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Abstract

Given a (local) Kato1 measure µ on Rd \ {0}, d ≥ 2, let H∆+µ
0 (U) be the

convex cone of all continuous real solutions u ≥ 0 to the equation ∆u+ uµ = 0
on the punctured unit ball U satisfying lim|x|→1 u(x) = 0. It is shown that
H∆+µ

0 (U) 6= {0} if and only if the operator f 7→
∫
U G(·, y)f(y) dµ(y), where

G denotes the Green function on U , is bounded on L2(U, µ) and has a norm
which is at most one. Moreover, extremal rays in H∆+µ

0 (U) are characterized
and it is proven that ∆ + µ satisfies the Picard principle on U , that is, that
H∆+µ

0 (U) consists of one ray, provided there exists a suitable sequence of
shells in U such that, on these shells, µ is either small or not too far from
being radial. Further, it is shown that the verification of the Picard principle
can be localized.

Several results on L2-(sub)eigenfunctions and 3G-inequalities which are
used in the paper, but may be of independent interest, are proved at the end
of the paper.
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1 Introduction

For every open set W in Rd, d ≥ 2 (W relatively compact, if d = 2), let GW denote
the (classical) Green function on W , normalized such that ∆GW (·, y) = −εy, y ∈ W .
Throughout this paper we fix a Kato measure µ on Rd \ {0}, that is, µ is a Radon
measure on Rd \ {0} such that, for every open set W which is relatively compact
in Rd \ {0}, the potentials GWµ : x 7→

∫
W
GW (x, y) dµ(y) are continuous and real.

It suffices to verify this for a covering of Rd\{0} (see the discussion at the beginning
of Section 2).

We recall that Kato measures may be singular with respect to Lebesgue mea-
sure λd, but that any measure V λd, where V ∈ Lploc(λd), p > d/2, is a Kato measure
(cf. [15], [1, Proposition 4.3], [7, Proposition 7.1]).

Once and for all, we fix R > 0 and define

B := {x ∈ R : |x| < R}, U := B \ {0}.

Let H∆+µ
0 (U) be the convex cone of all continuous real solutions u ≥ 0 to the

Schrödinger equation

(1.1) ∆u+ uµ = 0

on U which tend to 0 at the boundary ∂B of B. Here solution is meant in the sense
of distributions, that is, ∫

u∆ϕdλd +

∫
uϕ dµ = 0

for all C∞-functions ϕ with compact support in U .
By definition, dimU(∆ +µ), the Picard dimension of ∆ +µ on U , is the number

of extremal rays in H∆+µ
0 (U). Of course, dimU(∆ + µ) = 0 if H∆+µ

0 (U) = {0}
and dimU(∆ + µ) = 1 if H∆+µ

0 (U) = R
+h0, h0 > 0. If H∆+µ

0 (U) 6= {0} and
x0 is a reference point in U , then {h ∈ H∆+µ

0 (U) : h(x0) = 1} is a compact base
of H∆+µ

0 (U) (see (3.4)), dimU(∆ + µ) is the number of extreme points of this set,
and hence dimU(∆ + µ) > 0.

We say that ∆ + µ satisfies the Picard principle on U provided

(1.2) dimU(∆ + µ) ≤ 1.

In [18] it is shown that (1.2) holds, if d = 2. Moreover, it is satisfied if µ has
a rotationally invariant density which is locally Hölder continuous ([17]). However,
the problem seems to be open for d ≥ 3 and general measures µ.

In this paper, we prove that H∆+µ
0 (U) 6={0} if and only if the mapping

K : f 7→ G(fµ) =

∫
G(·, y)f(y) dµ(y),
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where G := GU = GB|U×U , operates on L2(U, µ) with ‖K‖2 ≤ 1 (Corollary 4.3).
In particular, (1.2) holds trivially, unless K operates on L2(U, µ) and ‖K‖2 ≤ 1.

