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Abstract
A linear group G < GL(n) acts on d-tuples of n X n matrices by simultaneous conjugation.
In [Adv. Math. 19 (1976), 306-381] Procesi established generators and relations between them
for G-invariants, where G is GL(n), O(n), and Sp(n) and the characteristic of base field is
zero. We continue generalization of the mentioned results to the case of positive characteristic
originated by Donkin in [Invent. Math. 110 (1992), 389-401]. We investigate relations between
generators for O(n)-invariants.
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1 Introduction

1.1 Relations

We work over an infinite field F of arbitrary characteristic char F. All vector spaces, algebras, and
modules are over I unless otherwise stated. By algebra we always mean an associative algebra.
We consider the ring of polynomials

R =R, =TFz;(k)|1<i,5<n,1<k<d,
in n2d variables. It is convenient to organize these variables in so-called generic matrices
z11(k) - xia(k)
Xe=| z

Denote coefficients in the characteristic polynomial of an n x n matrix X by o+(X), i.e.,
det(X + AE) = > N"oy(X). (1)
t=0
So, 09(X) =1, 01(X) = tr(X) and 0, (X) = det(X).
Let G be a group from the list GL(n), O(n), Sp(n), where we assume that charF # 2 in case
G = O(n). The algebra of matriz G-invariants R® is the subalgebra of R generated by o:(A),
where 1 <t < n and A ranges over all monomials in



L] Xl,...,Xd, 1fG:GL(n),
.Xl,...,Xd,X1T7...,Xg7ifG:O(’I’L);
o Xi,..., Xq, X7,..., X}, if G=9(n). (Here X* stands for the symplectic transpose of X).

Moreover, we can assume that A is primitive, i.e., is not equal to the power of a shorter monomial.
If the characteristic of I is zero, then it is enough to take traces instead of o4, 1 <t < n, in order
to obtain RC.

For a field of characteristic zero generators for matrix invariants of G € {GL(n),O(n), p(n)}
were described by Sibirskii in [19] and Procesi in [17]. Generators for G = SO(n) were calculated
by Aslaksen et al. in [2]. Over a field of arbitrary characteristic generators for matrix GL(n)-
invariants were found by Donkin in [5]. In [21] Zubkov described generators for matrix O(n)- and
Sp(n)-invariants, where in the orthogonal case he assumed that charF # 2. Generators for matrix
SO(n)-invariants were calculated by Lopatin in [15].

In case of characteristic zero relations between generators for matrix GL(n)-, O(n)- and Sp(n)-
invariants were established by Procesi in [17]. Independently, relations for RGL(M) were found by
Razmyslov in [18]. Over a field of arbitrary characteristic relations for matrix GL(n)-invariants
were established by Zubkov in [20] (see also Theorem 1.5).

In this paper we describe relations for matrix O(n)-invariants modulo free relations in case
charF # 2 (see Theorem 1.1). As a corollary, we explicitly establish relations between indecom-
posable invariants (see Corollary 6.6), where an element is called decomposable if it belongs to
F-span of products of homogeneous invariants of positive degree.

The above mentioned systems of generators are infinite, but it can be showed that they contain
finite systems of generators. Moreover, the goal of the constructive theory of invariants is to find
out a minimal (by inclusion) homogeneous system of generators of K[V]“ explicitly. It is an
important problem, which arose as early as the theory of invariants itself. To find out a minimal
system of generators we need a description of relation only between indecomposable invariants. And
Corollary 6.6 gives us such description for R°(™). As an application, in the upcoming paper [16]
some estimations are given on the highest degree of elements of a minimal system of generators
for RO®) (see Theorem 6.7 below).

For more information on finite generating systems for matrix invariants see overviews [8] and [9]
by Formanek. For recent developments in characteristic zero case see [7] and in positive charac-
teristic case see [3]. For results concerning generators and relations between them for mixed
representations of quivers see survey [14].

Note that it is possible to define O(n) and SO(n) in characteristic two case. But in this case
even generators for invariants of several vectors are not known (for the latest developments see [4]).

We introduce the following notions.
e Let M be the monoid (without unity) freely generated by letters 1,...,d,17, ... d*.

e Let N/ C M be the subset of primitive elements, where the notion of a primitive element is
defined as above.

e Let My be the vector space with the basis M.

Assume that a = ay - - - o, and 3 are elements of M, where oy, ..., a), are letters.



¢ Introduce an involution on M as follows. Define 877 = 3 for a letter 3 and o’ = ag al e

M. We extend the introduced map to an involution 7 : My — My by linearity.

e We say that o and (§ are equivalent and write a ~ 3 if there exists a cyclic permutation
7 € Sp such that aq )« Q) = B Or Q1) Qr(p) = a7,

e Let M, be a ring with unity of (commutative) polynomials over F freely generated by
“symbolic” elements o;(«), where ¢t > 0 and o € M.

e Let NV, be a ring with unity of (commutative) polynomials over F freely generated by “sym-
bolic” elements o, (), where ¢ > 0 and o € A ranges over ~-equivalence classes. We can also
define N, as a factor of M, by some ideal (see Lemma 3.1). In particular, we can consider
o(a) with o € My as an element of N,.

We will use the following convention:
tr(a) = o1()

for any a € My. For a letter 8 € M define

X, ifB=i
Xﬁ_{XiT, if 8 =i"

Given oo = a1 - - - ap € M, where o is a letter, we assume that X, = Xo, - X4
Consider a surjective homomorphism

p*

U, : N, — RO

defined by oi(a) — 0¢(X,), if t < n, and o¢(a) — 0 otherwise. Its kernel K, is the ideal of
relations for R("). Elements of Niso K are called free relations. For a, 3,7 € My and t,7 € N,
an element oy (o, 3,7) € N, is defined in Section 3 (see Definition 3.2), where N stands for the
set of non-negative integers.

Theorem 1.1. If charF # 2, then the ideal of relations K,, for RO ~ N, /K, is generated by
(a) opr(a, B,7), where t +2r > n and o, 3,7 € Mp;

(b) free relations.

Since F is infinite, in the formulation of Theorem 1.1 we can take the following elements

(@) ours(T1y oo Tu, Y1se oy Yoy 215+ -5 Z) fOr ¢+ 2r > n, where t = (t1,...,t,) € N*, r =
(Tlv"'arv)eNvaﬁz(sly"'asw)GNW,t:tl+"'+tuar:T1+"'+TU:51+"'+5w7
and x1,...,2 € M

instead of (a), where 0y, s is given by Definition 4.1.
In Lemma 6.5 we show that the ideal of free relations lays in the ideal of N, generated by
o)™ F where o ranges over N and t > 0. The following hypothesis is valid in characteristic

Zero case.

Hypothesis 1.2. In case G = O(n) there are no non-zero free relations.



For f € R denote by mdeg f its multidegree, i.e., mdeg f = (t1,...,tq) € N% where t;, is the
total degree of the polynomial f in z;;(k), 1 <4,j < n. The algebra RO() is homogeneous with
respect to N%-grading. Denote the degree of a € M by dega, the degree of a in a letter 3 by
degg o, and the multidegree of a by

mdeg(a) = (deg; a + degyr v, . .., deg, o + degyr ).

For ¢ > 0 we assume that degoy(a) = tdega and mdego;(a) = ¢t mdega. Therefore N, M,
and N, have N-gradings by degrees and N?-gradings by multidegrees. Note that the given above
generating system for RO as well as relations (a’) are N%-homogeneous.

1.2 The known results on relations

In this section we explicitly formulate the results on relations that have been mentioned in Section 1.
Let us remark that modulo free relations, Theorem 1.1 generalizes Theorem 1.3 in the same manner
as Theorem 1.5 generalizes Theorem 1.4.

