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Abstract

Given integers n, m and a probability distribution P, on [m]| = {1,...,m}, consider the
random intersection graph on the vertex set [n], where 4, j € [n] are declared to be adjacent

whenever S(i) N S(j) # 0. Here S(1),...,S5(n) denote iid random subsets of [m] with the
distribution P(S(:) = A) = (‘2‘)71P*(|A|), for A C [m]. Assuming that m is much larger
than n, we show that the order of the largest connected component N7 = np + op(n) as
n,m — oo. Here p denotes the nonextinction probability of a related multi-type Poisson

branching process.
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1 Introduction

Given subsets S(1),...,5(n) of a set W = {w;,...,wpn}, define the intersection graph on the
vertex set V = {v1,...,v,} such that v; and v; are joined by an edge (denoted v; ~ v;) whenever
S(i) N S(j) # 0 for i # j. Assuming that the sets S(i), i = 1,...,n, are drawn at random, we
obtain a random intersection graph.

We consider a class of random intersection graphs where the random subsets S(i) = S(v;), i =
1,...,n, are independent and identically distributed. Moreover, we assume that the distribution
of S(i) is a mixture of uniform distributions. That is, for every k, conditionally on the event
|S(7)| = k, the random set S(i) is uniformly distributed in the class of all subsets of W of
size k. In particular, with P, denoting the distribution of |S(7)|, we have, for every A C W,
P(S(i) =A) = ("Z‘)_IP*(\AD. The random intersection graph corresponding to P is denoted
G(n,m, P;).

An attractive property of G(n,m, Py) is that by a proper choice of P, one can obtain the vertex
degree distribution with some desirable properties, e.g., heavy-tailed distribution, see [3], [8].
Note also that G(n, m, P,) has (statistically) dependent edges.

Random intersection graphs (RIG) with binomial distribution P, were studied by Karonski,
Scheinerman, and Singer-Cohen [20] and Singer-Cohen [21]. Up to our best knowledge, these
are the first papers devoted to RIG. Random intersection graphs with general P, were first



studied in Godehard and Jaworski [12]. They are applied in the analysis of secure wireless
networks [9], [11], [14], social networks [8], and statistical classification [12].

We study the component evolution of random intersection graphs G(n,m, P,) in the case where
m is much larger than n. Note that if we choose P, such that P.(y/cm/n) =1, where ¢ > 0 is a
constant, then the expected value of the degree of a typical vertex is approximately ¢, see [12],
[17]. Therefore, one may expect to observe a fast growth of the largest connected component
in G(n, m, P.) when |S(7)| (the size of a typical random set) is of stochastic order ©p(y/m/n).
Assuming that, as n,m — oo, the probability distribution of \/n/m |S(i)| converges to some
limiting probability distribution on [0, 4+00), say P, we describe the asymptotics of the size of
the largest connected component in terms of P.

The paper is organized as follows: results are stated and discussed in Section 2, and proofs are
given in Section 3.

2 Results

We start with mentioning related results for random graphs with independent edges. Erdés and
Rényi [10] showed the fast growth of the largest connected component of the random graph G, ,
(obtained from the complete graph K,, by removing edges independently and with probability
1 — p) in the case where the edge density p passes the threshold p = 1/n as n — oco. Namely,
for a constant ¢ > 0 and p = ¢/n, the order of the largest connected component (denoted Ny)
is N; = Op(logn) if ¢ < 1 and N; = pcn + op(n) if ¢ > 1. Here, p. denotes the survival
probability of the Galton—Watson branching process with Poisson offspring distribution having
mean value c¢. Recently, the component evolution of a general inhomogeneous random graph
with independent edges was studied by Bollobas, Janson, and Riordan [5]. Let V' = {vy,...,v,}
be the vertex set, and let pl(-;l) = P(v; ~ vj) denote the probability of the event that vertices
v;,v; € V are adjacent. Assuming mild regularity conditions on the sequence of probabilities

{pgl), 1 <i<j<n}e,, Bollobas, Janson, and Riordan [5] showed that
Ny = pin+op(n) as n — 0. (1)

Here, p. > 0 is the expected survival probability of the multi-type Galton—Watson branch-
ing process with Poisson offspring distribution that approximates the neighborhood discovery
process performed by the breath first search procedure starting at a randomly chosen vertex
from V.

Behrisch [2] extended the above-mentioned result of Erdés and Rényi [10] to the random inter-
section graph G(n, m, P,) with binomial distribution P, and m = n®, o > 1. For degenerate Pk,
a similar result was shown in [4]. In the present paper, we extend (1) to random intersection
graphs G(n,m, P,) with general P, in the case where n1n?n = o(m).

In order to trace the connection between G(n, m, P,) and the random graph model studied in [5],
it is convenient first to look at G(n,m, P) conditioned on S = {|S(v1)|,...,|S(v,)|}. In this
way, we obtain an inhomogeneous random intersection graph, say Gs, where the sizes of the sets
are now nonrandom. For m much larger than n, edges of Gg are approximately independent
as m,n — oo, and we have P(v; ~ v; ||S(vi)],[S(v;)|) =~ |S(vi)| x |S(vj)|/m. Therefore, Gs
resembles the inhomogeneous random graph with independent edges having probabilities of the
form pl(?) = pgn)pg.")/m. Here pgn) = |S(vi)|, 1 < i < n, represents the idd sample from the
probability distribution P,. Note that the giant component of an inhomogeneous random graph
with independent edges having probabilities of the form P(v; ~ v;) = p;p; (with nonrandom
weights p;) has been studied in [7].



