]). Let G be a finite group scheme. Then

{P (G)M ; M ∈ mod kG}
is the set of closed subsets of a Noetherian topology on P (G). �

In particular, we can speak of the Krull dimension of the closed subspace P (G)M of P (G).

Theorem 2.9 ([60]). The map

ΨG :
{
P (G) −→ Proj(VG(k))
α 7→ kerα•

is a homeomorphism such that

Ψ−1
G (Proj(VG(M))) = P (G)M

for every M ∈ modG. Moreover, ΨG is natural relative to flat homomorphisms G −→ H. �

Remark. By definition, the Carlson module Lζ belongs to the principal block B0(G) of kG.
Theorem 2.9 and Proposition 2.5 thus state that the equivalence relation ∼ is completely determined
on modB0(G).

Corollary 2.10. We have VG(Lζ) = Z(ζ) for any ζ ∈ H2n(G, k) \ {0}.

Proof. Let α : Ap −→ kG be a p-point of G, and consider the induced map α• : H•(G, k) −→
H•(Ap, k). In view of (2.5(1)), we have ζ ∈ kerα• if and only if the pull-back α∗(Lζ) is not
projective. Thanks to (2.9), the latter condition is equivalent to kerα• ⊇ ker ΦLζ

, so that

(ζ) ⊆ kerα• ⇔ ker ΦLζ
⊆ kerα•.

By virtue of (2.9), this implies Proj(Z(ζ)) = Proj(VG(Lζ)), whence Z(ζ) = VG(Lζ). �

Given a restricted Lie algebra (g, [p]), we recall the bijection

Proj(V̂g) −→ P (g) ; ku 7→ [αu].

If M is a U0(g)-module, then the pre-image of P (g)M under this map is the projective space of the
rank variety

V̂g(M) := {u ∈ V̂g ; M |U0(ku) is not projective} ∪ {0}

of M , which is a closed, conical subset of the nullcone V̂g. The above map is actually a homeomor-
phism; see also the work by Jantzen [79] and Friedlander-Parshall [57] concerning the relationship
between the nullcone V̂g and the cohomological support variety Vg(k). We record the following
consequence:

Corollary 2.11. Let (g, [p]) be a restricted Lie algebra. Then we have

dim V̂g(M) = cxU0(g)(M)

for every M ∈ modU0(g). �
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3. Tameness and Complexity

In this section we shall employ support varieties to verify a useful necessary condition for the
tameness of blocks of cocommutative Hopf algebras. This result was first announced by Rickard
[103] in 1990, yet his proof is not correct. We therefore follow the approach of [42], which is
valid for blocks of Hopf algebras associated to finite group schemes and related classes of algebras.
Given such a group scheme G and a G-module M , we recall that cxG(M) := cxkG(M) denotes the
complexity of M .

Throughout, our base field k is assumed to be algebraically closed.

Theorem 3.1 ([42]). Let G be a finite group scheme, B ⊆ kG be a tame block. Then cxG(M) ≤ 2
for every M ∈ modB.

Proof. We outline the proof, since it rests on the geometric notions we have studied in the
foregoing sections. Let {S1, . . . , Sn} be a complete set of representatives for the simple B-modules.
We set

VB := VG(
n⊕

i=1

Si).

Our Theorem is a consequence of the following assertion, valid for an arbitrary block B ⊆ kG:

(∗) If m := dim VB ≥ 3, then B is not tame.
The idea is to produce a family of indecomposable B-modules that violates Theorem II.3.5. Using
the Noether Normalization Lemma, one first proves the existence of d > 0 and a familiy (ζα)α∈k

with ζα ∈ H2d(G, k) \ {0} for all α ∈ k, such that
(a) dim(Z(ζα) ∩ VB) = m− 1 for α ∈ k, and
(b) dim(Z(ζα) ∩ Z(ζβ) ∩ VB) = m− 2 for α 6= β ∈ k.

Now consider the B-module MB :=
⊕n

i=1 Si as well as the Carlson modules (Lζα)α∈k. These give
rise to exact sequences

(0) −→ Lζα ⊗k MB −→ Ω2d
G (k)⊗k MB

ζ̂α⊗idMB−→ MB −→ (0).

Owing to (2.7), (2.9) and (2.10) we have

VG(Lζα ⊗k MB) = VG(Lζα) ∩ VG(MB) = Z(ζα) ∩ VB.

By considering indecomposable summands of Lζα⊗kMB belonging to B, we finally obtain a family
(Nα)α∈k of indecomposable B-modules with

(i) dimk Nα ≤ (dimk MB)(dimk Ω2d
G (k)), and

(ii) dim VG(Nα) = dim VB − 1, and
(iii) dim(VG(Nα) ∩ VG(Nβ)) = dim VB − 2 for all α 6= β.

In view of (iii), these modules are pairwise non-isomorphic, and (1.2) yields cxG(Nα) = dim VG(Nα)
≥ 2. Owing to (i), Theorem II.3.5 shows that B is not tame.

Now let B be a tame block. Thanks to (∗), we obtain cxG(Si) ≤ cxG(MB) ≤ 2, so that an application
(II.2.2) completes the proof. �

By (II.2.2(4)) we have cxGa(2)
(M) ≤ cxGa(2)

(k) = 2 for every M ∈ mod kGa(2). However, kGa(2)
∼=

k[X,Y ]/(Xp, Y p) is tame only if p = 2. Consequently, the converse of (3.1) does not hold in general.
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Remark. By combining (I.1.6), (II.2.2) and (3.1), we see that Hopf subalgebras of tame or
finite representation type “come close to” being tame or representation-finite. In fact, by special
properties of extensions of group algebras, the representation type is inherited by subgroups of
finite groups (cf. [15, Prop.2]). As we shall see later, such a result does not hold in the context of
infinitesimal group schemes.

4. Blocks of Frobenius Kernels of Smooth Groups

Throughout this section, we fix a reduced (=smooth) affine group scheme G and assume that G

is defined over the algebraically closed field k of characteristic char(k) = p ≥ 3. We will illustrate
how rank varieties and nilpotent orbits can be employed to classify the representation-finite and
tame blocks of the Frobenius kernels of such groups. Let us begin by looking at an important
example.

Example. Consider the first Frobenius kernel SL(2)1 of SL(2). According to (I.4.6), the algebra
k SL(2)1 is isomorphic to U0(sl(2)), the restricted enveloping algebra of the Lie algebra of (2× 2)-
matrices of trace zero.

The block structure of U0(sl(2)) was determined by Pollack [98]. The algebra U0(sl(2)) possesses
exactly p+1

2 blocks. There is one simple block, corresponding to the p-dimensional Steinberg module
St = L(p−1), and ` := p−1

2 blocks B0, . . . ,B`−1, with Bi having two simple modules L(i) and
L(p−2−i) of dimensions i+1 and p−1−i, respectively. Pollack also proved that U0(sl(2)) has infinite
representation type, which of course also follows from (1.3) and the fact that V̂sl(2) has dimension 2.
The tameness of these blocks was verified independently by Drozd [34], Fischer [55], and Rudakov
[109]. The indecomposable U0(sl(2))-modules were determined by Premet [99].

We shall return to these blocks once we have discussed path algebras. For the time being, we
just record

dimk Ext1U0(sl(2))(L(i), L(j)) =
{

2 i+ j = p− 2
0 otherwise.

For every r ∈ N, we define
`r(G) := r dim G/B(G),

where B(G) is a Borel subgroup of G. Since all Borel subgroups of G are conjugate, the number
`r(G) does not depend on the choice of B(G).

Given n ≥ 0, we denote by

nn :=
n−1⊕
n=0

kx[p]i ; x[p]n = 0 6= x[p]n−1

the n-dimensional nil-cyclic Lie algebra. The smooth group giving rise to this Lie algebra is the
group Wn of Witt vectors of length n (cf. [31, V,§5]). Thus, we have

Lie(Wn) = nn ∀ n ≥ 0.

The following result shows in particular that the representation-finite blocks of kGr are Nakayama
algebras.
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Theorem 4.1 ([40]). Let G be a smooth group with unipotent radical U of dimension n := dim U.
Let B ⊆ kGr be a block.

(1) Suppose that B is representation-finite.
(a) If r ≥ 2, then B is simple, and G is reductive (i.e., U = ek),
(b) If r = 1, then there exists s ∈ {0, 1} such that B ∼= Matp`1(G)(k((Wn)1 o µ(ps))).

(2) If B is tame, then G is reductive and B ∼= Matp`r(G)−1(C) for a (tame) block C ⊆ k SL(2)1.

Proof. By way of illustration, we shall only consider (1) for r = 1, and in the case where
the group G is reductive. Then n = 0 and we have to show that the block B is simple. Since the
Frobenius kernels of G and its connected component G0 coincide, we may also assume that G is
connected.

The group G(k) acts on g := Lie(G) via the adjoint representation, which we may also consider
as an action

Ad : G(k) −→ Autk(U0(g)).

Let S be a simple module belonging to the block B ⊆ U0(g). For g ∈ G(k) we set

S(g) := ((Ad g)−1)∗(S).

Direct computation shows that

V̂g(S(g)) = (Ad g)(V̂g(S)) ∀ g ∈ G(k).

Since S is simple and G(k) is connected, we have S ∼= S(g) ∀ g ∈ G(k), so that the variety
V̂g(S) ⊆ V̂g ⊆ g is invariant under the adjoint action.

We first show that dim V̂g(S) 6= 1. Otherwise, each irreducible component of the conical variety
V̂g(S) is a G(k)-stable line, and g contains a line kx 6= (0) with x[p] = 0 that is invariant under the
adjoint representation. This contradicts the fact that the group G is reductive (cf. [73]).

Since B has finite representation type, the rank variety V̂g(S) has dimension ≤ 1 (cf. (1.3)).
By what we have just seen, this implies dim V̂g(S) = 0. Consequently, S is projective, and the
self-injective algebra B is simple. �

Remark. The scarcity of tame or representation-finite blocks for Frobenius kernels of smooth
reductive groups closely parallels the situation for blocks of groups of Lie type in the defining
characteristic. The reader is referred to [74, §8] for more details.

5. π-Points and Jordan Type

The concept of a p-point has turned out to be merely the beginning of far-reaching investiga-
tions involving π-points and Jordan types. While π-points incorporate the treatment of infinite-
dimensional modules for group schemes over arbitrary fields, the notion Jordan type refines the
defining property of support spaces by investigating the isomorphism types of the Ap-modules
α∗(M). In this section we sketch a few results of the relevant articles [61, 62, 24].

Throughout, k denotes a field of positive characteristic p > 0. If G := Speck(k[G]) is an affine
group scheme over k and R ∈Mk is a commutative k-algebra, then

GR : MR −→ Gr ; S 7→ G(S)

is a group functor, which is the composite of G with the forgetful functor MR −→ Mk induced
by the structure map k −→ R. In fact, being represented by the R-algebra k[G] ⊗k R, the group
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functor GR is affine. If K is an extension field of k, and G is a finite k-group, then GK is a finite
K-group with algebra of measures

KG := kG⊗k K.

The isomorphism Ap ⊗k K ∼= K[T ]/(T p) can be interpreted as a special case. We shall denote this
algebra by Ap,K . The main innovation, expounded in [61], is the consideration of p-points over
arbitrary field extensions:

Definition. Let G be a finite group scheme over k. Given a field extension K :k, a π-point

αK : Ap,K −→ KG

is a left flat homomorphism of K-algebras, such that there exists an abelian, unipotent subgroup
U ⊆ GK with imαK ⊆ KU.

We may now investigate kG-modules M by considering their extensions MK := M ⊗k K as KG-
modules as well as the structure of their pullbacks α∗K(MK) ∈ modAp,K . In their paper [61],
Friedlander and Pevtsova define an equivalence relation via

αK ∼ βL :⇔ α∗K(MK) is projective if and only if β∗L(ML) is projective ∀ M ∈ mod kG

for π-points αK : Ap.K −→ KG and βL : Ap,L −→ LG. We let Π(G) be the set of equivalence classes
of π-points.

If k ⊆ K ⊆ L are fields, then Ap,K ⊗K L ∼= Ap,L, and base change associates to a π-point
αK : Ap,K −→ KG a π-point αL : Ap,L −→ LG. Given any kG-module M , we have MK⊗K L ∼= ML,
whence

α∗L(ML) ∼= α∗K(MK)⊗K L.

This implies:

Proposition 5.1. Let G be a finite group scheme over k. Two π-points αK : Ap,K −→ KG and
βL : Ap,L −→ LG are equivalent if and only if αF ∼ βF for some field F containing K and L. �

Let me comment on the technical aspect of the definition involving the existence of an abelian,
unipotent subgroup U ⊆ GK . By not insisting on U to be defined over k, we introduce a degree of
freedom that enables us to reduce many questions to the consideration of p-points over algebraically
closed fields. Here is the relevant result:

Lemma 5.2. Let G be a finite k-group scheme, K be an extension field of k.
(1) A π-point αL : Ap,L −→ LGK of GK can be considered as a π-point α̂L : Ap,L −→ LG of G.
(2) The map Π(GK) −→ Π(G) ; [αL] 7→ [α̂L] is well-defined.

Proof. Since LGK
∼= LG, it is clear that α̂L is a flat homomorphism. By assumption there

exists an abelian, unipotent subgroup U ⊆ (GK)L such that imαL ⊆ LU. Consequently, im α̂L ⊆
LU, so that α̂L is a π-point for G. �

Given a finite k-group scheme G, the Universal Coefficient Theorem (cf. [108, (8.22)]) provides an
isomorphism

H∗(GK ,K) ∼= H∗(G, k)⊗k K

for any field K ⊇ k. We may thus consider H•(G, k) as a k-subalgebra of the K-algebra H•(GK ,K).
Using the arguments of Section 2, we see that every π-point αK : Ap,K −→ KG defines a non-trivial
homomorphism

α•K : H•(GK ,K) −→ H•(Ap,K ,K)



48 III. SUPPORT VARIETIES AND SUPPORT SPACES

of graded k-algebras. In particular, kerα•K ∩ H•(G, k) is a homogeneous prime ideal of H•(G, k)
which is properly contained in the augmentation ideal

⊕
n≥1 H2n(G, k) of H•(G, k).

Let K : k be a field extension. Given an element ζ ∈ H2n(G, k) \ {0}, we denote by Lζ,K the
kernel of the map ζ̂K := ζ̂⊗̂ idK : Ω2n

G (k) ⊗k K −→ K. The corresponding cohomology class ζK
belongs to H•(G, k) ⊆ H•(GK ,K). The following subsidiary result indicates the significance of the
ideals kerα•K ∩H•(G, k):

Proposition 5.3 ([61]). Let G be a finite group scheme over k, αK : Ap.K −→ KG be a π-point.
Given an element ζ ∈ H2n(G, k) \ {0}, the following statements are equivalent:

(1) ζK ∈ kerα•K ∩H•(G, k).
(2) α∗K(Lζ,K) is not projective.

Proof. By applying α∗K to the map ζ̂K , we obtain a short exact sequence

(0) −→ α∗K(Lζ,K) −→ α∗K(Ω2n
G (k)⊗k K)

α∗K(ζ̂K)
−→ K −→ (0).