Since H∆
0 (U) is the set of all positive multiples of G0 := GB(·, 0)|U (cf. [2,

Exercise 2.11]) and hence dimU ∆ = 1, it would be sufficient to consider the case
µ(U) > 0. We shall see first that, whatever µ is, every function in an extremal
ray of H∆+µ

0 (U) is either a multiple of g0 :=
∑∞

n=0K
nG0 or a continuous strictly

positive K-invariant function h (Proposition 3.3). If g0 6= ∞, then g0 ∈ H∆+µ
0 (U)

and g0 is extremal (Proposition 3.5). If g0 is even bounded by a multiple of G0, then
H∆+µ

0 (U) = R+g0 (Proposition 5.1). On the other hand, if K operates on L2(U, µ),
‖K‖2 = 1, and 1 is an eigenvalue of K, then g0 =∞ and H∆+µ

0 (U) = R+h0, where
Kh0 = h0 ∈ L2(U, µ), h0 > 0 (Proposition 5.2).

Further, we shall prove that ∆ + µ satisfies the Picard principle on U provided
that there are arbitrarily small shells An of constant relative width such that the
potentials

∫
An
G(·, y) dµ(y) are small enough (Theorem 5.8). In particular, µ satisfies

the Picard principle, if there are arbitrarily small shells An of constant relative width
such that the restriction µ′ of µ on the union

⋃
n∈NAn (considered as a measure

on Rd) is a Kato measure on Rd (Theorem 5.9) or µ′ is not too far from being
invariant under rotations (Theorem 5.13), or µ′ is the sum of two such measures
(Corollary 5.15).

Moreover, we shall see that the verification of the Picard principle can be local-
ized in different ways (Theorem 6.1).

To prove these results, we present in Section 2, in a self-contained way, various
facts on the potential theory of ∆+µ which mostly could be retrieved in the literature
(sometimes under much more general assumptions and hence not easily accessible;
see, for example, [7, 14, 9, 10]).

Further, a first appendix contains a general result on (sub)eigenfunctions, which
is crucial for the L2-result on the Picard principle stated above. In a second ap-
pendix, which is used for the discussion of the Picard principle in connection with g0

and which is of independent interest, too, we study, in a general measurable space
setting, relations between conditional 3G-inequalities on punctured sets X \{a}. As
a consequence we obtain that 3G-inequalities involving some real function w > 0
imply 3G-inequalities based on min{G(·, a), 1}.

2 Some potential theory for ∆ + µ

Given an open set W in Rd, d ≥ 2, let B(W ), C(W ), S(W ), H(W ) denote the set of
all functions on W which are Borel measurable, continuous and real, superharmonic,
harmonic, respectively. Of course, given a set F of functions, F+, Fb will be the set
of all functions in F which are positive, bounded, respectively. It will be convenient
to extend functions defined on a subset of Rd taking the value 0 elsewhere.

For every regular set V inRd, letHV denote the harmonic kernel for V , that is, for
every continuous function ϕ, which is defined on a set containing ∂V , HV ϕ is equal
to the solution to the Dirichlet problem for V and ϕ|∂V and equal to ϕ outside V .
If W is an open set in Rd (relatively compact, if d = 2) and V is a regular set such
that V ⊂ W , then, for all y ∈ V ,

(2.1) GV (·, y) = GW (·, y)−HVGW (·, y).
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In this section, let X be an arbitrary non-empty open set in Rd, d ≥ 2, and let
µ be a Kato measure on X, that is, µ is a (positive) Radon measure on X such that
GWµ :=

∫
GW (·, y) dµ(y) ∈ C(W ), for every open set W which is relatively compact

in X (because of (2.2 below), it suffices to verify this for a covering of X). The
measure µ does not charge points, since GWµ ≥ µ({z})GW (·, z), z ∈ W (in fact, it
does not charge any polar set).

Given an open set W in X (relatively compact, if d = 2), let KW denote the
kernel given by

KWf := GW (fµ) =

∫
GW (·, y)f(y) dµ(y), f ∈ B+(W ).

Then (2.1) implies that, for every regular set V such that V ⊂ W ,

(2.2) KW = KV +HVKW .