Before stating our result, we introduce some notation. Given a probability distribution P on
[0, +00), let X denote the multi-type Galton-Watson branching process, where particles are of
prescribed types from the set [0, +00) and where a particle of type y € [0, +00) is replaced in the
next generation by a set of particles distributed as a Poisson process on [0, +00) with intensity
zyP(dz). In particular, the number of children of y with types = € [a, b] has Poisson distribution
with mean ff zyP(dz), see, e.g., [5]. By Xp(y) we denote the process X5 starting at a particle
of type y. p(P,y) denotes the probability of nonextinction of Xp(y), and p(P) := [ ply)P(dy).
We consider the sequence of random intersection graphs G(n, my,, P,), n = 1,2,.... Define the
sequence {P,} of probability distributions on [0, +00) by putting P,(A) = P,((n/ mp )Y 2A) for
every Borel set A C [0,+00). Let Z, be a random variable with the distribution P,. Note
that (m,,/n)'/? is the scale of the size of a typical random set, say S, (v), in the case where the
degrees of G(n,my, P,) are stochastically bounded as n — oo. Therefore, it is convenient to
state conditions in terms of distributions P, of rescaled random variables (n/m,,)/?|S, (v)|. Let
N1(G) denote the order of the the largest connected component of a graph G (i.e., N1(G) is the
number of vertices of the connected component which has the largest number of vertices).

Theorem 1. Let P be a probability distribution on [0,+00). Let Y be a random variable with
the distribution P. Assume that EY < oo and EZ, < oo for all n. Assume that, as n — oo,
(i) {P,} converge weakly to P;

(i) EZ, converge to BY ;

(i4i) n1n®n = o(my,).

Then Ny(G(n,my, P,)) = np(P) + op(n) as n — oc.

Remark 1. Conditions (i) and (ii) together imply the uniform integrability of the sequence of
the random variables {Z,}, i.e.,

Ve>03A>0 such that Vn >1 we have EZNH{Zn>A} <e. (2)

For a sequence of numbers a,,, we write a,, = ©(n) if there exist positive constants ¢; < ¢ and
ng such that e¢;n < a, < eyn for n > ng.

Remark 2. Assume that the qonditions of Theorem 1 are satisfied and EY? < oco. It this case,
we have EY? < 1 whenever p(P) = 0, see Lemmas 5.11-16 in [5]. Therefore, from Theorem 1 it
follows that, with probability tending to 1, we have Ny = o(n) for EY? < 1 and Ny = ©(n) for
EY? > 1.

Remark 3. The order Ny(G) of the second largest component satisfies No(G) = op(n) as
n — 00.

It would be interesting to learn more about the order V7 of the largest connected component
in the case where p(P) = 0, and about the order No(G) of the second largest component in the
case where p(]5) > 0. It is likely that a more precise asymptotics is related to the order of decay
of the tail P(Y >t) as t — oo, c.f. [16].

The result of Theorem 1 should be considered as a first step in understanding the structure
of general random intersection graphs with n = o(m). The interesting and important class of
random intersection graphs G(n, m, P,) with n = O(m) exhibit stronger clustering and is beyond
the scope of this paper.

Acknowledgment. 1 am grateful to Michal Karonski who introduced me to random intersection
graphs and suggested the problem.



3 Proof

The section is organized as follows. In Section 3.1, we collect auxiliary inequalities for hyper-
geometric probabilities. In Section 3.2, we collect some facts about survival probabilities of
Galton—Watson (G-W)processes. Theorem 1 and Remark 3 are proved in Section 3.3.
3.1. In what follows, Hj ., denotes the hypergeometric random variable with parameters
(=)

)
Lemma 1. Let S,, Sy be independent random subsets of the set W' = {1,...,m} such that
Sa (respectively Sp) is uniformly distributed in the class of subsets of W' of size a (respectively
b). Then H = |S, N Sy| is a hypergeometric random variable with parameters a,b < m. The
probability p' := P(H = 0) = (m — b),/(m), satisfies, for a+b < m,

J, k < m and the distribution P(H, . m =17) =

ab/m , ab ~  ab\o
T P S G ®

Here we denote (m)q, =m(m—1)---(m—a+1). For0 <a <1 and a+ b < am, we have

mToal) 2 RGNS A0 2 T G @
For A\=EH =ab/m and t > 0, we have
t2 ¢
P(HZ)\th)Sexp{—m}, P(HS)\—t)Sexp{fﬁ : (5)

Note that inequalities (3, 4) remain valid if one of the sets S, or S is nonrandom.

Proof of Lemma 1. Inequalities (3) are shown in [17]. Inequalities (4) are simple consequences
of (3). Exponential inequalities for hypergeometric probabilities (5) can be derived from the
corresponding inequalities for binomial probabilities, see [13]. Their proof can be found, e.g.,
in [15]. 0

Lemma 2. Given integers 1 < a,b,d < m, let S, C Sy be subsets of the set W' = {1,2,...,m}
of sizes |Sy| = a and |Sg| = d. Here a < d. Let Sy be a random subset of W' uniformly
distributed over the subsets of W' of size b. For integers 0 < s <r <t < b satisfyingr < a A b,
we have

P(Habm > T’)
P > ‘ al = <PH—r—am—aZ - oY SR
(150 " Sal = ¢ [ 195N Sal = 5) < P(Hyraam-a > ¢ R (6)
Assume, in addition, that bd < m and 2ab < m. Then, for t > 10, we have
P (185184l 2 2t ] 8,180 #0) < e (14 2m (ab). (7)

