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Abstract

Given a (local) Kato! measure ;2 on R\ {0}, d > 2, let H[JA+”(U) be the
convex cone of all continuous real solutions u > 0 to the equation Au + uy = 0
on the punctured unit ball U satisfying lim,_; u(z) = 0. It is shown that

HOAJ”L(U) # {0} if and only if the operator f — [, G(-,y)f(y)du(y), where
G denotes the Green function on U, is bounded on £2(U, ;1) and has a norm
which is at most one. Moreover, extremal rays in HOA e (U) are characterized
and it is proven that A + p satisfies the Picard principle on U, that is, that
HOA T (U) consists of one ray, provided there exists a suitable sequence of
shells in U such that, on these shells, y is either small or not too far from
being radial. Further, it is shown that the verification of the Picard principle
can be localized.

Several results on L2-(sub)eigenfunctions and 3G-inequalities which are
used in the paper, but may be of independent interest, are proved at the end
of the paper.
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1 Introduction

For every open set W in R%, d > 2 (W relatively compact, if d = 2), let Gy denote
the (classical) Green function on W, normalized such that AGw (-, y) = —¢,, y € W.
Throughout this paper we fix a Kato measure p on R?\ {0}, that is, x is a Radon
measure on R?\ {0} such that, for every open set W which is relatively compact
in R%\ {0}, the potentials Gy p: x — [, Gw(x,y)du(y) are continuous and real.
It suffices to verify this for a covering of R\ {0} (see the discussion at the beginning
of Section 2).

We recall that Kato measures may be singular with respect to Lebesgue mea-
sure A%, but that any measure VA%, where V € Cfoc()\d), p > d/2, is a Kato measure
(cf. [15], [1, Proposition 4.3], [7, Proposition 7.1]).

Once and for all, we fix R > 0 and define

B:={reR: |z| < R}, U:= B\ {0}.

Let H5 ™ (U) be the convex cone of all continuous real solutions u > 0 to the
Schrodinger equation

(1.1) Au+up =0

on U which tend to 0 at the boundary 0B of B. Here solution is meant in the sense
of distributions, that is,

/uAgpd)\d—l—/ugodu:O

for all C*°-functions ¢ with compact support in U.

By definition, dimy (A + p), the Picard dimension of A+ u on U, is the number
of extremal rays in H5 (U). Of course, dimy(A + p) = 0 if H5™(U) = {0}
and dimy (A + p) = 1 if H3™(U) = Rthe, ho > 0. If Hy™(U) # {0} and
1o is a reference point in U, then {h € H5 ™ (U): h(x) = 1} is a compact base
of HET(U) (see (3.4)), dimy (A + 4) is the number of extreme points of this set,
and hence dimy (A + u) > 0.

We say that A + pu satisfies the Picard principle on U provided

(1.2) dimy (A + p) < 1.

In [18] it is shown that (1.2) holds, if d = 2. Moreover, it is satisfied if p has
a rotationally invariant density which is locally Hélder continuous ([17]). However,
the problem seems to be open for d > 3 and general measures .

In this paper, we prove that HOA T(U)#{0} if and only if the mapping

Kef o Gl = / Gy F(y) duly).
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where G := Gy = Gpluxv, operates on L2(U, u) with [|[K|y <1 (Corollary 4.3).
In particular, (1.2) holds trivially, unless K operates on £2(U, u) and ||K||s < 1.

Since ‘H5'(U) is the set of all positive multiples of Gy := Gp(-,0)|y (cf. [2,
Exercise 2.11]) and hence dimy A = 1, it would be sufficient to consider the case
w(U) > 0. We shall see first that, whatever pu is, every function in an extremal
ray of H5 ™ (U) is either a multiple of gy := Y e o K"Gy or a continuous strictly
positive K-invariant function % (Proposition 3.3). If gy # oo, then gy € Hy (U)
and go is extremal (Proposition 3.5). If gy is even bounded by a multiple of Gy, then
HET(U) = Rt gy (Proposition 5.1). On the other hand, if K operates on £L2(U, 1),
| K|, = 1, and 1 is an eigenvalue of K, then gy = oo and Hy ™ (U) = Rt h, where
Kho = hg € L2(U, i), hg > 0 (Proposition 5.2).

Further, we shall prove that A + u satisfies the Picard principle on U provided
that there are arbitrarily small shells A,, of constant relative width such that the
potentials fAn G(-,y) du(y) are small enough (Theorem 5.8). In particular, u satisfies
the Picard principle, if there are arbitrarily small shells A,, of constant relative width
such that the restriction /' of 4 on the union (J, . An (considered as a measure
on R%) is a Kato measure on R? (Theorem 5.9) or u’ is not too far from being
invariant under rotations (Theorem 5.13), or y' is the sum of two such measures
(Corollary 5.15).

Moreover, we shall see that the verification of the Picard principle can be local-
ized in different ways (Theorem 6.1).

To prove these results, we present in Section 2, in a self-contained way, various
facts on the potential theory of A4p which mostly could be retrieved in the literature
(sometimes under much more general assumptions and hence not easily accessible;
see, for example, [7, 14, 9, 10]).

Further, a first appendix contains a general result on (sub)eigenfunctions, which
is crucial for the L2?-result on the Picard principle stated above. In a second ap-
pendix, which is used for the discussion of the Picard principle in connection with g
and which is of independent interest, too, we study, in a general measurable space
setting, relations between conditional 3G-inequalities on punctured sets X \ {a}. As
a consequence we obtain that 3G-inequalities involving some real function w > 0
imply 3G-inequalities based on min{G(-,a), 1}.

2 Some potential theory for A + p

Given an open set W in R%, d > 2, let B(W), C(W), S(W), H(W) denote the set of
all functions on W which are Borel measurable, continuous and real, superharmonic,
harmonic, respectively. Of course, given a set F of functions, F*, F;, will be the set
of all functions in F which are positive, bounded, respectively. It will be convenient
to extend functions defined on a subset of R? taking the value 0 elsewhere.

For every regular set V in R?, let Hy denote the harmonic kernel for V', that is, for
every continuous function ¢, which is defined on a set containing 0V, Hy p is equal
to the solution to the Dirichlet problem for V' and ¢|s and equal to ¢ outside V.
If T is an open set in R? (relatively compact, if d = 2) and V is a regular set such
that V' C W, then, for all y € V,

(2.1) Gv(,y) =Gw(,y) — HyGw(-,y).
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In this section, let X be an arbitrary non-empty open set in R, d > 2, and let
i be a Kato measure on X, that is, u is a (positive) Radon measure on X such that
Gwp = [ Gw(-,y)du(y) € C(W), for every open set W which is relatively compact
in X (because of (2.2 below), it suffices to verify this for a covering of X). The
measure £ does not charge points, since Gy u > u({z})Gw (-, 2), z € W (in fact, it
does not charge any polar set).

Given an open set W in X (relatively compact, if d = 2), let Ky denote the
kernel given by

K f = G (f1) = / Gw ()W) duly), [ B*W).

Then (2.1) implies that, for every regular set V such that V C W,

If V is a regular set such that V' C X, the continuous function Ky 1 tends to 0 at the
boundary 9V (this follows from (2.2) choosing any open set W such that V c W
and W is relatively compact in X). Since every function Ky f, f € BT(V), is lower
semicontinuous, we then see that Ky maps B,(V') into the subspace Cy(V') of all
continuous real functions on V' which tend to 0 at V.

LEMMA 2.1. IfV is a regular set, relatively compact in X, and (A,) is a sequence
of Borel sets in' V' such that A,, | Ax, then Kyla, | Ky1a_ uniformly on V.

In particular, for all v € X and ¢ > 0, there exists an open ball A centered at x
such that K41 <e.

Proof. The first part follows immediately using Dini’s lemma. Given x € X and
e > 0, let V be a regular neighborhood of z, V' C X, and let (4,) be a sequence
of open balls in V' such that A, | {x}. Since Kyl = 0, we see that Ky1l,, <ce,
if n is sufficiently large. The proof is finished, since K4, 1 < Kyly, . O

PROPOSITION 2.2. Let V' be a reqular set, relatively compact in X. Then Ky is
a compact operator on By(V).