Since α∗K sends projectives to projectives, the isomorphisms Ω2n
G (k)⊗k K ∼= Ω2n

GK
(K)⊕ (proj.) and

Ω2n
Ap,K

(K) ∼= K give rise to a short exact sequence

(0) −→ α∗K(Lζ,K) −→ K ⊕ (proj.)
(f,g)−→ K −→ (0),

where the cohomology class of f corresponds to α•K(ζK). We may now argue as in the proof of
(2.5). �

In view of (5.1), the equivalence relation of π-points interacts nicely with field extensions. As this
also holds for the associated prime ideals, the results of Section 2 are amenable to applications.
Using (2.9), one obtains for π-points αk, βL:

αK ∼ βL ⇔ kerα•K ∩H•(G, k) = kerβ•L ∩H•(G, k).

Consequently, [αK ] 7→ kerα•K ∩H•(G, k) is a well-defined, injective map. Friedlander and Pevtsova
also show that one obtains all relevant homogeneous prime ideals of H•(G, k) in this fashion.

Let R =
⊕

n≥0Rn be a commutative, graded k-algebra such that R0 = k. Recall that

Proj(R) := {p �R ; p homogeneous prime ideal, p (
⊕
n≥1

Rn}

is the projective space of R. If k is algebraically closed and R = k[V] is the coordinate ring of a
conical variety V, then Proj(V) is given by the maximal elements of Proj(k[V]).

Lemma 5.4. Suppose R =
⊕

n≥0Rn be a finitely generated k-algebra with R0 = k. Given
p ∈ Proj(R), let K be an algebraically closed extension field of the field of fractions Q(R/p). Then
there exists a maximal element P ∈ Proj(R⊗k K) such that P ∩R = p.

Proof. We first consider the case where p = (0), so that R is an integral domain andK ⊇ Q(R)
contains its field of fractions. The canonical inclusion R ↪→ K induces an injective homomorphism

γ : R −→ K[T ] ;
∑
n≥0

rn 7→
∑
n≥0

rnT
n

of graded k-algebras. We consider the extended graded K-homomorphism

γ̂ : R⊗k K −→ K[T ] ; x⊗ α 7→ αγ(x).
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Since K is algebraically closed, the observations of Section 2 show that the ideal P := ker γ̂ is a
maximal element of Proj(R⊗k K). By construction, we have P ∩R = (0).

In the general case, we consider the finitely generated, graded integral domain R′ := R/p.
By the above, there exists a maximal element P′ ∈ Proj(R′ ⊗k K) with P′ ∩ R′ = (0). We let
π : R⊗k K −→ R′⊗k K be the canonical graded homomorphism with kerπ = p⊗k K and consider
the maximal element P := π−1(P′) ∈ Proj(R⊗k K). Directly from the definitions we obtain

P ∩R = π−1(P′) ∩ π−1(R′) ∩R = π−1(P′ ∩R′) ∩R = kerπ ∩R = p,

as desired. �

Theorem 5.5 ([61]). Let G be a finite group scheme over k. Then

ΨG : Π(G) −→ Proj(H•(G, k)) ; [αK ] 7→ kerα•K ∩H•(G, k)

is a bijective map.

Proof. It remains to verify the surjectivity of the map ΨG. Given p ∈ Proj(H•(G, k)), we let
K be the algebraic closure of the field of fractions of R/p. We have a commutative diagram

Π(GK)
ΨGK−−−−→ Proj(H•(GK ,K))yres1

yres2

Π(G)
ΨG−−−−→ Proj(H•(G, k)),

where res2 is induced by base change and res1 is defined in Lemma 5.2. Lemma 5.4 provides a
maximal element P ∈ Proj(H•(GK ,K)) with p = res2(P). Thanks to (2.9), we can find x ∈ Π(GK)
with ΨGK

(x) = P. Consequently, res1(x) ∈ Π(G) is the desired pre-image of p under ΨG. �

Let M be an arbitrary G-module (not necessarily finite-dimensional). In analogy with Section 2
one defines the Π-support of M via

Π(G)M := {[αK ] ∈ Π(G) ; α∗K(MK) is not projective}.

The sets Π(G)M enjoy the usual properties with respect to tensor products and short exact se-
quences. We summarize the relevant results of [61] in the following:

Theorem 5.6. Let G be a finite group scheme over a field k.
(1) The set {Π(G)M ; dimk M <∞} is the set of closed sets of a Noetherian topology on Π(G).
(2) For every subset X ⊆ Π(G) there exists a G-module M such that X = Π(G)M .
(3) The map ΨG : Π(G) −→ Proj(H•(G, k)) is a homeomorphism such that

Ψ−1
G (Proj(H•(G, k)/ ker ΦM ) = Π(G)M

for every finite-dimensional G-module M .
(4) If M is a finite-dimensional G-module, then dim Π(G)M = cxG(M)− 1. �

Instead of asking whether the pull-back α∗K(MK) of a finite-dimensional GK-module is projective,
one can equally well investigate the isomorphism type of the Ap,K-module α∗K(MK). This point
of view is adopted in the articles [24, 62], which study generic properties as well as modules of
constant Jordan type.
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Let αK : Ap,K −→ KG be a π-point. If M ∈ modG, then α∗K(MK) ∈ modAp,K uniquely
decomposes as

α∗K(MK) ∼=
p⊕

i=1

αK,i(M)[i],

where [i] represents the (up to isomorphism) unique indecomposable Ap,K-module of dimension i.
We will interpret the right-hand side as a base change of an Ap,k-module N , that is,

α∗K(MK) ∼= NK ,

with N =
⊕p

i=1 αK,i(M)[i] ∈ modAp,k. The isomorphism class of N is the Jordan type of M with
respect to αK , denoted Jt(M,αK).

Let αK and βL be π-points, M ∈ modG be a G-module. In [62], the authors introduce a relation
by setting

αK �M βL :⇔ dimK im tmα∗K(MK) ≤ dimK im tmβ∗L(MK) ∀ m ∈ {1, . . . , p}.

This condition is readily seen to be equivalent to

αK �M βL :⇔
p∑

i=j

(i− j)αK,i(MK) ≤
p∑

i=j

(i− j)βL,i(ML) 1 ≤ j ≤ p.

In view of [26, (6.2.2)], the latter relation corresponds to the usual dominance ordering on the
partitions of dimk M , associated to α∗K(MK) and β∗L(ML), respectively. More precisely,

αK ∼M βL :⇔ Jt(M,αK) = Jt(M,βL)

defines an equivalence relation on the set Pt(G) of π-points and �M is a partial ordering on the set
of its equivalence classes.

This point of view provides new invariants of G-modules and leads to the definition of classes
of G-modules that are only beginning to be understood. In [62] the authors show:

Theorem 5.7. Let G be a finite k-group scheme and M be a finite-dimensional G-module. Then

Π̃(G)M := {x ∈ Π(G) ;∃ αK ∈ x such that Jt(M,αK) is not of maximal for �M}
is a closed subspace of Π(G). �

The non-maximal support space Π̃(G)M coincides with Π(G)M if and only if Π(G)M 6= Π(G).
Recall that a finite-dimensional G-module M is projective if and only if Π(G)M = ∅. If Π̃(G)M =

∅, then M is of constant Jordan type, that is, Jt(M,αK) = Jt(M,βL) for any two π-points αK and
βL of G. This interesting class of modules was investigated in recent papers by Carlson-Friedlander-
Pevtsova [24] and Carlson-Friedlander [23]. The full subcategory of modG, whose objects are of
constant Jordan type, is closed under direct sums and direct summands.



CHAPTER IV

Varieties of Tori

As we have seen in Sections III.2 and III.3, the determination of the representation type of
finite algebraic groups leads to conditions on rank varieties. This leaves us with the problem of
interpreting the ramifications of these conditions for the structure of the underlying groups. For
Frobenius kernels of smooth groups, our knowledge of nilpotent orbits suffices to reduce the problem
to the study of SL(2), a group whose representation theory is well enough understood to provide
us with complete answers. The failure of the classical Lie-Kolchin Theorem for arbitrary infinites-
imal groups already indicates the problems one encounters when leaving the classical environment
of Frobenius kernels associated to smooth group schemes. Schemes of tori and their associated
algebraic families of Lie algebras help us deal with this problem for arbitrary infinitesimal groups.

The material of this chapter is taken from [48, 49].

1. Algebraic Families of Vector Spaces

Throughout, we let A be a finitely generated integral domain over the algebraically closed field
k with associated scheme X := Speck(A). Given a finite-dimensional k-vector space V , we consider
the free A-module V ⊗k A. For an A-submodule P ⊆ V ⊗k A, and x ∈ X(k), we denote by
P (x) := (idV ⊗̂x)(P ) ⊆ V the subspace of V obtained by specialization along x. If P is a direct
summand of the A-module V ⊗k A, then P (x) ∼= P ⊗A kx, where kx denotes the one-dimensional
A-module afforded by x. We will be studying the algebraic family (P (x))x∈X(k) of subspaces of V .

Let X be a variety, x ∈ X be a point. Then

dimxX := max{dimY ; Y ⊆ X is an irreducible component of X containing x}

is called the local dimension of X at x. A function f : X −→ N0, defined on a variety X, is called
upper semicontinuous if for every n ∈ N0 the subset f−1({m ∈ N0 ; m ≥ n}) ⊆ X is closed. Given
a morphism ϕ : X −→ Y of varieties, we denote by εϕ(x) := dimx ϕ

−1(ϕ(x)) the local dimension
of ϕ−1(ϕ(x)) at the point x ∈ X. The following basic result is referred to as semicontinuity of fiber
dimension, see [35, §14].

Proposition 1.1. Let ϕ : X −→ Y be a morphism of varieties. Then the map

X −→ N0 ; x 7→ εϕ(x)

is upper semicontinuous. �

Proposition 1.2. Let Y ⊆ V be a conical closed subset, and suppose that P ⊆ V ⊗k A is an
A-direct summand. Then the following statements hold:

(1) The function δP∩Y : X(k) −→ N0 ; x 7→ dimP (x) ∩ Y is upper semicontinuous.
(2) If d := min{dimP (x)∩Y ; x ∈ X(k)}, then U := δ−1

P∩Y (d) is a dense, open subset of X(k).

51
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Proof. (1) Consider the variety X(k)× Y as well as the subset

Z := {(x, y) ∈ X(k)× Y ; ∃ p ∈ P such that (idV ⊗̂x)(p) = y}.
By assumption, there exists a submodule Q ⊆ V ⊗k A such that V ⊗k A = P ⊕Q. Let {v1, . . . , vn}
be a basis of V . We thus have projection maps

prj : V −→ k ;
n∑

i=1

αivi 7→ αj 1 ≤ j ≤ n

as well as
prQ : V ⊗k A −→ Q ; p+ q 7→ q.

Let (aij) ∈ Matn(A) be the (n× n)-matrix, given by

prQ(vj ⊗ 1) =
n∑

i=1

vi ⊗ aij 1 ≤ i ≤ n.

Let (x, y) ∈ X(k)× Y . Direct computation now shows that

(x, y) ∈ Z if and only if
n∑

j=1

x(aij)prj(y) = 0 1 ≤ i ≤ m.

Since prj |Y ∈ k[Y ] for 1 ≤ j ≤ n and ã : X(k) −→ k ;x 7→ x(a) belongs to k[X(k)] for every a ∈ A,
it follows that

Z = {(x, y) ∈ X(k)× Y ; [
n∑

j=1

ãij ⊗ prj ](x, y) = 0 1 ≤ i ≤ n}

is closed.
We consider the restriction π : Z −→ X(k) of the projection onto the first factor. Given

x ∈ X(k), the canonical map

ιx : Y −→ X(k)× Y ; y 7→ (x, y)

induces an isomorphism π−1(x) ∼= P (x) ∩ Y , so that επ(x, y) = dimy P (x) ∩ Y for every point
(x, y) ∈ Z. Since Y is a conical, closed subset of V , the neutral element 0 belongs to Y and
dim0 Y = dimY . This also applies to the closed, conical subset P (x) ∩ Y . Consider the morphism
γ : X(k) −→ Z ; x 7→ (x, 0). The above observations yield

επ ◦ γ = δP∩Y ,

and Proposition 1.1 ensures that this map is upper semicontinuous.
(2) By definition of d, the set U = X(k) \ {x ∈ X(k) ; δP∩Y (x) ≥ d + 1} is a non-empty open

subset of X(k). Since A is an integral domain, the variety X(k) is irreducible, so that U lies dense
in X(k). �

Corollary 1.3. Suppose that P ⊆ V ⊗k A is an A-direct summand.
(1) The function δP : X(k) −→ N0 ; x 7→ dimk P (x) is constant.
(2) If P 6= (0), then P (x) 6= (0) for every x ∈ X(k).

Proof. (1) By assumption, there exists an A-submodule Q ⊆ V ⊗kA such that V ⊗kA = P⊕Q.
Consequently, V = P (x) ⊕ Q(x) for every x ∈ X(k). Let dP := min{dimk P (x) ; x ∈ X(k)} and
dQ := min{dimk Q(x) ; x ∈ X(k)}. Since X(k) is irreducible, (1.2) yields dP + dQ = dimk V .
Consequently, dP ≤ dimk P (x) = dimk V − dimk Q(x) ≤ dimk V − dQ = dP for an arbitrary
x ∈ X(k).
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(2) Suppose there is x0 ∈ X(k) such that P (x0) = (0). According to (1) we then have P (x) = (0)
for every x ∈ X(k). Let {v1, . . . , vn} be a basis of V . Given p ∈ P , we write p =

∑n
i=1 vi⊗ai. Since

0 = (idV ⊗̂x)(p) =
n∑

i=1

x(ai)vi ∀ x ∈ X(k)

we see that the zero locus Z(I) of the ideal I := ({a1, . . . , an}) ⊆ A is all of X(k). Hilbert’s
Nullstellensatz now yields I = (0), whence p = 0. Consequently, P = (0), a contradiction. �

Given an A-direct summand P ⊆ V ⊗k A, and a subset U ⊆ X(k), we define

IU (P ) :=
⋂
x∈U

P (x).

In the sequel, we are going to provide conditions ensuring that IU (P ) is a non-zero subspace of V
which is stable under certain group actions.

Definition. Let V be a finite-dimensional vector space, F be a finite set of closed subsets of
V . A family (Wi)i∈I of subspaces of V is said to be F-regular, provided every subspace Wi contains
an element of F.

Lemma 1.4. Let F be a finite set of closed subsets of the finite-dimensional k-vector space V .
If P ⊆ V ⊗k A is an A-submodule such that

(a) P is an A-direct summand of V ⊗k A, and
(b) there exists a dense subset U ⊆ X(k) such that (P (x))x∈U is F-regular,

then the subspace IX(k)(P ) ⊆ V is F-regular.