Proof of Lemma 2. Let us prove (6). Introduce the events B = {|S, NSy| > t}, A = {|S,NSy| >
s} and write the left-hand side of (6) in the form P(BNA)/P(A). Denote p; = P(Hy—jq—am—a >



t—j). Let 3, denote the sum over subsets A; C S, of size |A;| = j. We have

PBNA) = Y > PBN{SNS,=A})

s<j<and j

= > D P(B[SNS.=A)P(S, NS, = Aj)

s<j<and j

= Y p ) P(SiNS.=A4)

s<j<anb J
= Z ij(Ha,b,m :])
s<j<aAb

< P(S < Ha,b,m < T)pr + P(Ha,b,m > T)~ (8)

In the last step, we estimate p; < 1 for j > r and invoke the simple inequalities p; < p, for
1<j<r—1.(8) implies (6).

Inequality (7) follows from (6) and the inequalities of Lemma 1. Let r = |¢] and write H; =
Hy rq—am—as H2 = Hgp . The simple inequalities

M=EH;=0b-r){d-a)/(m—a) <bd/m<1 and Ao =EH;=ab/m<1 (9)
imply (see (5))

31— 1)
2 241t

3(t
P(H; 2 1) < expf 5 U0} < exp - et (10)
In the last step, we used the assumption ¢ > 10. The inequality 2ab/m < 1, combined with (4),
shows that P(Hz > 1) > ab/(2m). Invoking this inequality and (10) in (6), we obtain (7). O

3.2. Given a finite measure @ on [0, +00) with f[07+00) tQ(dt) < oo, let Xg and Xg(y), y €
[0,+00), be multi-type Poisson branching processes with type space [0,400), defined in the
same way as X5 and X5(y) in Section 2 above, but with respect to a more general measure Q.
Let |Xg(y)| denote the total progeny of the process starting at a particle of type y € [0, 4+00).
Denote p*)(Q,y) = P(|Xg(y)| > k) and p(Q,y) = P(|Xg(y)| = 00). Therefore, p(Q,y) is the
survival probability of the process Xy (y). Denote p(Q) = Q~1([0, +o0)) x fo +o0) p(Q,1)Q(dt)
and p®(Q) = Q1([0, +00)) Xf[0,+<>o) P (Q,1)Q(dt). Given A > 0, let P denote the truncation

of P at level A, that is, for every 0 < a < b, we have that PA([a, b)) = ﬁ([a, b N (0,A)) and Pa
assigns the mass P({0}) + P([A, +o0)) to the point 0.

In Lemma 3 we collect some facts from [5] about survival probabilities of Poisson branching
processes that are relevant to the random graph model considered in Theorem 1. For a general
theory and proofs, we refer to Sect. 5 of [5].

Lemma 3. (i) Givene >0, B = {y1,y2,...,ym} C [0,+00), and a measure Q defined on B,
let Qye and Q_. denote measures on Bie = {y1(1 +¢),...,ym(1 +¢)} and B_. = {y1(1 —
€),...,ym(1—e)}, respectively, defined by Q4-(yi(1+¢)) = Q—c(yi(1—¢)) = Q(yi), 1 <i < M.
We have

ve>0  lim pM(Qic) = p(Qre).  lim pM(Q-c) = p(Q-), (11)

k—o0

lirn P(Q1e) = 15%1 p(Q—c) = p(Q). (12)



(ii) For all A >0 and k > 1, we have p*)(Pa) < p®)(P). We also have

Jm p(Pa) = p(P),  lim p ™ (P) = p(P). (13)

(iii) Fiz A > 0 such that P({A}) = 0. Given e € (0,A), let 0 =y < y2 < --- <y = A be
a partition of [0, A] such that P(Y = y;) = 0 and y; — yi—1 < € fori > 1. Let Q7 (respectively
Q) denote the probability distribution on the set By = {y1,...,ym} that assigns the mass
¢ = Pa([yi,yit1)) to yi (respectively yiv1), 1 <i < M, and QZ (yp) = QF (y1) = 0. Consider
a sequence €y | 0 and the corresponding sequences of partitions {By} and measures {QZ,,},
{Q%,,} We have

lim p(Qz,) = lim p(Q2,) = p(Pa)- (14)
3.3. In the proof of Theorem 1, we use some ideas and techniques developed in [5] and [2]. Let
us mention that the vertices of a random intersection graph resemble the particles of a related
Poisson branching process and the sizes of their random sets resemble the types of the particles.
We start with Lemma 4, where we establish the result in the case where the sizes of the sets
S(v1),...,S(v,) (defining an intersection graph) are nonrandom and may attain a finite number
of different values only. The proof of the general result (Theorem 1) is postponed up until the
end of the section.

Given integers n,m and vector 5 = (s1,...,S,) with integer coordinates, let S(vi),...,S(vy)
be independent random subsets of W, = {wi,...,wy} such that, for every 1 < i < n, the
subset S(v;) is uniformly distributed in the class of all subsets of W,, of size s; (we assume
that 0 < s; < m). Let Gs(n,m) denote the random intersection graph on the vertex set
Vo ={v1,...,v,} defined by the random sets S(v1),...,S(vp).

Lemma 4. Let Q) be a finite measure defined on B = {y1,y2,...,ym} C [0,4+00). Let {my} be a
sequence of integers, and {S, = (Sp1,-.-,Snn)} be a sequence of vectors with integer coordinates
Sni € {dnt = [y /mn/n], 1 <t < M} for 1 <i<mn. Let ny denote the number of coordinates
of s, attaining the value dy;.