Proof. Let ¢ > 0 and € V. By Lemma 2.1, there exists an open ball A in V,
centered at x, such that Ky 14 < e. There exists an open ball A C A, centered at z,
such that, for all harmonic functions g on A satisfying |¢g| < Ky 1 and all y € A,

(2.3) l9(y) —g(z)| < e
(see, for instance, [2, Lemma 1.5.6]). Now let f € B,(V), |f| < 1. Then
Ky f = Ky(lynaf) + Kv(1af),

where g := Ky (1y\af) is harmonic on A, |g| < Ky1, and |Ky(1af)] < Kyl <e.
Hence, by (2.3), for all y € A,

|Ky f(y) — Kv f(z)] < g(y) — g(x)] + 2 < 3e.

Therefore the set { Ky f: f € By(V),|f| < 1} is equicontinuous at x. Since Ky (B,(V))
is contained in Cy(V), the claim follows by Arzela-Ascoli’s theorem. ]
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DEFINITION 2.3. Given an open set W in X, let HA (W) be the set of all
(A + p)-harmonic functions on W, that is, of all u € C(W) such that Au+ up =0
(in the sense of distributions).

An open set V' which is relatively compact in X will be called (A + p)-regular, if,
for every continuous function o on OV, there exists a unique function h € HATH(V)
which tends to ¢ at OV, and is positive provided o > 0.

A function s € C(W) is said to be (A+ p)-superharmonic, if (A+pu)s < 0 (in the
sense of distributions).

Obviously, HA*# (W) is stable under locally uniform convergence and every pos-
itive (A + p)-(super)harmonic function on W is superharmonic.

LEMMA 2.4. Let V be a reqular set such that V C X.

1. A function f € Cy(V) is (A + p)-superharmonic if and only if f — Ky f is
superharmonic.

2. If h is a function which is continuous and real on'V, then h is (A+u)-harmonic
on V' if and only if h — Kyyh = Hyh.

Proof. 1. It suffices to note that Ky f € C,(V) and Af + fu = A(f — Kv f).
2. An immediate consequence of (1), since h— Ky h is continuous on V' and equal
to h on OV [

To be able to prove that every regular set V' is (A + p)-regular provided that Ky
is sufficiently small, we recall the following from [14] and [11]. Its proof is so short
that we may just as well include it.

LEMMA 2.5. Let L be a bounded kernel on a measurable space (E,E). Then the
following statements are equivalent.

(i) The function .~ L™ is bounded.
(ii) The operator I — L on (&, || - ||eo) is invertible and (I — L)™' = "> L™
(iii) The operator I — L on (&, || - ||s) s tnvertible and its inverse is positive.
(v

(vi

)
)
)
(iv) There exists g € & such that 1+ Lg < g.
) There exist ¢ > 0 and v € (0,1) such that, for every n € N, L"1 < ™.
)

The spectral radius p(L) := inf || L™||*/™ is strictly less than 1.

Proof. (i) = (ii)=> (iii): Trivial.

(iii) = (iv): The function g := (I — L)~'1 € & satisfies 1 + Lg = g.

(iv) = (v): Of course, ¢ := ||g|lc > 1. Since ¢ 'g+ Lg <1+ Lg < g, and hence
Lg < (1 —c1)g, we obtain that, for every n € N, L"g < (1 — ¢ 1)"g < ¢(1 — )™

(v) = (vi): Trivial, since ||L™|| = ||L"1||o0, n € N.

(vi)= (i): Let v € (p(L),1). Then there exists m € N such that L™1 < ~, and
hence Y77 L"1 < (1 —~)7! Z;:Ol L1 is bounded. O



DEFINITION 2.6. An open set V will be called p-admissible in X, if it is rela-
tively compact in X, [ — Ky is invertible on B,(V'), and the inverse of I — Ky is
positive.

LEMMA 2.7. Every open subset W of a p-admissible open set V in X is p-
admissible. For every x € X, there exists an open ball A centered at x which is
p-admaissible.

Proof. We know that Ky 1 < Ky 1 and, by Lemma 2.1, we may choose A such that
K41 <1/2. So both statements follow from Lemma 2.5. O

LEMMA 2.8. Let V be a p-admissible reqular set in X, let s € Cp(V') be (A + p)-
superharmonic, and, for every z € OV, liminf, ., s(x) > 0. Then s > 0.

Proof. By Lemma 2.4.1, § := s — Ky s is superharmonic on V. Since Kys € Co(V),
we know that, for every z € dV, liminf, ., 5(y) = liminf, .. s(y) > 0. By the
minimum principle, § > 0. Thus s = (I — Ky)~ 5 > 0. O

PROPOSITION 2.9. Let V' be an open set which is relatively compact in X.
1. The set V is (A + p)-reqular if and only if it is reqular and p-admissible.

2. If V is (A + p)-regular, then the corresponding harmonic kernel is

(2.4) HZ™ = (I — Ky)~ 1HV:§:(KV)”HV.

n=0

Proof. 1. Let us suppose first that V is regular and p-admissible, and let ¢ be
a continuous function on X. Then h := (I — Ky) ' Hyp satisfies h — Kyh = Hy .
So, by Lemma 2.4.2) h is (A + p)-harmonic on V. Since Ky h € Co(V'), we see that
h is continuous on X and equal to ¢ on X \ V. In particular, lim, ., ey h(z) = ¢(2)
for every z € 9V. Moreover, h > 0 if ¢ > 0. By Lemma 2.8, h|y is the only (A + u)-
harmonic function on V' which tends to ¢ at V. So V' is (A 4 u)-regular and (2.4)
holds.

Next let us assume that V' is (A + p)-regular and let ¢ be a continuous function
on OV, 0 < ¢ < 1. Let g,h denote the (A + p)-harmonic function on V' which,
at dV, tends to 1, ¢, respectively. Since 0 < h < g, the functions h and g — h are
superharmonic. Moreover, the function ¢ := 1 — (¢ — h) is subharmonic and tends
to ¢ at V. By the minimum principle for superharmonic functions, ¢ < h. So there
exists a harmonic function i on V such that ¢t < h < h. Obviously, & is a solution
to the Dirichlet problem for ¢. So V' is regular.

In particular, Ky g € Co(V). Therefore the harmonic function g — Ky g tends
to 1 at OV, that is, g — Kyyg = 1. Hence, by Lemma 2.5, V' is u-admissible. O]

PROPOSITION 2.10. Let U be an open set in X and s € C(U). If s is (A + p)-
superharmonic, then H$+“s < s, for every (A + u)-reqularset V' such that V C U.?

2In fact, the converse holds as well (see [7, Theorem 3.2] and Lemma 2.4).



Proof. Let V' be as indicated. By Proposition 2.9.1, V' is regular and p-admissible.
Then 3 := (s — Hy™s)|y € Co(V) and 3 is (A + p)-superharmonic on V. Using
Lemma 2.4.1, we see that t :== § — Ky5 € Co(V) NS(V). Therefore t > 0, by the
minimum principle. Since (I — Ky)~! is a positive operator, we finally conclude that
§=—-Ky)'t>0. O

For the next proposition we shall need a triangle inequality for Green functions
(3G-inequality). For every open ball V in RY, let VV/ denote the open ball having
the same center as V', but double radius. There exists Ca > 1, such that, for all
open balls V in R? and x,y, z € V, the following triangle inequality holds

(2.5) Gv(z,2)Gv(z,y) < CaGu(z,y)(Gv(x, 2) + Gyi(y, 2))-

If d > 3, this follows from [7, Lemmas 7.5 and 7.4] (since ay» > 1/4 on V).
Let us now consider the case d = 2 and fix an open disk V of radius r and center
xg. For z,y € V, let

el — 2 o) = P2PY) 1
p(l’) T | 0|7 w( 7y> : d(ZL’,y)Q ’ F 4ﬂ_l (1 +¢)

For all z € V, rp(z) < 1? — |z — x|* < 2rp(z), and hence, by [2, Theorem 4.1.5],
F <Gy < (47) ' In(1 + 49)) < 4F.