Proof. We write F = {Y1, . . . , Yn}. In view of (a), there exists an A-submodule Q ⊆ V ⊗k A
with V ⊗k A = P ⊕ Q, so that V = P (x) ⊕ Q(x) for every x ∈ X(k). Given y ∈ V , we write
y ⊗ 1 = p+ q with p ∈ P and q ∈ Q. Then y ∈ P (x) if and only if (idV ⊗̂x)(q) = 0. By choosing a
basis {v1, . . . , vm} of V and writing q =

∑m
i=1 vi ⊗ ai, we see that the latter condition is equivalent

to x(ai) = 0 for 1 ≤ i ≤ m. Consequently, the set Z[y] := {x ∈ X(k) ; y ∈ P (x)} is closed,
and Zj := {x ∈ X(k) ; Yj ⊆ P (x)} =

⋂
y∈Yj

Z[y] has the same property. Condition (b) implies
X(k) = Ū ⊆

⋃n
j=1 Zj . Since A is an integral domain, the variety X(k) is irreducible, and there

exists j0 ∈ {1, . . . , n} such that Zj0 = X(k). It follows that Yj0 ⊆ IX(k)(P ). �

Let G be an affine algebraic k-group, V be a G-module. We assume that G acts on A via algebra
homomorphisms. Consider the G-module V ⊗k A with the diagonal operation

g.[(v ⊗k r)⊗R (a⊗k s)] := g(v ⊗k r)⊗R g(a⊗k s)

for g ∈ G(R), r, s ∈ R, v ∈ V, a ∈ A.

Lemma 1.5. Let P ⊆ V ⊗k A be a G-stable A-submodule that is also an A-direct summand of
V ⊗k A. If U ⊆ X(k) is dense, then IU (P ) ⊆ V is a G-submodule.

Proof. One verifies the identity
V ∩ P = IU (P )

and observes that the left-hand side is a G-submodule of V . �
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2. Schemes of Tori

Recall that k is an algebraically closed field of characteristic p > 0. Throughout this section we
will only consider finite-dimensional restricted Lie algebras. Such a Lie algebra (t, [p]) is called a
torus if and only if V̂t = {0}. Tori are necessarily abelian and linearly reductive: Every U0(t)-module
is completely reducible.

If g = Lie(G) is the Lie algebra of a smooth group, then much of the structure of g can
be detected via the so-called root space decomposition. One picks a maximal torus t ⊆ g and
decomposes g into its eigenspaces relative to t:

g = Cg(t)⊕
⊕
α∈R

gα ; R ⊆ g∗ \ {0}.

Here Cg(t) := {x ∈ g ; [t, x] = 0 ∀ t ∈ t} is the centralizer of t in g, and gα := {x ∈ g ; [t, x] =
α(t)x ∀ t ∈ t} 6= (0) is the root space for the root α ∈ R. Since G is smooth, any two maximal tori
are conjugate under the adjoint representation, so it doesn’t really matter which maximal torus we
take. The following example shows that this is no longer true for arbitrary restricted Lie algebras.

Example. For p ≥ 5 we consider the Witt algebra W (1) := Derk(k[X]/(Xp)) of the derivations
of the truncated polynomial ring k[X]/(Xp). Since the p-th power of a derivation is again a
derivation, (W (1), p) is a restricted Lie algebra. Let ∂ be the derivation induced by d

dX and set
x := X + (Xp) as well as ei := xi+1∂ for −1 ≤ i ≤ p− 2. Then {e−1, . . . , ep−2} is a basis of W (1),
and we have

[ei, ej ] = (j − i)ei+j ; epi = δi,0e0,

where the product is understood to be zero whenever i+ j does not lie within {−1, . . . , p− 2}. It
follows that the p-subalgebra t := ke0 is self-centralizing and hence is a maximal torus of W (1).

We define another basis via fi := (x + 1)i+1∂ for −1 ≤ i ≤ p − 2. Then fp
0 = f0 and

[fi, fj ] = (j − i)fi+j . In particular, t′ := kf0 is another maximal torus of W (1). However, now
the subscripts have to be interpreted mod(p), e.g., [f1, fp−2] = −3f−1. Thus, while the root space
decomposition relative to t induces a Z-grading, we have a grading with respect to the group Z/(p)
in the latter case. The Z-grading is better to work with because we can for instance read off that
ad e1 is a nilpotent transformation.

These observations already indicate that t and t′ are really different. In fact, they cannot be
mapped onto each other by any automorphism of W (1). Direct computation shows that W (1)(0) :=∑p−2

i=0 k ei is the unique p-subalgebra of codimension 1 (here we need p ≥ 5). Hence it is fixed by
any automorphism ϕ ∈ Autp(W (1)), and ϕ(t) ⊆W (1)(0). In particular, ϕ(t) 6= t′.

The foregoing example illustrates our predicament. We have to choose a maximal torus without
knowing which choice is good for our purposes. Schemes of tori obviate this difficulty by simulta-
neously studying all tori of a certain isomorphism type.

Let (g, [p]) be a restricted Lie algebra over k, R be a commutative k-algebra. Recall that g⊗kR
obtains the structure of a restricted Lie algebra over R via

[x⊗ r, y ⊗ s] := [x, y]⊗ rs ; (x⊗ r)[p] = x[p] ⊗ rp ∀ x, y ∈ g, r, s ∈ R.

Now let (t, g) be a pair of restricted Lie algebras over k. We consider the k-functor Tg : Mk −→ Ens
that associates to each commutative k-algebra R the set Tg(R) of those homomorphisms ϕ : t ⊗k

R −→ g⊗k R of restricted Lie algebras over R that are split injective R-linear maps. Observe that
the set Tg(k) of k-rational points is just the set of embeddings t ↪→ g.
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Theorem 2.1 ([48]). Let t be a torus. Given a restricted Lie algebra g, the following statements
hold:

(1) Tg is a smooth, affine, algebraic scheme.
(2) If X ⊆ Tg is an irreducible component, then

dim X = dimk g− dimk Cg(ϕ(t)) ∀ ϕ ∈ X(k). �

One main point of (1) is that the connected components of Tg coincide with its irreducible com-
ponents. Thus, if t ⊆ g is a torus with the embedding t ↪→ g corresponding to a rational point
x0 ∈ Tg(k), then there exists exactly one irreducible component Xt ⊆ Tg such that x0 ∈ Xt(k).

We illustrate (2.1) by considering Lie algebras of smooth groups. Let G be an affine algebraic group,
Ad : G(k) −→ Autk(Lie(G)) be its adjoint representation. Then G(k) operates on the affine variety
Tg(k) via

g.ϕ := Ad(g) ◦ ϕ ∀ g ∈ G(k), ϕ ∈ Tg(k).

Proposition 2.2. Let g = Lie(G) be the Lie algebra of a smooth, connected, affine algebraic
group, t be a torus. Then the connected components of Tg(k) are the G(k)-orbits of Tg(k). �

Remarks. (1) Let t
x0
↪→ g be the canonical embedding. Under the assumptions of (2.2) the

morphism g 7→ Ad(g) ◦ x0 induces a bijective G(k)-equivariant map G(k)/StabG(k)(x0) −→ Xt(k)
of homogeneous spaces. Owing to [48, (1.4)], its differential T1̄(G(k)/StabG(k)(x0)) −→ Tx0(Xt) is
given by the bijection

g/Cg(t) −→ Derk(t, g) ; [x] 7→ adx|t.
Consequently, we have an isomorphism G(k)/CG(k)(t) ∼= Xt(k). Here CG(k)(t) = {g ∈ G(k) ; Ad(g)(t)
= t ∀ t ∈ t} is the centralizer of t in G(k).

(2) One can use schemes of tori to recover the classical conjugacy theorem for maximal tori of
Lie algebras of smooth groups, see [39] for more details.

Let (g, [p]) be a restricted Lie algebra, t ⊆ g be a torus with embedding t ↪→ g corresponding
to a rational point x0 ∈ Tg(k). Thanks to (2.1), the irreducible component Xt is representable:
There exists a finitely generated integral domain A such that Xt

∼= Speck(A). We consider the
restricted Lie algebra g̃ := g⊗k A. Under the above identification idA ∈ Speck(A)(A) corresponds
to an embedding j : t −→ g̃ of restricted k-Lie algebras such that the A-submodule Aj(t) ⊆ g̃ is a
direct summand of g̃. Since Xt

∼= Speck(A), any element ϕ : t −→ g⊗k R of Xt(R) is obtained via
specialization: If ϕ ∈ Xt(R) corresponds to x ∈ Speck(A)(R), then we have

ϕ = (idg⊗x) ◦ j.
For that reason, we call j : t ↪→ g̃ the universal embedding.

Note that j endows the extended Lie algebra g̃ with the structure of an infinite-dimensional
U0(t)-module. Since U0(t) is commutative and semi-simple, there results a weight space decompo-
sition

g̃ = g̃0 ⊕
⊕
α∈Φ

g̃α

of g̃ relative to t. Here Φ ⊆ t∗ \ {0} is the set of weights, and for α ∈ Φ ∪ {0} the weight space
g̃α = {v ∈ g̃ ; [j(t), v] = α(t)v ∀ t ∈ t} 6= (0) is an A-direct summand of g̃. Given an arbitrary
element x ∈ Xt(k), we have

g = g̃0(x)⊕
⊕
α∈Φ

g̃α(x),
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where g̃α(x) = {v ∈ g ; [(idg ⊗̂x)(j(t)), v] = α(t)v ∀ t ∈ t} for α ∈ Φ ∪ {0}. In other words, if
ϕ := (idg ⊗̂x) ◦ j is the embedding corresponding to x ∈ Xt(k), then g̃α(x) is the root space with
root α ◦ ϕ−1 relative to the torus ϕ(t) ⊆ g. In particular, specialization along x0 yields the root
space decomposition

g = Cg(t)⊕
⊕
α∈Φ

gα

of g relative to t. Thanks to (1.3), this also shows that Φ is a finite set.
Recall that the rank variety of the trivial module of a restricted Lie algebra (g, [p]) is given by

V̂g = {x ∈ g ; x[p] = 0}.

We will occasionally refer to dim V̂g as the null-rank of the restricted Lie algebra g.
Returning to our general set-up, we let P ⊆ g̃ be an A-direct summand of g̃. By virtue of (1.2),

there exists a non-empty open subset UP ⊆ Xt(k), and a natural number cP (g, t) ∈ N0 such that

dimP (x) ∩ V̂g = cP (g, t) ∀ x ∈ UP .

The number cP (g, t) is the generic null-rank of the algebraic family (P (x))x∈Xt(k) of subspaces of g.
Given a subset Ψ ⊆ t∗, the A-submodule g̃Ψ :=

⊕
α∈Ψ g̃α is a direct summand of g̃, and we write

cΨ(g, t) := cg̃Ψ(g, t).
A nilpotent, self-normalizing p-subalgebra of g is called a Cartan subalgebra. According to

general theory, the centralizer Cg(t) of the torus t ⊆ g is a Cartan subalgebra of g if and only if t
is a maximal torus (cf. [115, Chapter II]).

We illustrate the utility of the generic null-rank by verifying the following subsidiary result:

Lemma 2.3. Let t ⊆ g be a torus. Then c0(g, t) = 0 if and only if Cg(t) = t.

Proof. Let A := k[Xt] be the coordinate ring of the component Xt. We consider the A-
direct summands Aj(t) and g̃0 of g̃, and observe that for x ∈ X(k) and its associated embedding
ϕ := (idg ⊗̂x) ◦ j, the specializations along x are given by

(Aj(t))(x) = ϕ(t) and g̃0(x) = Cg(ϕ(t)),

respectively. By definition, there exists a dense open subset U ⊆ Xt(k) such that

dim V̂g̃0(x) = c0(g, t) ∀ x ∈ U.

Suppose that c0(g, t) = 0 and let x ∈ U . Then V̂g̃0(x) = {0} and Cg(ϕ(t)) is a torus. Since Cg(ϕ(t))
is self-normalizing, it is a Cartan subalgebra of g. Thus, (Aj(t))(x) = ϕ(t) is a maximal torus of g,
and we conclude that (Aj(t))(x) = g̃0(x). As Aj(t) and g̃0 are A-direct summands of g̃, (1.3) yields

dimk Cg(t) = dimk g̃0(x0) = dimk g̃0(x) = dimk(Aj(t))(x) = dimk(Aj(t))(x0) = dimk t,

so that t = Cg(t).
Conversely, assume that t = Cg(t). Then we have dimk(Aj(t))(x0) = dimk g̃0(x0). As Aj(t)

and g̃0 are A-direct summands of g̃, (1.3) implies (Aj(t))(x) = g̃0(x) for every x ∈ Xt(k). This
shows that c0(g, t) = 0. �

Let (g, [p]) be a restricted Lie algebra. We denote by AUT(g) the automorphism scheme of g. For
every commutative k-algebra R, AUT(g)(R) is the set of automorphisms of the restricted R-Lie
algebra g ⊗k R. The connected component of AUT(g) will be denoted Gg. A subspace n ⊆ g is
Gg-invariant if g(n⊗k R) = n⊗k R for every R ∈Mk and g ∈ Gg(R).

The natural operation of Gg on g induces an action of Gg on Tg: For g ∈ Gg(R) and ϕ ∈ Tg(R)
we have g.ϕ := g ◦ ϕ.
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Lemma 2.4. The following statements hold:
(1) Every irreducible component X ⊆ Tg is Gg-invariant.
(2) Let Ψ ⊆ t∗. Then IXt(k)(g̃Ψ) is Gg-invariant.
(3) Let Ψ ⊆ t∗. Then IXt(k)(g̃Ψ) is an ideal of g. �

We illustrate the use of these techniques by considering representation-finite restricted Lie algebras.
Recall that g is referred to as solvable if its derived series (g(n))n≥0, which is inductively defined via
g(0) := g and g(n+1) = [g(n), g(n)], contains the ideal (0)of g. If this holds for the descending central
series (gn)n≥1 with g1 := g and gn+1 := [g, gn], then g is called nilpotent.

Proposition 2.5. Let (g, [p]) be a restricted Lie algebra such that the principal block B0(g) ⊆
U0(g) has finite representation type. Then g is solvable.

Proof. According to (II.3.2) and (III.2.11) the null-rank of g is bounded by 1, that is, dim V̂g ≤
1. If g has null-rank 0, then g is a torus, and thus is in particular abelian. We therefore assume
dim V̂g = 1 and proceed by induction on dimk g, the case dimk g = 1 being trivial.

Let t ⊆ g be a maximal torus, Xt ⊆ Tg be the irreducible component containing the embedding
t

x0
↪→ g. We have the weight space decomposition

g̃ = g̃0 ⊕
⊕
α∈Φ

g̃α

of g̃ relative to t. In our current situation, the generic null-rank c0(g, t) satisfies

0 ≤ c0(g, t) ≤ 1.

If c0(g, t) = 1, then there exists a dense open subset U ⊆ Xt(k) such that the family (g̃0(x))x∈U is
regular with respect to the one-dimensional irreducible components of the variety V̂g. A consecutive
application of (1.4) and (2.4) now implies that

n := IXt(k)(g̃0) ⊆ Cg(t)

is a non-zero p-ideal of g that is contained in the Cartan subalgebra Cg(t). Thus, n is nilpotent and
hence solvable. Moreover, the principal block B0(g/n) is representation-finite, so that the inductive
hypothesis implies the solvability of g/n. Consequently, the Lie algebra g is solvable.