Assume that, for some integer ng and positive sequences {e,,}, {el,} C [0,1] converging to zero,
we have, for every n > nyg,

(4) max{’Q(yt) - (nt/”)‘ 1<t <M} <ep,

(i) nin®n < e my,.

Then there exists a sequence {}, }n>1 converging to zero (depending only on B, {my}, {en}, and
{el.}) such that, for n > ng, we have

P(|N1(Gs,(n,myp) — np(Q)| > enn) < e (15)

Throughout the proofs of Lemma 4 and Theorem 1, we call the elements of W = W,,, attributes.
S(v;) is called the attribute set of v;. Given a sequence of random variables {X,,} and a number
a € R, we write X,, > na —op(n) if there exists another sequence of random variables {, } such
that X,, > na — &, for every n and, for each ¢ > 0, we have P(§, > en) — 0 as n — oo. The
notation X,, < na+ op(n) is defined in a similar way.

Proof of Lemma 4. Before the proof, we introduce some more notation. By cg, ¢, etc. we denote
positive constants which depend on B only. Similarly, CBr depend on B and a parameter 7 only.
Denote ¢ = Q(yt), t € [M]. In what follows, we drop the subscript n and write m = m,,, € = &,



dj =dpj, s =5p, V=V, W =W, G=Gs = Gg,(n,m). We say that a vertex v; € V is
of type t if the size s; of its attribute set S(v;) equals d;. Introduce independent random sets
ST, ..., S} such that Sy is uniformly distributed in the class of subsets of W of size d;, t € [M].
We assume that these random sets are independent of S(v1),...,S(vy).

Given 0 < 6 < 1, let Y_5 and Y, denote multi-type G-W processes with the type space [M]
such that the number of u-type children of a particle of type t has Poisson distribution with the
mean (1 — 8)2quyy, and (1 + 6)2quysy., respectively. Write

B =P(Y_s 0 = k), ps(t) = P(P_s(t)| = o0),
®) = A 0Q),  pos= D ps(HQ().

te[M) te[M]

Here 5),5(t) denotes the process ) starting at a particle of type t. For 5@5, the corresponding
quantities pgﬁg (t), pys(t), pfg, p+s are defined in the same way.

We assume without loss of generality that 0 < y1 < y2 < --- < yps. Indeed, if y; = 0, then all
vertices of type t = 1 are isolated, and Nj(G) belongs to the subgraph, say G’, of G spanned
by the vertices of types t € {2,...,M}. If, in addition, ¢y = 1, then the order of G’ is at
most ne, = o(1), and (15) becomes trivial. In the case where y; = 0 and ¢1 < 1, it suffices to
establish (15) for the random intersection graph G’ and measure @’ defined on B’ = {2, ..., yn}
by Q'(yt) = q1, 2 <t < M.

Let us prove (15). We shall show the following two bounds, which together imply (15):

Ni(G) < np(Q) + op(n), (16)
Ni(G) z np(Q) — op(n). (17)

First, we prove the upper bound (16). Given an integer function w such that w(n) — oo and
w(n) = o(n), we call a component of G big (w-big) if it has at least w(n) vertices. Let B = B,
be the union of vertices of big components. We shall show that, for any such w(-),

|B| = p(Q)n + op(n) (18)

as n — oo. This identity and the obvious inequality N1(G) < max{w(n),|B|} imply (16).
The proof of (18) consists of several steps. We start with showing that

E[B|/n — p(Q). (19)

Proof of (19). Given v € V, we evaluate the probability P(v € B). For this purpose, we explore
the connected component containing v as follows. Color v white and add to the list L (now L
consists of a single white vertex v). Then proceed recursively: pick up the oldest white vertex
from the list L, color it black, reveal its neighbors that have not been discovered earlier (i.e.,
the neighbors from outside L), color them white and add these neighbors to the list. Stop when
we have found at least w(n) vertices (so v € B) or when there are no white vertices left in L (so
we have found the entire component, and v ¢ B).

Let L, = {x1,...,xx} denote the complete list of the discovered vertices numbered according to
the time of discovery. Here, 21 = v and k < w(n). Let T, be the tree of black vertices and their
children. T, has root v, contains all vertices of L, and all children of the last black vertex (some
of them might be not included in L, because of the size limit |L,| < w(n)). Introduce the sets
D; = Ui<;j<iS(z;), Do =0, and S’(z;) = S(z;) \ Di—1. We label z; if the event A;, complement
to A; = {|S"(z;)| > |S(x;)| —81Inn}, occurs. Let T, denote the tree obtained from T;, by deleting



all descendants of labeled vertices. Given ¢, let i, (i. < i) denote the index of vertex that has
discovered x;, and let n;, denote the number of the vertices of type u that remain outside L after
Z1,...,2;—1 have discovered their neighbors (and added them to the list L). Let X;, denote the
number of the neighbors of type u discovered by the vertex z; (the number of u-type children
of x;). The conditional distribution of Xj;,, given D; = {S(x1),...,S(x;)} and n;,, is binomial
Bi(nju, piu), where
(m—\Di—(lj\—w'(fﬁi)\)
DPiu = 1-— Y . (20)

e

When needed, we also indicate the type, say ¢, of x; and write Xz, pite instead of Xy, piu-
Note that, on the event A;, we have pi, = yyun~' + o(n~!). To show this, we apply (4) to
a=|S"(x;)|, b=dy, and W =W \ D,;_; and use the inequalities

dy > |5 (x;)| > dy — 8Inn = d(1 — o(1)),
(W'l =m —|Dj—1| >m — mtax{dt}w(n) =m(1l —o(1)).