Having an analogous estimate for Gy, we obtain that
1 1
(2.6) Gy > Eln(l + Z) onV x V.
By [13, Proposition 8.6], for all z,y,z € V,
p(z)
F(SL’, Z>F<Zvy) < SF('Ta y) max{—F(:c, 2)7 _F<y7 Z)}
p(z) p
Let z,z € V. Clearly, (2.5) will follow (with Ca = 16 - 8- 7), if we show that

M T,z "\xr, z

Since ' < Gy < Gy, this follows trivially, if p(z) < 7p(z). So let p(z) > Tp(z).
Then d(z,z) > p(z) — p(x) > (6/7)p(z) and hence, using (2.6) and 5z < In(5/4),

MM < i@ < 7GV/(1’,Z)-

p(2) 1
o) @) S am p(z) d(z,2)2 — 4m 36 —

p(z)

For every open set W in R? (relatively compact if d = 2) and every Radon
measure v on W, let

(2.7) Gwv(x) == /Gw(x,y) dv(y), xeW.
The following is known (cf. [7, Proposition 7.6]).
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PROPOSITION 2.11. Let v be a Radon measure on R%, let V' be an open ball
in RY, and € > 0 such that Gyv < e/(2Ca). Then, for every s € ST(V),

Gy (sv) < es.

Proof. For all x,y € V,

Cu(Gy () (z) = / Gy (2, 2) Gy (2, ) dv(2)
< CaGy(ny) / (Gvi(,2) + Gy (9, 2)) dv(2)
= COaGy(z,y)(Gyv(z)+ Gyr(y)) <eGy(x,y).

Integrating with respect to a Radon measure p on V, we obtain that Gy (Gyp) <
eGyp. The proof is finished using the fact that every s € ST(V) is the increasing
limit of a sequence (Gypy,). O

The next lemma will be very useful.

LEMMA 2.12. Let V' be relatively compact open set in X and let s € ST(V),
g € HY(V) such that s = g+ Kvs, Kys < (1/2)s, and Kvg < (1/2)g.
Then s is (A + p)-harmonic and g < s < 2g.

Proof. Let L := Ky . By induction, for every m € N,

3

5= L'qg+ L™s,

n

I
=)

where L"g < 27"g and L™s < 27™s. So the sequence (ngol L™g) converges locally
uniformly to a function § € C(V') such that g < § < 2g. Moreover, s = § outside the
polar set {s = oo}. Since both s and § are finely continuous, we see that, in fact,
s =5¢€ C(V). We finally observe that As = —su. Thus s € HA#(V). O

A first consequence of the inequalities g < s < 2¢ are Harnack’s inequalities for
positive (A + p)-harmonic functions (Proposition 2.15; for another application see
Proposition 3.1). The following notion will be convenient.

DEFINITION 2.13. A relatively compact open set V in X is p-small, if
Kys < (1/2)s, for every s € ST(V).
Of course, every p-small set is p-admissible.

PROPOSITION 2.14. Every open set W in X s a union of p-small balls V' such
that V.C W.

Proof. Let x € W. By Lemma 2.1, there exists an open ball V such that z € V', the
closure of V' is contained in W, and K1 < 1/(4Ca). By Proposition 2.11, V' is
p-small. O



PROPOSITION 2.15. For every connected open set W in X and every compact
set A in W, there exists ¢ > 0 such that, for every positive h € HATH(W),

(2.8) sup h(A) < cinf h(A).

Proof. Let V be a p-small ball, V. C W, and let h € HAT#(W), h > 0. By
Lemma 2.4.2, h — Kyh = Hyh. By Lemma 2.12, Hyh < h < 2Hyh. Using
Harnack’s inequalities for harmonic functions and Proposition 2.14, the proof is
finished by a standard covering argument. O

COROLLARY 2.16. Let (h,) be an increasing sequence of (A + p)-harmonic

functions on a connected open set W in X such that h := sup h,, is finite al some
point. Then h is (A + p)-harmonic on W.

Proof. By Lemma 2.1, open balls V satisfying V' C W and K1 < 1/2 form a base
of W. By Lemma 2.9, these balls are (A + p)-regular. It follows immediately
from (2.8), that the functions h,, = hy+ _,_,(h — hy—1) converge locally uniformly
to h as n — oo. Thus h € HATH(W). O

In our situation the Schur test (see [8, Theorem 5.2]) reads as follows.

LEMMA 2.17. Let W be an open set in X such that W is compact, and let a > 0.
If there exists a Borel measurable function f: W — (0,00) such that Ky f < af,
then K operates on L2(W, i) and | Kw|2 < a.

Given an open set V' which is relatively compact in X, let Iy, denote the set of
all v > 0 such that V' is yu-admissible. We define

ay :=suply.
If u(V') =0, then obviously I'y = (0, 00) and hence oy = 0.

PROPOSITION 2.18. Let V be a connected regular set in X and (V') > 0. Then
the following holds.

1. 0<ay <oo and I'y = (0, ay ).

2. There exists a strictly positive (A+ vy p)-harmonic function h € Co(V'). More-
over, ker(I — ay Ky) = Rh, and every (A + oy u)-superharmonic s € C; (V')
15 a multiple of h.

3. For every B8 > ay, the constant function 0 is the only function s € C (V)
which is (A + Bu)-superharmonic.

4. If B > ay, every (A + Bu)-superharmonic s € C;f (V) tends to 0 at OV .
In particular, Ky is a bounded operator on L2(V,u) and || Ky |2 = a3

Proof. Let C' be a compact set in V' such that u(C) > 0. Then Kyle > 0 on V.
So there exists 5 € (0,00) such that fKy1c > 1¢. By induction, (6Ky)"1¢ > 1¢
for every n € N, and hence ) .~ (8Ky)"1 = co on C. Therefore, by Lemma 2.5,
0 < ay < <ooandI'y is an interval from 0 to ay. We still have to show that
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'y is open. To that end let us consider v € I'y and 0 < e < ||(I — vKy) 'Ky ||~
Then the operator I — (7 + ¢) Ky is invertible and its inverse is the operator
Z[g(f —yKv) T Ky]"(I = vKv) 7,
n=0
which, clearly, is positive, hence y+e € I'y.. So I'y is an open interval, T'y = (0, ay).
Let (7,) be a sequence in 'y, which is increasing to ay . For every n € N, let

Gn = H‘%Jr%“l and ¢, = ||gn||oo-
By (2.4), for every n € N, 1 < g, < gn41 and
(2.9) gn — VnKvg, = 1.

If supc, < oo, then g := lim,, .o g, is bounded and g — ay Ky g = 1, and hence
ay € I'y, by Lemma 2.5, a contradiction. So sup ¢, = o0.

Since Ky is a compact operator on (By(V), || - ||oo) which maps By,(V) into Cy(V),
there exists a subsequence (h,,) of (c;'g,) such that the sequence (Ky-h,) converges
uniformly to a function h € Cf (V). By (2.9), the sequence (h,) itself converges
uniformly to A and h — ayKyh = 0, that is, h € ker(I — ayKy). Of course,
Ih|leo = 1, since ||hy]le = 1 for every n € N. Since h > 0, we hence see that
h =ayKyh >0 on V. Finally, Ah = —ayhp. So his (A + ayp)-harmonic.

Let 3 > ay and s € C; (V) be (A + Bu)-superharmonic. Using Lemma 2.1
we may find a compact set A # () in V such that W := V \ A is regular and
”aVKVlW”oo < 1. Then Oijwl S ||Ovavlw||oo < 1 and hence oy € FW Let

a:=sup{a>0:ah<son A} and t:=s—ah.

Then t is (A + ayp)-superharmonic on V., t > 0 on A, and there exists a point
xo € A such that t(zo) = 0. Clearly, liminf, ., ¢(y) > 0 for every z € 0W (recall
that h — 0 at OV). Therefore, by Lemma 2.8, ¢ > 0 on W. Sot > 0 on V, and
hence ¢ is superharmonic on V. Since V' is connected and ¢(xy) = 0, we conclude
that ¢t = 0, that is, s = ah.