Theorem 1.3. (Procesi [17]) If charF = 0, then the ideal of relations K,, for R°™ ~ N, /K, is
generated by o, (o, 8,7), wheret +2r =n+1 and o, 3,7 € My.

We denote by M’ the monoid (without unity) freely generated by letters 1,...,d and denote
by N/ C M’ the subset of primitive elements. We define Mj (M, respectively) similarly to
My (M, respectively). Let N/ be a ring of (commutative) polynomials over F freely generated
by “symbolic” elements o;(a), where ¢ > 0 and o € N’ ranges over all primitive cycles (i.e.,
equivalence classes with respect to cyclic permutations). An analogue of Lemma 3.1 is also valid
for M. Hence we can consider o;(«) with o € M}, as an element of NJ.

Theorem 1.4. (Razmyslov [18], Procesi [17]) If charF = 0, then the ideal of relations K, for
RELM) ~ NI /K] is generated by 0,41 (a), where o € M.

Theorem 1.5. (Zubkov, [20]) The ideal of relations K!, for REF™) ~ N /K! is generated by
oi(a), where t >n and o € M.

Remark 1.6. In case G = GL(n) there are no non-zero free relations (see [6]).

1.3 Historical remarks on o,

The complete linearization of oy, was introduced by Procesi (see [17], Section 8 of Part I), where
it was denoted by Fj 1. It is not difficult to see that

1i .
O-tl,?'(xlv"' s Tty Y1y e ooy Yry 21, - - '727‘) = F’r,t-‘rQ'f(yl)'-'7;1/1"77317"'a‘rtvzla-"az’!‘) m No‘, (2)

where 022 stands for the complete linearization of o, (see Definition 4.1) and z1,..., 2 € Mp.
Then oy, was introduced by Zubkov in [24]. Note that the definition from [24] is different from
our definition and their equivalence is established in Lemma 7.14.



Another way to define oy, is via the determinant-pfaffian DP,.,.(X,Y, Z) that was introduced
in [13] as a “mixture” of the determinant of X and pfaffians of ¥ and Z (see Example 7.5).
Lemma 4.9 and Example 7.5 imply that DP,. ,. relates to o;, in the same way as the determinant
relates to oy, i.e., for n X n matrices X,Y, Z we have

to
DP, (X +AE,Y,Z) =) Ao ,.(X,Y, Z), (3)
t=0

where n = tg + 2r and to > 0. Since 0, 0(X,Y,Z) = 0,(X) (see Remark 3.4), Formula (3) turns
into (1) for » = 0. Note that this approach gives us o;,(X,Y, Z) as a polynomial in entries of
matrices X, Y, Z. But for our purposes we have to present o; (X, Y, Z) in a different way, namely,
as a polynomial in o¢(«), where ¢ ranges over positive integers and « ranges over monomials in

XY,z XT, YT, 77,

1.4 The structure of the paper

The paper is organized as follows. In Section 2 notations are given that are used throughout the
paper. Key notion oy, is introduced in Section 3. In Section 4 we obtain some results on oy ,. In
Lemma 4.2 a formula for partial linearization of o, is presented, which is similar to Formula (10)
from the definition of o ,. In characteristic zero case Lemma 4.4 allows us to work with complete
linearization of oy, instead of oy, itself.

In Section 5 Theorem 1.1 is proven. The proof is based on results from paper [24] by Zubkov,
where an approach for computation of relations for R%(") was given (see Sections 3 and 4 of [24]). To
complete Zubkov’s approach we used the decomposition formula from [12], which can be considered
as a generalization of Amitsur’s formula for oy ;.

In Section 6 we establish some restrictions on free relations (see Lemma 6.5). In particular,
we show that there is no non-zero linear free relations between indecomposable invariants (see
Corollary 6.6).

In Section 7 the decomposition formula is formulated (see (21)). Then it is shown that our
definition of o, coincides with the original definition from [24] (see Lemma 7.14). Since Section 7
contains numerous notions that have limited usage in the paper, we put it at the end of the paper.

2 Notations

In what follows, Q stands for the quotient field of the ring of integers Z. For a vector t =
(t1,...,tu) € N* we write t! = t1!---¢,!. The length of p-tuple ¢ = (c1,...,¢,) we denote by
#c = p. For short, we write 1P for (1,...,1) € N?. We assume that E,, stands for the identity
m X m matrix.

Consider n,k > 0. If k < n, then we write for the binomial coefficient; otherwise, we

n

k
n n n

define = 0. We also define (_1> = 0. Let us remark that ( > =1.

k 0
By substitution 1 — «a3,...,d — a4 in @ € M, where ay,...,aq € M, we mean the substi-
tution 1 — aq,....d — ag, 17 — ole7...,dT — ag and denote it by a|i-ay,....d—a,. Similar

convention we also use for substitutions of elements of N, and so on.



Denote by B = Flx1, ..., zy] the polynomial ring in z1, ..., 2,, over F, i.e., B is a commutative
F-algebra with unity generated by algebraically independent elements x1,...,2,,. Given an N-
graded algebra A =3%"._ A; and a = },.,a; € A, where almost all a; € A; are zero, we write
he?(A) for Y .,«, Ai and heg(a) = a; for the homogeneous component of degree s.

A quiver @ = (Qp, Q1) is a finite oriented graph, where Qy is the set of vertices and Q; is the
set of arrows. Multiple arrows and loops in Q) are allowed. For an arrow «, denote by o’ its head
and by o its tail, i.e.,

«

We say that & = ay - - - a5 is a path in Q (where ay,..., a5 € Q1),if of =ab,... oY

— i
1 =ag, ie,

(%} (o)
OK‘\O cee OK‘\O

The head of the path « is o/ = o and the tail is @’ = o!/. A path « is called closed if &' = a”. A
closed path « is called incident to a vertex v € Qq if &’ = v. Similarly, closed paths i, ..., 3, in
Q are called incident to v if 8] = --- = 3, =v.

Definition 2.1 (of a mized quiver). A quiver Q is called mized if two maps 7 : Qy — Qg and
T . Q, — Q; are defined in such a way that

o 07T =y, GTT = 3
o (BT) =8N, (BT) = ()"
for all v € Qg and § € Q7.

Assume that Q is a mixed quiver. Denote by M(Q) the set of all closed paths in Q and denote
by N(Q) C M(Q) the subset of primitive paths. Given a paths a in Q, we define the path o and
introduce ~-equivalence on M(Q) in the same way as in Section 1. Moreover, we define Mp(Q),
M, (Q), and N,(Q) in the same way as My, M,, and N, have been defined in Section 1. The
notions of degree and multidegree for elements of M(Q) and N, (Q) are introduced as above.

Example 2.2. Consider the quiver Q:

T T
Y1,Y1 ,Y2,Y2

T T
21,22 M Tal

T T
21,21 122,29

where there are four arrows from vertex 1 to vertex 2, there are four arrows in the opposite
direction, and each of its vertices has two loops. Here letters z;, z7, y;, yl, 2, 21 (i = 1,2) stand
for arrows of Q. We define 17 = 2 for vertex 1, so Q is a mixed quiver. Then

)T

T T, T T.T T T,T,T.
o (z1yf 21)" =2 121, Y121 ~ Y1 21 , TIYLT] 21 ~ T1Y] T1 2]

o deg(y12{) = 2, deg, (nz1) = 1, deg,r(y121) = 0, and mdeg(z1z170y12T 2321 =
(3,2, 1,0, 0,1).



3 The definition of oy,

In this section we assume that A is a commutative unitary algebra over the field F and all matrices
are considered over A.

