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Abstract

We consider the typical distance between vertices of the giant component of a random
intersection graph having a power law (asymptotic) vertex degree distribution with infinite
second moment. Given two vertices from the giant component we construct Op(loglogn)
upper bound for the length of the shortest path connecting them.
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1 Introduction

Given a collection of subsets S(1),...,S5(n) of the set W = {wy, ..., wpn} define the intersection
graph on the vertex set V' = {v1,...,v,} such that v; and v; are joined by an edge (denoted
v; ~ vj) whenever S(i) N S(j) # 0, for ¢ # j. Assuming that the sets S(i), ¢ = 1,...,n, are
drawn at random we obtain a random intersection graph.

Random intersection graphs have applications in various fields: design and analysis of secure
wireless sensor networks [7], [5], modelling of social networks [6], statistical clasification [8], see
also [12], [13]. Usually, in applications the number of interacting nodes (vertices) is large and it
is convenient to study the statistical properties of parameters of interest.

We consider a class of random intersection graphs, where m is much larger than n and where
the random subsets S(i), i = 1,...,n, are independent. Moreover, we assume that for every i,
the distribution of S(¢) is a mixture of uniform distributions. That is, for every k, conditionally
on the event |S(7)| = k the random set S(i) is uniformly distributed in the class of all subsets
of W of size k. In particular, with P,; denoting the distribution of |S(i)| we have, for every
ACW,P(S@tE)=A4A) = (|ﬁ‘)_1P*,-(|A|). The random intersection graph corresponding to the
sequence of distributions P, = (Py1, ..., P.y,) is denoted G(n,m,P,).

Assuming that as n, m — oo the asymptotic distributions of \/n/m|S(i)| have power tails and
infinite second moment we obtain the random intersection graph G(n,m,P,) with asymptot-
ically heavy tailed vertex degree distribution without second moment, see [6] and [1]. In the
present paper we show that the typical distance between vertices of the giant component of



such graph is of order Op(loglogn). Similar results, but for different power law random graph
models were obtained in [14], [4], [15], see also [10].
The paper is organized as follows: results are stated in Section 2. Proofs are given in Section 3.

2 Results

Given an integer sequence {my,ma, ...}, let {(Zu1,..., Znn),n =1,2,...} be a sequence of ran-
dom vectors with independent coordinates such that for every n, Z,; takes values in {0, 1, ..., my},
1 < i < n. Let P, denote the distribution of Z,;. Write P,, = (Py1,..., Pyn). Fix two
countable sets {vy,va,...} and {wy,ws,...} and define the sequence of random intersection
graphs {G, = G(n,m,,P,),n = 1,2,...} as follows. Given n, let S,(v1),...,Sn(v,) be in-
dependent subsets of W, = {wi,...,wn, } of sizes Z,; = Z,(v;) = |Sp(vi)], 1 < i < n,
such that P(S,(v;) = A) = (K’;('L)APM(]A\), for A C W,,. G, is the graph on the vertex set

Vi = {v1,..., v}, where v; and v; are adjacent whenever S, (v;) NSy (vj) # 0. Let P,; denote
the distribution of the random variable Z,; = Z,(v;) := |Sn(vi)|\/n/mn.

Let d,(u,v) denote the distance between vertices u,v € V,, in G,, (=number of edges in the
shortest path of G, connecting u and v). Let Cy = C1(Gy) C V,, denote the vertex set of the
largest connected component of Gy,. Therefore, the subgraph of G,, induced by C} is connected
and the number of vertices of any other connected subgraph of G, is not greater than |Ci|. A
vertex u € V,, is called maximal in G, if Z,(u) = max,ecv, Z,(v).

Theorem 1. Let 0 < a < 1 and cp,c1,¢0 > 0. Let {wi,ws,...} be a sequence of positive
numbers satisfying limy, w, = +o0o. Let {G(n,my,P,),n = 1,2,...} be a sequence of random
intersection graphs such that

(i) nln%n = o(my) as n — oco;

(7i) 3 ng such that ¥ n > ng we have

et 17 < P(an >t) < cot 717 vt € [Coanl/(1+a)wn]a Vie{l,...,n}. (1)

Let {u,} be a sequence of mazimal vertices, i.e., for every n, the vertex u, € V,, is mazimal in
Gy. For every € > 0 we have as n — oo

P(d(vl,un) < (14 In"(1/a) In(In(2 4 n)) ‘ d(vi,up) < oo) — 1, (2)

P(d(vl,vg) < (2+¢&)In"1(1/a)In(n(2 + n)) ‘vl,vg € C’l) — 1. (3)

Here'In’ denotes the natural logarithm.