We obtain
(14 s+ v/ER) = pit > P24 (1= c(n™! + /). (21)

n

YtlYu
n
In addition, it follows from condition (i) of the lemma that

(qu - 571)” - w(n) <Ny < (Qu + 5n)n- (22)

It follows from (21)—(22) that, given 6 > 0, there exists ns such that, for every n > ns and every
unlabeled vertex x; € L,, we have

(]- - 6)ytyu/n < Pitu < (1 + 5)ytyu/n, (23)
(1 =98)gun < njy < (14 9)qun. (24)

In view of (23)—(24), for large n, we can couple offspring numbers X;;, of an unlabeled z; with
the binomial random variables

Y ~ Bi((1 = 6)ngu, (1 = 8)yryu/n), (25)
Vi~ Bi((1+ 6)ngu, (1 + 8)yryu/n), (26)

so that
Y;;z < Xitu < YJF

In addition, we can couple the exploration process (until the first labeled vertex) with two
Galton-Watson processes, say Y~ and Y7, that have binomial offspring distributions (25) and
(26) as follows. In order to obtain the Galton-Watson tree of J~, we perform the Breath
First Search in T, starting at the root v and delete discovered vertices (together with subtrees
of their descendants) independently at random so that offspring numbers of vertices of the
resulting pruned tree would follow binomial distributions (25). In addition, we replace white
leaves and labeled leaves of the pruned three by independent Galton—Watson trees with offspring
distributions (25). The process YT is defined similarly, but now we insert independent Galton—
Watson trees (generated using offspring distributions (26)) instead of deleting subtrees of 7.

Since (21) fails on the event A; complement to A;, inequalities (27) are valid for @1, z2,. .., 71
until the first occurrence of A; (until the first labeled vertex z;). Let A = {k > i} N
(ﬂlgjgi_lflj) N A; denote the event that x; is the first vertex that receives the label. On



the event A, complement to A, = Ui<icw(n)Aix, the coupling (27) is valid and implies the
relations

(1¥ 1z wmnA) ¢ ({IL] =wm}nA) ¢ ((¥Hzemnd).  (29)
Note that v € B < |Ly| = w(n). Therefore, from (28) we obtain
P(1Y7| 2 w(n)) — P(A-) < P(v e B) < P(I*] = w(n)]) + P(A.). (29)
Let us show that the probability of the event A, is negligibly small,
P(A,) = O(w(n)/n?). (30)

We write P(Ax) < 321 <jc(n)P(Aix) and prove that P(A;) < cgn™3 for i < w(n). In order to
prove the latter inequality, we establish the same bound for the conditional probability

p* =P(A|{k >}, Ar,..., Aim1, Dio1).

Denote S, := S'(z;,), Sq := Dij—1\Dj=—1, and W' := W\D;,_1. On the event A;, C Ni<j<i—1.4;,
we have a = |S'(x;,)| > |[S(zi,)| — 8Inn = [S(i.)|(1 — o(1)). In addition, we always have
d < w(n)max; di, and, therefore, |[W'| > m —d =m(1 — o(1)). Choosing S, = S(x;), we obtain
from (7) the bound p* < ¢jzn =3, thus, completing the proof of (30).

Next, we replace the probabilities P(|Y~| > w(n)) and P(|]YT| > w(n)) in (29) by p(:dis(n))(tv)
and pS:;(n)) (ty), where t,, denotes the type of vertex v. The total variation distance between the
binomial distribution Bi(r,p) and the Poisson distribution with the same mean is at most p;
see, e.g., inequality (1.23) in [1]. Therefore, the error of this replacement is O(w(n)/n). Now,
from (29) and (30) we obtain (uniformly in v € V') the inequalities

PN (1) — O(w(n)/n) < P(v € B) < p™)(t,) + O(w(n)/n). (31)

Invoking (31) in the sum E|B| =), ., P(v € B) and using condition (i) of the lemma, we get

veV
p M) — Me,, — O(w(n)/n) < E[B|/n < p™) + Me, + O(w(n)/n). (32)
Finally, letting n — oo, we conclude from (11) and (32) that
p_s < lirrgzinfE|B|/n <limsupE|B|/n < pys. (33)
n
Since p_g, pi5 — p(Q) as § | 0 (see (12)), the latter inequalities imply (19).
Let w(n) = [Inn]. For this particular w(-), we prove that
Var|B| = o(n?). (34)

Proof of (34). In the proof, we use the identity

BP—[Bl=2 Y Tpwen (35)
{v,w}CV

and exploit the fact that events {v € B} and {w € B} are asymptotically independent as n — oo.
This fact is not surprising as each of the events £, := {|L,| = w(n)} and L, := {|Ly| = w(n)}
(equivalent to {v € B} and {w € B}) refers to at most O(Inn) vertices. We first generate the list



L, ={x1,...,2x}. Then we generate the list L,, = {21,...,2r} (here z1 = w and k¥’ < w(n)).
Denote D = Uger, S(z) and introduce the events H; = {S(z;)) N D = 0} and H = Mi<i<pH;.
We shall show below that

P(H) =1 - O(w?(n)/n). (36)