Let us recall some formulas. In what follows A, Ay,..., A, stand for n x n matrices and

1 <t < n. Amitsur’s formula states [1]:
oi(AL+---+A,) = Z(_l)t—(j1+~-+jq)gj1 (71) -+ - 75, (%), (4)
where the sum ranges over all pairwise different primitive cycles v1,...,7, in letters Ay,..., 4,

and positive integers ji,...,j, with > 7 j;degv; = t. Denote the right hand side of (4) by
Fip(Aq,...,Ap). As an example,

O'Q(Al + AQ) = 0'2(141) + 0’2(142) + tI'(Al) tl"(AQ) — tI‘(AlAQ). (5)
Note that for a € A we have
Jt(aA) = atO't(A). (6)

For [ > 2 we have the following well-known formula:
oA = 3 bl o (A) (A, (7)
D1 yeneyie; >0

where we assume that o;(A) = 0 for ¢ > n. Denote the right hand side of (7) by P, ;(A). In (7) co-
(t7l)

efficients b; "~ ; € Z do not depend on A and n. If we take a diagonal matrix A = diag(ax, ..., an),
then o;(A') is a symmetric polynomial in ai,...,a, and o;(A) is the i'" elementary symmetric
polynomial in a1, ..., ay,, where 1 < ¢ < n. Thus the coefficients b'g?,l.).‘,i” with tI < n can easily be

found. As an example,
tr(A?%) = tr(A)? — 205(A). (8)

Lemma 3.1. We have N, ~ M, /L for the ideal L generated by
(a) o(ar+ -+ ap) — Frplag,...,ap),
(b) oi(aa) — alo(a),
(¢) or(a') = Pi(a),
(d) o(af) — ou(Ba),
(¢) ot(a) = a(al),
where p > 1, a,an,...,0p € Mg, a €F, t >0, and [ > 1.

Proof. Consider a homomorphism p : M, — N, defined by o,(«) — f, where we apply equalities
(a), (b), and (c) one after another to oy(), & € My, to obtain f. Obviously, p is well defined.
Since p is surjective, to complete the proof it is enough to show that p(f) = 0, where f € L ranges
over elements (a)—(e).



Assume that f is not element (e) and p(f) # 0. We define M’, M/, and N/ in the same way
as in Section 1.2 with the only difference that now we start with the monoid M’ freely generated
by letters 1,...,2d. Note that M’ ~ M, where the isomorphism is given by i — i and i +d — i”
for all 1 < ¢ < d. Hence M/ ~ M, and f can be considered as an element of M/ . Define
pl i M — N! in the same way as p. Since p(f) # 0, we have p/(f) # 0. But p'(f) is a free
relation for REL("); a contradiction to Remark 1.6.

We assume that f is element (e), i.e.,

f=0Y aia) — (Y aial),
=1 =1

where a; € F and a; € M. Denote the result of application of (a) and (b) to f by h € M,. Let
alitris) gtand for all ---a’s. Then

h="Y " qimdesmttigmdesy (_qyi=Gibetin) (o5 (y(V) o (7) = 05, (1) 05, (1),

' ©)

where the sum ranges over ji,...,Jj, and cycles 7y1,...,7, in letters z1,...,z5 as in (4), fyl(l)

is the result of substitution z; — a1,...,2s — a, in 7, and 71(2) is the result of substitution
1 —af,...,zs — al inv (1 <1<q). Note that for any pair (j,7) from (9) there exists a pair

(4, 8) from (9) such that 'yl(l) ~ ﬂl(z) for all 1 <1 < ¢. Applying (c) to o}, ('yil)) S0y, (’yél)) and

oj, ( %2)) e ( ,52)), we obtain equal elements in N,. Thus, p(f) =0. O

Let t,r € N. In order to define oy ,, we consider the quiver Q
vy
2,27

where there are two arrows from vertex 1 to vertex 2 and there are two arrows in the opposite
direction. We define 17 = 2 for vertex 1 to turn Q into a mixed quiver.

Definition 3.2 (of o4,(2,y,2)). Denote by 7 = T, the set of pairs (j,a) such that
e #j = #a = p for some p;
e aq,...,a, € N(Q) belong to pairwise different ~-equivalence classes and ji,...,j, > 1;
o jimdeg(aq) + - - + jpmdeg(a,) = (¢, 7, 7).

Then we define oy -(z,y, z) € N;(Q) by

O (.Y, 2) = (=1)% 0, (1) - 7, (ay), (10)
(J.2)€T

where p = #j = #a and { =0 =t + P ji(deg, a; +deg, a; + 1). For t = r = 0 we define
00,0(x,y, z) = 1. Moreover,



o if o, 3,7 € Mp, then we define oy ,.(ov, 8,7) € Ny as the result of substitution © — «, y — 3,
z — v in (10);

o if X\Y,Z are n x n matrices, then we define 0, ,(X,Y, Z) € A as the result of substitution
x— X,y —Y,z— Zin (10), where we assume that 0;(A) = 0 for ¢ > n and any n x n
matrix A.

Example 3.3. 1. If t = 0 and r = 1, then ~-equivalence classes on N'(Q) are yz, yz”, ... Hence,
o0,1(z,y,2) = —tr(yz) + tr(yz").
2. If t = r = 1, then ~-equivalence classes on N (Q) are
z, yz, y2t, xyz, zyzl, xylz, ayT 2T, L

and we can see that o1 1(x,y,2) =

—tr(z) tr(yz) + tr(z) tr(yz?) + tr(zyz) — tr(zyz?) — tr(zy? 2) + tr(ay® 27).

Remark 3.4. 0. 0(x,y,2) = o¢(x).

4 Properties of oy,

In this section all matrices have entries in a commutative unitary algebra A over the field F.

Definition 4.1 (of a partial linearization of oy,). We assume that ¢t = (t1,...,t,) € N*, r =
(r1,...,1y) ENY, 5= (51,...,84) € N satisfy

31+"'+sv:7ﬂl+"'+rw,

and x1,...,Ty; Y1,---, Yo, 21,- - -, 2w Delong to Mp. Consider oy, (a121 + -+ + ay®y, b1yn + - +
byYu, 121+ +Cuzw) € Ny as a polynomial in aq, ..., ay, b1,...,by, C1,...,Cup, Where ay,...,cyp €
F. We denote the coefficient of aj! - - - alub]* - - - bl»c]* -+ - ¢S in this polynomial by

O.LLﬁ(xla e Ly Y1y ooy Yoy 215 - 7Zw) € NG' (11)

In other words, this coefficient is equal to the homogeneous component of oy ,.(z1 + - - - + Xy, y1 +
co 4 Yy, 21 + -+ 2y) of multidegree (t,7,s). In multilinear case we have v = w and write

.
O—Jfly('rh L) 7xu7y1u L 7yU7Z17 ey Zw)
for oyu o 1w (T1, oy Ty, Y15+ -+ Yus 21, - - - Zw ), Where the definition of 1* was given in Section 2.
Given for n x n matrices X1,...,Z,, we define o4, s(X1,..., Xy, Y1,..., Y, Z1,...,Zy) € A
as the result of substitution 1 — X7,...,2, — Z, in element (11) of AV, and use the assumption

that 0;(A) =0 for j > n and any n x n matrix A.



In this section we will show that an analogue of Formula (10) from the definition of oy, is valid
for o4, s (see Lemma 4.2 below). Generalize the construction from Section 3 as follows. Using
notation from Definition 4.1, we define the mixed quiver Qy , s:

T T
Y1,Y1 - Yv Yy

. T T
T T

21571 3o Bw Ry

where there are 2w arrows from vertex 1 to vertex 2, there are 2v arrows in the opposite direction,
and 17 = 2. Here by abuse of notation z1,..., 2, stand for the arrows of Q,, s as well as for
elements of My from the definition of o;,. Hence we can assume that N, (Qy, s) C Ny

Given a path o of Q;, c, denote the total degree of a in z1,...,z, by deg, a, and the total

degree of a in zT,... 2T by deg,r a. Similar notation we also use for y and z. As an example,

deg,r (v1y1xTal 21 = 2.