If V is a regular set such that V ⊂ X, the continuous function KV 1 tends to 0 at the
boundary ∂V (this follows from (2.2) choosing any open set W such that V ⊂ W
and W is relatively compact in X). Since every function KV f , f ∈ B+(V ), is lower
semicontinuous, we then see that KV maps Bb(V ) into the subspace C0(V ) of all
continuous real functions on V which tend to 0 at ∂V .

LEMMA 2.1. If V is a regular set, relatively compact in X, and (An) is a sequence
of Borel sets in V such that An ↓ A∞, then KV 1An ↓ KV 1A∞ uniformly on V .

In particular, for all x ∈ X and ε > 0, there exists an open ball A centered at x
such that KA1 ≤ ε.

Proof. The first part follows immediately using Dini’s lemma. Given x ∈ X and
ε > 0, let V be a regular neighborhood of x, V ⊂ X, and let (An) be a sequence
of open balls in V such that An ↓ {x}. Since KV 1{x} = 0, we see that KV 1An ≤ ε,
if n is sufficiently large. The proof is finished, since KAn1 ≤ KV 1An .

PROPOSITION 2.2. Let V be a regular set, relatively compact in X. Then KV is
a compact operator on Bb(V ).

Proof. Let ε > 0 and x ∈ V . By Lemma 2.1, there exists an open ball A in V ,
centered at x, such that KV 1A ≤ ε. There exists an open ball Ã ⊂ A, centered at x,
such that, for all harmonic functions g on A satisfying |g| ≤ KV 1 and all y ∈ Ã,

(2.3) |g(y)− g(x)| < ε

(see, for instance, [2, Lemma 1.5.6]). Now let f ∈ Bb(V ), |f | ≤ 1. Then

KV f = KV (1V \Af) +KV (1Af),

where g := KV (1V \Af) is harmonic on A, |g| ≤ KV 1, and |KV (1Af)| ≤ KV 1A ≤ ε.

Hence, by (2.3), for all y ∈ Ã,

|KV f(y)−KV f(x)| ≤ |g(y)− g(x)|+ 2ε < 3ε.

Therefore the set {KV f : f ∈ Bb(V ), |f | ≤ 1} is equicontinuous at x. SinceKV (Bb(V ))
is contained in C0(V ), the claim follows by Arzèla-Ascoli’s theorem.
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DEFINITION 2.3. Given an open set W in X, let H∆+µ(W ) be the set of all
(∆ + µ)-harmonic functions on W , that is, of all u ∈ C(W ) such that ∆u+ uµ = 0
(in the sense of distributions).

An open set V which is relatively compact in X will be called (∆+µ)-regular, if,
for every continuous function ϕ on ∂V , there exists a unique function h ∈ H∆+µ(V )
which tends to ϕ at ∂V , and is positive provided ϕ ≥ 0.

A function s ∈ C(W ) is said to be (∆+µ)-superharmonic, if (∆+µ)s ≤ 0 (in the
sense of distributions).

Obviously, H∆+µ(W ) is stable under locally uniform convergence and every pos-
itive (∆ + µ)-(super)harmonic function on W is superharmonic.

LEMMA 2.4. Let V be a regular set such that V ⊂ X.

1. A function f ∈ Cb(V ) is (∆ + µ)-superharmonic if and only if f − KV f is
superharmonic.

2. If h is a function which is continuous and real on V , then h is (∆+µ)-harmonic
on V if and only if h−KV h = HV h.

Proof. 1. It suffices to note that KV f ∈ Cb(V ) and ∆f + fµ = ∆(f −KV f).
2. An immediate consequence of (1), since h−KV h is continuous on V and equal

to h on ∂V .

To be able to prove that every regular set V is (∆+µ)-regular provided that KV

is sufficiently small, we recall the following from [14] and [11]. Its proof is so short
that we may just as well include it.

LEMMA 2.5. Let L be a bounded kernel on a measurable space (E, E). Then the
following statements are equivalent.