On the event H, the exploration process starting at w does not encounter any vertex of L,,.
Conditionally, given D and H, we can couple this (starting at w) exploration process with two
G—W processes as in the proof of (19) above but with the attribute set W\ D instead of W and
the vertex set V'\ L, instead of V. Since

D] < dyw(n) = o(m), (37)

the size |W \ D| = m(1 — o(1)), while the number of u-type vertices in V' \ L, is at least
ny—w(n) = ny(1—o(1)) for every u € [M]. Therefore, (31) extends to the conditional probability

pw(D) = P(Ew) D, H,L,). Uniformly in D, we have
P () — O(w(n)/n) < pu(D) < p™) (1) + O(w(n) /n). (38)

Here, t,, denotes the type of w. Combining (38) with the total probability formulae, where sums
are taken over all possible values A of the random set D,

P(L,NL,NH) =) pu(A)PHD=A}NHNL,),
A
P(HNL,) =) P{D=A}nHNL,),
A

we obtain

P(C, NH) p ™ (tw) — o(1) < P(Ly N Ly NH) < P(LyNH) o™ (1) + o(1).

In view of (36), we can replace P(L, N'H) by P(L,) and P(L,NL,N'H) by P(L,NL,). Then,
invoking (31), we obtain (uniformly in v, w)
P (1) 057 (00) = 0(1) < P(Ly 0 £0) < PS5 (1) P55 (0) +0(1). (39)
It follows from (35) and (39) and the obvious identity Ely, ,cpy = P(L, N L,) that
(3 o4 t)) = on®) < B(BE - 1B) < (3 o™ (1)) +on?).  (40)
veV veV

Letting first n — oo and then ¢ | 0, we obtain, by the same argument as in (32-33) above, that

n~?E(|B]* - |B]) = (p(Q))? + o(1). The latter identity, combined with (19), shows (34).

Ij remains to prove (36). For ihis purpose, we write theﬁ complement event H in the form

H= Ulgigw(n)H;a where H} = H; and H; = (Mi<j<iH;) NH; N {k' > i}, i > 2, and show that
P(H;) < dhw(n)nt, 1 <i<w(n). (41)

Let i = 1. Given D, we apply (4) to S, = S(z1), Sy = D, and W’ = W. Using the inequalities

|S(21)| < dpr and (37), we obtain (41). For i = 2, we expand, by the total probability formula,

P(H3) =Y pnP(HiN{|S(z2) N S(z1)| = h}), (42)

h>1
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where pj, := P (S(22) N D # 0|H1N{|S(22) NS (21)| = h}). Choosing Sq = S(22)\ S(21), Sy = D,
and W’ = W \ S(z1), we obtain from (4) that p, < cw(n)n~! uniformly in h. This bound,
combined with (42), shows (41) for ¢ = 2. For i = 3,4,...,w(n), the proof of (41) is much the
same.

Proof of (18). For w(n) = [Inn], (18) follows from (19) and (34). We extend (18) to any
B’ defined using another function w’(-). To this aim, we apply (19) to max{w(n),w’(n)} and
min{w(n),w’(n)} and obtain the bound for the expected size of the symmetric difference E|B A
B'| = o(n). This bound implies that both |B|/n and |B’|/n have the same limit in probability.

Let us prove the lower bound (17). To this aim, we show that, for every 0 < 7 < 1,
Ni(G) > np_r — op(n). (43)

Indeed, this inequality implies (17), because p_. — p(Q) as 7 | 0, see (12).

We fix 7 € (0,1) and prove (43). Let Go be the intersection graph on the vertex set V' defined
by the collection of sets Sy := {Sp(v), v € V}, where each Sy(v) is a subset of S(v) of size
(1 —7)[S(v)| (round if necessary) drawn uniformly at random. Let G, denote the intersection
graph defined by the collection of sets {Si(v) = S(v) \ So(v), v € V'}. Note that Gy and G, are
spanning subgraphs of G. Fix the function w(n) = [n?/3] and let By denote the union of w-big
vertices of Gg. It follows from (18) that

|Bo| = np—r + op(n). (44)

We show that the event G = {all vertices of By lie in at most one component of G} has the
probability

P(G)=1-0(1) (45)
as n — 0o. From (44) and (45) we obtain (43). It remains to prove (45).
Proof of (45). Given Sy, let C1,Cs, ... denote the connected components of Gy of order at least
w(n), and let V{, V5, ... denote their vertex sets (we assume that there are at least two such
components since otherwise G is automatically satisfied). In the proof of (45), we use the fact
that the random sets Wi (V/) := U,cy+S«(v), ¢ = 1,2,. .., are large enough so that they intersect
with high probability. Such intersections produce links between V; and Vj’ in G, that imply the
event G. Introduce the events A;; = {there is a link in G, between V" and V/}, i # j. Note that
Aij = {W.(V)) N Wi (V]) # 0} and

P(GISo) = P(Nix;Aij|So)
> 1= P(W.(V)) nWa(V)) = 0]So). (46)
i7#]
We show below that, uniformly in So, we have, for every V/ # V/,

P(W. (V) N\W(V}) = 0[So) < e 0" (47)

Invoking this bound in (46) and using the observation that there can be at most n%? pairs
C; # C; of components of order at least [n?/3], we obtain (45).
Proof of (47). We first show that W, (V/) is large with high probability,

P(|[W.(V/)| > 27 rdyw(n) |S0) > 1 - cB7Tn_5. (48)