It remains to consider the case c0(g, t) = 0. Let α ∈ Φ and consider Ψ := Fpα ∩ Φ. Then
cΨ(g, t) = 1, and the foregoing arguments in conjunction with (2.3) provide a non-zero p-ideal

n ⊆ t⊕
p−1⊕
i=1

giα =: h

of g. We shall show that the p-subalgebra h is solvable. Note that kerα is contained in the center
C(h) of h. Direct computation shows that h′ := h/ kerα is a restricted Lie algebra with a one-
dimensional maximal torus and a one-dimensional nullcone. Hence we may assume that the torus
t of h has dimension dimk t = 1, so that t = kt0. Let β ∈ Fpα be a root. Given x ∈ gβ \ {0}, there
exists ω(x) ∈ k with x[p] = ω(x)t0. Since β(t0) 6= 0, the identities

0 = [x[p], x] = ω(x)[t0, x] = ω(x)β(t0)x

imply ω(x) = 0, so that gβ ⊆ V̂g. As a result, dimk gβ = 1 and h(β) := g−β⊕ t⊕gβ is a p-subalgebra
of h. The assumption [gβ , g−β] 6= (0) implies h(β)

∼= sl(2), which contradicts dim V̂h = 1.
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As a result, the derived algebra [h, h] =
⊕p−1

i=1 giα is a p-subalgebra of h that is generated
by the nil Lie set

⋃p−1
i=1 giα. The Engel-Jacobson Theorem now implies that [h, h] is nilpotent.

Consequently, h is solvable.
Hence n is solvable and we may argue as before. �

Refinements of the above arguments yield stronger results. A non-zero Lie algebra g which does
not possess any non-zero abelian ideals is called semi-simple. Fur future reference, we record the
following result:

Theorem 2.6 ([48]). Let (g, [p]) be a semi-simple restricted Lie algebra of characteristic p ≥ 3.
If dim V̂g = 2, then g ∼= sl(2). �



CHAPTER V

Quivers and Path Algebras

In this chapter we turn to the combinatorial aspects of the representation theory of group
schemes. The methods originate in the abstract representation theory of algebras, where one is
interested in understanding module categories up to Morita equivalence (or other equivalences,
such as stable equivalence or derived equivalence). Over algebraically closed fields, this amounts to
studying the so-called basic algebras, whose simple modules are one-dimensional. Such an algebra
is given by a quiver and certain relations, giving rise to a presentation that encapsulates a lot of
information concerning the structure of the module category. We shall only give a rather short
introduction to this wide subject. A detailed account may be found in [8, 4].

A quiver Q = (Q0, Q1, s, t) is an oriented graph on a set of vertices Q0 and with a set Q1 of
arrows, whose starting points and terminal points are given by the functions s, t : Q1 −→ Q0. The
path algebra k[Q] of the quiver has an underlying vector space, whose basis is the set of all paths of
Q. The product of two paths is given by concatenation if this is possible, and is defined to be zero
otherwise. We compose arrows like maps. Thus, if p is path starting in u ∈ Q0 and terminating
v ∈ Q0 and q is a path starting in v and terminating in w, then qp starts in u and ends in w. We
shall denote by k[Q]+ the two-sided ideal of k[Q] that is generated by all arrows. Then (k[Q]+)n

is the ideal of k[Q] consisting of all linear combinations of all paths of length ≥ n. For each vertex
v ∈ Q0 there is a path ev of length zero starting and ending in v. The corresponding element of
k[Q] is an idempotent with evp = p (qev = q) for all paths p ending in v (for all paths q starting in
v).

Let me illustrate the advantages of path algebras by considering a simple example.

Example. Let char(k) = p > 0, and consider the two-dimensional, non-abelian restricted Lie
algebra b := kt⊕ kx, whose multiplication and p-map are given by

[t, x] = x ; t[p] = t , x[p] = 0.

The corresponding presentation of its restricted enveloping algebra is

U0(b) ∼= k〈t, x〉/({tx− xt− x, tp − t, xp}).
The path algebra presentation, which yields an isomorphic algebra in this case, is

U0(b) ∼= k[Ãp−1]/(k[Ãp−1]+)p ; Ãp−1 clockwise oriented.

Here Ãp−1 is a circle with p vertices. This more complicated presentation immediately tells us that
the algebra U0(b) is a Nakayama algebra and hence has finite representation type (cf. (II.3.1)).

1. Gabriel’s Theorem

Let k be an algebraically closed field. It turns out that every associative algebra is Morita
equivalent to an algebra that possesses a presentation like the one given above. The first question
is how to associate a quiver QΛ to an algebra Λ.

59
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Definition. A k-algebra Λ is called basic if Λ =
⊕n

i=1 Pi with the Pi being indecomposable
and pairwise non-isomorphic.

Since k is algebraically closed, an algebra is basic if and only if all of its simple modules are
one-dimensional.

Let us look again at the above example. The Hopf algebra U0(b) is basic, and its simple modules
are of the form kλ, where the algebra homomorphism λ : U0(b) −→ k is uniquely determined by
λ(x) = 0 and λ(t) ∈ Fp. Hence there are exactly p simple U0(b)-modules, corresponding to the
vertices of Ãp−1. Note that the convolution product on the character group X(U0(b)) corresponds
to the addition of linear froms on b. We thus obtain

Ext1U0(g)(kλ, kγ) ∼= H1(U0(b), kγ−λ).

According to early results by Hochschild [70], the restricted cohomology groups on the right-hand
side can be computed via Lie cocycles, whence

dimk Ext1U0(g)(kλ, kγ) = δγ−λ,α,

where α : U0(b) −→ k is given by α(x) = 0 and α(t) = 1. By identifying the simple module kλ

with the value λ(t) ∈ Fp and taking dimk ExtU0(b)(kλ, kγ) arrows from λ(t) to γ(t), we obtain the
quiver Ãp−1.

Definition. Let Λ be a finite-dimensional associative k-algebra, S a complete set of represen-
tatives of the simple Λ-modules. The quiver QΛ with set of vertices S and dimk Ext1Λ(S, T ) arrows
from S to T is called the Ext-quiver of Λ.

Suppose that Λ = k[Q]/I is a finite-dimensional algebra such that I ⊆ (k[Q]+)2. Basic homological
algebra then shows that Q = QΛ. Gabriel’s Theorem asserts that any k-algebra is essentially of
this type:

Theorem 1.1 ([64]). Let Λ be a finite-dimensional k-algebra. Then there exist n ≥ 2 and an
ideal (k[QΛ]+)n ⊆ I ⊆ (k[QΛ]+)2 such that Λ is Morita equivalent to k[QΛ]/I.

Proof. To ease notation, we put k[QΛ]≥n := (k[QΛ]+)n. By general theory, the algebra Λ
is Morita equivalent to a basic algebra, so that we may assume that all simple Λ-modules are
one-dimensional.

Let {ε1, . . . , εr} ⊆ k[QΛ] be the set of paths of length zero. By assumption, there exist orthog-
onal primitive idempotents e1, . . . , er ∈ Λ with 1 =

∑r
i=1 ei. Let J be the Jacobson radical of Λ.

Given i, j ∈ {1, . . . , r}, we pick elements aij` ∈ eiJej such that the residue classes āij` form a basis
of eiJej/eiJ2ej .

Proceeding in several steps, we define a k-linear map f : k[QΛ] −→ Λ. By general theory, we
have

Ext1Λ(Si, Sj) ∼= ejJei/ejJ
2ei.

Letting nij := dimk Ext1Λ(Si, Sj), we put
• f(εi) := ei for 1 ≤ i ≤ r,
• f(αij`) := aji` for every arrow αij` : i→ j with 1 ≤ ` ≤ nij .
• f(p) :=

∏m
j=1 f(αj) for every path p = α1 · · ·αm.
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In this fashion, we obtain a linear map f : k[QΛ] −→ Λ.
Let α : i → j and β : ` −→ m be arrows such that ` 6= j. Then βα = 0 and f(β)f(α) ∈

emJe`ejJej = (0). This shows that f is a homomorphism of k-algebras.
Since every simple Λ-module is one-dimensional, Wedderburns Theorem provides an isomor-

phism Λ/J ∼=
⊕r

i=1 kei. Moreover, J/J2 ∼=
⊕r

i,j=1 eiJej/eiJ
2ej . As a result, the map f̄ :

k[QΛ]/k[QΛ]≥2 −→ Λ/J2, induced by f , is an isomorphism of k-vector spaces. Consequently,
f(k[QΛ]) + J2 = Λ, so that (I.4.5) ensures the surjectivity of f . By the same token, the ideal
I := ker f is contained in k[QΛ]≥2. By definition of f , we have f(k[QΛ]≥m) ⊆ Jm for all m ≥ 1.
Thus, if Jn = (0), then k[QΛ]≥n ⊆ I. �

Remarks. (1) As every simple module of the bound quiver algebra k[QΛ]/I is one-dimensional,
we cannot expect to obtain isomorphisms kG ∼= k[QΛ]/I. In fact, this is only the case if the group
scheme G is trigonalizable, that is, if G can be embedded into a group of upper triangular matrices.
Such groups are necessarily solvable, and the failure of Lie’s Theorem in positive characteristic
means that there also are solvable groups that are not trigonalizable.

(2) Passage to Morita equivalent algebras not only trivializes the structure of the simple mod-
ules, but it also does not interact well with the comultiplication. Thus, we usually do not have a
tensor product of modules available when replacing kG by its bound quiver algebra.

2. Hereditary Algebras

In this section we briefly review basic results concerning representations of hereditary algebras.
Aside from group algebras of finite groups, the study of these algebras has been the other major
focal point of much of the early work in representation theory. Throughout, k is assumed to be an
algebraically closed field.

Definition. A finite-dimensional k-algebra Λ is hereditary if submodules of projective Λ-
modules are projective.

The following result partly explains why hereditary algebras are of interest. In terms of their
presentation by quivers and relations, they are the most tractable algebras.

Theorem 2.1. Let Λ be a finite-dimensional k-algebra. Then the following statements hold:
(1) If Λ is hereditary and I ⊆ Rad(Λ)2 is an ideal such that Λ/I is hereditary, then I = (0).
(2) Λ is hereditary if and only if Λ is Morita equivalent to k[QΛ].

Proof. (1) Let I � Λ be as stated in (1) and put J := Rad(Λ). Using I ⊆ J , we obtain an
exact sequence

(0) −→ I/IJ −→ J/IJ −→ J/I −→ (0)
of (Λ/I)-modules. As J/I ⊆ Λ/I is a projective (Λ/I)-module, the sequence splits. Our condition
I ⊆ J2 implies that the submodule I/IJ ⊆ RadΛ/I(J/IJ) is superfluous, so that I/IJ = (0).
Consequently, I = IJ , whence I = (0).

(2) Direct computation shows that k[Q] is hereditary for any quiver Q without oriented cycles
(that is, for a quiver giving rise to a finite-dimensional path algebra).

Suppose that Λ is hereditary with simple modules S1, . . . , Sn and corresponding projective
covers P1, . . . , Pn. In view of

Ext1Λ(Si, Sj) ∼= HomΛ(Rad(Pi), Sj)
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the condition Ext1Λ(Si, Sj) 6= (0) implies the existence of a surjective homomorphism Rad(Pi) −→
Sj . As Rad(Pi) is projective, this map lifts to a surjection Rad(Pi) −→ Pj onto the projective cover
of Sj . Consequently, `(Pj) < `(Pi), so that the quiver QΛ affords no oriented cycles. We conclude
that k[QΛ] is finite-dimensional with k[QΛ]+ = Rad(k[QΛ]). Our assertion now follows from (1)
and (1.1). �

The representation theory of hereditary algebras is very well understood and turns out to be closely
related to Lie theory. Given a quiver Q, we denote by Q̄ the underlying graph, in which every arrow
of Q is replaced by a bond.

A finite-dimensional k-algebra Λ is connected provided Λ affords only one block. This condition
is equivalent to QΛ being connected.

Theorem 2.2 ([64]). A finite-dimensional connected path algebra k[Q] is of finite representation
type if and only if the underlying graph Q̄ of Q is isomorphic to a Dynkin diagram An, Dn, or
E6,7,8. In that case, the dimension vectors of the indecomposable k[Q]-modules correspond to the
positive roots of the root system of Q̄. �

Remarks. (1) Recall that the dimension vector of a Λ-module M is the coordinate vector
of its class [M ] in the Grothendieck group K0(Λ) relative to the standard basis given by the
simple Λ-modules. Thus, if Λ is hereditary of finite representation type, then the lengths of the
indecomposable Λ-modules are known. For instance, if QΛ is of type An, then there exist n− j+ 1
indecomposable Λ-modules of length j.

(2) Owing to (2.2), the representation type of k[Q] does not depend on the orientation of the
quiver Q, even though the algebras involved may be rather different. For instance, the module
categories of the algebras

Λ1 := k[1→ 2→ 3] and Λ2 := k[1← 2→ 3]

have the same distribution of indecomposable modules, yet they are not Morita equivalent: Λ1 is
a Nakayama algebra, while Λ2 is not. The relationship of these algebras is investigated in tilting
theory, whose starting point is the seminal article [14] (see also [4, (VII.5)]).

Shortly after Gabriel’s determination of the representation-finite hereditary algebras, Donovan-
Freislich and Nazarova independently classified the tame hereditary algebras:

Theorem 2.3 ([32], [90]). A finite-dimensional connected path algebra k[Q] is tame if and only
if the underlying graph Q̄ of Q is isomorphic to a Euclidean diagram Ãn, D̃n, or Ẽ6,7,8. �

The foreging result can be used to obtain information on the Ext-quivers of arbitrary algebras of
finite or tame representation type.

Recall that the separated quiver Qs of a quiver Q with vertex set {1, . . . , n} has 2n vertices
{1, . . . , n, 1′, . . . , n′} and an arrow `→ m′ for every arrow `→ m of Q.

Corollary 2.4. Let Λ be a finite-dimensional k-algebra. If Λ is tame, then each connected
component of the separated quiver (QΛ)s of the Ext-quiver QΛ is a Dynkin diagram of type A, D, E
or a Euclidean diagram of type Ã, D̃, Ẽ.
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Proof. Let J be the Jacobson radical of Λ. Then the algebra Λ′ := Λ/J2 is representation-
finite or tame, has Jacobson radical J ′ = J/J2 and Ext-quiver QΛ′ = QΛ. The triangular matrix
algebra

Σ :=
(

Λ′/J ′ 0
J ′ Λ′/J ′

)
is hereditary with Ext-quiver QΣ

∼= (QΛ′)s, and the functor

F : mod Λ′ −→ mod Σ ; M 7→
(
M/J ′M
J ′M

)
reflects isomorphisms and indecomposability. Moreover, F reaches all but finitely many indecom-
posable Σ-modules, so that Σ is tame or representation-finite. Our assertion now follows from (2.2)
and (2.3). �

3. A Criterion for Wildness

As before, we assume k to be algebraically closed. The results of Section 2 yield simple criteria
implying the wildness of an algebra Λ. By way of illustration, we consider the following:

Lemma 3.1. Let Λ be a k-algebra such that dimk Ext1Λ(S, T ) ≥ 3 for two simple Λ-modules S
and T . Then Λ is wild.

Proof. By assumption, the graph (Q̄Λ)s underlying the separated quiver has two vertices that
are joined by at least 3 bonds. Thus, the connected component of (Q̄Λ)s containing these vertices
is neither a Dynkin diagram nor a Euclidean diagram of the types given in (2.4). Consequently, Λ
is neither representation-finite nor tame, and (II.3.4) yields the result. �

Unfortunately, there are many algebras, whose wildness cannot be recognized via the foregoing
criterion. More sophisticated results can be established by studying Galois coverings of quivers, a
subject that lies beyond the scope of these notes. We shall be content with one basic fact, involving
the quiver and the relations, which works in situations of interest where (3.1) does not apply. The
interested reader may consult [36, Chap. I] for more details.