(i) The function
∑∞

n=0 L
n1 is bounded.

(ii) The operator I − L on (Eb, ‖ · ‖∞) is invertible and (I − L)−1 =
∑∞

n=0 L
n.

(iii) The operator I − L on (Eb, ‖ · ‖∞) is invertible and its inverse is positive.

(iv) There exists g ∈ E+
b such that 1 + Lg ≤ g.

(v) There exist c > 0 and γ ∈ (0, 1) such that, for every n ∈ N, Ln1 ≤ cγn.

(vi) The spectral radius ρ(L) := inf ‖Ln‖1/n is strictly less than 1.

Proof. (i)⇒ (ii)⇒ (iii): Trivial.
(iii)⇒ (iv): The function g := (I − L)−11 ∈ E+

b satisfies 1 + Lg = g.
(iv)⇒ (v): Of course, c := ‖g‖∞ ≥ 1. Since c−1g + Lg ≤ 1 + Lg ≤ g, and hence

Lg ≤ (1− c−1)g, we obtain that, for every n ∈ N, Lng ≤ (1− c−1)ng ≤ c(1− c−1)n.
(v)⇒ (vi): Trivial, since ‖Ln‖ = ‖Ln1‖∞, n ∈ N.
(vi)⇒ (i): Let γ ∈ (ρ(L), 1). Then there exists m ∈ N such that Lm1 ≤ γ, and

hence
∑∞

n=0 L
n1 ≤ (1− γ)−1

∑m−1
j=0 Lj1 is bounded.
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DEFINITION 2.6. An open set V will be called µ-admissible in X, if it is rela-
tively compact in X, I − KV is invertible on Bb(V ), and the inverse of I − KV is
positive.

LEMMA 2.7. Every open subset W of a µ-admissible open set V in X is µ-
admissible. For every x ∈ X, there exists an open ball A centered at x which is
µ-admissible.

Proof. We know that KW1 ≤ KV 1 and, by Lemma 2.1, we may choose A such that
KA1 ≤ 1/2. So both statements follow from Lemma 2.5.

LEMMA 2.8. Let V be a µ-admissible regular set in X, let s ∈ Cb(V ) be (∆ + µ)-
superharmonic, and, for every z ∈ ∂V , lim infx→z s(x) ≥ 0. Then s ≥ 0.

Proof. By Lemma 2.4.1, s̃ := s−KV s is superharmonic on V . Since KV s ∈ C0(V ),
we know that, for every z ∈ ∂V , lim infy→z s̃(y) = lim infy→z s(y) ≥ 0. By the
minimum principle, s̃ ≥ 0. Thus s = (I −KV )−1s̃ ≥ 0.

PROPOSITION 2.9. Let V be an open set which is relatively compact in X.

1. The set V is (∆ + µ)-regular if and only if it is regular and µ-admissible.

2. If V is (∆ + µ)-regular, then the corresponding harmonic kernel is

(2.4) H∆+µ
V = (I −KV )−1HV =

∞∑
n=0

(KV )nHV .

Proof. 1. Let us suppose first that V is regular and µ-admissible, and let ϕ be
a continuous function on X. Then h := (I −KV )−1HV ϕ satisfies h−KV h = HV ϕ.
So, by Lemma 2.4.2, h is (∆ + µ)-harmonic on V . Since KV h ∈ C0(V ), we see that
h is continuous on X and equal to ϕ on X \V . In particular, limx→z,x∈V h(x) = ϕ(z)
for every z ∈ ∂V . Moreover, h ≥ 0 if ϕ ≥ 0. By Lemma 2.8, h|V is the only (∆+µ)-
harmonic function on V which tends to ϕ at ∂V . So V is (∆ + µ)-regular and (2.4)
holds.