Recall that di = min; d; and dpr = max; di. Write V/ = {wy, ..., wi}. (Note that, conditionally,
given Sp, the number k € [w(n),n] is nonrandom.) Introduce the sets Dy = () and, for h > 1,
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put Dy, = Ur<j<nSs(wj) and S (wp) = Si(wn) \ Dip,—1y. (48) follows from the simple identity
(W (V)] = > <p<p |55 (wp)| and from the following inequalities which hold uniformly in h < k
and D[h—l]: -

P(‘Si(wh” < 2717'd1 } D[h—l]ygo) < CB.,-TL76. (49)

To show this bound, we write the probability in the form P(H,p v > y), where y = a — 27 7d;
and a = [S«(wn)|, b = |Dp—qy \ So(wn)|, m" = m — |So(wp)| (note that, conditionally, given
So, the set Sp(wp) is nonrandom). The inequalities 7d; < a < 7dps, b < (w(n) — 1)7dy; and
m' >m —dy =m(1 —o(1)) imply

EH, ., < 72y30(w(n)/n) = o(1) and y > 27 rdy = 27 vy (e)) 7 2 .

Now (5) shows (49). We have arrived at (48).
Next, we show that W, (V;) and W,(V]) intersect with high probability. By the conditional
independence, given W, (V) and Sy, of the random variables H, := [W,(Vi) N S«(v)|, v € V], we
have
P(W.(V}) NW.(V]) = 0|W.(V)),S0) = [] P(Hs = 0|[Wu(V7),S0). (50)
veVy

The second inequality of (5) implies P(H, = O‘W* ), So) < exp{—A,/2}, where \, =
E(H,|W.(V/),Sp). In addition, invoking the inequalities

Ao =[S, (0)] x W (Vi) \ So(v)]/(m = [S0(0)]) = 7di (W (V)] = dar) /m

for v € V/, we obtain from (50) that

P(W.(V) nWu(V]) = 0|Wa(V)),S0)  <exp{-27" > A}
UEVj'

< exp{~2"'rw(n)di (W (V])| — dar) /m}.

Observe that, for |[W.(V/)| > 27'rdjw(n), the right-hand side is bounded from above by
exp{—c’&Tnl/?’}. This bound, together with (48), implies (47). O

Proof of Theorem 1. In what follows, we write, for short, m = m,, and G,, = G(n,m, P,) and
denote Z,; := \/n/m|S(v;)|, 1 < i < n. Observe that the random variables Z,1,..., Zy, are
independent and have the common distribution B,.

We start with a short outline of the proof. First, we truncate an, .. .,Zm at level A > 0
and approximate the truncated random variables by discrete ones. Then we establish the
result for discrete random variables (see Lemma 4), extend it to bounded random variables
an]I{Z <A} ZnnH{ZnngA}7 and, finally, letting the truncation level A — +00, complete the
proof.

Step 1 (result for truncated random variables). Given A > 0 satisfying P(Y = A) = 0 and
P(Y < A) >0, let G,(A) be the random intersection graph on the vertex set V defined by the
collection SA = {Sa(v), v € V'} of subsets of W. Here, Sa(v) := S(v) if |[S(v)] < Ay/m/n and
Sa(v) :=0if |S(v)| > Ay/m/n. In the first step of the proof, we show that

Ni(Gn(A)) = np(Pa) + op(n). (51)

Here, Pa denotes the distribution of Y1 (¥<a}:

Fix € € (0,A) and an increasing sequence 0 = y; < y2 < - -+ < ypsr = A such that P(f’ =y;)=0
and y; —yi—1 < €,1 > 1. Wesay that visof type j € {1,..., M —1}if [Sa(v)|\/n/m € [y;,Yj+1)-
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Every v € V is assigned random subsets S~ (v) and ST (v) of sizes d; = ly;y/m/n] and
dj = [yj+1/m/n]| (here j is the type of v) such that

S~ (v) € Sa(v) € ST(v). (52)

(We draw S~ (v) uniformly at random from the class of subsets of Sa(v) of size d; . Similarly, we
draw W\ ST (v) uniformly at random from the class of subsets of W\ Sa (v) of size m — dj) Let
G,, and G} be the intersection graphs defined by the collections of subsets {S™(v), v € V'} and
{S*(v), v € V}, respectively. (52) implies G;, C G,(A) C G,/ (one is a subgraph of another),
and, therefore, we have

Ni(G,) < Ni(Ga(A)) < Ni(Gy). (53)

We are going to apply Lemma 4 to N1(G,,) and Ni(G,}). Let Q; (respectively Q) denote the
probability distribution on the set B = {y1,...,yn} that assigns the mass ¢; = Pa([yi, yi+1)) to
y; (respectively y;11), 1 <i < M, and Q2 (yar) = QF (y1) = 0. We shall show that

Ni(Gy) = p(Qc) +op(n),  Ni(Gy) = p(QF) + op(n). (54)

In view of the limits p(Q-) T p(Pa) and p(QF) | p(Pa) as € | 0, see (14), from (54) and (53)
we obtain (51).
Let us prove (54). By assumption (i), the probability that given vertex is of type 1,

qni = P(|Sa(v)[v/n/m € [yi,yit1)) = P(anﬂ{angA} € [?Ju?/wl))

converges to ¢; as n — oo. In particular, 6, := maxi<j<n |gni — ¢i| converges to zero as n — oo.
In addition, Chernoff’s exponential bound applied to the number n; of vertices v € V of type ¢
shows

1/2 0

P(|n; — quin| > n'?1n%n) < exp{-3"'In*n} < en! for 1<i< M.