Assume that 7 = T, ,. , is the set of pairs (j,a) such that

e #j = #a = p for some p;

e a,...,ap € N(Qy, ) are representatives of pairwise different ~-equivalence classes and
jla"'7jp Z ]-7

e jimdeg(a;) + - + Jp mdeg(ap) = (t,r,9).

Lemma 4.2. We have

Ot s(T1y ooy Ty YLy e v o s Yoy Z1y -+ oy Zw) = Z (=1)" 04, (1) -~ 05, (ap),
(J )T

where p= #l — #Q and n= 'r]l»,g — tl 4o+ tu —+ Zleji(degy o+ degz o+ 1)

Proof. We set t =t14+---+t, andr =11 +---+1, = 81+ -+ S,. By definition,
Otrs(T1y s Tus Y1y - - -3 Yo, 21, - - - Zw) 1S equal to the homogeneous component of multidegree
(t,r,s) of

f=0t,7~(x1+---+xu7y1+~~-+yv,Z1+---+Zw)

=Y (=D 05 (a) 05, () e w2

where &, aq,...,q,, and ji,...,J, are the same as in the definition of o, 5. Let Q be the quiver
from Section 3. For a closed path a in Q denote the result of substitution z — > x;, y — > y;,

z — Y.z, in a by
Z a®,
leL(a)

where a® is a closed path in Q. r s for all I. As an example, the result of substitution x — =1 + 2,

Y — Y1+ Y2, and 2 — 21 + 2o iriliyizT is equal to ylle + yleT + ygle + yngT.
Applying Amitsur’s formula (4) to f, we obtain

F=) (D% (=10 (1) 0y, () * % (1) 05, (1) -+ 05,0, (g, ) (12)

10



where & = j; — (jiu + -+ + Jig;). Here for any 1 < i < p the sum ranges over pairwise differ-
ent primitive cycles v;1,...,7iq in letters agl) (where | € L(a;)) and jii, ..., Jig; > 1 such that
Jirdeg(vir) + - - + Jig deg(vig,) = Ji deg(a).

We claim that taking the homogeneous component of f of multidegree (¢,r,s) we obtain the
required formula for o , s. We split the proof into several statements.

1. We have (—1)St9rt 48 — (—1)7, where n =t + Y01 Y17 jir(deg, (vix) + deg, (vix) +1).
Proof. For 1 <i < p we have degy ;= degy agl) for all [. Then

~degir
deg «;

deg, (vir) = deg,

for all k. Therefore
deg, a;
deg a;

Jideg, o = (Jir deg(vi1) + - -+ + Jig deg(vig,)) =
= jin deg, (vi1) + -+ - + Jig deg, (Vig,)-
The same formula is also valid for z. Now it is easy to see that the required formula is valid.

Given a closed path v in Q; , s, denote the result of substitution 1,..., 2y, — 2, ¥1,..., % — ¥,
and z1,..., 2, — 2z in v by ¢(y). We can consider ¢(v) as a closed path in Q. Let us remark that
if a? = 39 for o, 3 € M(Q), p,q > 0, then there exists a v € M(Q) such that « =% and 8 =~/
for some 1, j; in particular, if 3 is primitive, then a = 3¢ for some 1.

2. Let o be a primitive closed path in Q and v be a primitive word in letters oY), where | €
L(a). Then v is a primitive closed path in Qy 5. In particular, yi1,...,Y1gys -+ Vpls -+ Vpq, OT€
primitive closed paths.

Proof. Assume that there exist k£ > 1 and a primitive closed path 8 in Q;, s such that v = 3*.
We have v = a(1) ... alm) for some Iy, ...,1,, € L(a). Thus a™ = ()" and applying the above
mentioned remark we obtain that there exists a j > 0 such that () = aJ. Since deg a¥) = dega
for all I, we have 8 = a(") ... o) Hence,

v = (a(ll) ... a(lj))k = o) .. qlm)

Closed paths o)) (where | € L(a)) are pairwise different. So the last formula implies that I; = l;};
for any ¢ < m — j. In other words, 7 is not a primitive word in letters a("), where [ € L(a); a
contradiction.

3. Closed paths Y11, ..., V1gys--+»>Vpls- -1 Vpg, 0r€ pairwise different.

Proof. Assume that v,z = 7;m. Equalities ¥(vix) = -+ oy and ¢¥(yjm) = ;- - a; together
with ¥ (vix) = ¥(vjm) imply that i = j (see the above mentioned remark). Since v;1,...,Vig, are
pairwise different, we have k = m.

To complete the proof of the lemma we apply substitution ¢ in the same way as in the proof
of Statement 3. O

Denote by IL”; the set of « such that (17, &) € Zyu 1v,1v, where p = #a. The following corollary
is a trivial consequence of Lemma 4.2.
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Corollary 4.3. We have
0'32}(1’1, e Ty YLy e ey Yoy By e ey Zn) = Z (=1)"= tr(a),
a€T}n,
where g = u+ Y0 (deg, a; + deg, a; + 1), p = #a, and tr(a) stands for tr(oy) - - - tr(ay).
Lemma 4.4. Assume that F = Q. Then for x,y,z € Mg we have

lin

Ut,T(x7y7Z): "7x7y""7y7z7"'72)'

e @

t T T

Proof.  In this proof we use notions formulated in Section 7 (see below). Consider the tableau
with substitution (7, (X,Y, Z)) of dimension (t+ 2r, ¢+ 2r) from Example 7.2. By Lemma 7.6, we
have
gir(@y,2) = Y sen(€e) o4, (c1) 05, ()i, 2y, 3
(J,0)€TT

where p = #j = #c.
Using Lemma 4 from [12], we can reformulate Theorem 3 from [12] for (7, (X, Y, Z)) as follows:
if n =1t¢+ 2r, then

o 3 sl [T o) = 30 senlgyo oa(Xe)- 0, (Xe). (1)
VY gesS,

a€T} (4.90€Ir

where p = #j = #c. Consider the result of formal substitution X — 1, Y — 2, and Z — 3
in (13), where 1,2,3 € M are letters:

o ol IT et = 3 sen(es) o en) -3, (). (14
N ges,

aeTfl (J,.0)€ZT

We claim that (14) is valid equality of two elements from N2°. Theorem 3 was proven in Sections 5,
6, and 7 of [12]. We repeat this proof without using Section 5, i.e., we do not apply Lemma 4 from
Section 5 in the reasoning several lines before Formula (14) from [12]. Since 7 has two columns,
we obtain the claim. Lemma 7.12 concludes the proof. O

Lemma 4.5. Assume that F = Q. Then o, (X1, o Tus Yty - Yoy 21, - - - Zw) =

1 .

lin
Tolal O (T Ty Ty ooy Ty YLy e e s YLy ey Yooy Yuy ZLse ey 21y e ey By« v o5 Zu)s
thrlsl ——— —_—— —— —_— —— —_———

t1 tu 1 Ty S1 Sw
wheret=t1+ - +t, andr=r1+ - +ry, =51+ + 5u.

Proof.  The left hand side of the required formula is equal to the homogeneous component of
or(®1+ -+ Ty, 1+ -+ Yp, 21+ - + 2,) of multidegree (¢,7,s). Applying Lemma 4.4 to oy,

and using linearity of o’}ff,‘., we complete the proof. O
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Lemma 4.6. Assume that Xq,...,X¢, Y1,...,Y,, Z1,...,Z, are n X n matrices and there exists
a j such that Y; or Z; is a symmetric matriz. Then

Jin;(le'~‘7Xt7Y17"'7YT7Z13"'7ZT) =0.