Lemma 3.2. Let Λ be a finite-dimensional k-algebra such that each vertex of QΛ is the starting
point and end point of at least two arrows. If there exist three arrows α, β, γ such that neither βα
nor γα are summands of a relation of Λ, then the algebra Λ is wild. �

4. Trivial Extensions

From a homological perspective, hereditary algebras and algebras of measures are far apart.
While the former have global dimension ≤ 1, the global dimension of self-injective algebras, such
as kG, is finite if and only if kG is semi-simple. The concept of a trivial extension allows us to
pass from any algebra to a symmetric algebra. Moreover, there is a close connection between the
representation theory of an algebra Λ and that of its associated trivial extension.

Definition. Let Λ be a finite-dimensional k-algebra. The algebra T (Λ) := Λ n Λ∗, whose
multiplication is given by

(a, ϕ).(b, ψ) := (ab, a.ψ + ϕ.b) ∀ a, b ∈ Λ, ϕ, ψ ∈ Λ∗

is called the trivial extension of Λ.
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In the above definition, we have endowed the dual space Λ∗ with the usual structure of a (Λ,Λ)-
bimodule by setting

(a.ϕ)(x) = ϕ(xa) and (ϕ.a)(x) = ϕ(ax) ∀ a, x ∈ Λ, ϕ ∈ Λ∗.

We record the symmetry of T (Λ):

Lemma 4.1. The linear map

π : T (Λ) −→ k ; (a, ϕ) 7→ ϕ(1)

endows T (Λ) with the structure of a symmetric algebra. �

Under certain conditions, the quiver and the relations describing T (Λ) can be deduced from the
corresponding data for Λ. This applies in particular for the so-called radical square zero hereditary
algebras. By definition, the Ext-quiver of such an algebra is oriented in such a way that there are
no paths of length 2. Such an orientation always exists if QΛ is a tree, but for a quiver of type Ãn

this is only possible if n is odd (that is, when the number n+ 1 of vertices is even).
Given a quiver Q, we let Q̂ be the double of Q. The quiver Q̂ has the same set of vertices as

Q, and for every arrow α : i→ j, we add an arrow α∗ : j → i. Here is the relevant basic result:

Proposition 4.2. Let Q = (Q0, Q1, s, t) be a connected quiver with |Q0|+ |Q1| ≥ 4 and without
paths of length ≥ 2. Then the algebra T (Q) := T (k[Q]) is isomorphic to k[Q̂]/I, where I is generated
by the set {α.α∗ − β.β∗ , (t(α) = t(β)) ; α∗.α− β∗.β , (s(α) = s(β)) ; α∗.β, α.β∗(α 6= β)} . �

Example. Let Q = Ã2n−1 be the circle with 2n vertices and such that there are no paths of
length 2. Then T (Ã2n−1) ∼= k[Q̂]/I, where Q̂ is the double
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and I ⊆ k[Q̂] is the ideal generated by

{βi+1αi − αi−1βi, αi+1αi, βiβi+1 ; i ∈ Z/(2n)}.

The algebra T (Ã2n−1) belongs to a particularly tractable class of tame algebras, the so-called special
biserial algebras that were introduced by Skowroński and Waschbüsch in [111]. They are bound
quiver algebras k[Q]/I, whose presentation satisfies the following conditions:

• Each vertex of Q is the starting point and end point of at most two arrows.
• For any arrow α ∈ Q1, there exist at most one arrow β and one arrow γ with αβ, γα 6∈ I.
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Special biserial algebras are biserial; they appear in the classification of blocks of group algebras
with cyclic or dihedral defect groups (cf. [36, 105]) as well as in connection with the Gel’fand-
Ponomarev classification of the singular Harish-Chandra modules over the Lorentz group [65].

The representation theory of special biserial algebras is completely understood. In view of work
by Tachikawa [119] and Ringel [107] (cf. also [66]), the algebra T (Q) affords “twice as many”
indecomposable modules as k[Q], and thus has the same representation type.

5. McKay Quivers

Up to now, the presence of tensor products in the module category of a finite group scheme has
only entered via the definition of support varieties. We shall see in this section how knowledge of
tensor products of simple modules helps us understand the block structure of a given Hopf algebra.
Our approach is based on McKay’s seminal papers [87, 88], in which he systematically studied
tensor products within the context of complex representations of finite groups. Subsequently,
McKay quivers appeared in other areas of representation theory, see for instance [5, 6].

Throughout this section, k is an arbitrary field. Given a finite-dimensional Hopf algebra H, we
let K0(H) denote the Grothendieck group of modH. By definition, the group K0(H) is generated
by the set of isomorphism classes of finite-dimensional H-modules with relations [Y ] − [X] − [Z],
corresponding to short exact sequences (0) −→ X −→ Y −→ Z −→ (0) of H-modules. Let {S1, . . . ,
Sn} be a complete set of representatives for the isomorphism classes of the simpleH-modules. Recall
that

(a) K0(H) is a free abelian group with basis {[S1], . . . , [Sn]}, and
(b) every exact functor F : modH −→ modH determines an endomorphism F of K0(H).

If V is a finite-dimensional H-module, such that

[V ] =
n∑

j=1

mj [Sj ],

then the coefficient mj is the Jordan-Hölder multiplicity [V :Sj ].
In view of (b), the tensor product endows K0(H) with the structure of a ring. Given a finite-

dimensional H-module V , we consider the integral (n × n)-matrix (mij)1≤i,j≤n representing the
endomorphism V ⊗k − of K0(H) relative to the above basis:

[V ⊗k Sj ] =
n∑

i=1

mij [Si].

We are interested in the quiver associated to this matrix:

Definition. The quiver ΘV (H) with set of vertices {1, . . . , n} and mij arrows i→ j is called
the McKay quiver of H relative to V .

Remark. Our definition differs from McKay’s original one in that he considered the opposite
quiver. However, the above orientation can also be found in the literature, see [5, 6, 67].

Examples. (1) Suppose that every simple H-module is one-dimensional and let G := X(H)
be the character group of H. Then the Grothendieck ring K0(H) is the integral group ring ZG. In
that case, the McKay quiver of H relative to the simple H-module kλ, defined by λ ∈ G, is just a
union of ord(G)

ord(λ) oriented cycles Ãord(λ)−1.
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(2) Assuming p ≥ 3, we consider the restricted enveloping algebra H = U0(sl(2)) as well as the
standard sl(2)-module V = L(1). By the modular Clebsch-Gordan formula [11], we have

[L(1)⊗k L(0)] = [L(1)] ; [L(1)⊗k L(j)] = [L(j−1)] + [L(j+1)] 1 ≤ j ≤ p− 2

as well as
[L(1)⊗k L(p−1)] = [P (p−2)] = 2[L(p−2)] + 2[L(0)].

In particular, the McKay quiver ΘV (U0(sl(2))) is connected. The following results show that this
is not an accident. We begin with the generalization of Burnside’s classical result [19] (see also
[16, 114, 104, 94]):

Theorem 5.1 (Burnside’s Theorem for Hopf algebras). Let V be a finite-dimensional module
for a finite-dimensional Hopf algebra H. If the annihilator annH(V ) of V in H does not contain
any non-zero Hopf ideals, then every simple H-module S is a submodule of a tensor power V ⊗m

for some m ≥ 1.

Proof. Setting M :=
⊕

m≥1 V
⊗m, we obtain

M ⊗k M ∼=
⊕

m,n≥1

V ⊗m ⊗k V
⊗n ∼=

⊕
m≥2

(m−1)V ⊗m,

so that the inclusion
annH(M) =

⋂
m≥1

annH(V ⊗m) ⊆ annH(M ⊗k M)

holds. Consequently, ∆(annH(M)) ⊆ annH(M) ⊗k H + H ⊗k annH(M). Since H is finite-
dimensional, (I.1.2) implies that annH(M) ⊆ annH(V ) is a Hopf ideal. In view of our current
assumption, the H-module M is faithful.

Let I ⊆ H be a minimal left ideal. Then I.M 6= (0), and there exist m ∈ N and v ∈ V ⊗m

such that I.v 6= (0). Since I is a simple H-module, the map x 7→ x.v thus defines an embedding
I ↪→ V ⊗m.

As a result, every simple module belonging to Soc(H) is a submodule of a suitable tensor power
of V . By the Theorem of Larson-Sweedler (I.1.3), the algebra H is self-injective. Consequently,
every simple H-module occurs in Soc(H), so that our assertion follows. �

Given any quiver Q and vertices i, j ∈ Q0, we let Q(i, j;m) be the set of paths of length m starting
at the vertex i and terminating at the vertex j.

Corollary 5.2. Let H be a finite-dimensional Hopf algebra, V be a finite-dimensional H-
module.

(1) We have [V ⊗m ⊗k Sj :Si] = |ΘV (H)(i, j;m)|.
(2) If annH(V ) contains no non-zero Hopf ideals, then ΘV (H) is connected.

Proof. (1) Using induction on m, we assume that m ≥ 2. Note that

(∗) ΘV (H)(i, j;m) ∼=
n⊔

`=1

ΘV (H)(`, j;m−1)×ΘV (H)(i, `; 1).

The inductive hypothesis provides a decomposition

V ⊗(m−1) ⊗k Sj
∼=

n⊕
t=1

btSt,
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where bt = |ΘV (H)(t, j;m−1)|. Consequently,

V ⊗m ⊗k Sj
∼=

n⊕
t=1

bt(V ⊗k St) ∼=
n⊕

r=1

(
n∑

t=1

mrtbt)Sr,

and (∗) implies

[V ⊗m ⊗k Sj :Si] =
n∑

t=1

mitbt = |ΘV (H)(i, j;m)|,

as desired.
(2) Let S1 = k be the trivial H-module. Then we have V ⊗m ⊗k S1

∼= V ⊗m ∀ m ≥ 1. Given a
vertex i ∈ {1, . . . , n}, Burnside’s Theorem provides m ∈ N with

0 6= [V ⊗m :Si] = [V ⊗m ⊗k S1 :Si] = |ΘV (H)(i, 1;m)|.

Hence there is a path from i to 1. �

Suppose that char(k) ≥ 3. By general theory, the Hopf ideals of U0(sl(2)) correspond to the p-ideals
of the restricted Lie algebra sl(2). As sl(2) is simple, every L(i) 6= L(0) satisfies the hypothesis of
Corollary 5.2(2). The example of a p-group shows that the converse of (5.2(2)) does not hold in
general.

Definition. Let C = (cij) ∈ Matn(Z) be an integral (n × n)-matrix. We say that C is a
generalized Cartan matrix if

(1) cii ≤ 2 for 1 ≤ i ≤ n, and
(2) cij ≤ 0 for 1 ≤ i 6= j ≤ n, and
(3) cij = 0 if and only if cji = 0.

A function d : {1, . . . , n} −→ N ; i 7→ di is an additive function for C if
n∑

i=1

dicij = 0 ; 1 ≤ j ≤ n.

To each generalized Cartan matrix C ∈ Matn(Z) we associate a valued graph ΓC , whose vertices
are the elements {1, . . . , n}. There is a valued edge

i
(|cij |,|cji|)
——— j

between i and j whenever cij 6= 0 and i 6= j. In addition, there are 2− cii loops at the vertex i. By
property (3), the graph of a generalized Cartan matrix is well-defined.

In the following, we let In ∈ Matn(Z) be the identity matrix.

Lemma 5.3. Let k be algebraically closed. Suppose that H is a semi-simple, cocommutative
Hopf algebra with simple modules S1, . . . , Sn. If V is a two-dimensional self-dual H-module, and
(mij) is the matrix representing V ⊗k −, then C := 2In − (mij) is a symmetric generalized Cartan
matrix, and i 7→ dimk Si defines an additive function for C.

Proof. The defining conditions (1) and (2) follow immediately. Since H is semi-simple, we
have

V ⊗k Sj
∼=

n⊕
i=1

mijSi,
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so that commutativity of the tensor product, adjointness, self-duality and Schur’s Lemma give

mij = dimk HomH(V ⊗k Sj , Si) = dimk HomH(Sj , V
∗ ⊗k Si) = dimk HomH(Sj , V ⊗k Si) = mji.

Accordingly, C is symmetric and (3) holds. Since dimk V = 2, the map d : {1, . . . , n} −→ N ; i 7→
dimk Si is an additive function for C. �

If H = U0(sl(2)) and V = L(1), then C := 2Ip − (mij) is not a generalized Cartan matrix, as
cp−1,0 = 0 and c0,p−1 = −2.

The connected generalized Cartan matrices affording an additive function were classified by
Happel, Preiser, and Ringel (see [67]). We will only need the following special case of their result:

Theorem 5.4. Let C be a connected, symmetric generalized Cartan matrix having an additive
function. Then the following statements hold:

(1) The graph ΓC belongs to the following list: Ãn (n ≥ 1), D̃n (n ≥ 4), Ẽ6,7,8, L̃n, D̃Ln (n ≥ 2).
(2) There exists an additive function dC of C such that any additive function for C is an

integral multiple of dC . �

Example. If C = Ãn, then dC(i) = 1 for 1 ≤ i ≤ n+ 1.



CHAPTER VI

Representation-Finite and Tame Group Schemes

This chapter employs the techniques discussed so far to obtain information on those group
schemes G, whose Hopf algebras kG are of finite or tame representation type. Let me begin by
recalling what is known for group algebras of finite groups. In view of Maschke’s Theorem [86],
group algebras are semi-simple in case char(k) = 0. We thus assume char(k) = p > 0. To a block
B ⊆ kG one associates a p-group DB ⊆ G to B, the so-called defect group. It turns out that the
representation type of B is reflected by structural properties of DB:

• The block B is simple if and only if DB = {1} is trivial. This is the generalization of
Maschke’s classical result.
• Group algebras of finite representation type were first investigated by Higman [69], who

showed that kG is representation-finite if and only if the Sylow-p-subgroups of G are cyclic.
More generally, the block B ⊆ kG is representation-finite if and only if its defect group
DB is cyclic.
• Thanks to work by Bondarenko and Drozd [15], a block B ⊆ kG is tame if and only if
p = 2, and if DB is dihedral, semidihedral, or generalized quaternion.

Defect theory and other special features of group algebras also yield the following facts that proved
to be of importance:

• If H ⊆ G is a subgroup and kG is representation-finite (tame), then kH is representation-
finite (tame or representation-finite).
• If the principal block B0(G) is representation-finite (tame), then any other block of kG is

representation-finite (tame or representation-finite).
The latter fact is related to the eponymous property of B0(G): The defect group of B0(G) is a
Sylow-p-subgroup of G, and thus the largest among all defect groups. Consequently, B0(G) is
commonly thought of as the most complicated block of kG.

Let H be a Hopf algebra. Recall from (I.1.5) that the tensor product P ⊗kM of a projective H-
module P with any H-module M is again projective. Thus, if the principal block B0(H) is simple,
then k is a projective H-module and hence M ∼= k ⊗k M is projective for every M ∈ modH.
Consequently, H is semi-simple, so that the representation theory of B0(H) governs that of H. We
shall see later, however, that the paradigm of B0(H) being the most complicated block fails for
infinitesimal group schemes of tame representation type.

1. Nagata’s Theorem

Let H be a finite-dimensional cocommutative Hopf algebra. We know from (I.3.3) that H is
semi-simple whenever char(k) = 0. For fields of positive characteristic, Nagata’s Theorem deter-
mines those group schemes G, whose algebras of measures are semi-simple. Such group schemes are
also referred to as linearly reductive.