In particular, s is (A 4+ ayp)-harmonic and hence As+ ay sy = 0. On the other
hand, we know that As + Gsp < 0. So fsu < aysu. Since (V) > 0, this shows
that s = 0 if 8 > ay, proving (3).

To finish the proof of (2), let g € ker(I — ay Ky). There exists b > 0 such that
g:=bh—g>0o0n A. Since g =ayKyg € Co(V) and hence g € Cy(V'), we obtain,
by Lemma 2.8, that § > 0 on W as well. By the preceding considerations, there
exists ¢ > 0 such that bh — g = ch and therefore g € Rh.

Statement (4) is a trivial consequence of (2) and (3).

Since Kyh = oz‘_/lh, we obtain, by Lemma 2.17, that Ky is a bounded operator
on L2(V, ) and || Ky |2 < ay' O

LEMMA 2.19. Let V # () be a reqular set such that V C U and 0 ¢ V. Suppose
that Hy ™ (U) # {0} or, more generally, there exists a strictly positive (A + pu)-
superharmonic function s € C(U) which is bounded on V. Then ay > 1, and V is
p-admissible and (A + p)-regular.

Proof. Since s > 0 on the set UNAV # (), we see by Proposition 2.18.4, that ay > 1
and hence V' is p-admissible. So, by Proposition 2.9.1, V is (A + p)-regular. O
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3 Nature of extremal rays in H5 T (U)

We now return to the situation considered in the Introduction, where X = R4\ {0},
B={reR% |z| < R}, U =B\ {0}, and

HT(U) = {h € HA(U): h tends to 0 at dB}.

Let -
K = KU, GO = GB(',0)|U, go ‘= ZKnG()
n=0
Obviously,
(3.1) 9o = Kgo + Go.

PROPOSITION 3.1. If gy # oo, then gy € H5™(U).

Proof. Let gy # co. Then gy € ST(U). Let V be a p-small ball, V C U. By (3.1)
and (2.2),

(3.2) g0 = Kgo + Gy = Hy Kgo + Go + Ky go,

where Hy K gy + Go is harmonic on V. Hence, by Lemma 2.12, gy is (A + u)-
harmonic on V. By Proposition 2.14, we obtain that go € HA™#(U). In particular,
go € C*T(U), and hence p, := K"Gy € C*(U), n € N.

It remains to show that gy tends to 0 at 0B. By Lemma 2.1, there exists € € (0,1)
such that A := {x € B: |z| > R — ¢} is p-admissible, and hence (A + u)-regular.
Let hg := Hﬁ”ga so that hg tends to 0 at OB (go is extended by the value 0 on 90B).
Of course, hy < go, by Lemma 2.8.

The proof will be finished if we know that, conversely, go < hg on A. To that
end we claim first that each potential p, n € N, tends to 0 at dB. Of course, this
is true for n = 0. So let us assume that n € {0} UN such that p, tends to 0 at 9B,
and hence p,, is bounded on A. We have

Pn+1 = K(lApn) + K(lU\Apn)u

where K(1ap,) = Kp(lap,) on U and Kg(1lap,) € Co(B), since 1,4u is a Kato
measure on R?. Moreover, K (1g\apn) is a continuous real potential on U which is
harmonic on A, and hence tends to 0 at B. Thus p,,1 tends to 0 at 0B.

Finally, let m € N and ¢,, :== Y . K"Gy. Then g, is continuous, 0 < ¢,,, < go,
and ¢,, tends to 0 at 9B. In particular, ¢,, is bounded on A. Moreover, q,, — K¢q,, =
Go — K™ Gy, and hence Ag,, + ¢p > 0. By Lemma 2.8, we obtain that ¢, < hg
on A. Thus gy = sup ¢,, < hg on A, and the proof is finished. O

DEFINITION 3.2. A function h € H5™(U) \ {0} is extremal, if it is contained
in an extremal ray of Hy ™ (U), that is, if every h € H5 ™ (U) such that 0 < h < h
18 a multiple of h.

For every n € N, let

U, ={xeR’ R/(n+1) < |z| < R}.
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PROPOSITION 3.3. Let h be an extremal function in Hy ™ (U) \ {0}. Then
Kh = h or h is a multiple of gy (and hence Kh < h).

Proof. Let
gn ‘= h — KUnh, n € N.

Then the functions g, are harmonic on U,, n € N. Since the sequence (Ky, h) is
increasing to Kh, the sequence (g,) is decreasing to a function g € H*(U) and

(3.3) h=g+ Kh.

To finish the proof it remains to consider the case g # 0. Since 0 < g < h, we know
that ¢ tends to 0 at 0B. Therefore g = aGy for some a > 0 (see [2, Exercise 2.11]).
By (3.3),

m—1

h=> K'g+K™, meN,
n=0
and therefore agy = )~ , K"g < h. By Proposition 3.1, we see that gy € HETHU).
Since h is extremal, we get that h is a multiple of go, and hence Kh < h, by (3.1). O

REMARK 3.4. Let us suppose that we have a function h € B*(U) such that
Kh=h and h # co. Then h € §T(U) and, similarly as in the proof of Proposi-
tion 3.1 (cf. (3.2)), we obtain that h € HA™(U), by Lemma 2.12. In particular,
h € H5™(U) provided h tends to 0 at B. The latter holds if there exists ¢ € (0,1)
such that ;1 does not charge the shell A := {x € U: |z| > R—¢} or his bounded on A.
Indeed, p := K (10 ah) is a potential on U which is harmonic on A, and hence tends
to 0 at B. In the first case, h = Kh = p. In the latter case h = Kh = p+ Kg(14h)
on U, where Kg(14h) € Co(B), since 144 is a Kato measure on R

Fixing some point zy € U, the convex set
(3.4) HY M = {h € HZ™(U): h(xo) = 1}

is compact with respect to locally uniform convergence on U. Indeed, let V' be
a ball, V C U. By Proposition 2.15, the set HOAW is bounded on V. For every
h € H()A+“, h = Kyh + Hyh, by Lemma 2.4. Hence, by Proposition 2.2 and
the equicontinuity of harmonic functions (see, for instance, [2, Lemma 1.5.6]), the
functions in h € HOA 1 are equicontinuous on V. Therefore, by Choquet’s theorem,
for every function h € H5 ™ (U) \ {0}, there exists a probability measure y on the

set of extreme points of H5 ™ such that

h(zo) :/hdx(h).3

This leads to the following consequence of Proposition 3.3.

(3.5)

COROLLARY 3.5. Every function h € HOAJ““(U) is p-integrable and satisfies
Kh < h, where even Kh = h, if gy = 00.
If go # o0, then gy € Hy ™ (U), and gy is extremal.

3In fact, the measure x is uniquely determined by h (see [4, pp. 78-79], [6, Corollary 2.2.1],
[5, Theorem 28.4]).
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Proof. Let us fix h € Hy ™ (U)\{0}. Clearly, by (3.5) and Proposition 3.3 , Kk < h,
and even Kh = h, if gy = co. Of course, h is bounded on U; := {y € U: |y| > R/2},
and pu(U;) < oo. Further, choosing any zo € U, inf{G(zg,y): y € U\ U} > 0.
Hence the inequality fG(xo,y)h(y) du(y) = Kh(xg) < h(zg) < oo implies that h is
p-integrable on U \ Uy. Thus h € LY (U, p).

Finally, let us assume that gy # oo. Then g € HA+“ (U), by Proposition 3.1, and
the measure x associated with gy must charge go/ g(xo), since otherwise we would
obtain that K gy = go, contradicting (3.1). So go is extremal. O

4 Characterization of H5 1 *(U)# {0}

In this section we shall see that H5 ™ (U)#{0} if and only if the p-eigenvalues ay,
of A on the shells U, = {x € R%: R/(n+1) < |z| < R}, n € N, are at least 1 or
— equivalently — if and only if K operates on £*(U, u) with ||K||2 < 1 (Theorem 4.2
and Corollary 4.3). For a useful consequence of ||K||s < 1 see Lemma 5.11.

We first observe the following.

PROPOSITION 4.1. K is a bounded operator on L*(U, i) if and only if inf oy, > 0,
and then |K||s = (inf ag, ) 7!