Proof.  Assume that Y; is a symmetric matrix. Consider a primitive closed path o = By; in
Q¢ 1+ 1~ such that deg, o + deg,r o < 1 for any arrow v from Qi+~ i-. Then aij is also a
primitive closed path and ozyJT *# ay;. Lemma 4.2 concludes the proof. O

Let us recall that E,, stands for the identity n x n matrix.

Lemma 4.7. Let Xq,..., X1, Y1,....Y, Z1,...,Z,. be n X n matrices. Then
o Xy, Xeet, Bn V1, Y 2y, Z) = a0ty (X X YL Y 2L 2,

where a =n — (t+2r) + 1.

Proof. Denote Xy = E,, and p = JH}(Xl, XY, Y 2y, Zy). Let @y, ..., 2, be arTows
of Qy¢ 1r 1. Denote by 9 the substitution x; — X4, y; — Yy, and 25 — Zj forall 1 <7 <t and
1 < j <r. By Corollary 4.3, we have

p= 3 (—1)= (i) = pu + pe,
Q€I
where p; is the sum of all (—1)"= tr(a) such that a; ~ z; for some j. Equalities

p=tr(B,) D (=)™ (tr()) and

getir, ,
pp=—(t+2r=1) Yy (=1)"=24(tx(B))
pezin, ,

conclude the proof. O
The following remark is trivial.

Remark 4.8. Let p > 0 be the characteristic of F and F[x1, ..., 2] be a polynomial ring. Define
the ring homomorphism 7 : Z — F by 7(1) = 1p, where 1p stands for the unity of F. Consider

= > a;fi € Flxy,...,Tm], where a; € w(Z), and f; is a monomial in x1,...,z,, for all i. Take
b € {0,1,...,p — 1} C Z such that 7(b;) = a; and set h = >, b;f; € Q[x1,...,2,]. Then h =0
implies f = 0.

Lemma 4.9. Let X,Y,Z be n xn matrices and n > t+ 2r. Then

t
Utr(X+)\EnaYZ :Z<n_ t—|—27’) ))\10} “n(XYZ)
1=0
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for any A € A.

Proof. By Remark 4.8, without loss of generality we can assume F = Q. Then Lemma 4.5 and

linearity of oiifr‘ imply
1 </t
oir(X +AE,, Y, Z) = § )N o™X, .. X, E,,....,E.Y,....Y,Z, ..., 7).
’ t! (7“!)2 = 1 M N — N ——

t—1 %

Lemma 4.7 concludes the proof. O

5 Proof of Theorem 1.1

Without loss of generality we can assume that I is an algebraically closed field (cf. Remark 2.1
from [22] and Remark 3.2 from [21]).

Assume that X1 = X, 1,...,Xqg = Xy, Y =Y,,Z = Z,, are n x n generic matrices and entries
of these matrices are x;;(1),...,xi;(d), yij, zi; (1 < 4,7 < n), respectively. Consider the mixed
quiver G

T
Y.y
%"""_‘,,...4—\\\\ T T
Tlond @w@ R
2,27

where there are d loops in each of its vertices and 17 = 2.
Given o € M(G) we define X,, ,, in the same manner as in Section 1, using convention that

Xn,ia 1fa:xl
KXna = Yo, ffa=y
Zp, fa=z

Denote by C,, = Flz;;(k),vij,2i; |1 < i, <n,1 <k <d] the coordinate ring of the space of
mixed representations of G of dimension vector (n,n). Then its algebra of invariants J,, C C,, is
generated by o4(X,, o), where 1 <t < n and « is a primitive closed path in G (see [23]). We define
the inclusion R,, C C), in the natural way. Consider a surjective homomorphism

Y : N (G) — Jn

defined by oi(a) — 04(Xy,0), if t < n, and oy(a) — 0 otherwise. Its kernel T;, is the ideal of
relations for J,,. Elements of ﬂi>0 T; are called free relations for J,,.

Let («, 8,7) be a triple of paths in G. Then it is called good if &' = o” =1, 3 is a path from 2
to 1, and v is a path from 1 to 2. Since Lemma 3.1 can be reformulated for N, (G), we have

Ut,r(z a1;014, Za2ja2j7 Za3ka3k) € N, (9), (15)
i j k

where a1, as;, azr € F and (o, agj, as) is a good triple for all ¢, 7, k.

Theorem 5.1. (Zubkov, [24]) The ideal of relations T, for J, ~ N(G)/T, is generated by

14



o clements (15) for t+2r > n;

o free relations for J,.

Given N > n, we define two homomorphisms Py »,pwn,n : Cn — C,, as follows:

B X, 0 Y, O Z, 0
DNn : XN,k—>< O’k 0),YN—>(O O>7ZN_’< 0 0)731101

Xnk O Y. O Zn 0
PN XW"( 0" 0>’YN_><0 ENn>’ZN_’( 0 ENn)’

where 1 < k < d and Fy_,, stands for the identity matrix. In other words, we assume that

p oy S Tig(k), if1<dj<n
P (R) = { 0, otherwise

and so on. For short, we use the following notations: p = Py, and p = py .
Consider a mapping @y : Jy — Jy defined by:

Oy : Xy — XNk YN — En,Zy — EN

for all 1 < k < d. The following diagram is commutative:

j\/’o(g) TN - Jxn N . RO(N)‘ U Na

®n , ROM)

The next lemma is a reformulation of Lemmas 3.3 and 3.4 from [24].

Lemma 5.2. If N > s >0, then

e the kernel of Uy : he®(N,) — he®(ROW)) is generated by free relations for RO of degree
s;

o the kernel of T : he® (N, (G)) — he®(Jn) is generated by free relations for J, of degree s.

Lemma 5.2 implies that we can identify hc®(AV,) with he®(ROWY)) as well as he® (N, (G)) with
he®(Jn) modulo free relations. Let us formulate Proposition 3.2 from [24].

Lemma 5.3. The ideal K, is generated by elements ®n(hy), where
e f ranges over elements (15) with t 4+ 2r > n;
e N >deg f=s and N > n is big enough, so we can assume that f € Jy;
o h=hy € Jy such that p(h) =0, degh = s, and hes(h) = heg(f).

15



Here ®n(hy) is considered as an element of N, .

Note that in Lemma 5.3 f can be non-homogeneous.
Given t,r > 0 satisfying ¢ + 2r > n, we consider an element (15)

[ =o0u.(f1, f2, f3),

where f1 =) ajo;, fo = Zj asjasj, and f3 = Y, asggas,. There exists an N > n such that
N >t+2r, N >t+mn, and we can assume that f € Jy. In what follows we will write f; instead
of 37, a1;XN,qa,, and similarly for fo and fs.
By Theorem 5.1, we have
B(f) =0, (16)

But we can not claim that p(f) = 0. We will construct h = hy € Cy that is “close” to f and
p(h) = 0 (see Lemma 5.5 below).