It follows from (3), by the symmetry, that given two vertices v, v’ drawn uniformly at random
from the giant component C; we have d(v,v') = Op(Inlnn). Recall that such a distance is of
much larger order Op(Inn) in the corresponding Erdds-Rényi graph (G(n,p) with 1 < ¢; <
np < c9). This remarkable difference is explained by an effect of very large nodes whose degrees
realize the extremes from a power law distribution, see [14], [15].

Note that with probability tending to 1 (with high probability) every maximal vertex belongs
to the giant component C;. In addition, as n — oo we have |C1| > pn, for some p € (0,1). We
collect these statements in Remark 1.

Remark 1. Assume that conditions of Theorem 1 are satisfied. Then

dp e (0,1) such that P(|Ci| > pn) — 1 as n — oo. (4)



Let {u,} be a sequence of mazximal vertices, i.e., for every n, the (random) vertex u, € V,, is
mazimal in G,,. Then

P(un, € C1(Gp)) — 1 as n — oo. (5)

Acknowledgement. 1 thank Ilkka Norros for valuable discussion.

3 Proofs

We start with auxiliary Lemmas 1-4. Then we prove Remark 1, see Lemma 5 below, and
Theorem 1.
In what follows we write lo(n) := In(In(n)), where In denotes the natural logarithm. Hjy,,

denotes the hypergeometric random variable with parameters j,k < m and the distribution
k\(m—k

P(jm =) = 5,

J
Lemma 1. Let S1,S2 be independent random subsets of the set W = {1,...,m} such that Sy
(respectively Sa) is uniformly distributed in the class of subsets of W of size j (respectively k).
Then H = |S1 N Sa| is the hypergeometric random variable with parameters j, k,m and mean
EH = jk/m. The probability p' := P(H = 0) = (m — k);/(m); satisfies, for j +k < m,

jk/m <y <128k

2
7W_ - m (m) (6)

Here we denote (m); =m(m—1)---(m—j+1). For0<s <1 and j+k < sm we have

%ﬂ:(%)?zp(sm&#@)z%—(%)2. (7)
For \=EH and t > 0 we have
t2 t2
P(HZ)\—I—t)SeXp{—m}, P(HS/\—t)Sexp{—ﬁ . (8)
In particular, we have
P(H = 0) < e 7k/2m, (9)

Proof of Lemma 1. Inequalities (6) are shown in [12]. Inequalities (7) are simple consequences
of (6). We only show the left-hand side inequality for ¢, > 1. In this case j + k < 2jk and we
have

1 j+k 2jk 1

= =14+——a <14+ — .
“ 1—(G+k)/m + m = erl—s

Now, desired inequality follows from the left-hand side inequality (6).

Exponential inequalities for hypergeometric probabilities (8) can be derived from the corre-
sponding inequalities for binomial probabilities, see [9]. Their proof can be found in, e.g., [11].
The right-hand side inequality (8) applied to t = EH gives (9). O



Lemma 2. Given integer m and constants 0 < v1 < vo < 1 let z1,29,...,2, be integers such
that z = > _yzn < yim and zp, > 672(y2 — y)?Inn > 1, for1 <h <r. Let S1,5s,...,5,
be independent random subsets of W = {1,...,m} such that, for every h, Sy is uniformly
distributed in the class of subsets of W of size zp. Then

P(]u;;lsi} > (1) ysz-|) >1—rnS. (10)
=1

Proof of Lemma 2. Write Dig) = () and, for h > 1, denote Dy = Up<p Sk and Sj, = Si \ Dy—1)-
Note that | Dy = 32— [5,] < 2. In order to prove (10) we show that uniformly in A and D,y
(satisfying |Dp,_q)| < y1m) we have py, := P(|S},| < (1 —42)zp | Dpp—1)) < n™3. It is convenient
to write this probability in the form p, = P(H > 72a), where H denotes the hypergeometric
random variable with parameters a = zp,, b = |Djj,_yj| and m. We have EH = ab/m < y1a. An
application of (8) shows p; < exp{—a(y2 —71)?/(272)}. For a = zj, > (672/(72 — 71)?) Inn we
obtain p, < n~3, thus completing the proof. ]

Lemma 3. Given integers 1 < a,b,d < m, let S, C S; be subsets of the set W = {1,2,...,m}
of sizes |Sq| = a and |S4| = d. Here a < d. Let Sy be a random subset of W uniformly distributed
over the subsets of W of size b. For integers 0 < s < r < t satisfying s < a A b, we have