Next let us assume that V is (∆ +µ)-regular and let ϕ be a continuous function
on ∂V , 0 ≤ ϕ ≤ 1. Let g, h denote the (∆ + µ)-harmonic function on V which,
at ∂V , tends to 1, ϕ, respectively. Since 0 ≤ h ≤ g, the functions h and g − h are
superharmonic. Moreover, the function t := 1 − (g − h) is subharmonic and tends
to ϕ at ∂V . By the minimum principle for superharmonic functions, t ≤ h. So there
exists a harmonic function h̃ on V such that t ≤ h̃ ≤ h. Obviously, h̃ is a solution
to the Dirichlet problem for ϕ. So V is regular.

In particular, KV g ∈ C0(V ). Therefore the harmonic function g − KV g tends
to 1 at ∂V , that is, g −KV g = 1. Hence, by Lemma 2.5, V is µ-admissible.

PROPOSITION 2.10. Let U be an open set in X and s ∈ C(U). If s is (∆ + µ)-
superharmonic, then H∆+µ

V s ≤ s, for every (∆ + µ)-regularset V such that V ⊂ U .2

2In fact, the converse holds as well (see [7, Theorem 3.2] and Lemma 2.4).
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Proof. Let V be as indicated. By Proposition 2.9.1, V is regular and µ-admissible.
Then s̃ := (s − H∆+µ

V s)|V ∈ C0(V ) and s̃ is (∆ + µ)-superharmonic on V . Using
Lemma 2.4.1, we see that t := s̃ − KV s̃ ∈ C0(V ) ∩ S(V ). Therefore t ≥ 0, by the
minimum principle. Since (I−KV )−1 is a positive operator, we finally conclude that
s̃ = (I −KV )−1t ≥ 0.

For the next proposition we shall need a triangle inequality for Green functions
(3G-inequality). For every open ball V in Rd, let V ′ denote the open ball having
the same center as V , but double radius. There exists C∆ > 1, such that, for all
open balls V in Rd and x, y, z ∈ V , the following triangle inequality holds

(2.5) GV (x, z)GV (z, y) ≤ C∆GV (x, y)(GV ′(x, z) +GV ′(y, z)).

If d ≥ 3, this follows from [7, Lemmas 7.5 and 7.4] (since aV ′ > 1/4 on V ).
Let us now consider the case d = 2 and fix an open disk V of radius r and center

x0. For x, y ∈ V , let

ρ(x) := r − |x− x0|, ψ(x, y) :=
ρ(x)ρ(y)

d(x, y)2
, F :=

1

4π
ln(1 + ψ).

For all x ∈ V , rρ(x) ≤ r2 − |x− x0|2 ≤ 2rρ(x), and hence, by [2, Theorem 4.1.5],

F ≤ GV ≤ (4π)−1 ln(1 + 4ψ) ≤ 4F.

Having an analogous estimate for GV ′ , we obtain that

(2.6) GV ′ ≥
1

4π
ln(1 +

1

4
) on V × V.

By [13, Proposition 8.6], for all x, y, z ∈ V ,

F (x, z)F (z, y) ≤ 8F (x, y) max
{ρ(z)

ρ(x)
F (x, z),

ρ(z)

ρ(y)
F (y, z)

}
.

Let x, z ∈ V . Clearly, (2.5) will follow (with C∆ = 16 · 8 · 7), if we show that

ρ(z)

ρ(x)
F (x, z) ≤ 7GV ′(x, z).

Since F ≤ GV ≤ GV ′ , this follows trivially, if ρ(z) ≤ 7ρ(x). So let ρ(z) > 7ρ(x).
Then d(x, z) ≥ ρ(z)− ρ(x) > (6/7)ρ(z) and hence, using (2.6) and 7

36
≤ ln(5/4),

ρ(z)

ρ(x)
F (x, z) ≤ 1

4π

ρ(z)

ρ(x)

ρ(z)ρ(x)

d(x, z)2
≤ 1

4π

49

36
≤ 7GV ′(x, z).

For every open set W in Rd (relatively compact if d = 2) and every Radon
measure ν on W , let

(2.7) GWν(x) :=

∫
GW (x, y) dν(y), x ∈ W.