We can rewrite fi as fi = fi1 + fi2, where fi1 is a sum of all a1, Xn q,, such that oy, contains
an arrow x, or 1 for some k. Similarly, we can rewrite fa, f3 as fo = fo1 + fo2 and f3 = fa1+ fa2,
where fo; and f31 contain all summands with zj or x{ Let \; € F be the sum of coefficients of
summands of f; o for I =1,2,3. Note that

p(fi) =p(fi) + MENg (17)

for 1 =1,2,3. Here Ey;, stands for the following N x N matrix
0 0
0 Ean ’

Lemma 5.4.

p(f) = (N Z_ n) Bor—ir(f1s f2s f3)) AL

i=0
Proof. By Remark 4.8, without loss of generality we can assume F = Q. By (17), we have

p(f) = Ut,r(ﬁ(fl) + /\1EN,7L7 ﬁ(fQ) + )\ZEN,na ﬁ(f3) + /\3EN,n )

lin

Lemmas 4.4, 4.6 together with linearity of o'} imply p(f) =

e 30 () AR UL B B 5. 52D, ) BN
=0

t—1 i

Since p(fi)En,n = 0 for all [, applying Lemma 4.2 we obtain

p(f) = (7})2 Z il (tl_ Z)' Ullfiili,r(ﬁ(fl)w . 7ﬁ(f1)aﬁ(f2)7' e 7ﬁ(f2)aﬁ(f3)7' e 7ﬁ(.f3)) Aiav
: o :
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where a = 0}§(Enn, ..., Enn). By Lemma 4.4 and Remark 3.4, we have

a=10;0(Enn,0,0) =il 0i(Eny) =il (N Z_ ”> .

Lemma 4.4 concludes the proof. O

Lemma 5.5. There exist by, by, ...,bs € Z such that

t
h = hf = Zbi)\io—t—i,r(flvf%f-?o) €Jn

i=0
satisfies the following conditions:
a) p(h) = 0;
b) degh = s and heg(h) = heg(f), where s = deg f.

Proof. We set by = 1. By Lemma 5.4, we have
t N _
p) =36 A Y (N 7)o (oo ) X
i=0 j=0

We substitute k for ¢ — i — j and obtain

t

t—k
p(h) = St o SN S ()

k=0
The following system of linear equations

= N-—-n
) = <
Obz(t—i—k> 0, where 0 < k < ¢ (18)

7=

with respect to by,...,b; is triangular and has 1 on the main diagonal. Hence this system has a
solution by, ...,b; € Z. Using Formula (16), we can see that the equality p(h) = 0 holds. Obviously,
deg h = s and hcs(h) = heg(booy - (f1, f2, f3)) = heg(f). O

Lemma 5.6. Assume that by =1 and by, ...,b; satisfy system of linear equations (18). Then

t—k

N—(l+2
> e (V) <o
=0

for0<k<I<n-2r.

Proof. Denote the left hand side of the required formula by by, ;.
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The proof is by decreasing induction on I. If I = n — 2r, then by ; = 0 by (18).
Let I < n — 2r. Then formula

() () - (1),

t—k
N—-—(I+2r+1
bri = bri+1 + thﬂek ( (i B 1T )> .
i=0

where 0 < p < ¢, implies

We substitute j for 7 — 1 and obtain by; = by 41 + br41,141. Induction hypothesis concludes the
proof. O

Denote by Iy the ideal of ROY) generated by o, (3, c1:X (714), 2202 X (v25)s Dok cak X (V3k))s
where X (v) stands for Xy ~, p+ 2q > n, Y1i, V2, V3% are monomials in 1, ..., 24,27, ... 21, and

c14, C2j, c3 € IF.
Lemma 5.7. Assume that h € Jy is the element from Lemma 5.5. Then ®n(h) belongs to In.

Proof. For short, denote @ (f;1) = ¢; for { =1,2,3. We have ®n(f;) = g1 + M En for all [.
To begin with, we assume that F = Q. Using Lemmas 4.4 and 4.6 together with linearity of

a,lfl,’; in the same manner as in the proof of Lemma 5.4, we obtain

t
(I)N(h) = ZbZ )\11 Ut—i,r(gl + )\1EN392793)’
=0

Lemma 4.9 implies

t t—k
On(h) = onr(91,92,98) NTFD bioii (N — QT)) : (19)
i=0

7
k=0

In the general case Remark 4.8 shows that Formula (19) is also valid.

If £+ 2r <n, then
t—k
> (M) o (20)
i=0

by Lemma 5.6. Thus @y (h) belongs to Iy. O

Lemma 5.8. Any element g = o4 ,(>; 1714, Zj C2jV25> O C3k7Y3k) Of No, where t+2r > n and
i, C25,¢3k € F, 14,725, V3 € M, belongs to K.

Proof.  There exists a ¢ € N,(G) such that ®nx(Tn(g")) = Un(g). Since Y, (¢") = 0 by
Theorem 5.1, we obtain

Un(g) =po¥n(g) =poPyoTn(g)=Pno0Tu(g)=0.

Lemmas 5.3, 5.7, and 5.8 conclude the proof of Theorem 1.1.
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6 Free relations

In this section it is convenient to write z1,..., x4, o7 ,..., 21 for letters 1,...,d, 17, ..., d" that
are free generators of M. Similarly to Section 1, we denote by M the monoid freely generated by
letters =1, 2o, ..., 1,21, ... and define N> (N2°, respectively) similarly to N (N, respectively).

Definition 6.1 (of Lin(f)). Given N%-homogeneous f € N, with mdeg f =t = (t1,...,tq), we
define its complete linearization Lin(f) € N2° as follows. Let h € N2° be the result of substitution
T — Z;;OI aijZivja (1 <i < d)in f, where a;; € F, and we consider h as a polynomial in a;;.
We denote the coefficient of ajy - --ayg, -+~ a1 - - agr, in h by Lin(f).

Definition 6.2 (of Lin~!(a)). Given a € M, we define Lin~!(a)) € M as the result of substi-
tution ;44 — 2; (1 <i<dandj>0)ina.

Example 6.3. If f = o(z1), then (5) implies that Lin(f) = — tr(z12441) + tr(z) tr(zg41)-
If f=tr(z1)3, then Lin(f) = 6tr(z1) tr(zgs1) tr(zaas1)-

Given f =0, (a1)---0j, (ap) € Ny, where aq, ..., a, € N, we define ¢y and ey as follows. We
consider a subset S of the set of pairs (j;,a;), 1 < i < p, such that elements of S are pairwise
different with respect to ~, where (j;, ;) ~ (jr,ax) if and only if j; = ji and a; ~ ag. Given
(4,a) € S, we denote c(j o) = #{(ji, )i = j,ai ~ a,1 <i < p}. We set ¢ = H(j,a)eS C(ja)
and ey = p.

The proof of the following lemma is similar to the proof of Lemma 4.2.

Lemma 6.4. Let f = 0j, (a1)---0j,(ap) € Ni, where ay,...,0p € N, and t = mdeg f. Then

Lin(f) = (=179 Pep 3 tr() -+ tr() + erhy
where
® Vi,...,7p € N are representatives of pairwise different ~-equivalence classes;

1, ifl=i4+jdfor1<i<dand0<j<t
¢ we havedegm('yl~~-~yp)+degmlT(’y1""Yp)—{ 0 d . otherwise ’

for alll > 0y
o Lin~I(y;) = ozzi foralll <i<p.

o h =73, £hi, where hy is a product of p+ 1 or more traces.

Lemma 6.5. If charF > 0, then the ideal of free relations lays in the ideal of N, generated by
oi(a)MF where o ranges over N and t > 0. If charF = 0, then the only free relation is trivial.

Proof. Consider an N%-homogeneous free relation f € N.

1. Let mdeg f = t satisfy ¢; <1 for all 1 <14 < d. We assume that f # 0. Then f =", aifr,
where a;, € F, ax # 0, and fi are pairwise different products of traces. Denote n = deg f and denote
by e; ; the n x n matrix whose (i, j)* entry is 1 and any other entry is 0. Let f; = tr(aq) -« - tr(ay,)
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for some aq,...,a, € N. Given oy = yy - - - yq, Where y1,...,y, are letters, we set Y; = e; ;41 for
1 <i<qandY, =e,;. Considering ag,...,a,, we define Y; for ¢ < ¢ < deg f;. Since f is a
free relation, the substitution y; — Y; (1 <4 < deg f;) implies that a; = 0; a contradiction. Thus,

fF=o.