. P(Habm > T)
> > < ; >t — _— .
P<\Sb NSy >t ‘ 1S, N Sa| > s) < 1x P(Hoia-am-a 2 =)+ prgt® =5 (1)
Assume that d < m/100. Then we have
P (18,1 > b/2 ‘ SN Sa#0) <e (1 +4%H{a >b/dab<m,b>3}).  (12)

Proof of Lemma 3. Let us prove (11). Introduce events B = {|S, NSy4| > t}, A = {|SpyNSa| > s}
and write p := P(B|A). Denote p; = P(Hp—idg—aqm-a >t —1). Let Zj denote the sum over
subsets A; C S, of size |A;| = j. We have

PBNA) = Y > PBN{SNS.=A})

s<j<anb j
= Y D PB|SHNS.=A)P(S, NS, = A))
s<j<anb j
= > Y PSNSa=A)= > pPHepm =)
s<j<anb 7 s<j<anb
< r£1a<x Di P(S < Ha,b,m < T) + P(Ha,b,m > T)' (13)

(11) follows from (13) and the identity p = P(BNA)/P(A).
Let us prove (12). Put t = [b/2], s =1 and r = |b/4] and apply (11). We obtain

P(|Sbﬁ8d| > b/2’SbmSa7é®) < max p; + pi/ph. (14)
<i<lr
Here we denote pj := P(Hypm > 1), p5 = P(Hypm > 1). Let us show that

pi<e ™’ 1<i<n (15)



For this purpose we apply the first inequality of (8). Denote \; = EHp_j g qm—q and t; =
t —i—A;. We have, for 1 <i <r and d/m < 100,

=((b—-1i)(d—a)/(m—a) <bd/m < b/100,

[6/2] = [b/4] — (b/100) = (b/4) — (b/100),

i
t;
ti < [b/2] —i < b/2.

>
<
These inequalities combined with the inequality, which follows from (8), p; < et/ (2(Ni+ti/3))
imply (15). Note that, for a < b/4, we have p} = 0 and, therefore, (12) follows from (15) and
(14).

Now assume that a > b/4. Denote A\, = EH,p.m and t, =7+ 1 — A.. We have

A, = ab/m < b/100,  1+b/4>t, > b/4 — b/100.

Note that b > 3 implies ¢, < (7/12)b. These inequalities combined with the inequality, which
follows from (8), pt < e~#/Q=+t/3)) imply

pi < e V. (16)
Finally, we apply (9) to get the lower bound
Py >1—e /2™ > ab/(4m), (17)

for ab < m. Invoking (15, 16, 17) in (14) we obtain (12).
O

Lemma 4. Let0 < o < 1 and ¢g,c1,c2 > 0. Let {w,} be a positive sequence satisfying w, — +00

asn — 00. Let {(Zn1, ..., Znn)} be a sequence of random vectors with independent non-negative
coordinates satisfying condition (ii) of Theorem 1. We have as n — oo

P(nl/(HO‘)/wn < max Zm' < nt/(Fe) wn) — L (18)
1<i<n

Let L, (t) = Z?:l Zni]l{t<2m-<n1/(1+a) wn}’ There exists an integer ny > ng depending on «,c1,Co

and the sequence {wy,} such that, for n > ny and t € (co,n"/ 1)), we have

a

CBL.(t) < e, (19)

2 <
Cl/ “14+an

For 1 < 7 < 1+ « there exists an integer no > ng and number ¢* > 0 both depending on
o, T, c1,¢o and the sequence {w,} such that, for n > ny and t € (co,n" 1), we have

P(|Ln(t) — EL,(t)] > YEL,(t)) < ¢y ! 7¢(r—DleFD), (20)

Proof of Lemma 4. The proof is routine. We include it for the sake of completeness. Denote for
short ¢, = n'/(4) iy and T, = n/(+) o, . )
Let us prove (18). Write p} (t) := P(maxi<i<p Zn;i < t). It follows from (1) as n — oo

pr(te) = [[P(Zui < 1) < (1= ea/t.7%)" < exp{—cin/ti7*} = o(1), (21)

pr(Ty) = HP(Zm- <T.) 2 (1—c/TH*)" > exp{—con/ (T} = ¢a)} = 1 —0(1).(22)

]



In (21) we apply 1 —z < €@ to z = ¢ /t1T® In (22) we apply 1 —y > e ¥/(179) o ¢ =
co/TH < 1.