The following is known (cf. [7, Proposition 7.6]).
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PROPOSITION 2.11. Let ν be a Radon measure on Rd, let V be an open ball
in Rd, and ε > 0 such that GV ′ν ≤ ε/(2C∆). Then, for every s ∈ S+(V ),

GV (sν) ≤ εs.

Proof. For all x, y ∈ V ,

GV (GV (·, y)ν)(x) =

∫
GV (x, z)GV (z, y) dν(z)

≤ C∆GV (x, y)

∫
(GV ′(x, z) +GV ′(y, z)) dν(z)

= C∆GV (x, y)(GV ′ν(x) +GV ′ν(y)) ≤ εGV (x, y).

Integrating with respect to a Radon measure ρ on V , we obtain that GV (GV ρ) ≤
εGV ρ. The proof is finished using the fact that every s ∈ S+(V ) is the increasing
limit of a sequence (GV ρn).

The next lemma will be very useful.

LEMMA 2.12. Let V be relatively compact open set in X and let s ∈ S+(V ),
g ∈ H+(V ) such that s = g +KV s, KV s ≤ (1/2)s, and KV g ≤ (1/2)g.

Then s is (∆ + µ)-harmonic and g ≤ s ≤ 2g.

Proof. Let L := KV . By induction, for every m ∈ N,

s =
m−1∑
n=0

Lng + Lms,

where Lng ≤ 2−ng and Lms ≤ 2−ms. So the sequence (
∑m−1

n=0 L
ng) converges locally

uniformly to a function s̃ ∈ C(V ) such that g ≤ s̃ ≤ 2g. Moreover, s = s̃ outside the
polar set {s = ∞}. Since both s and s̃ are finely continuous, we see that, in fact,
s = s̃ ∈ C(V ). We finally observe that ∆s = −sµ. Thus s ∈ H∆+µ(V ).

A first consequence of the inequalities g ≤ s ≤ 2g are Harnack’s inequalities for
positive (∆ + µ)-harmonic functions (Proposition 2.15; for another application see
Proposition 3.1). The following notion will be convenient.

DEFINITION 2.13. A relatively compact open set V in X is µ-small, if

KV s ≤ (1/2)s, for every s ∈ S+(V ).

Of course, every µ-small set is µ-admissible.

PROPOSITION 2.14. Every open set W in X is a union of µ-small balls V such
that V ⊂ W .

Proof. Let x ∈ W . By Lemma 2.1, there exists an open ball V such that x ∈ V , the
closure of V ′ is contained in W , and KV ′1 ≤ 1/(4C∆). By Proposition 2.11, V is
µ-small.
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PROPOSITION 2.15. For every connected open set W in X and every compact
set A in W , there exists c > 0 such that, for every positive h ∈ H∆+µ(W ),

(2.8) suph(A) ≤ c inf h(A).

Proof. Let V be a µ-small ball, V ⊂ W , and let h ∈ H∆+µ(W ), h ≥ 0. By
Lemma 2.4.2, h − KV h = HV h. By Lemma 2.12, HV h ≤ h ≤ 2HV h. Using
Harnack’s inequalities for harmonic functions and Proposition 2.14, the proof is
finished by a standard covering argument.

COROLLARY 2.16. Let (hn) be an increasing sequence of (∆ + µ)-harmonic
functions on a connected open set W in X such that h := suphn is finite at some
point. Then h is (∆ + µ)-harmonic on W .

Proof. By Lemma 2.1, open balls V satisfying V ⊂ W and KV 1 ≤ 1/2 form a base
of W . By Lemma 2.9, these balls are (∆ + µ)-regular. It follows immediately
from (2.8), that the functions hn = h1 +

∑n
k=2(hk−hk−1) converge locally uniformly

to h as n→∞. Thus h ∈ H∆+µ(W ).

In our situation the Schur test (see [8, Theorem 5.2]) reads as follows.

LEMMA 2.17. Let W be an open set in X such that W is compact, and let a ≥ 0.
If there exists a Borel measurable function f : W → (0,∞) such that KWf ≤ af ,
then K operates on L2(W,µ) and ‖KW‖2 ≤ a.