Throughout this section, k denotes an algebraically closed field of characteristic p > 0.

69
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Definition. A finite group scheme G is called diagonalizable if its coordinate ring k[G] is the
group algebra of its character group X(G).

If G is diagonalizable, then we have dimk kG = ord(X(G)). On the other hand,
⊕

λ∈X(G) kλ is a
submodule of kG/Rad(kG), so that Rad(kG) = (0) and kG is semi-simple. The following result,
which was first established by Hochschild [71] for enveloping algebras of restricted Lie algebras,
determines all linearly reductive infinitesimal group schemes.

Proposition 1.1. Let G be an infinitesimal group. If kG is semi-simple, then G is diagonaliz-
able.

Proof. We proceed by induction on the order of G, noting that g := Lie(G) 6= (0) whenever
G 6= ek. By assumption, the trivial G-module k is projective. Since kG is a free left kG1-module
(cf. (I.1.6)), the trivial G1-module k|G1 is also projective, so that kG1 is semi-simple. According to
(I.4.6), this implies the semi-simplicity of the restricted enveloping algebra U0(g).

Let x ∈ g with x[p] = 0. Owing to (I.4.4) we have

U0(kx) ∼=
{
k[X]/(Xp) for x 6= 0

k otherwise.

By the above arguments, k is a projective U0(kx)-module, so that x = 0.
Given an arbitrary element x ∈ g, we consider the abelian p-subalgebra h :=

∑
i≥0 kx

[p]i . Thus,
the p-map [p] is semilinear on h, and the above shows that its restriction [p]|h is injective and hence
bijective. Consequently, there exist α1, . . . , αn ∈ k with x =

∑n
i=1 αix

[p]i . As a result, the left
multiplication

adx : g −→ g ; y 7→ [x, y]

satisfies the polynomial
∑n

i=1 αiX
pi−X and is therefore diagonalizable. Let α ∈ k be an eigenvalue

for adx. Then there exists y ∈ g\{0} such that [x, y] = αy. Accordingly, the subspace V := kx+ky
is invariant under ad y, and (ad y)|V is nilpotent and diagonalizable. Hence (ad y)|V = 0, so that
α = 0. Consequently, the Lie algebra g is abelian, and, being a commutative semi-simple algebra,
U0(g) ∼= kdimk U0(g) is a product of fields. In particular, U0(g)∗ ∼= kX(U0(g)) is the group algebra of
the character group of U0(g), so that G1 is diagonalizable.

Suppose that G 6= G1. By inductive hypothesis, the group G1 and its factor group G/G1 are
diagonalizable. By rigidity of tori (cf. [123, (7.7)]), the algebra kG1 is contained in the center of
kG.

Let S be a simple kG-module. According to Schur’s Lemma, the central subalgebra kG1 of kG
operates on S via a character. Consequently, kG1 acts trivially on Endk(S), and the latter space
has the structure of a G/G1-module. Since G/G1 is linearly reductive, Endk(S) is a semi-simple
kG-module, and there results a decomposition

Endk(S) =
⊕
λ∈C

Endk(S)λ,

where C ⊆ X(G), and Endk(S)λ = {ϕ ∈ Endk(S) ; h.ϕ = λ(h)ϕ ∀ h ∈ kG}. One readily verifies
that ϕ ◦ ψ ∈ Endk(S)λ∗γ for ϕ ∈ Endk(S)λ and ψ ∈ Endk(S)γ .

Let ϕ be an element of Endk(S)λ. Since

ϕ(hs) =
∑
(h)

h(1)(η(h(2)).ϕ)(s) = (idkG ∗(λ ◦ η))(h)ϕ(s)

for h ∈ kG and s ∈ S, we see that kerϕ is a G-submodule of S. Accordingly, every non-zero element
of Endk(S)λ is invertible.
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Direct computation shows that tr(h.ϕ) = ε(h) tr(ϕ) for ϕ ∈ Endk(S) and h ∈ kG. This implies
that tr(Endk(S)λ) = (0) whenever λ 6= ε.

Let ϕ ∈ Endk(S)λ \ {0} for some λ 6= ε. Owing to (I.1.6) and (I.4.7), the character λ has order
pn for some n ≥ 1, whence ϕpn ∈ Endk(S)ε. By Schur’s Lemma, the latter space coincides with
k idS , so that there exists α ∈ k such that ϕpn

= α idS . Since ϕ is invertible, we have α 6= 0. From
the identity

tr(α idS) = tr(ϕpn
) = tr(ϕ)pn

= 0,

we conclude that tr(Endk(S)) = tr(Endk(S)ε) = (0), a contradiction. As a result, Endk(S) =
Endk(S)ε is one-dimensional, so that dimk S = 1.

In view of the above, the semi-simple kG-module k[G] = kG∗ decomposes into one-dimensional
constituents and we obtain

k[G] =
⊕
λ∈D

k[G]λ,

where D ⊆ X(G) and k[G]λ = {x ∈ k[G] ; h.x = λ(h)x ∀ h ∈ kG} is the λ-weight space of k[G].
Direct computation shows that k[G]λ = k (λ ◦ η). Hence the Hopf algebra k[G] is generated by
group-like elements, and G is diagonalizable. �

Theorem 1.2 (Nagata). Let G be a finite group scheme. Then the following statements are
equivalent:

(1) The algebra kG is semi-simple.
(2) The group G0 is diagonalizable and p - ord(G(k)).

Proof. Let Λ := kG0 be the distribution algebra of the connected component G0 of G. By
general theory (cf. (I.3.4)),

kG ∼= ΛG(k)

is a skew group algebra.
If kG is semi-simple, then the factor algebra kG(k) is semi-simple, so that p - ord(G(k)). More-

over, k is a projective kG-module. Since kG is a free left Λ-module, it follows that k is also projective
over kG0. Hence kG0 is semi-simple and (1.1) implies that G0 is diagonalizable.

Conversely, assuming (2), we note that P := ΛG(k)⊗Λk is a projective G-module, which contains
the trivial ΛG(k)-module k(

∑
g∈G(k) g ⊗ 1) as a direct summand. Consequently, k is a projective

G-module and kG is semi-simple (see (I.1.5)). �

2. Tensor Products of Simple and Principal Indecomposable Modules

Throughout, we will be working over an algebraically closed field k. Let G be a finite algebraic
k-group, N � G be a closed, normal subgroup. Under favorable circumstances, which will be seen
to hold in all cases of interest, the simple and principal indecomposable kG-modules are given by
tensor products of the corresponding modules for kN and k(G/N). In particular, the Ext-quiver of
kG will be computable from the structure of tensor products of simple k(G/N)-modules.

In the sequel, we shall often view (G/N)-modules as G-modules via pull-back along the canonical
quotient map G −→ G/N. We begin by studying the underlying set of vertices of the Ext-quiver of
kG in a setting that will turn out to be appropriate for our purposes.
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Lemma 2.1. Let N�G be a normal subgroup of the finite algebraic k-group G. If L1, . . . , Ln are
simple G-modules such that {Ln|N, . . . , Ln|N} is a complete set of representatives for the isoclasses
of the simple N-modules, then every simple G-module S is of the form

S ∼= Li ⊗k M

for a unique i ∈ {1, . . . , n} and a unique (up to isomorphism) simple (G/N)-module M .

Proof. Let L1, . . . , Ln and M1, . . . ,Mm be complete sets of representatives for the isoclasses
of the simple N-modules and simple (G/N)-modules, respectively. By our current assumption, each
N-module Li is the restriction of a simple G-module, which we will also denote by Li. Given a
simple G-module S, there exists i ∈ {1, . . . , n} such that Li ↪→ S|N. Consequently, the G-linear
map

ϕ : HomN(Li, S)⊗k Li −→ S ; f ⊗ x 7→ f(x)
is surjective. The image imϕ is the Li-isotypic component SLi of the module S|N. By Schur’s
Lemma, the N-module SLi has dimension dimk HomN(Li, S)⊗k Li. As a result, ϕ is also injective,
and

S ∼= HomN(Li, S)⊗k Li
∼= Li ⊗k HomN(Li, S).

Note that HomN(Li, S) has the structure of a (G/N)-module, which is necessarily simple.
Next, we consider the G-module S := Li ⊗k Mr. By the above, S contains a simple submodule

T ∼= Lj ⊗k Ms. Upon restriction to N we obtain

(dimk Ms)Lj
∼= T |N ↪→ S|N ∼= (dimk Mr)Li,

so that i = j. Moreover, we have homomorphisms

Ms
∼= HomN(Li, Li ⊗k Ms) ∼= HomN(Li, T ) ↪→ HomN(Li, S) ∼= Mr

of (G/N)-modules, whence r = s. As a result, the module S = Li ⊗k Mr is simple and the pair
(i, r) is uniquely determined by S. �

Remark. If N = U is a unipotent normal subgroup of G, then, setting L1 = k, our result
specializes to the well-known bijection between the simple G/U-modules and the simple G-modules.

The technical condition of (2.1) is known to hold for Frobenius kernels of semi-simple, simply
connected groups (cf. [80, (II.3.15)]). In our projected applications, the normal subgroup N will be
the first Frobenius kernel of the special linear group SL(2). The following subsidiary result shows
how this fact can be exploited in the computation of the Ext-quiver of kG.

Lemma 2.2. Let N�G be a normal subgroup of a finite algebraic k-group G. Suppose that L1, L2

and M1,M2 are simple G-modules and simple (G/N)-modules, respectively, such that Li|N is simple
for i ∈ {1, 2}.

(1) If Ext1N(S, S) = (0) for every simple N-module S, then

Ext1G(L1 ⊗k M1, L2 ⊗k M2) ∼=
{

Ext1G/N(M1,M2) if L1
∼= L2

HomG/N(M1,Ext1N(L1, L2)⊗k M2) if L1 6∼= L2.

(2) If G/N is linearly reductive, then

Ext1G(L1 ⊗k M1, L2 ⊗k M2) ∼= HomG/N(M1,Ext1N(L1, L2)⊗k M2). �

The following consequence gives a first illustration of the relationship between the Ext-quivers and
the McKay quivers of certain groups.
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Corollary 2.3. Let G be a finite algebraic group, U � G be a unipotent, normal subgroup such
that G/U is linearly reductive. Then the following statements hold:

(1) The Ext-quiver QkG is isomorphic to the McKay quiver ΘH1(U,k)(G/U) of G/U relative to
the (G/U)-module H1(U, k).

(2) If H1(U, k) is a faithful (G/U)-module, then kG = B0(G).

Proof. Let S1, . . . , Sn be a complete set of representatives for the simple G-modules. The
unipotent normal subgroup U acts trivially on the simple modules Si, so that each Si is a simple
(G/U)-module. Thanks to (2.2(2)), we have

Ext1G(Si, Sj) ∼= HomG/U(Si,H1(U, k)⊗k Sj).

Thus, if H1(U, k)⊗k Sj
∼=

⊕n
i=1mijSi, then Schur’s Lemma yields

mij = dimk HomG/U(Si,H1(U, k)⊗k Sj) = dimk Ext1G(Si, Sj),

so that (1) follows. Assertion (2) is now a consequence of (V.5.2). �

Our final result of this section provides a criterion for the construction of principal indecomposable
modules. For large p, condition (b) of the following Proposition is known to hold in the classical
context of Frobenius kernels [10, 78].

Proposition 2.4. Let G be a finite algebraic group, N � G be a normal subgroup. Suppose that
(a) every simple N-module is the restriction of a G-module, and
(b) every principal indecomposable N-module is the restriction of a G-module.

If P1, . . . , Pn are G-modules such that {P1|N, . . . , Pn|N} is a complete set of representatives for
the isoclasses of the principal indecomposable N-modules, and {Q1, . . . , Qm} is a complete set of
representatives for the isoclasses of the principal indecomposable (G/N)-modules, then the G-modules
(Pi ⊗k Qr)1≤i≤n, 1≤r≤m form a complete set of principal indecomposable G-modules. �

Remark. If G = UoH is a semidirect product of a unipotent group U and a linearly reductive
group H, then P1 := kG⊗kHk is a projective kG-module such that P1|U ∼= kU. By (2.4), the principal
indecomposable G-modules are of the form P1 ⊗k S ∼= kG⊗kH S, where S is a simple H-module. If
H is diagonalizable, then the simple H-modules are of the form kλ, with λ ∈ X(G) ∼= X(H) (see
also [47, (2.4)]).

3. Groups of Finite Representation Type

Let k be an algebraically closed field of characteristic p > 0. We now consider those finite
algebraic k-groups, whose principal blocks have finite representation type. Recall that Nagata’s
Theorem gives a complete answer for groups, whose principal blocks are simple.

By Higman’s Theorem [69], the finite groups with representation-finite principal blocks are
precisely those having a cyclic Sylow-p-subgroup. The structure of these groups was investigated
by Brauer [17, 18]. For instance, the factor group G/Op′(G) of G by its largest normal subgroup
of order prime to p, is either trivial, or an automorphism group of a simple group, or its center
is cyclic of order p. General theory shows that every simple group possesses some cyclic Sylow
subgroup.

Turning to infinitesimal groups, we have already seen in (IV.2.5) that schemes of tori do provide
information on the structure of representation-finite Lie algebras.
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Definition. An infinitesimal group G is called supersolvable if there exists a chain ek = G[0] ⊆
G[1] ⊆ · · · ⊆ G[n] = G of normal subgroups of G such that G[i]/G[i−1]

∼= Ga(1), µ(p) for every
i ∈ {1, . . . , n}.

Given an infinitesimal group G with Lie algebra g := Lie(G), we recall from (III.1.3), (III.1.2),
(I.4.6) and (III.2.11) that dim V̂g ≤ 1 whenever B0(G) has finite representation type. The following
result (cf. [47, (2.1)]]), exploits this property:

Proposition 3.1. Let G be an infinitesimal group such that dim V̂g ≤ 1. Then G is supersolv-
able.

Proof. We shall only sketch a proof of the weaker statement: If B0(G) is representation-finite,
then G is supersolvable. Proceeding by induction on the order of G, we let n � g be a minimal G-
invariant p-ideal of g, relative to the adjoint representation G −→ Autp(g). As in (IV.2.5) one
shows that g is solvable. Consequently, n is abelian, and n[p] ⊆ n ∩ C(g) is a G-invariant p-ideal
of g. We thus have n[p] = n or n[p] = (0). In the former case, n is a torus, so that the connected
group G acts trivially on n. Alternatively, n ⊆ V̂g has dimension 1. Thus, the normal subgroup
N � G corresponding to n is isomorphic to µ(p) or Ga(1). Since the principal block of G/N is
representation-finite, an application of the inductive hypothesis completes the proof. �

Proposition 3.1 allows us to bring our knowledge of supersolvable groups to bear: The factor
group G/M(G) of such a group G by its unique maximal normal diagonalizable subgroup M(G) is
trigonalizable, and thus decomposes into a semidirect product

G/M(G) ∼= U o D,

with a normal unipotent subgroup U and a diagonalizable subgroup D. One can show that B0(G) ∼=
B0(G/M(G)). Moreover, the algebra B0(UoD) is representation-finite if and only if kU enjoys this
property. However, kU is local of dimension a p-power. Thus, kU is of finite representation type
if and only if it is isomorphic to a truncated polynomial ring k[X]/(Xpn

). In particular, kU is a
Nakayama algebra, and the group U is commutative.