Let us prove (19-20). Given 1 < 7 < 1+ « and n, write al(.T)(t) = EZ;iH{t<Z~m<T*}' It follows
from (1) and the identity

T -
GET)(t) = tTP(t < Zm, < T*) + T/ fCT_lp(:U < Zn'L < T*)d.l‘
t

that, for sufficiently large n and ¢ € (co, nl/(1+a)),

l+a—71

61/2 < al(T) (t) tl—l—a—r o

< ca. (23)

Note that the right hand side inequality holds for n > ng, while the left hand side inequality
holds for n > n(, where n{, = ng(a, 7, ¢1, c2, {wn}) > no.

An application of (23) to EL,(t) = S0, a{"(t) shows (19).

Let us show (20). Denote T; = Zniﬂ{t<Zm-<T*} _EZniH{t<Zm<T*}' Write, for short, b := yEL, ().
By Chebyshev’s inequality, - -

n n
p(t) =P(D_T.| =b) <b"E]>_T)|". (24)
i=1 i=1
Invoking the inequalities E| Y T;|” < > E|T;|” and E|T;|” < ZaET) (t), 1 <7 <2, we obtain

pnt) <2677 Zn: al” (t). (25)
=1

It follows from (23) that > , agT) (t) < co l}r‘gﬁnu%. Substitution of this inequality and of
(19) in (25) gives

] ey 1 t(T*l)(a+1)
1

t) < -
Pa(t) < l+a—7cfy™ n”

thus proving (20). O

Lemma 5. 4ssume that conditions of Theorem 1 are satisfied. Then (4) holds.
Let VO = {v; : Zy; > nY/0+2) J19(n)} C V,,. We have as n — oo

P(V) c Ci(Gn)) — 1, (26)
P(|V7| = 2e5(la(n))*+)) — 0. (27)

Here |V,?| denotes the number of elements of the set V) and lz(n) denotes In(In(n).

Observe that (18) implies that every maximal vertex of G, belongs whp to V.. Therefore, (26)
combined with (18) imply (5).

Proof of Lemma 5. Let us prove (27). Write tg, = n/(17%) /1$(n). We have

n
V=Y 10, =T 0y, 1<i<n (28)
=1



For ¢ = 1,...,n, let H+ be independent Bernoulli random variables with success probability
P(If =1) = Czto_nl . Tt follows from (1), (28) that the random variable L™ := 37, ;. IF is
stochastically larger than |V|. Therefore, for every a > 0 we have

P(|VY >a) <P(LT > a).

Recall that exponential inequalities (8) remain valid if we replace the hypergeometric random
variable H by a Binomial random variable, see e.g., [11]. The first inequality of (8) applied to
Binomial probability P(L; > a) with a = 2EL" = 2¢y(lo(n))*1+%) shows (27).

Let us prove (4). Let G be the subgraph of G, obtained by deleting the edges incident to
vertices from V. Note that GY is a random intersection graph defined by the random sets
5:0( V;), v; € Vp, such that So(vl) = Sp(v;) for Zni < ton and S9(v;) = 0, for Zpi > ton. Denote

70, = Z”’H{Zméton} 1S9 (v3)[/n/m. Write

1+a __ R _ S
» =2cy/cq, ag := co, iyl = ajx, 1=0,1,...,

and note that »'t® > 2. Let Y, be a discrete random variable with values 0, ag, a1, . .. s Qs
where j, +1 =max{i: a; < to,}, and with probabilities P(Y,, = a;) = p;, defined by

~ —1l-a —a —1-a s .
pj = cia; — coa = c1a; /2, i=0,1,....7n.

J+1
Put P(f’n =0)=1-pyo—p1 — - — pj,. Note that Y, is stochastically smaller than Zgz, for
every 1 < i < n. Indeed, (1) implies, for j =0,1,...,jn,
P(aj < Zp; < aj1) = P(Zni> aj) = P(Zni > aji1)
> claj_l_“ — CQaj_il_a

= ﬁj = P(?n = (Ij).