Proof. By Proposition 2.18, ||Ky, |ls = a'. Since Gy, T G as n — oo, the claim
follows immediately. O]

THEOREM 4.2. The following statements are equivalent.
(i) Hy™(U)#{0}.

(ii) There is a strictly positive (A + p)-superharmonic function s € C(U) which is
bounded on each U,, n € N.

iii) For everyn € N, ay, > 1.
Y n
(iv) For everyn € N, ay, > 1.

Proof. Let a, == oy, n € N. If u(U) = 0, then H5™(U) = R*Gy and o, = oo,
n € N. So let us suppose that u(U) > 0.

(i) = (ii): Trivial.

(ii) = (iii): Proposition 2.19.

(iii) = (i): For every n € N, U,, is (A + p)-regular, by Proposition 2.9.1, and

. gA+p
gn = Hy " lynau,

is strictly positive, (A + p)-harmonic on U, and tends to zero at 0B. Let xy € U;
and gn := gn/gn(x0), n € N. Then there exists a subsequence of (g,) which is
locally uniformly convergent to a (A + u)-harmonic function g > 0 on U (see the
dlscussmn in connection with (3.4)). The convergence is uniform on Uy, since g, =
HU1 “(1ynou,Gn), n € N. Thus g € Hy(U).

(iii) = (iv): Trivial.
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(iv)=(iii): Let us fix n € N such that «,, < oo, that is, p(U,) > 0. Then
wW(Upy1) >0, iy < 00. By Proposition 2.18.2; there exists a strictly positive func-
tion h € Co(Upi1) NHA 11U y). If apgr > o, then s := hly, € CF(U,), s is
(A + ap)-superharmonic on U, but s does not tend to 0 at U N oU,,. By Proposi-
tion 2.18.2. this is impossible. Thus a,, > @, > 1. O]

COROLLARY 4.3. H()A+“(U) # {0} if and only if K operates on L2(U, u) with
1K < 1.

Let us note that the “only if”-part can also be obtained from Corollary 3.5 and
the Schur test (see Lemma 2.17).

5 Sufficient conditions for the Picard principle

In the proof of the following result (and later on) we shall tacitly use the fact
that, for every s € ST(U), there exists a unique extension to a superharmonic
function § € S*(B) (and 5(0) = liminf, .y s(y); see [2, Corollary 5.2.2]). Of course,
§>0,if s > 0. In particular, by Corollary 3.5, u(U) < oo if Hy ™ (U) # {0}.

PROPOSITION 5.1. Suppose that gy is bounded by a multiple of Go. Then there
exists C' > 0 such that

(5.1) ZK"SSC’S for every s € ST(U).

n=0
In particular, A + p satisfies the Picard principle on U, H5 ™ (U) = Rt go.

Proof. By Corollary 8.3 in the Appendix, there exists C' > 0 such that (5.1) holds.
In particular, there is no strictly positive s € S(U) such that K's = s. So there is no
h e H5(U)\ {0} satisfying K'h = h. Thus, by Proposition 3.3, H5 ™ (U) = R* go.

O

PROPOSITION 5.2. Let us suppose that K operates on L*(U, i), || K|l2 = 1, and
1 is an eigenvalue of K.* Then gy = 0o and there exists hy € Hy ™ (U) \ {0} such
that Khy = hy and Hy™(U) = Rthg. In particular, A + p satisfies the Picard
principle on U.

Proof. By Corollary 4.3, there exists a function hy € Hy " (U) # {0}. For every
h € H(?W(U), Kh < h, by Corollary 3.5. Hence, by Proposition 7.1, there exists
u € L?(U, ) such that Ku = u and every h € H(]A+“(U) is p-a.e. equal to a multiple
of u.

If gy # oo, then gy € Hy ™ (U) and Kgy < go, by Proposition 3.1 and (3.1).
Hence gy is not p-a.e. equal to a multiple of u. So gy = oo.

Finally, let A be any function in Hg ™ (U). Then, by Corollary 3.5, Kh = h.
Since both h and hq are p-a.e. equal to a multiple of u, we obtain that there exists
a > 0 such that h = ahg p-a.e. This implies that h = Kh = aKhy = ahy. O

If K is a compact operator on £L2(U, 1), then || K|z is an eigenvalue of K, since G is symmetric.
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We stress that our general assumption on p does not exclude the possibility that
|IKllo=1, Kh=h, h¢L*Uyp), Hy™"U)=R",
and hence Hy ™ (U) N L2(U, p) = {0}.

EXAMPLE 5.3. For n € N, let r,, := 47" R so that r, — r,41 = 3r,41. Let W,
be the open ball of diameter r,,; centered at x,, := ((r,, + 741)/2,0,...,0). Then
the shells A, :={z € U:r, —rp11 < || < 7 + 7pi1}, n € N, do not intersect
the union of the balls W,,, m € N. For each n € N, we fix a,, € (n,00) such that
G(-,xp)/a, <27 on U\ W, and define

P = min{a,, G(-, z,)/a,}.

Then p, € C(U) and p,, = Gu,, for some measure v,, which has total mass 1/a,, and
a support C,, contained in W,,. Let v := > "7 v,

n=1

1
h:=Gv and p:=—v.
h
Then Kh = G(hu) = Gv = h. Since the balls W,,, n € N, are pairwise disjoint and

o2 27" =1, we have h € C(U) and
(5:2) Un=pn <h<a,+1 onC,

Obviously, h tends to 0 at dB. Hence h € Hy ™(U). Moreover, for every n € N,
[ Gv, dv,, = an/a, =1 and hence [h*dp= [Grdv >3 [ Gv,dv, = .

Nevertheless, by Corollary 4.3, K operates on L*(U, i) and ||K|| < 1. Further,
(5.2) implies that, for every n € N, K1¢, = G((1/h)vy) > an/(a, +1) > n/(n+1)
on Cp, and hence ||K||s > n/(n+ 1). Therefore | K|y = 1.

Moreover, Corollary 5.7 will show that A + p satisfies the Picard principle on U,
and hence H5 ™ (U) = R*h. We could even smear v a little, add Lebesgue measure
on U (leading to a measure p having a strictly positive C*°-density on U), and still
have the same result.

For every r > 0, let
B, — {:EE]RdZ |:E|<7"}, S, = {JUE]Rd: |x|:r}.

LEMMA 5.4. Let hy, hy € H()A+“(U) such that ho > 0, hy is extremal, and there
exist r, € (0, R) and a > 0 such that hy < ahy on S,,. Then hy is a multiple of hy.

Proof. By Propositions 2.19 and 2.8, h; < ahy on every shell {x € U: |z| > r,},
that is, h1 < aho on U. So hy is a multiple of hs. O

REMARK 5.5. As we already stated in the introduction, it is proven in [18] that
A + p satisfies the Picard principle, if d = 2. Since the proof is quite involved, let
us observe that Lemma 5.4 leads to a simple proof in the case, where gy # oc0.
Indeed, suppose that d = 2 and gy # 0o. Then, by Corollary 3.5, gg € HOAJ“”(U),
and gy is an extremal. Since gy is superharmonic on U, it can be extended to

a superharmonic function on B. Now let h € ’H? H(U) and suppose that h is not
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a multiple of go. Then, by Corollary 3.5, Kh = h and hence Kgh = h on U. Hence,
by [2, Theorem 7.4.3], the fine limit of h/Gy at the origin is 0. Therefore, by [2,
Theorem 7.3.9], there exist 7, € (0, R) such that h < Gy on S,,, n € N. Since
Gy < go, we conclude by Lemma 5.4, that h < gy, and hence h is a multiple of g,
a contradiction.

PROPOSITION 5.6. Suppose that there exist ¢ > 0 and r, € (0, R) such that
a1 0 and, for all h € H5 ™ (U) and n € N,

(5.3) sup h(S,,) < cinf h(S,,).
Then A + u satisfies the Picard principle on U.