The commutative unipotent groups that give rise to Nakayama algebras are the so-called V-
uniserial groups. Here the prefix “V ” refers to the Verschiebung VU : U(1) −→ U, a homomorphism
that is the dual of the Frobenius homomorphism of the Cartier dual D(U) of U. The V -uniserial
groups were classified in [44], using Dieudonné modules (see also [83]).

In the above, we have sketched the implication (1) ⇒ (2) of the following result:

Theorem 3.2 ([47, 50]). Let G be an infinitesimal k-group. Then the following statements are
equivalent:

(1) B0(G) has finite representation type.
(2) G/M(G) ∼= U o µ(pn) is a semidirect product with a V -uniserial normal subgroup U.
(3) kG is a Nakayama algebra.
(4) dimP (G2) ≤ 0.
(5) kG2 is a Nakayama algebra. �

In particular, finite representation type may be detected on the second Frobenius kernel of an
infinitesimal group.
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Remarks. (i) Special cases of (3.2) as well as related results can be found in [97, 54, 38].
(ii) The equivalence (1) ⇔ (4) readily shows that subgroups of representation-finite groups are

representation-finite. For finite groups, this fact follows directly from the Mackey Decomposition
Theorem.

(iii) Let G be a finite group. The example of the quaternion group shows that the analogue of
(1) ⇔ (4) fails in this context. Moreover, representation-finite group algebras are not necessarily
Nakayama algebras. Since the defect group of the principal block of kG is a Sylow-p-subgroup, kG
is representation-finite whenever B0(G) has this property.

We now turn to the block structure of kG. According to (3.2), each block B of a representation-finite
infinitesimal group G is a self-injective Nakayama algebra. In general, indecomposable Nakayama
algebras are determined by their Kupisch series, that is, by the number of simple modules, and the
lengths of their projective covers (cf. [84], [4, (V.3)]). In particular, every self-injective indecom-
posable Nakayama algebra is Morita equivalent to a bound quiver algebra

k[Ãn−1]/(k[Ãn−1]+)m,

whose quiver is a clockwise or counter-clockwise oriented circle with n vertices.
For infinitesimal groups of finite representation type, the parameters n and m of the blocks of

kG were determined in [46]. They turn out to be p-powers, whose exponents can be described as
orders of certain subgroups of G.

Let me briefly indicate the connection with McKay quivers, as these will appear again for
groups of tame representation type. If B0(G) is representation-finite, then (3.2) tells us that, for
the purpose of describing B0(G), we may assume that G = U o µ(pn). We may apply (2.3) to see
that the Ext-quiver of kG coincides with the McKay quiver ΘH1(U,k)(µ(pn)) of kµ(pn) relative to the
one-dimensional G-module H1(U, k):

Ext1G(kλ, kγ) ∼= Homµ(pn )(kλ,H1(U, k)⊗k kγ).

We have seen in (V.5) that the connected components of such quivers are of the form Ãq−1, with
q being a divisor of pn = ord(X(µ(pn))).

Theorem 3.3 ([47]). Let G be a finite group scheme. Then the following statements are equiv-
alent:

(1) The principal block B0(G) has finite representation type.
(2) The algebras kG0 and kG(k) have finite representation type, with at least one of them being

semi-simple.
(3) kG has finite representation type. �

Further information concerning blocks of kG can be found in [46, 43].

4. Binary Polyhedral Groups

We now turn to binary polyhedral groups and describe the linearly reductive finite algebraic
subgroups of the smooth group scheme SL(2). As before, T ⊆ SL(2) denotes the standard maximal
torus of diagonal matrices. For m ≥ 1, we let

Qm := 〈x, y | xm = y2 ; yxy−1 = x−1〉
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be the generalized quaternion group of order 4m. In our context, Qm will occur as the subgroup of
SL(2)(k) generated by the matrices

ω =
(

0 1
−1 0

)
and x(ζ2m) :=

(
ζ2m 0
0 ζ−1

2m

)
,

where ζ2m ∈ k is a primitive 2m-th root of unity and (p, 2m) = 1. We let T̂ , Ô and Î be the binary
tetrahedral group, the binary octahedral group, and the binary icosahedral group of orders 24, 48
and 120, respectively (cf. [112, (4.4)]). Realizations of these groups can be found in [41]. When
considering binary polyhedral groups we tacitly assume p ≥ 5 for T̂ , Ô as well as p ≥ 7 for Î.

We shall also consider some non-reduced subgroups of SL(2). For m ∈ N, we let T(m) ⊆ T be
the closed subgroup, given by

T(m)(R) := {
(
x 0
0 x−1

)
; x ∈ µ(m)(R)}

for every commutative k-algebra R. Note that T(m) is the unique closed subgroup of T of order m.

Let h :=
(
ζ4 1
1 ζ4

)
∈ GL(2)(k). Then H4 := h−1T(4)h is a reduced, closed subgroup of

SL(2) such that H4(k) = 〈ω〉 ⊆ NorSL(2)(k)(T (k)). Since T is reduced, an application of [80,
(I.2.6(11))] shows that the latter group coincides with NorSL(2)(T )(k). As H4 is reduced, this
implies H4 ⊆ NorSL(2)(T ). Thus, H4 normalizes every closed subgroup of T , and we define

N(m) := T(m)H4

for m ≥ 2. The construction of the other subgroups of SL(2) requires a few preparatory remarks.
When dealing with reduced algebraic group schemes we shall often make use of the fact that

such a group G is uniquely determined by its group of k-rational points. In fact,

G 7→ G(k)

defines an equivalence between the category of reduced algebraic group schemes and the category
of algebraic groups in the sense of [113]. Upon restriction to reduced finite algebraic groups, the
above functor provides an equivalence with the category of finite groups (cf. [122, (0.16),(0.17)] for
more details). Given a finite group G, we let Gk be the reduced finite algebraic group such that
Gk(k) = G.

Lemma 4.1. Let G and H be algebraic groups. Suppose that G is reduced and that there exists
a closed embedding ϕ : G(k) ↪→ H(k). Then there exists a closed embedding ψ : G ↪→ H of group
schemes such that ψk = ϕ. �

According to (4.1), there exist uniquely determined reduced subgroups (T̂ )k, (Ô)k and (Î)k of
SL(2) satisfying (T̂ )k(k) = T̂ , (Ô)k(k) = Ô and (Î)k(k) = Î, respectively. The proof of Theorem
4.2 below, which extends [67, Thm.1] to our context, shows in particular that N(m)

∼= (Qm)k

whenever (p, 2m) = 1.
Recall that the McKay graph Θ̄L(G) relative to a two-dimensional self-dual module L is the

graph associated to the defining generalized Cartan matrix, cf. (V.5).

Theorem 4.2. Let G ⊆ SL(2) be a finite, linearly reductive subgroup scheme of characteristic
p ≥ 3. Then there exists g ∈ SL(2)(k) such that gGg−1 and the McKay graph Θ̄L(G) of G relative
to its standard module L belong to the following list:
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gGg−1 Θ̄L(G)

ek Ã0

T(npr) Ãnpr−1

N(npr) D̃npr+2

(T̂ )k Ẽ6

(Ô)k Ẽ7

(Î)k Ẽ8,

where (n, p) = 1, r := ht(G0), and n+ r 6= 1.

Proof. According to [80, (II.2.5)], the two-dimensional, simple SL(2)-module L = L(1) is
self-dual. Consequently, L is also a faithful, self-dual G-module.

Recall from (I.3.4) that G = G0 o Gred is a semidirect product of an infinitesimal group G0

and a reduced group Gred. Thanks to Nagata’s Theorem (1.2), the connected component G0 is
diagonalizable and p does not divide the order of G(k) = Gred(k). Since G0 is diagonalizable, there
exists an element g ∈ SL(2)(k) such that gG0g−1 ⊆ T . If ht(G0) = r, then we have gG0g−1 ⊆ Tr

∼=
µ(pr). On the other hand, ord(G0) ≥ pr (cf. [123, (2.2)]), so that gG0g−1 = Tr. Thus, replacing G

by a suitable conjugate group, we may assume that G0 = Tr = T(pr).
If r = 0, then the group G is reduced, and G is completely determined by the binary polyhedral

group G(k) ⊆ SL(2)(k). Directly from [112, (4.4)] we infer that G(k) is conjugate to ek, T(n)(k)
for n ≥ 2, N(n)(k) for n ≥ 2, T̂ , Ô, or Î. As all groups involved are associated to reduced group
schemes, we obtain the left-hand column of our list. Thanks to (V.5.4) (see also [67, Thm.1]), the
McKay graphs of these groups have the asserted structure.

If r ≥ 1, then the identity G0 = Tr in conjunction with p 6= 2 and [80, (I.2.6(11))] implies that

G(k) ⊆ NorSL(2)(Tr)(k) = T (k)〈ω〉 = NorSL(2)(k)(T (k)) = NorSL(2)(T )(k).

Consequently, Gred ⊆ NorSL(2)(T ), so that G ⊆ NorSL(2)(T ). There results an embedding G/(G ∩
T ) ↪→ NorSL(2)(T )/T , with the latter group being the Weyl group of SL(2). In particular, G/(G∩T )
has order ≤ 2. The finite algebraic group G ∩ T coincides with T(npr) for some n not divisible by
p. By our observations above, we have G0 ⊆ G ∩ T . If G(k) ⊆ T (k), then G = G ∩ T = T(npr).
Alternatively, some basic considerations allow us to assume that H4(k) ⊆ G(k) (cf. [41, §3]). As
H4 is reduced, we conclude that G ∩ T ⊆ N(npr) ⊆ G, so that G = N(npr).

It remains to identify the McKay graphs of T(npr) and N(npr). This can be done using the
results of [67]. �

5. Groups of Tame Representation Type

Throughout, k is assumed to be an algebraically closed field of characteritic p ≥ 3. In this
section, we discuss the determination of the finite group schemes of tame representation type. The
theory proceeds progressively by first studying infinitesimal groups of height 1. In view of (I.4.6),
this amounts to analyzing restricted enveloping algebras U0(g) of finite-dimensional restricted Lie
algebras (g, [p]).

The first example people looked at was the special linear Lie algebra g = sl(2). In early work,
Pollack [98] showed that U0(sl(2)) has infinite representation type. As mentioned in Chapter III,
the basic algebra of U0(sl(2)) was determined some 15 years later independently by Drozd [34],
Fischer [55] and Rudakov [109]. Their work implies that every non-simple block of U0(sl(2)) is
Morita equivalent to the trivial extension T (Ã1) of the Kronecker algebra k[•⇒ •]. In particular,
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each of these blocks is special biserial and hence tame. At the same time, Pfautsch [95] showed
that the tame blocks of the distribution algebras k SL(2)r are also of this type.

For quite some time, the blocks of the first Frobenius kernel SL(2)1 remained essentially the
only examples of a tame blocks of infinitesimal group. (In characteristic 2, the enveloping algebra
of the unipotent Heisenberg algebra is isomorphic to the group algebra of the dihedral group of
order 8 and hence tame.) In retrospect, this is not a surprise: We have seen in (III.4.1) that tame
blocks of Frobenius kernels of smooth groups are Morita equivalent to the tame blocks of U0(sl(2)),
so finding new examples amounts to working with non-classical restricted Lie algebras.

The following result, which does not hold for fields of characteristic 2, is fundamental for the
following.

Theorem 5.1 ([48, 49]). Let G be an infinitesimal group with tame principal block. Then the
following statements hold:

(1) G is not solvable.
(2) If G is semi-simple, then Lie(G) ∼= sl(2).

Proof. (1) One picks a counter-example of minimal order and uses (3.2) to collect enough
structural information to compute the quiver and the relations of B0(G). These occur in the lists
of [120] and are thus wild.

(2) The solvable radical R(G1) of G1 is a solvable normal subgroup of G and therefore trivial.
As a result, the Lie algebra g := Lie(G) is also semi-simple. Since B0(G) is tame, a consecutive
application of (III.3.1), (I.1.6), (II.2.2) and (III.2.11) gives dim V̂g = cxU0(g)(k) ≤ 2. In view of (1)
and (3.1), we actually have dim V̂g = 2, and the assertion now follows from (IV.2.6). �

5.1. Restricted Lie Algebras. We begin by studying the easiest case concerning restricted
Lie algebras. A priori, it is not clear why this strategy should be fruitful. Contrary to the modular
representation theory of finite groups, we don’t automatically have a good descent theory at our
disposal. As we shall see, subgroups of tame infinitesimal groups may be wild! Fortunately, passage
to Frobenius kernels turns out to be much better behaved, and the first Frobenius kernel will be
seen to encapsulate most structural features of the group G.

Let (g, [p]) be a finite-dimensional restricted Lie algebra, and denote by B0(g) the principal
block of its restricted enveloping algebra U0(g).

Problem. We shall be concerned with the following two interrelated tasks:
• Determine those Lie algebras g for which B0(g) is tame.
• Find the presentation of B0(g) by its Ext-quiver and relations in case B0(g) is tame.

A few comments are in order. By focussing on the principal block, we make the determination of
g more tractable. If T (g) ⊆ g is the maximal toral p-ideal of g, then B0(g) ∼= B0(g/T (g)), so that
we work up to extensions by toral ideals. As we shall see below, the presence of toral ideals may
complicate the representation theory of U0(g) significantly.

Recall that C(g) := {x ∈ g ; [x, y] = 0 ∀ y ∈ g} is the center of g. Given n ∈ N0, we let

nn :=
n−1⊕
i=0

kx[p]i ; x[p]n = 0 6= x[p]n−1

be the n-dimensional, nil-cyclic Lie algebra.
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Let r be the solvable radical of g. If B0(g) is tame, then B0(g/r) is tame or representation-finite.
Owing to (5.1) the algebra g is not solvable, so that g/r is not trivial. Thus, by (3.1), the block
B0(g/r) is tame and (5.1) implies g/r ∼= sl(2). A detailed analysis of the radical then yields:

Proposition 5.2. Suppose that B0(g) has tame representation type. Then g/C(g) ∼= sl(2) and
C(g) ∼= nn ⊕ T (g) for some n ∈ N0. �

Let us record one important consequence: Since g/C(g) ∼= sl(2), we have g = [g, g] + C(g), so that
tr(adx) = 0 for all x ∈ g. By Schue’s result (cf. [110] and (I.4)), the restricted enveloping algebra
U0(g) is symmetric.

The foregoing result marks the extent to which our geometric techniques will take us. We are left
with the problem of determining those central extensions of sl(2), whose principal blocks are tame.

To obtain the structure of g, one first observes that the exact sequence

(0) −→ C(g) −→ g −→ sl(2) −→ (0)

splits when considered a sequence of ordinary Lie algebras. Thus, g = sl(2)⊕C(g), and there exists
a p-semilinear map ψ : sl(2) −→ C(g) such that

(x, c)[p] = (x[p], ψ(x) + c[p]) for (x, c) ∈ sl(2)⊕ C(g).

Let us consider the case where C(g) = kv0 6= (0) and v
[p]
0 = 0. The group SL(2)(k)× k× operates

on the space of p-semilinear forms such that the orbits of this action correspond to isomorphism
classes of restricted Lie algebras. There are exactly three orbits, whose representatives are given in
terms of the standard basis {e, h, f} ⊆ sl(2) by

ψ0 = 0 ; ψn(e) = 0 = ψn(h) , ψn(f) = v0 ; ψs(e) = 0 = ψs(f) , ψs(h) = v0.