Let Y1, ..., Y, be independent copies of Y,, defined on the same probability space as Zgl, 1<
1 < n and such that almost surely Y, < Z ., for every 1 < ¢ < n (such coupling is possible
because Yy; is stochastically smaller than Z9). For 1 < i < n, let S%(v;) be a random subset
of S%(v;) of size \SO (v)] = [ Yni/m/n) Wthh is uniformly distributed over the class of subsets
of S9(v;) of size |Yniy/m/n)). Random subsets S9(v;), v; € V are independent and identically
distributed. They define random intersection graph (denoted) C;’% which is a subgraph of G2. Tt
is easy to see that EY,2 — co. Therefore, using Theorem 1 and Remark 2 of [2], one can show
that there exists p € (0,1) such that the number of vertices C1(GY) of the largest connected

component of GO satisfies
P(|C1(GY)] > pn) — 1. (29)
The inclusions G% € GY C G, imply |C1(G9)| < |C1(GY)| < |C1(G,)| and, by (29), we obtain
P(|C1(G)| > pn) = P(ICL(GY)| > pn) = P(ICL(GL)| > pn) — 1. (30)

Note that (4) follows from (30).
Let us prove (26). Denote § = ¢;/(12(1 + ¢o)™*) > 0. Write t, = (1 4 ¢)(2¢2/c1)/*®) and
note that for large n we have t, < tg,,. (1) implies, for 1 < i < n,

c1 Co
(e e

P(l+co< Zni <ti)> = 60. (31)



We assume that n is large so that P(Z%, > 1) > 66. Denote
D= UcoyopSoW),  d* = [20pymm), K" = |2ea(lam)) ).
Introduce the events
A={VoeV?: S,(v)NnD#0}, B={D|>d}, D={V <k}
Note that (26) follows from the limit P(A) — 1, which itself follows from (27) and the limits
P(B) — 1, P(ANBND) — 1. (32)

Therefore, in order to prove (26) it suffices to show (32).
Let us show the first limit of (32). Denote

A= > IS@)),  B= > [|Su(0)NSa(u)
veC1(GY) {v,u}cC1(GY)

The obvious inequality |D| > A — B combined with the bounds

P(B > dpy/mn) = o(1), P(A < 45py/mn) = o(1) (33)

implies P(B) — 0. It remains to prove (33). It follows from (1) that there exists a number
C > 0 (depending only on «, ¢, ¢1, ¢2) such that EZ,; < C uniformly in n > ng and 1 <i < n.
We have

EZ,Z C?
EB< Y ElS(v)NSi(v)= > —m=< 5.
1<i<j<n 1<i<j<n n

The bound EB = O(n) in combination with condition (i) of Theorem 1 implies the first bound
of (33). Let us prove the second bound of (33). Write V,* = V;, \ V0. We call a vertex v € V,*
large if Z,(v) > 1. Other vertices of V,© are called small. Let N* denote the number of large
vertices in V,*. Note that large vertices have higher probabilities of belonging to C1(GY) than
small ones. Therefore, the number N of large vertices in C1(GY) is stochastically larger than
the number Ny of large vertices in the simple random sample of size |C1(GY)| drawn without
replacement and with equal probabilities from the set V,*. The obvious inequality A > Ny/m m/n
implies, for s > 0,

P(A > s) > P(N > s\/n/m) > P(Ny > sy/n/m). (34)
We shall show that, for s, = 4dpn,
P(Ny > sp) — 1. (35)
Introduce the events H = {|C1(GY)| > pn} and B* = {N* > 56n} and denote
p(n) =P({No > s,} NDNB*NH). (36)

By the total probability formula,

=3 3 S k() P(ICL(GE)| = by N* = b, [Vi| =n — k). (37)

h>pn b>56n k<k*



Here pppx(n) denotes the conditional probability of the event {Ny > s,} given |C1(GY)| =
h, N* =b, |V,¥| =n—k. (8) applies to the hypergeometric probability psp x(n) = P(Hpppn—r >
sn) and, for large n, shows ppp(n) > 1 —n~10. From (37) we obtain

p(n) > P(DNB*NH) (1 —n"10). (38)

Note that the law of large numbers combined with (27) shows P(B*) — 1. This limit together
with (30) and (27) implies P(D N B* N H) — 1. The latter limit, (36) and (38) shows (35).
Finally, (35) combined with (34) implies the second bound of (33), thus completing the proof of
the limit P(B) — 1.

Let us show the second limit of (32). The total probability formula gives

PANBND) = > Y Pra(A)P(D|=d, V)| = k). (39)
k<k* d>d*

Here Py 4 denotes the conditional probability given |D| = d, |V,)] = k. Let S* = {|S,(v)],v €
V91 denote the collection of sizes of sets S, (v) of vertices v € V0. Note that for |V,?| = k, the

collection S* = {s1,...,s;} is a multiset. We have
Pra(A)= > Pra(AlS"={s1,...,5}) Pra(S" = {s1,...,51}). (40)
{817...78k}
Here the sum is taken over all possible values {si,...,s;} of the multiset S* of cardinality k.