Proof. Let us assume that we have extremal functions hy, hy € Hy ™ \ {0}, and let
us fix points z,, € S,,, n € N. If hy(x,)/ho(z,) tends to oo as n — oo, we exchange
the role of hy and hsy. Passing to a subsequence, if necessary, we may hence assume
without loss of generality that the sequence (hi(x,)/h2(x,)) is bounded by some
m € N. Then, for alln € N and y € 5, _,

hi(y) < chi(z,) < mehy(x,) < mc? hy(y).
Thus, by Lemma 5.4, h; is a multiple of hs. O]

By scaling invariance and Harnack’s inequalities for harmonic functions, for every
d € (0,1), there exists ¢s > 0, such that

(5.4) sup g(S,) < ¢s inf ¢(S,),
whenever r > 0 and g is a positive harmonic function on
A i={r e RY: (1 -0)r < |z| < (1+8)r}.

COROLLARY 5.7. Suppose that there ezist § € (0,1) and r,, € (0, R/2) such that
w(A,, 5) =0, neN. Then A+ u satisfies the Picard principle on U.

Proof. The inequalities (5.3) follow from (5.4), since, for every n € N, the functions
in ‘Hy "(U) are harmonic on A4,, 4. O

THEOREM 5.8. Let us suppose that there exist 6 € (0,1) and r,, € (0, R/4) such
that v, | 0 and, for everyn € N,

(5.5) G(1a,, 1) < 1/(4Cs).
Then A + u satisfies the Picard principle on U.

Proof. Let V := Bpjs, n € N, A=A, 5,5 :=8,,h¢€ HAW(U) and h := Hah.
Extending by lower limits at 0, these functions are superharmonic on V. Of course,
h is harmonic on A and h = h + K,h (see Lemma 2.4). By Proposition 2.11,
Gy (slap) < (1/2)s, for every s € S*(V). Therefore Kyh < Gy (hlap) < (1/2)h
and K h < Gy (hlap) < (1/2)h. Thus, by Lemma 2.12, h < h < 2h, and therefore,
by (5.4),

sup h(S) < 2sup h(S) < 2¢sinf h(S) < 2¢s inf h(S).

An application of Proposition 5.6 finishes the proof. m
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COROLLARY 5.9. Suppose that u (considered as a measure on R?) is a Kato
measure on RY or, more generally, that there are 6 € (0,1) and r, € (0,R/4),
n € N, such that v, | 0 and the sum v of the measures 14, v is a Kato measure
on R4,

Then A + u satisfies the Picard principle on U.

Proof. By Lemma 2.1, there exists r > 0 such that G(1p,v) = Gg(1p,v) < 1/(4Ch)
on U. Then, of course, G(14, ;i) <1/(4Ca), whenever (1+d)r, <. O

For r > 0, let 0, denote the normalized surface measure on S,.. Given r € (0, R),
we define
a, = |[|Go||0o-

Since the potential Go, is harmonic on B \ S, and rotationally invariant,
(5.6) a, = G(0,(r,0,...,0)) = Go,.(0) = Go, on B,.

LEMMA 5.10. For every C > 2472 there exists ry € (0, R/4) such that, for all
r € (0,r9) and z,y € B,,

(5.7) Cla, s <a, < CG(z,y).

Proof. Let r € (0,R/4), V := Bg_,, and z,y € B,. Then, z € y+V C B,
|z —y| < 2r, and

(58) G(z,y) = Gyrv(a,y) = Gy(z —y,0).
If d > 3, then Gp,(-,0) = kq(| - [*~% — p*>~%) on B,, hence, by (5.6) and (5.8),

a, S 742—d _ RQ—d and ar /o B (T/Q)Q_d _ RQ—d
G(z,y)

(274)241 _ (R _ T)Qfd a,  p2-d _ R2-d 7
where the right sides tend to 2972 as r tends to 0.
If d =2, then G, (-,0) = ko(In|(1/| - |) = In(1/p)) on B, so, by (5.6) and (5.8),

a, In(1/r) — In(1/R) and Y72 _ In(2/r) —In(1/R)
G(z,y) ~ In(1/2r) —In(1/(R—1)) a.  In(1/r) —In(1/R)’
where the right sides tend to 1 as r tends to 0. [

For the remainder of this section, let us fix C > 2972 and r, according to
Lemma 5.10. For the convenience of the reader we include a short proof for the
following consequence of the inequality || K |2 < 1.

LEMMA 5.11. Suppose that K operates on L2(U, ) and ||K|s < 1. Then

(5.9) w(B,) < C/a, for every r € (0,79).
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Proof. Let r € (0,79) and A := B, \ {0}. By Lemma 5.10, for every = € A,

Kla@) = [ Gla) duto) = € arp(a)
and therefore
/ (K14 dp > / (K14 dp > (Capu(A))2u(A).

On the other hand, since ||K|]2 < 1, we know that [(K14)*dp < [(14)? dp = p(A).
Since u(A) = u(B,), (5.9) follows. O

DEFINITION 5.12. Given ¢ > 0, r € (0,R/2), and § € (0,1/2), we shall say
that p is cradial on A,s, if for every shell A :== {xr € R%: s < |x| < t}, where
(1-00r<s<t<(1+4dr,

G(1ap) < capjap(A).

If 1 is rotationally invariant on A := A, s then u is 1-radial on A, since a; < a, 2,
whenever (1 — J)r <t < R. More generally, if ¢ > 0 and

(140)r
Lap = / pu d,
(1=9)r

such that
(5.10) G < cagjug(St) for (1 —0)r <t < (1+0d)r,
then p is c-radial on A. Let us note that (5.10) holds if u; = 04 such that
(5.11) sup ;(Sy) < cinf ¢y (Sy).
Indeed, (5.11) obviously implies that
G(por) < sup i(Sy)a; < cinf o (Sp)ar < cagpu(Sy).
THEOREM 5.13. Suppose that there exist ¢ > 0 and § € (0,1/2) such that
inf{r € (0,7r¢): p is c-radial on A, s} = 0.
Then A + u satisfies the Picard principle on U.

Proof. By Corollary 4.3, it remains to consider the case, where K operates on £2(U, )
and || K||2 < 1. Then, by Lemmas 5.11 and 5.10,

(5.12) w(B,) < Cla, < C?a,jg  for every r € (0,7p).
We fix m € N and n € (0,0/2) such that

(5.13) 27McC? < 1/(4CA) and (1 —2p)*" T >1-6.
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Let 7 € (0,70) such that p is c-radial on A := A, ;. By Theorem 5.8, it suffices
to prove that there exists 7 € (0, r) such that A := A;, satisfies

(5.14) G(La) < 1/(4Ch).
To that end we define, for every 1 < 7 < 2™,
rj=(1=2n)r and A;:=A4, ,.

Then (14+n)ri <r, (L—n)r; > (1+n)rj4, 1 <j<2™ and (1 —n)rgm > (1 —0)r.
Therefore the 2™ shells Ay, Ay, ..., Agm are pairwise disjoint sets in AN B,. Hence,
by (5.12), there exists 1 < j < 2™ such that, defining 7 := r; and A := A;, we have

u(A) < 27Ca o
Since p is c-radial on A, we finally conclude that
G(Lzp) < cappp(A) <27mcC? < 1/(4Ch).
This finishes the proof. O

COROLLARY 5.14. If p is rotationally invariant on U or, more generally, if
there exist § € (0,1/2) and r, € (0,R/2) such that r, | 0 and u is rotationally
invariant on every A, s, n € N, then A + p satisfies the Picard principle on U.

Finally, we observe that we may combine the statements of Corollary 5.9 and
Theorem 5.13 in the following way (it suffices to replace 1/(4Cx) appearing in both
proofs by 1/(8Ca)).

COROLLARY 5.15. Let i1 be the sum of two Kato measures ji; and jiz on R\ {0}

and suppose that there exist § € (0,1/2) andr, € (0, R/2) such thatr, | 0, the sum v

of the measures 1, ,p (considered as a measure on R?) is a Kato measure on R,

and, for some ¢ > 0 and each n € N, the measure jiy is c-radial on the shell A, s.
Then A + i satisfies the Picard principle.

6 Localization

We recall that the sufficient conditions in Theorem 5.8, Theorem 5.13, and Corol-
lary 5.14 depend only on the behavior of u close to the origin. The following result
shows that, even in the most general case, the verification of the Picard principle
for A+ p on U can be localized at 0 in two different ways (which can be combined
in an obvious manner; see the proof of Corollary 6.2). To that end let r € (0, R)
and V:={zx e U: |z| <r}.