We conclude that the events Z, := {maxi<;<as |¢; — ni/n| < 8, +n~Y2In?n Vn > r} have the
probabilities P(Z,) = 1 — o(1) as r — oo. Finally, given § > 0 and r, Lemma 4 implies the
bound P (|N1(G,) — p(Q )n| > én|Z,) = o(1), which yields the first part of (54). The proof of
the second part is the same.

Step 2 (result for arbitrary random variables). We show two bounds

N1(Gn) = np(P) — op(n), (55)

Ni(Gn) < np(P) +op(n), (56)

which together imply the result N1(G,) = np(P) + op(n).

(55) is a simple consequence of (51). Indeed, the inequality Ni(G,) > Ni(G,(A)) implies
Ni(Gp) > np(Pa) + op(n). Invoking the limit p(Pa) 1 p(P) as A T +oo (see (13)), we ob-
tain (55).

Let us prove (56). Given k, G, and G, (A), let By, and By (A) denote the unions of vertices of
components of order > k in G,, and G, (A), respectively. Let VA denote the set of vertices v € V
with |S(v)| > Ay/m/n (such vertices are isolated in G,,(A) but not necessarily in Gy,). Let Xa
denote the number of edges of G,, with one endpoint in VA an another in V' \ VA. The proof of
(56) is based on the simple inequalities |Bg| < |Bp(A)| + kXA + |Va| and N1(G,) < k + |Byl.
These inequalities imply

Ni(Gp) < k+ |Br(A)| + kXA + [Val. (57)
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In order to show (56), we choose k, A — oo such that k = o(n), |Bx(A)| < np(P) + op(n), and
EXA,|VA| =op(n) as n — oo.

Let us construct an upper bound for Xa. Introduce the event Ax = {Z,; < n/(2A), 1< i < n}.
It follows from assumption (i) of the theorem and the inequalities

1-P(Aa) < nP(an >n/(24)) < QAEZM]I{ZMZR/(?A)}

that, for each A > 0, we have
P(Ax)=1-0(1) as n — o00. (58)

Given v, let Y, denote the number of the neighbors of v in V' \ Va. From the identity Xa =
> vev Liveva1 Yo we obtain, by symmetry,

ElsXa  =nELyIn,cva Yo

=Bl Tevay Y. Togva) Koimo
UiEV\’Ul

=n(n—-1E Tan Lo, evay oo gvat vy mus} - (59)
Note that, on the event Aa N {vy ¢ Va}, we have |S(v1)| x [S(v2)| < m/2. In this case, (4)
implies o o
E (L o3| 1S (01)]5 1S (v2)]) = P(v1 ~ va|Zn1, Zn2) < 30" 21 Zpa.

Invoking this inequality in (59), we obtain
Ely, Xa <30EZnEZul; oy < 19’ (4), (60)

where we denote ¢?(A) = 3supn{EZn2 Ean]I{Zn1>A}}' Observe that, by (2), ¢(A) — 0 as
A — oo. Finally, invoking the inequality P(I4, XA > ne(A)) < ¢(A), which follows from (60)
by Chebyshev’s inequality, we obtain

P(Xa > np(A)) < P(A) + P(Liy Xa > np(A)) < P(As) + p(A). (61)
Next, we construct the upper bound for |By(A)],
IBu(A)] < npP(P) + op(n). (62)
Proceeding in the same way as in the proof of (18) and (52-54), we show that |By(A)| =
np®) (Pa)+op(n). Then, invoking the inequality p*)(Pa) < p*)(P) of Lemma 3, we obtain (62).
Finally, we show that, for each 0 < ¢ < 1, we have, as n — oo,
P (N1(Gy) < np(P) + 5ne) > 1 —2e — o(1). (63)
Fix e. In view of (13), we can choose (sufficiently large) k = k() such that
p(P) < p(P) +e. (64)
Given k, we choose (sufficiently large) A such that

kp(A) <e and Vn, P(|[VA| > ne) <e (65)
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Here, the last inequality, for large A, follows from the inequalities
P(|Va| > ne) < (ne) 'E|Va| = 'P(Z,1 > A) < (eA) ' maxEZ,;.

Letting n — oo, we obtain from (58), (61), and (65) that P(kXa + |VA| > 2en) < 2e + o(1).
From (62) and (64) we obtain P (|Bj(A)] < np(P) + 2ne) =1 — o(1). Collecting these bounds
and the simple inequality £ < en (which holds for all sufficiently large n) in (57), we obtain
(63), thus completing the proof of (56). O

Proof of Remark 3. For p(P) = 0, the bound N3(G) = op(n) is an immediate consequence of
Theorem 1. For p(P) > 0, this bound follows from the result of Theorem 1 combined with the

bound |Bg| < p(P)+op(n) as n,k — oo. Here By and k are the same as in the proof of (56). [

Note added in proof. The result of Theorem 1 remains valid if we replace condition (iii) by the
weaker condition n = o(my,) as n — oo. The proof remains almost the same with the only
difference that instead of using Chernoff type bound (the first inequality of (5)) we now use the
bound P(H; jm > k) < c(A, k)(ij/m)F, for k =1,2,..., and j2/m < A?, which is an immediate
consequence of Srédka (1963) inequality, see, e.g., formula (6.70) of [18]. In particular, in the
proof of Theorem 1, we consider functions w(n) = O(n%), 0 < a < 1, and may safely assume
that with a high probability intersections of random sets have at most a finite number k = k(«),

elements (instead of t = ©(Inn)).
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