The identity
k
Pk,d(A‘S* = {81, ves ,Sk}) = HP(HSj,d,m > 1)
j=1

combined with (9) implies, for large n, the inequality Py 4 (A‘S* = {s1,...,80}) > 1—n"10
uniformly in d, k and s, ..., s, satisfying the inequalities s; > ton/m/n, d > d*, k < k*. Now
(40) implies the inequality Py 4(A) > 1 —n10 for d > d* and k < k*. Invoking the latter
inequality in (39) we obtain

PANBND) > (1-n"PBND)=1-o(1).

In the last step we used (27) and the first bound of (32). The proof of (32) is complete.

O
Proof of Theorem 1. Before the proof we introduce some notation. Denote
to = nl/(HO‘)lQ_a(n), ty = nak/(HO‘)lz(n), k=1,2,..., (41)
ky = max{k : ™/ > 100 + ¢}
We use the following simple properties of the sequence {tx}. For n > 9 we have
toti/n=1"%n), tt,% =1""Mn), k=23,..., (42)
10012(n) < t, < (100 + o)/ ly(n), ke <ly(n)/In(1/a). (43)

Given U C V,, we denote S(U) = UyeyySn(s). Throughout the proof limits are taken as n — oo.
Given n, write m = my, and T =T, = nY/t¥y  Fix 1 <7< 1+ a. By cJ,c5,... we denote
positive constants that may depend only on «, 7, ¢g, c1, co.



Let us prove (2). Fix a maximal vertex u, of G,. We have

P (d(v1,un) > ki + ela(n), d(vi,up) < 00)
P (d(v1, up) < 00) '

P (d(vi,un) > ki + ela(n) | d(vi, up) < 00) =

In order to prove (2) we shall show that

P (d(v1,un) > ki + ela(n), d(vi,up) < 00) = o(1), (44)
lim inf P (d(v1, un) < 00) > 0. (45)

Let us prove (45). Write C1 = Ci(G,). It follows from (4) that P(u, € Ci) = 1 — o(1).
Therefore, we have

P(d(vi,upn) < 00) > P(v1,u, € C1) =P(vy € Cp) —o(1). (46)
Inequalities (30) imply E|C1| > pn(1 — o(1)) and, by symmetry, we obtain

P(v; €Cy) =n"" Z P(v e Cy) =n"'E|C1] > p(1 —o(1)).

veV

This inequality combined with (46) implies (45).
Let us prove (44). Introduce the sets

Uy = {un}, U, ={vj: t, <Zyi <TY, k=12, ki,
U, :{vj: 1 SZ"] St*}

Denote Q = >, ¢y, |50 (v)] and gz = EQy. Introduce the events

Ao = {to < Zn(un) < T},
Ak:{qk/2§Qk§(3/2)qk}, k=1,2,..., k.
A*1:{|U*| 2577,5}, A*QZ{V/{k*‘ Sn/lg(n)},

Here § > 0 is defined in (31) above. Denote A= <ﬂ£*:0Ak> N A, NA,so. Let us show that

P(A) — 1. (47)
(47) follows from the limits
P(A*Z) — 1, = 1,2, P(Ao) — 17 P(mlgkgk*Ak) — 1. (48)

An application of Chebyshev’s inequality to the binomial random variables Uy, | and |U,| gives
the first limit of (48). The second limit of (48) is shown in (18). To show the third limit of (48)
we write

1 —P(Mi<k<i.Ar) = P(Ur<p<i Ag) < Z P(Ay).
1<k<k,

Here A}, denotes the event complement to A;. Combining the bound, which follows from (20),

P(Kk) < C’i‘n(ak_l)(T—l) (ZQ(TL))(OH_D(T_D
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and the bound, see (43), k. = O(l2(n)) we obtain Y ;.. P(Aj) = o(1), thus showing the
third limit of (48). We arrive at (47). o

In the remaining part of the proof we shall assume that the event A holds. Let P, E and
G denote the conditional _probability, the conditional expectation, and the conditional random
graph G, given Zp1, ..., Zpn. Write V¥ =V \ Uk, and let G* denote the subgraph of G induced
by V*. Given v € V* deﬁne d(v) = min{d(w,v) : w € Uy, }. We shall show that uniformly in
Zots ..y Znp satisfying A and uniformly in v € V*, u € Uy,

P(d,(v) > ela(n), dy(v) < 00) = o(1), (49)
P (d(u, un) > k) = o(1). (50)

It follows from (49) that a vertex v € V satisfying d(v,u,) < oo finds whp a path of length at
most lo(n) to a vertex u € Uy, . (50) then applies to v and together with (49) imply