Thus, the corresponding central extensions are the algebras sl(2)0, sl(2)n, and sl(2)s, which were
introduced in (I.4). Since dim V̂sl(2)0 = 3, Theorem III.3.1 tells us that we only have to consider
the latter two types.

In our situation the restricted enveloping algebras U0(g) and U0(sl(2)) have the same simple
modules and almost the same Ext-quiver. In particular, there is a correspondence between the
blocks, so that each block has either one or two simple modules. It turns out that the repre-
sentation type depends on the structure of the hearts Ht(P ) = Rad(P )/Soc(P ) of the principal
indecomposable U0(g)-modules. Their structure can be analyzed by means of filtrations by Verma
modules. We denote the (Jacobson) radical of U0(g) by J .

The following result uses techniques from the abstract representation theory of quivers.

Proposition 5.3 ([51]). Let P be a principal indecomposable U0(g)-module belonging to a block
B ⊆ U0(g) with two simple modules.

(1) If g = sl(2)n, then JP/J3P is indecomposable of length 4, and B is wild.
(2) If g = sl(2)s, then JP/J3P is a sum of two uniserial modules, and B is special biserial.

Proof. The first part follows from the fact that a Galois covering of B/J3B contains as a
subcategory the module category of a one-point extension of the path algebra of the Kronecker
quiver given by a regular module of quasi-length 2 in a homogeneous tube.

The second part involves a delicate analysis by which one extends the information on B/J3B

to B. Here the fact that B is symmetric plays an important rôle. �
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The result has an interesting consequence: contary to the modular representation theory of finite
groups, subalgebras of tame restricted Lie algebras may be wild!

Example. Let h := ke ⊕ kv0 ⊆ sl(2)s. Then U0(h) ∼= k[X,Y ]/(Xp, Y p) is wild even though
U0(sl(2)s) is tame .

Let Radp(g) be the p-unipotent radical of (g, [p]), that is, the largest p-ideal n�g such that x[p]dimk g
=

0 for every x ∈ n. We put n(g) := dimk Radp(g).
For n ∈ N0, let K(n) be the bound quiver algebra of the quiver with underlying vertex set Z/(2)

and arrows αi, βi : i→ i+ 1 (i = 0, 1) subject to the relations

αi+1αi = 0 = βi+1βi ; (βi+1αi − αi+1βi)pn
= 0.

Note that K(0) ∼= T (Ã1) is the trivial extension of the Kronecker algebra.

Theorem 5.4 ([51]). Let (g, [p]) be a restricted Lie algebra. Then the following statements are
equivalent:

(1) The principal block B0(g) is tame.
(2) Each block of the algebra U0(g/T (g)) is Morita equivalent to k[X]/(Xpn(g)

) or to K(n(g)),
with B0(g) ∼M K(n(g)). �

The question of the tameness of U0(g) involves the study of representation types of the family
(Uχ(g))χ∈g∗ of the so-called reduced enveloping algebras of g. In [51, §8], precise criteria for U0(g)
being tame were given. In particular, one encounters yet another phenomenon, which has no
analogue in the modular representation theory of finite groups:

Example. Consider the 5-dimensional restricted Lie algebra g := sl(2)⊕ kv0⊕ kt0 with center
C(g) = kv0 ⊕ kt0 and p-map given by

e[p] := 0 ; h[p] := h+ v0 ; f [p] := t0 ; v[p]
0 := 0 ; t[p]

0 := t0.

According to (5.4), the principal block B0(g) is tame. By the results of [51, §8], the algebra U0(g)
is wild.

5.2. Infinitesimal Groups. Our above example seems to portend trouble. Since subgroups
of tame infinitesimal groups are not necessarily tame, it is a priori not clear how the results on Lie
algebras may be employed in studying infinitesimal groups. In fact, the general theory of algebraic
groups tells us that the Lie algebra Lie(G) usually does not capture much information of G. All
Frobenius kernels (Gr)r≥1 of an algebraic group G have the same Lie algebra.

However, our situation is rather special. Passage to subgroups does at least “preserve” the
complexity (see (II.2.2)), so that the tameness of B0(G) still implies

dim V̂Lie(G) ≤ 2.

If G is semi-simple, then (5.1) yields Lie(G) ∼= sl(2), so that we obtain:
• G ⊆ SL(2) is an infinitesimal subgroup of SL(2), and
• G1 = SL(2)1.

To illustrate the utility of the foregoing observations, we elaborate on the following result, which
also exemplifies some of the methods relevant for the later developments. We let T ⊆ SL(2) be the
standard maximal torus of diagonal matrices.
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Proposition 5.5 ([49]). Let G be a semi-simple infinitesimal group such that B0(G) is tame.
Then there exists r ∈ N with G ∼= SL(2)1Tr.

Proof. By the above, we have G ⊆ SL(2) and G1 = SL(2)1. There results an embedding

G/G1 ↪→ SL(2)/SL(2)1.

As the group SL(2) is smooth, the Frobenius endomorphism of SL(2) induces an isomorphism
SL(2)/SL(2)1

∼−→ SL(2), so that G/G1 can also be considered a subgroup of SL(2). Since B0(G) is
tame, the principal block B0(G/G1) is tame or representation-finite. In the former case, our above
observations imply SL(2)2 ⊂ G, so that

cxG(k) ≥ cxSL(2)2(k) = 3.

Since this contradicts (III.3.1), the principal block B0(G/G1) has finite representation type and
(3.1) can be brought to bear. A detailed analysis then shows that there exists r ∈ N with

G ∼= A[r] or G ∼= SL(2)1Tr,

where A[r] is given by

A[r](R) := {
(
a b
c d

)
∈ SL(2)(R) ; apr

= 1 = dpr
, bp

2
= 0 = cp}.

It thus remains to rule out the former group, so we assume G = A[r].
Since every simple SL(2)1-module has the structure of an SL(2)-module, the simple SL(2)1-

modules are restrictions of simple A[r]-modules, which we denote L(0), · · · , L(p−1). By (2.1), the
simple A[r]-modules are therefore tensor products L(i)⊗k Mj , with the simple modules Mj of the
factor group G′ := G/G1. Direct computation shows that G′ ∼= Ga(1) o µ(pr−1) is trigonalizable,
so that G′ has pr−1 simple modules, each having dimension 1. Using Lemma 2.2(1) one can now
compute the Ext-quiver QB0(G) of B0(G). It has vertex set V := Z/(pr−1)× Z/(2) and arrows

α(i,j) : (i, j) 7→ (i+ 1, j) ; β(i,j) : (i, j) 7→ (i+ `, j + 1),

where ` := pr−1−1
2 . In particular, two arrows start and end at each vertex.

Let Λ = k[QB0(G)]/I be the basic algebra of B0(G). The Nakayama algebra kG′ has a uniserial
module of length 3 with trivial top. We consider its pull-back to kG, which turns out to be a B0(G)-
module. Thus, Λ also possesses a uniserial module N of length 3, whose composition factors can be
computed. Using this information, one now shows that neither α(1,0)α(0,0) nor β(1,0)α(0,0) annihilate
the Λ-module M corresponding to N . This then implies that these paths are not summands of
relations of the bound quiver algebra Λ, and (V.3.2) shows that B0(G) is wild. �

Note that the group G = SL(2)1Tr satisfies the technical conditions given in Section 2. In particular,
G/G1

∼= µ(pr−1) is diagonalizable and the Ext-quiver of kG is closely related to the McKay quivers
of the linearly reductive subgroup G/G1 ⊆ SL(2). This information suffices to compute the quiver
and the relations of B0(G) (cf. [49]). In [52] these results were extended to arbitrary infinitesimal
groups by a detailed analysis of the solvable radical R(G) of G and techniques of Galois extensions
(see [7]). Let me quote a result that is easy to state:

Theorem 5.6 ([52]). Let G be an infinitesimal group of odd characteristic. Then the following
statements are equivalent:

(1) The principal block B0(G) is tame.
(2) B0(G1) is tame and G/G1 is diagonalizable.

In either case, we have B0(G1) = B0(G)X(G/G1). �
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The invariants in the last part are given relative to the standard action of X(G) on kG, which
associates to γ ∈ X(G) the convolution

idkG ∗γ : kG −→ kG ; h 7→
∑
(h)

h(1)γ(h(2)).

Moreover,X(G/G1) is identified with those characters that vanish on the ideal of kG that is generated
by kG†1.

The above result implies in particular, that tameness is preserved under passage to Frobenius
kernels, thereby providing an important remedy for the failure of descent that we have observed
earlier. In [52], the infinitesimal groups with tame principal blocks are classified modulo their
multiplicative centers and the quiver and relations for the blocks are given. It turns out that all
blocks are special biserial. More precisely, the basic algebras are generalizations of trivial extensions
T (Ã2pr−1−1) of the radical square zero tame hereditary algebras of type Ã2pr−1−1 (see (5.4) for an
example of the nature of these generalizations). Here r = ht(G/M(G)) is the height of the factor
group G/M(G) of G by its multiplicative center M(G). The effect of M(G) on arbitrary blocks of kG
is investigated in [53].

5.3. Finite Group Schemes. Let G be an infinitesimal group. We have seen in (5.6) that
the tameness of B0(G) implies the diagonalizability of G/G1 along with G1 being closely related
to the first Frobenius kernel SL(2)1. The Galois correspondence established there heavily relies
on the character group X(G/G1), which fully describes the quotient G/G1. This will only work
for diagonalizable group schemes, so that Galois covering techniques are not suitable for arbitrary
finite group schemes.

We thus change our point of view and note that the quivers occurring for infinitesimal groups
can be interpreted as McKay quivers. For this approach to be successful in the general case, we
need a good supply of linearly reductive groups. Here is the relevant generalization of (5.6), whose
proof relies on the identification of the quivers of minimal counter-examples:

Proposition 5.7 ([41]). Let G be a finite group scheme with tame principal block. Then the
following statements hold:

(1) The principal block B0(G1) is tame.
(2) The group G/G1 is linearly reductive.

In particular, the order of the finite group G(k) is not divisible by p. �

To ease on the technical aspects we shall discuss our main result in a simplified context. We thus
assume that our group G and its Lie algebra g := Lie(G) satisfy the following conditions

• G0 = G1, and
• C(g) = (0).

Setting G := G(k), the first condition implies

kG ∼= U0(g)G,

while the second condition says that the center of G1 is trivial.
Now assume B0(G) to be tame. Thanks to (5.7), the principal block of U0(g) is tame. Since

C(g) = (0), Proposition 5.2 yields g ∼= sl(2). Consequently,

kG ∼= U0(sl(2))G and p - ord(G).

Let N � G denote the kernel of the representation % : G −→ Autk(U0(sl(2))). Since N is linearly
reductive, the principal block B0(G) is isomorphic to B0(U0(sl(2))(G/N)). We thus simplify further
by assuming N = {1}.
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The group G acts on U0(sl(2)) via automorphisms of Hopf algebras. As a result, % defines an
embedding

G ↪→ Autk(U0(sl(2))) ∼= Autp(sl(2)) ∼= PSL(2)(k).

Passage to the double cover provides a linearly reductive group G̃ ⊆ SL(2)(k) such that

B0(U0(sl(2))G) ∼= B0(U0(sl(2))G̃).

Thus, we may assume that G ⊆ SL(2)(k) is a binary polyhedral group. These groups were classified
by Klein around 1884 [82], and we have already noted in (4.2) that they are uniquely determined
by their McKay graphs relative to the two-dimensional standard representation L(1) = k2. Let us
recall the “classical” list of groups up to conjugacy in SL(2)(k):

G ΘL(1)(G)

Z/(n) Ãn−1

Qn D̃n+2

T̂ Ẽ6

Ô Ẽ7

Î Ẽ8.

Here, each quiver is obtained from the given graph by replacing a bond •— • is by a pair of arrows
• � •. Thus, modulo our simplifications, we know the groups that can occur, i.e., we understand
the Hopf algebra structure. Moreover, the affine quivers describing the tame hereditary algebras
also appear. It remains to relate the Ext-quiver of B0(G) to the McKay quivers of G.

Let S, T be simple G-modules. Then G acts on Ext1U0(sl(2))(S, T ), and since G is linearly reduc-
tive, we have

Ext1G(S, T ) ∼= Ext1U0(sl(2))(S, T )G.

Every simple U0(sl(2))-module is the restriction of a simple SL(2)(k)-module. Consequently, the
same holds for the canonical restriction map

Res : mod G −→ modU0(sl(2)).

Let L(0), . . . , L(p− 1) be the corresponding simple G-modules, M1, . . . ,Mn be the simple kG-
modules, which we view as simple kG-modules. According to (2.1), (L(i) ⊗k Mj)ij is a complete
set of representatives for the simple G-modules, and (2.2(2)) implies

Ext1G(L(i)⊗k Mr, L(j)⊗k Ms) ∼= HomG(Mr,Ext1U0(sl(2))(L(i), L(j))⊗k Ms).

Accordingly, the Ext-groups count the multiplicity of Mr in Ext1U0(sl(2))(L(i), L(j))⊗kMs. By virtue
of [96], the SL(2)(k)-module Ext1U0(sl(2))(L(i), L(j)) has the following structure

Ext1U0(sl(2))(L(i), L(j)) ∼=
{
L(1)[1] i+ j = p− 2

(0) else,

where L(1)[1] is the Frobenius twist of the standard module. There results a close relationship
between the Ext-quiver QkG and the McKay quiver of ΘL(1)(G) of G. In this fashion, one obtains
complete information on the block structure of kG:

Theorem 5.8 ([41]). Let G be a finite algebraic group such that B0(G) tame. Then the following
statements hold:

(1) There exists a finite, linearly reductive group scheme G̃ ⊆ SL(2) such that the Ext-quiver
of B0(G) is isomorphic to the McKay quiver ΘL(1)(G̃).

(2) The block B0(G) is Morita equivalent to a generalization of T (QB0(G)). �
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The Morita equivalence given in (2) follows from the structure of the principal indecomposable G-
modules, provided in (2.3). Recall that T (QB0(G)) is the trivial extension of the radical square zero
hereditary algebra of type QB0(G). The generalization involves the “lengthening” of commutativity
relations analogous to the procedure delineated in (5.4).

Example. Let us consider the case, where G = Qn is the generalized quaternion group of
order 4n with p - n. Thus, G̃ = N(n) is the reduced group with G̃(k) = Qn, and G = SL(2)1 oN(n).
Theorem 5.8 provides a Morita equivalence

B0(G) ∼M T (k[D̃n+2]).

In particular, B0(G) has n+3 simple modules, whose dimensions can be read off from the sub-
additive function dC defined in (V.5.4). Since Qn has 4 one-dimensional simple modules, located
at the ends of D̃n+2, and n−1 two-dimensional simple modules, (2.1,2.3) yield the dimensions of
the simple and principal indecomposable B(G)-modules. For n = 3, B0(G) has two 1-dimensional
simple modules, two (p−1)-dimensional simple modules, one 2-dimensional simple module and one
(2p−2)-dimensional simple module. By the same token, the block has two principal indecompos-
able modules of dimension 4p and four principal indecomposables of dimension 2p. Consequently,
dimk B0(G) = 8p2.
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