THEOREM 6.1. Let i/ be a measure on R4\ {0} such that 1yp < ' < p. Then
A + p satisfies the Picard principle on U, if A + u’ satisfies the Picard principle
on U orif A + p satisfies the Picard principle on V.
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Proof. 1. Let us assume that Hy "™ (U) # {0}. Then, for every h € Hy ™ (U), we
shall construct corresponding minorants in H5 (V) and H5 ™ (U). To that end,

we define
V,=VnuU,, n> R/r.

By Proposition 2.18.4 and Proposition 2.9, the open sets U,,V,, are regular with
respect to A + p and A 4 1.

2. If w € H5 ™ (V), then w (extended by 0) is (A + p/)-subharmonic on U, that
is, —w is (A+ p')-superharmonic. Indeed, let us fix n € N such that n > R/r. Then
w — Ky, w = Hy,w, hence, by (2.2),

w — KUn+1w =w — K\/nw — HVnKUn+lw = anw — HVHKUn+1w.

Obviously, Hy, w (which vanishes on U \ V') is subharmonic on U, = V,, U (U \ V),
and Hy, Ky, ,w is superharmonic on U, ;. Therefore A(w — Ky, ,w) > 0 on U,,
hence Aw + wp > 0 on U,. Since Aw + wp = 0 on V', we finally conclude that
Aw 4+ wp' = Aw+wp >0 on U.

3. Now let us take h € H5™(U). We first define

(6.1) vy = Hy ™ (Lnvh),  n > R/r,

so that v, € C*(U), v, = hon U\ V and v, = 0 on V' \ V,,. The sequence (v,) is
increasing to a function h on U which is (A + p)-harmonic on V' and is majorized
by h on U. Since v; < h < h (and v; = h on V'), we see that h € CT(U). So

g:=h—heC*(U) and ¢g=0 onU\V.

Thus g|y € HE (V) = HS M (V).

By the previous consideration, ¢ is (A 4 p')-subharmonic on U. Moreover, h is
a majorant of g, which is (A + p’)-superharmonic, since Ah + p'h < Ah + ph = 0.
Therefore, by Lemma 2.8, the functions

Uy 1= Hé:r“ g, n e N,

satisfy g < w, < h and are increasing to a (A + u')-harmonic function A’ on U such
that g < &’ < h. Thus, &’ € H; ™ (U).
There is a natural way to get g back from h': Let

(6.2) o= Hy ™ (1yh'),  n>R/r

(where we could just as well write p instead of y/, since V,, C V'). The functions v},
are continuous on U and vanish on U \ V. We claim that

(6.3) v, lyg as n — 00.
Indeed, since g < 1yh' < h/, we obtain that, for every n > R/r,
g=Hp™g <o, <HZ™H =1

Then, for every n > R/r, v/ ., < 1y I/, since v/, vanishes on U \ V', and hence
; Yy sy Yn41 Vit, n+1 )
/ oA+ g A+p! no__
Un+1 - HVn UTL+1 S HVn <1Vh') = Up-
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This implies that the sequence (v]) is decreasing to a function v on U which is

(A + p/)-harmonic on V' and satisfies
g <v <1yh.

Moreover, v tends to zero at dV, since every v/, does. So v' — g € H()A+“/(V) =
HET(V), and hence v/ — g is (A 4 4/')-subharmonic on U. Therefore

0<v —g< H@j”l(v’ —g) < Hﬁnﬂ‘lh’ —up = h —u,,

for every n > R/r. Letting n — oo we see that v — g = 0 proving (6.3).

4. Now let hy, hy be extremal functions in H5 ™ (U) \ {0}. Then we have cor-
responding functions hy, ha, g1, g2, and k), hy. If A + 4/ satisfies the Picard prin-
ciple on U, then h}, h!, are proportional and hence g, go are proportional, by (6.2)
and (6.3). If A + pu satisfies the Picard principle on V| then we know immediately
that g1, go are proportional.

5. So let us consider the case that g; = ags for some a > 0. Of course, there
exists b > 0 such that h; < bhy on OV and hence hy < bhy on U \ V. By (6.1), we
see that h; < bhy. Having h; =g; + izj, j € {1,2}, we obtain that hy < (a + b)hs.
Since hy is extremal, we finally conclude that h; is a multiple of hs. n

A consequence of Theorem 6.1 is the following result (we note that, of course,
(6.4) holds if u is a Kato measure on R?).

COROLLARY 6.2. Let us suppose that
(6.4) limsup, o K1(z) < liminf, .o K1(z) + 1°

or, more generally, that Ky is a bounded operator on (By(V), ||-|l«) having a spectral
radius p(Ky) < 1. Then A + p satisfies the Picard principle on U.

Proof. If (6.4) holds, then sup K1(V) — inf K1(V) < 1, if r is sufficiently small,
and hence, by (2.2), |[Kvl|lw < 1, since G = Gy on U x U and Gy = Gp,
on V x V. So let us assume that Ky operates on (By(V),| - ||o) and p(Ky) =
inf(|| Ky1l|eo)/™ < 1. Let p/ := 1p, . Of course, the spectral radius of the opera-
tor L: f — [Gv(,,y)f(y)dy'(y) is at most p(Ky).

By Lemma 2.5 and Corollary 8.3 (see the Appendix), and Proposition 5.1, A+ p/
satisfies the Picard principle on V. By Theorem 6.1, applied to V in place of U,
we obtain first that A + pu satisfies the Picard principle on V. Using Theorem 6.1
again, we finally see that A 4 pu satisfies the Picard principle on U. m

7 Appendix: An L?-eigenfunction result

PROPOSITION 7.1. Let (E,E,v) be a measure space, v # 0, and let & denote
the set of all equivalence classes of £-measurable numerical functions.

Let K be an additive and positively homogeneous mapping of £ into £ such that
Kv>0,ifv#0, and K(EYNL*(E,v)) C L*(E,v). Moreover, we suppose that the
induced linear operator on L?(E,v) (which will be denoted by K as well) is bounded,
symmetric with respect to the inner product (-,-), and | K ||y is an eigenvalue of K.

Then the following holds.

5This implies that K1 is bounded.
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1. There exists u € L*(E,v), u> 0, such that Ku = | K || u.

2. Ifve L*(E,v) and Kv = ||K|yv, orifve £ and Kv < |K|yv < oo, then
v 1s a multiple of u.

Proof. Let us note that the statements on u,v € L?(E,v) are known (see, e.g., [3,
Proposition 3.12]). However, since everything can be obtained almost simultane-
ously, we shall present a complete proof.

We may assume without loss of generality that || K5|| = 1. By assumption, there
exists u € L*(E,v), u # 0, such that Ku = u. We may assume that u™ # 0 (if
necessary, we replace u by —u).

Next let v € L2(E,v) UET such that v > —|u| and Kv < v. Let

(7.1) w:= (Ju| —v)*.

Since Kl|u| > |Ku| = |u|, we know that Kw > K(Ju| —v) > |u| —v. Hence
Kw > w > 0. Further, w € L*(E,v), since 0 < w < 2Ju|, whence |[Kw|z < [Jw|z.
Therefore

Kw=w.

If w # 0, then Kw > 0, hence w > 0, that is, |u| — v > 0. If, however, w = 0, then
v > |u|. Thus

(7.2) lu| >v  or wv>|ul.

If |u] > u, then u™ = 0 in contradiction to our assumption on u. Choosing v := u
we hence conclude from (7.2) that u > |u| > 0. Thus u = Ku > 0, since u # 0.

In fact, this shows that, for every «’ € L?(E,v) satisfying Ku' = v/,
(7.3) W>0 or —u >0.

So every v € L*(E,v) satisfying Kv = v is a multiple of u, since otherwise there
certainly is a linear combination «’ of u and v violating (7.3).