2. For some ¢ we have f = )7, a;f; + 3, bjh;, where a;,b; € F, a;,b; # 0, f;, h; are pairwise
different products of o; (¢ > 0) such that ey, = q and e, > ¢ for all 4, j. Since Lin(f) is also a free
relation, linearity of Lin, Lemma 6.4, and part 1 of the proof imply that cf, = 0. Hence f; lays in
the required ideal of AV, in case charF > 0 and f = 0 in N, in case char F = 0. Since Lin(f;) = 0,
we can repeat the same reasoning for h = Zj bjh; and so on. O

Given an N-graded algebra A, denote by AT the subalgebra generated by elements of A of
positive degree. It is easy to see that a set {a;} C A is a minimal (by inclusion) homogeneous
system of generators (m.h.s.g.) for A if and only if {@;} is a basis for A = A/(AT)? and {a;}
are homogeneous. Let us recall that an element a € A is called decomposable if it belongs to the
ideal (AT)2. Therefore the least upper bound for the degrees of elements of a m.h.s.g. for R is
equal to the maximal degree of indecomposable invariants and we denote it by Dyyax. Theorem 1.1
together with Lemma 6.5 imply the following corollary.

Corollary 6.6. If charF # 2, then the ideal of relations K,, of RO(") ~ N /K,, is generated by
or (o, B,7), where t +2r > n and o, 8, range over Mp.

As an application of Corollary 6.6 we obtained the following result in [16].

Theorem 6.7. Letn=3 andd > 1. Then
o [fcharF = 3, then 2d+ 4 < Dpax < 2d+ 7.
e [fcharlF # 2,3, then Dpyax = 6.

As about matrix GL(n)-invariants in case n = 3, its minimal system of generators was explicitly
calculated in [10] and [11].

7 Appendix: other definitions of oy,

In this section we assume that A is a commutative unitary algebra over the field F and all matrices
are considered over A. In what follows we recall some definitions from [12]. Note that in this
section we consider only rectangular tableaux with two columns whereas in [12] tableaux with
arbitrary number of columns of any length were defined.

Definition 7.1 (of a tableau with substitution). A pair (T, (Xy,...,Xq)) is called a tableau with
substitution of dimension (n,n), if

e 7 is a rectangular tableau with two columns and n rows. The tableau 7 is filled with arrows
in such a way that an arrow goes from one cell of the tableau into another one, and each cell
of the tableau is either the head or the tail of one and only one arrow. We write a € 7 for
an arrow a from 7. Given an arrow a € 7, denote by a’ and a” the columns containing the
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head and the tail of a, respectively. Similarly, denote by ‘a the row containing the head of
a, and denote by ”a the row containing the tail of a. Schematically this is depicted as

e ¢ is a fixed mapping from the set of arrows of 7 onto {1,...,d} that satisfies the following
property:

if a,b € T and ¢(a) = ¢(b), then o’ =V, a” =b";

o X;,...,X4 are n X n matrices.

Example 7.2. Let X,Y, Z be (t+ 2r) x (¢t + 2r) matrices and let 7 = 7, be the tableau:

T

Yy | 21

Yr | 2r

We define ¢ as follows: ¢(x;) = 1, ¢(y;) = 2, ¢(z;) =3 for 1 <i<tand 1l < j <r. Then
(7,(X,Y,2)) is a tableau with substitution of dimension (¢ + 2r,t + 2r).

Example 7.3. Let Xy,..., X, Y1,...,Y,, Z1 ..., Z, be (t 4+ 2r) x (t + 2r) matrices and let 7 be
the tableau from Example 7.2. We define ¢ as follows: ¢(z;) =1, p(y;) =t +J, o(z;) =t+r+j
forl1 <i<tand 1l < j <r. Then (7,(Xy,...,X:,V1,...,Y, Z1...,Z,)) is a tableau with
substitution of dimension (¢ + 2r,t + 2r).

Definition 7.4 (of bpf+(X1,...,X4)). Let X1,..., X4 be nxn matrices and let (7, (X1,...,Xq4))
be a tableau with substitution of dimension (n,n). Then we define

bpr(Xla s 7Xd) = ngn(ﬂ—l) Sgn(WQ) H (ti(a))‘n'a//(”a),ﬂ'a/(’a)a
acT
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where (X (q))ij stands for (i, 7)™ entry of the matrix X,,) and the sum ranges over permutations
71,2 € S, such that for any a,b € 7 the conditions p(a) = ¢(b) and "a < b imply that
mi("a) < m("b) for i = a” =b". For F = Q there exists a more convenient formula

1
bpfr(X1,...,Xq) = e > sea(m)sgn(me) [ (Xp@)ron (a)me (a)-

m1,m2E€Sn a€T

Example 7.5. Assume that (7,(X,Y,Z)) is the tableau with substitution from Example 7.2.
Then
DPT;T<X7}/’ Z) = bpr(X7 Y» Z)a

where the determinant-pfaffian DP, . (X,Y, Z) was introduced in [13].

The decomposition formula was formulated in Theorem 3, [12] (see (21) below). Assume that
(T,(X,Y, 7)) is the tableau with substitution from Example 7.2. Denote by decr(X,Y, Z) the right
hand side of the decomposition formula, applied to the tableau with substitution (7, (X,Y, Z)).
Given z,y, 2 € Mp, we assume that decr(x,y, 2) € N, stands for the result of formal substitution
X —2,Y >y, and Z — z in decy (X, Y, Z).

Lemma 7.6. We have oy, (x,y,2) = decr(x,y,2) for z,y,z € Mg, where T = Ty, is defined in
Example 7.2.
In particular, oy (X,Y,Z) = DP, (X,Y, Z) for (t + 2r) x (t + 2r) matrices X,Y, Z.

To prove this lemma we need we need additional definitions from [12].

Let (7,(X1,...,X4)) be a tableau with substitution of dimension (n,n). Consider M and
N2° from Section 6, where letters are 1,2, ..., 17,27 .. Given a € T, we consider p(a) € {1,...,d}
as an element of M. For u € M define the matrix X, in the same way as in Section 1. Here
we assume that X; = X;» =0 for ¢ > d.

For an arrow a € 7 denote by a” the transpose arrow, i.e., by definition (a”)” = @', (a¥) = a”,
"(aT) ="a,’(a”) ="a, and p(a’) = p(a)T € M>. We write a & T if a is an arrow or a transpose
arrow of 7.

T
Definition 7.7 (of paths). We say that a1,a2 € T are successive in T, if a} # a4 and ‘a1 = "as.

T

A word a = ay - - - as, where ay,...,as € 7, is called a path in 7T, if a;, a;11 are successive for
any 1 <i < s— 1. In this case by definition p(a) = p(a1)---p(as) € M* and a¥ =al - af is a
path in 7; we denote a’,’as, ay,” a1, respectively, by a’,’a,a”,” a, respectively.

A path ay ---as is closed if a4, aq are successive.

Consider words @ = a1 ---ap, b = by ---by, where aj---ap,b1---bq g 7 (in particular, both
a,b might be paths in 7). We write @ ~ b if there is a cyclic permutation 7 € S, such that
Ar(1) " Gr(p) 18 equal to b or bT. We will use similar notations for elements of M, for sets of
paths, and for subsets of M.

Denote by 7, a set of representatives of closed paths in 7 with respect to the ~-equivalence.
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Example 7.8. Let

be a fragment of tableau. Then a and bc” are closed paths.