P (d(vi,un) > kv + €la(n), d(vi,upn) < 00) = o(1). (51)

The bound (51) combined with (47) shows (44). It remains to prove (49, 50).
Proof of (49). For simplicity of notation we put ¢ = 1. Given v € V* denote L, = {v' € V*:
d*(v,v") <la(n)}. Here d* denotes the distance between vertices of the graph G*. Introduce the

event B, = {|S(Ls)| > dl2(n)y/m/n}. The event

{di(v) > l2(n), di(v) < oo} C {S(Ls)NSUk,) =0, |Li| > l2(n)}
C ({S(L.) N SWUy,) =0} NB) U (B. N {|L.| > Ia(n)}).

Here B, denote the event complement to B,. We have
P(du(v) > (), du(v) < 00) < p' + ", (52)
where
— P({SL)NSWU) =0} NB), o = PB.{IL] > b(n)}).
We shall show that
p' = o(1), p" =o0(1) as n — oo. (53)

Let us prove the first bound. (19) and (43) imply g, > 4chy/mn/(l2(n))®. Invoking the
inequality Qg, > qx, /2 and the inequality, which follows from Lemma 2, P(|S(Uy,)| > Q. /2) =
1 —o0(1) we obtain the bound 1 — P(B’) = o(1) for the event B’ = {|S(Uy,)| > c3/mn/(l2(n))*}.
Therefore, we have

/ P({S(L.) N SUy,) =0} NB' NB,) + o(1)
P(S(Ly) N SUs,) = 0B, B,) + o(1)
(1).

In the last step we applied (9) to the random variable H = }S )N S (U, )
|S(L«)| and [S(Ug, )]
Let us show the second bound of (53). Denote k' = [l2(n)]. Let {v},v5,...,v/,} be an enu-

meration of elements of V*. We call v; smaller than v; whenever i < j. We call v' € V*

large if Z,(v') > 1. Paint elements of V* white. Given v € V* we construct the ’breath
first search’ tree T, in G* with the root v as follows. Paint vertex v black and write 79 = wv.

i
IA

Q

conditionally, given
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White vertices are checked in increasing order and those found adjacent to 7y are painted black.
Denote them 71 < 7 < --- < 7j,. After all neighbours of 79 have been found the vertex 7
is called saturated. Then proceed recursively: take the first available black unsaturated ver-
tex, say 7; (here ¢ = min{j : 7; is black and unsaturated }), and find its neighbours among
remaining white vertices. Do this by checking white vertices in increasing order. After all
white neighbours of 7; have been found the vertex 7; is called saturated, the neighbours are

denoted 75, 41 < Tj,_,42 < -+ < 75, and painted black. We call 7; the parent vertex of
its children 75, ,41,...,7;. In this way we obtain the list L = {7, 71,...} of vertices of the
tree T,,. Denote L, = {70,...,7+}. Let N denote the number of large vertices in the set

Ly We say that (player) v receives a yellow card at step r > 1 if vertex 7, is large and
|S(Ly—1) N Sp(7)| = 271[Sp(7:)|. The event that v receives the first yellow card at step r is
denoted B,. On the event H := (ﬂf;lﬁi) N{N > 46K’} we have

|S(Li)| > 27YN/m/n > §ly(n)/m/n. (54)
Note that the inequality |L.| > la(n) implies |L| > k¥’ + 1. Therefore, we have
p" <PB.N{|L| >k +1}).

Furthermore, for |L| > k" + 1, the inclusion Ly C L, implies [S(Ly)| < [S(L*)| and in view of
(54) we conclude that events H and B, N {|L| > k' 4+ 1} do not intersect. We have

P(B. N {|L| > K +1}) = PB. N {|L] > ¥ + 1} NH) < p; +p3,

where
!

pi=P{|L| > K +1}N{N < 45k'}),  ps:=PU"_B,).

In order to prove the bound p” = o(1) we shall show that pf = o(1), i = 1, 2.
Write

pi =P(LI>K +1)p, p:=P(N<40k'||L| >k +1). (55)

Since large vertices have higher probabilities to join the list L than the other vertices we conclude
that the random variable N is stochastically larger than the number Ny of large vertices in the
simple random sample of size k' + 1 drawn without replacement and with equal probabilities
from the set V*. In particular, we have

p < P(No < 40k"). (56)

Note that on the event A,; N A,2 we have ENy > 56(k’ 4+ 1) and VarNy = O(k’). Therefore,
Chebyshev’s inequality implies P(Ny < 45k’) = O(1/k’) = o(1). This bound combined with
(55) and (56) implies the bound p} = o(1).