Finally, let us consider the case, where v € Et and Kv < v. To show that v is
a multiple of u we may suppose that (u —v)™ # 0 (we replace v by ev taking e > 0
sufficiently small). Then, by (7.2), v > v. In particular, v € L*(E,v). If v— Kv # 0,
then, by the symmetry of K,

(u,v) > (u, Kv) = (Ku,v) = (u,v),

a contradiction. So Kv = v. Thus v is a multiple of w. ]

8 Appendix: Triangle property on punctured sets
Let us recall the generalized triangle property. Given an arbitrary set X and func-

tions w,w*: X — (0,00), a function F: X x X — [0,00] has the (w,w*)-triangle
property, if there exists C' > 0 such that, for all x,y,z € X,

F(z,2)F(z,y) < CF(z,y) max{

wEZ) F(z,2),

w(z) w*(y)
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or — equivalently — that the function F, ,«: (x,y) — F(z,y)/(w(z)w*(y)) satisfies
the triangle property, that is, for all x,y,z € X,

(8.1) Fopr (€, 2) Fyur (2,y) < CFy e (2, y) max{ Fy e (2, 2), Four (2,9) },
which, in turn, can be rewritten as
(8.2) min{FwﬂU* (x,2), Fipuw (2, y)} < CFyp+(x,y).

The following results are of independent interest.

PROPOSITION 8.1. Let X be an arbitrary set, a € X, X*:= X \ {a}. Suppose
that G: X x X — [0,00] is symmetric, 0 < G* := G(-,a)|x« < 00, and, for some
w: X — (0,00), G has the (w,w)-triangle property.

Then G|xexxa has the (G*, G*)-triangle property.

Proof. 1. Let us suppose first that w = 1, that is, there exists C' > 1 such that, for
all v,y,z € X,

(8.3) min{G(z, ), G(z,y)} < CG(z,y).
We define G: X x X® — [0, 00] by

é(x,y) = Ggega(r,y) = % .

Let us fix 2,9, z € X% We claim that min{G(z, z),G(z,y)} < C*G(z,y), that is,
(5.4) min{G"(4)G(z, 2), G(2)G(2,)} < C2G(2)Glzy).
By symmetry, we may assume that G*(z) < G*(y). If G*(y) < CG*(z), then

min{G“(y)G(w, ), G“(a:)G(z,y)}
< CG(z) min{G(z,2),G(z,y)} < C*°G*(2)G(x,y).

So let us suppose CG*(z) < G*(y). Since, by (8.3), min{G(y), G(y,2)} < CG*(=2),
we see that G(y, z) < CG*(z). In addition, G*(x) = mingG“(I), G(y)} < CG(z,y).
Therefore
G ()Gly, =) < C*G(2)G(x,y)
whence (8.4). Thus G|xaxxa has the (G% G®)-triangle property.
2. To reduce the general case to the special one, where w = 1, it suffices to note
that G, is symmetric and that, for all z,y € X,

Guw(®,y) _
G, 0)Gow(y, a)

. Y)

G (x)G(y)
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For a better understanding of the first corollary, let us recall that, given an inner
product space (V, (-, -)),

[l
p: (z,y) =
el
(where, of course, ||z|| := (z,z)'/?) is known to define a metric on V \ {0}, since

plz,y) = =l — Iyl (see [19, Lemma A.1]).

If X is an arbitrary set and p: X x X — R™ is symmetric and vanishes on the
diagonal, but nowhere else, then p is a quasi-metric if and only if p~! has the triangle
property (see e.g. [13, p. 646, Remark 2.1.2]). So Proposition 8.1 has an immediate
consequence for quasi-metrics (and is more or less equivalent to it).

COROLLARY 8.2. Let p be a quasi-metric on a set X. Leta € X, X® := X \{a},

and
p(w,y)

plx, a)p(y, a)
Then p® 1s a quasi-metric on X®.

pH(z,y) = (z,y € X°).

Let us note that the following corollary has obvious analogues in the more general
situations considered in [13, Section 9] and [12].

COROLLARY 8.3. Let v be any measure on B and Lf := [ Gp(-,y)f(y) dv(y),
f € BY(B). Let us consider the following statements.

(i) There exists a € B and ¢ > 0 such that v({a}) =0 and

o0

(8.5) > L"Gp(a) < cGp(-a).

n=0

(i) There exists ¢ > 0 such that, for every s € St(B), Y >, L"s < cs.
(iii) The function y  ~ , L"1 is bounded.
Then (1)< (ii) = (iii) . If v has compact support in B, then also (iii) = (ii).

Proof. Let w := min{Gp(-,0),1}. The function G has the (w, w)-triangle property
(see e.g. [13, Proposition 9.3]). So, by Proposition 8.1, Gp|paxp. has the (G* G*)-
triangle property.

(i) = (ii): For f € B*(B*) and = € B, let

Lf@) = [ Gulen)f)dvly) and  Lof(w) i= (1/Gh(a)) Ll 1G5)(0).

By (8.5), we know that S°° L'G% < ¢G%, and hence °° "1 < ¢. So, by
Lemma 2.5, p(L,) < 1. Therefore by [13, Proposition 2.3 and Corollary 3.3], we
infer that there exists C' > 0 such that, for every s € ST(B®), > >, Ll!s < Cs.
Since v({a}) = 0 and Gpg|paxps = Gpa, (iii) follows.

(i) = (i),(iii): Trivial, since Gg(-,a),1 € ST(B).

Finally, let us suppose that v is supported by a compact set A in B and that
> oo o L™1is bounded. Since inf w(A) > 0 and supw(A) < oo, we know that Gp|axa

has the triangle property. Thus, by [11, Proposition 3.10], (ii) follows. O
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Finally, let us note another consequence of Proposition 8.1 (where we shall not
try to achieve the utmost generality).

COROLLARY 8.4. Let G be a symmetric Green function for a connected Brelot
space (X, H) and a € X such that the following holds.

(i) G(a,a) = oo and limsup,_, . G(z,a) < co.

(ii) G has the local triangle property.

(i) G has the (w,w)-triangle property for some function w: X — (0, 00).
Let g := min{G,1}. Then G has the (g, g)-triangle property.

Proof. By (i), there exist a relatively compact open neighborhood V of @ and M > 1
such that G* > 1onV,G* < M on V¢. Then g =1onV and G* < Mg on V¢. Let
L be a compact neighborhood of V and W a relatively compact open neighborhood
of L. We may assume without loss of generality that g > 1/M on W. By (ii), (iii),
and Proposition 8.1, there exists C' > 1 such that, for all z,y,z € W,

(8.6) min{G(z, 2),G(z,y)} < CG(z,y),

and, for all z,y, 2z € X%,

(8.7) min{G*(y)G(z, 2), G*(2)G(z, )} < CG(2)G(z,y).
Moreover, there exists ¢ > 1 such that

(8.8) h(z) < ch(Z),

whenever h > 0 is a harmonic function on W or on the interior of L and 2,2 € L,
z,z € V, respectively.
We claim that, for all x,y,z € X,

(8.9) min{g(y)G (v, 2), 9(z)G(2,y)} < McCg(2)G(x,y).

If z,y,2 € W, then (8.9) follows from (8.6), since g < 1 < Mg(z). So we may
assume that W # X.
Suppose next that z € Ve If z,y € X%, then, by (8.7),

(8.10) min{g(y)G(x, 2), 9(v)G(z,y)} < MCg(2)G(x,y),

since ¢ < G* and G*(z) < MCyg(z). Then, by continuity, (8.10) holds as well, if
x # a, but y = a. Analogously, if y = a and = # a. If x = y = a, then (8.10) holds
trivially.

So we may and shall assume from now on that z € V and (z,y) ¢ W x W.
If x € L and y ¢ W, then we may apply (8.8) and obtain that g(z)G(z,y) <
cG(x,y) < Mcg(z)G(x,y). Analogously if y € L and x ¢ W. Hence (8.9) holds
in these two cases.

Therefore it remains to consider the case, where x,y € L¢. Fixing any point
z € OV C V¢ we know, by (8.10), that

min{g(y)G(z, %), 9(x)G(%,y)} < MCy(2)G(z,y).

By (8.8), G(z,2) < cG(x, %), G(y, z) < cG(y, 2). Since g(2) = 1 = g(z), (8.9) holds
as well in our last case. [l
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