Definition 7.9 (of 77). Given 7 € S,,, we permute the cells of the 2"! column of 7 by 7 and
denote the resulting tableau by 77. The arrows of 77 are {a” |a € T}, where p(a”) = ¢(a),
(a™)' =d", (a™) =d, and

//(aT) —

{ "a, ifad =1 B

/! T
T(”a), lf a/l — 2 Y (a’ ) -

{ 'a, ifa =1

m(a), ifa =2

Obviously, (77, (X1,...,Xq)) is a tableau with substitution. For short we will write 7] instead
of (TT)CI.

We use notation {...},, for multisets, i.e., given an equivalence = on a set S and
A1y, Gpyb1,...,bg €S, we write {a1,...,ap}tm = {b1,...,bq}m if and only if p = ¢ and

#{1<j<plaj=a;} =#{1<j<p|bj =a;}

for any 1 <1 <p.

Definition 7.10 (of Z7). Let j € N? and ¢ = (¢1,...,¢p), where ¢1,...,¢, € M are primitive
and pairwise different with respect to ~ . Then (3, c) is called a T -pair.
A T-pair (j,c) is called T -admissible if for some & = &.c € Sy, the following equivalence of
multisets holds: -
ap(’]’j) ~{er, .0, ey Cp e
— ——
J1 Jp

We write (5°,c%) ~ (4,c¢) and say that these pairs are equivalent if and only if

{c(l),...,c(l),...702,...,02}7” ~ {1,y Cly ey Cpye ey Cp tme
79 79 J1 Jp
If (ﬁ, &)~ (4,¢) and (j,c) is T-admissible, then the pair (ﬁ, ") also has the same property, since
we can take o o0 = &; .. Denote by Z7 a set of representatives of T-admissible pairs with respect
to the ~-equivalence.

The decomposition formula states

bpr(Xla v 7Xd) = Z Sgn(ﬁl}g) O3y (X01> T 04, (ch)’ (21)
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where p = #j = #c. Note that §; . is not unique for a representative of the ~-equivalence class
of a T-admissible pair (j,c), but sgn(&;,.) is unique (see Lemma 7.11 below). Hence

decr(z,y,2) = Y sen(&ye) 0j,(c1) 05, (Cp) 1, 2y, 3 (22)
(J,0)€ZT
for z,y,z € Mp.

Proof of Lemma 7.6. Given an arrow or transpose arrow a of 7, we can consider p(a) € M as
an arrow of the quiver Q from Section 3 as follows: ¢(z;), ¢(x7) are loops in vertices 1 and 2 of
Q, respectively, ¢(y;) goes from vertex 2 to vertex 1 and so on. Similarly, for any word a in arrows
and transpose arrows of 7 we can consider ¢(a) as a word in arrows of Q. Note that

e if g is a path in 7, then ¢(a) is a path in Q;

e if a € T, then ¢(a) is a closed path in Q.

Hence for any 7-admissible pair (j,c) we can consider ci, ..., c, as closed paths in Q. Therefore it
is not difficult to see that Zy = Z, ,. Formula (22) together with Lemma 7.11 (see below) concludes
the proof. O

Lemma 7.11. We use notations from Lemma 7.6 and its proof. For any (j,c) € Zr we have

sgn(§j.c) = (-1)%,

where £ =t + Ei&l ji(deg, c; +deg, c; +1). Here c; is considered as a path in Q; therefore deg, c;
and deg, ¢; are well defined.

Proof. We start the proof with the definition. For a permutation 7 € S¢yo, anda =aq---as € 7]

cl»
where ay,...,as are arrows or transpose arrows of 7, there is a permutation 7 € Sy, such that

o 7(i)=idiforanyiec{l,....t+2r}\{'a1,..., as};

e for any 1 < i < s there exists a b € T such that a] and b coincides, i.e., (a])” =", (a]) =V,

i
"noT 1 T
a; ="b,'a] ="'b.

Denote sgn(a) = sgn(7). In spite of non-uniqueness of 7, sgn(a) is well defined, it does not depend

on 7, and sgn(a) = sgn(a’). For any 1 < i < #j we consider a; € Tji’g such that ¢(a;) = ¢;.
Then we have

#i
sgn(§j,c) = H sgn(a;)7t. (23)

Arrows of the tableau 7 are x;,y;,2;, where 1 <7 <tand 1 <j <r. Let 7 € Sgyor, a € 1],
and let b, ¢ be some paths in 77.

1. If @ = x;, then sgn(a) = 1.

2. If @ = bx;c, then sgn(a) = — sgn(z;) sgn(be) = — sgn(be).
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3. If a =y, 2y, then sgn(a) = —1.
If a = y;2}, then sgn(a) = 1.
If a = by, zic, then sgn(a)

If a = by, 2} c, then sgn(a

© N e o e

) = —sgn(y;z] ) sgn(be) = —sgn(be).
If a = bziyjc, then sgn(a) =

If a = bz{'yjc, then sgn(a) =

For a € T] we have two possibilities:

o If deg, a +deg, a = 0, then sgn(a) = (—1)d°8 *Fdes.m @+ (see jtems 1 and 2).

e If deg, a +deg, a > 0, then by item 2 we have
sgn(a) = (—1)d8s atdeg,m agop (g4),

where ag = a

211, 271 is the result of elimination of letters x;, 2] (1 < < t) from a. By
items 3*8, sgn(ao) :/(_1)degyT ao+deg_ T ao+1 — (_1)(1eng a+deg, T a+1.

Thus
) sgn(a) _ (_1)degz a+deg, T a+degyT a+deg, T a-‘rl.

Formula (23) concludes the proof. O

Lemma 7.12. Assume that (T,(X1,..., X, Y1,..., Y, Z1 ..., Z,)) is the tableau with substitution
from Example 7.3 and x1,...,%¢, Y15+ Yr, 21 -- -, 2 belong to My. Then

Uzlfi’lrl(xla e Tt Y1y Yy 21 ZT) = Z Sgn(§> H tr(go(a))"L*m:17 (t+5)—y;, (t+r+7)—z;
£€ESttar ae']’cfl

where the substitution is applied for all 1 < ¢ < t and 1 < j < t. In particular,
a,{tﬂ(Xl,...,Xt,Yl,...,YT.,Zl...,Z,.):bpr(Xl,...,Xt,Yl,...,Y,.,Zl...,Z,.) forn=1t+2r.

Proof. Using the fact that Tﬁ ~ 17 for £, 7 € Sito, if and only if £ = 7, we prove this lemma
similar to Lemma 7.6. O

Remark 7.13. Lemma 7.11 can also be generalized for oy, (1, ., Tu, Y15+ Yus 215 - -5 2w,
where z1,...,2, € Mg.

We assume that o} ,.(,y, 2) stands for the element of N, defined by Zubkov (see p. 292 of [24]),
where ¢t > 2r and x,y, 2 € Mp.

Lemma 7.14. Fort,r >0 and x,y,z € Mg we have 01, (x,y,2) = 0419, (7, 2,Y).
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Proof. By Remark 4.8, we can assume that F = Q. Consider the tableau with substitution
(T,(Xy,...,Xe,Y1,...,Y,, Zy ..., Z,)) from Example 7.3. By definition, we have

> seu(o) f(tr*(a)),

’
Ut+27‘ T(x’ Z7y) =
’ t!(r!)2
0EStyar

where tr*(o) € N3° is defined on p. 291 of [24] and f stands for the substitution i — z;, (t+5) — yj,
(t+r+j)—zjforalll <i<tandl<j<t Considering all 18 possibilities from the definition
of tr*(o) we can see that

Lemmas 4.4 and 7.12 conclude the proof. O
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