In order to prove the bound p} = o(1) we write p} < fo/:l P(B,) and show that

P(B,) <n ', (57)

for every r and large n. Before the proof of (57) we introduce some notation. For ¢ > 1 denote
Wi = W\ S(Li-1), S'(r:) = Sn(m) \ S(Li-1), my = [Wil, s; = [Sn(n)|, s; = |S(7:)]. Put
Wy =W. Fix r > 1. Let 7~ denote the parent vertex of 7. Denote D, = S(L,_1) N W,= and
d, = |D,|. We have P(BT‘WT*,DT,S’(tT*),ST) < ps, where

ps =Py (’Dr N Sn(7r)| > 27137" Sy (1) N S/(TT*> # @) (58)
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Here P, denotes the conditional probability P given W,«, D,, S’ (t,+),s,. Note that in (58)
values of all random variables are fixed (given), but S, () which is a random set uniformly
distributed in the class of subsets of W,« of given size s, satisfying s, > \/m/n (because 7, is a
large vertex). It follows from (12) that for large n we have

pe < e75/3(1 4 16m,- /s2) < e 87V m/m(1 4 16n) < n~ 10, (59)

In the last step we applied condition (i) of Theorem 1. (59) implies (57) thus completing the
proof of (53). We arrive to (49).
Proof of (50). Given uf, € Uy, finds a neighbour in Uy, 1, say, v} with probability at least

min P (S, (u) NS U, 1) #0) =: pp.

u€Uy,

Similarly, given u} € U, —; finds a neighbour in Uy, —;—1, say u},, with probability at least

min P (S,(w) N SUy,—j—1) #0) =: ot

u€U, —;
and so on. In this way we may construct a path (namely, ugy, uy, ub, .. .,uz,* = uy) of length
at most k, connecting u, with an arbitrary vertex wu(, from Uj,. The probability that such a
construction fails is at most Zk* 1(1 — ) In particular, for any given u € Uy, , we have
ky—1
P(d(u,un) > k) < Y (1-pj).
§=0

In order to prove (50) we shall show that, for some ¢} > 0 and large n,
1 —p}f < e~cill2(n)™ 4 n=2, 0<j<k,—1. (60)

Fix 1 <i¢<ky—1and u € Ujy1. On the event A we have, for large n,

gi o 1+a \/
() > = — 61
- 2 4 « ’ (61)
where the second inequality of (61) follows from (19). Denote ¢ = 112 and introduce the

event B = {|S()| > 2cjv/mnt;*}. It follows from Lemma 2 (applied to v; = 1/10 and
Yo = 1/2) that

1-n"? <P(ISU:)| = Qi/2) < P(B). (62)

Here in the last step we invoke (61). Next we apply (9) to the hypergeometric random variable

= |Sp(u) N S(U;)|, where |S,,(u)] and |S(U;)| are given and satisfy |Sy,(u)| > tiy11/m/n and
|S(U;)| > 2¢i/mnt;*. We obtain

P(Su(w) N S@) =0[B) < exp{-ci2)

= exp{—cj(l2(n))'~*}. (63)

Combining (62) and (63) we obtain (60), for j = k. —i — 1 satisfying 0 < j < k, — 2. The proof
of (60) for j = ks« — 1 is similar but simpler. We arrive to (50) thus completing the proof of (2).
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Let us prove (3). Denote a, = (14 ¢/2)(1/a)In(In(2 + n)) and introduce the events
D = {vy,v2 € C1}, G = {d(v1,v2) > 2a,}, Gi = {d(vi,un) > an}, i=1,2.

Note that (3) is equivalent to the limit P(G|D) = o(1). In order to prove (3) we shall show that
that there exists p > 0 such that

liminf P(D) > p?, (64)
P(GND) =o0(1). (65)
Let us prove (64). It follows from the identity [C1| = >~ i [yecyy, by the symmetry, that
E[Ci? =EY ey +E D Ty
veV {u,v}eVv

= E|C1]| + n(n — 1)P(D).

This identity combined with |C;| < n and the inequality, which follows from (4), E|Cy|> >
n?p?(1 — o(1)) shows (64).
Let us prove (65). In view of (5) in suffices to show that p := P(GNDN{u, € C1}) = o(1). We
have p < py + pa, where p; = P(d(vi,uy) > ap, d(vi,u,) < 00), i = 1,2. Finally, (44) implies
pi = o(1) thus completing the proof of (65).

O
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