Given an open set V which is relatively compact in X, let ΓV denote the set of
all γ > 0 such that V is γµ-admissible. We define

αV := sup ΓV .

If µ(V ) = 0, then obviously ΓV = (0,∞) and hence αV =∞.

PROPOSITION 2.18. Let V be a connected regular set in X and µ(V ) > 0. Then
the following holds.

1. 0 < αV <∞ and ΓV = (0, αV ).

2. There exists a strictly positive (∆+αV µ)-harmonic function h ∈ C0(V ). More-
over, ker(I − αVKV ) = Rh, and every (∆ + αV µ)-superharmonic s ∈ C+

b (V )
is a multiple of h.

3. For every β > αV , the constant function 0 is the only function s ∈ C+
b (V )

which is (∆ + βµ)-superharmonic.

4. If β ≥ αV , every (∆ + βµ)-superharmonic s ∈ C+
b (V ) tends to 0 at ∂V .

In particular, KV is a bounded operator on L2(V, µ) and ‖KV ‖2 = α−1
V .

Proof. Let C be a compact set in V such that µ(C) > 0. Then KV 1C > 0 on V .
So there exists β ∈ (0,∞) such that βKV 1C ≥ 1C . By induction, (βKV )n1C ≥ 1C
for every n ∈ N, and hence

∑∞
n=0(βKV )n1 = ∞ on C. Therefore, by Lemma 2.5,

0 < αV ≤ β < ∞ and ΓV is an interval from 0 to αV . We still have to show that
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ΓV is open. To that end let us consider γ ∈ ΓV and 0 < ε < ‖(I − γKV )−1KV ‖−1.
Then the operator I − (γ + ε)KV is invertible and its inverse is the operator

∞∑
n=0

[ε(I − γKV )−1KV ]n(I − γKV )−1,

which, clearly, is positive, hence γ+ε ∈ ΓV . So ΓV is an open interval, ΓV = (0, αV ).
Let (γn) be a sequence in ΓV which is increasing to αV . For every n ∈ N, let

gn := H∆+γnµ
V 1 and cn := ‖gn‖∞.

By (2.4), for every n ∈ N, 1 ≤ gn ≤ gn+1 and

(2.9) gn − γnKV gn = 1.

If sup cn < ∞, then g := limn→∞ gn is bounded and g − αVKV g = 1, and hence
αV ∈ ΓV , by Lemma 2.5, a contradiction. So sup cn =∞.

Since KV is a compact operator on (Bb(V ), ‖·‖∞) which maps Bb(V ) into C0(V ),
there exists a subsequence (hn) of (c−1

n gn) such that the sequence (KV hn) converges
uniformly to a function h ∈ C+

0 (V ). By (2.9), the sequence (hn) itself converges
uniformly to h and h − αVKV h = 0, that is, h ∈ ker(I − αVKV ). Of course,
‖h‖∞ = 1, since ‖hn‖∞ = 1 for every n ∈ N. Since h ≥ 0, we hence see that
h = αVKV h > 0 on V . Finally, ∆h = −αV hµ. So h is (∆ + αV µ)-harmonic.

Let β ≥ αV and s ∈ C+
b (V ) be (∆ + βµ)-superharmonic. Using Lemma 2.1

we may find a compact set A 6= ∅ in V such that W := V \ A is regular and
‖αVKV 1W‖∞ < 1. Then αVKW1 ≤ ‖αVKV 1W‖∞ < 1 and hence αV ∈ ΓW . Let

a := sup{α ≥ 0: αh ≤ s on A} and t := s− ah.

Then t is (∆ + αV µ)-superharmonic on V , t ≥ 0 on A, and there exists a point
x0 ∈ A such that t(x0) = 0. Clearly, lim infy→z t(y) ≥ 0 for every z ∈ ∂W (recall
that h → 0 at ∂V ). Therefore, by Lemma 2.8, t ≥ 0 on W . So t ≥ 0 on V , and
hence t is superharmonic on V . Since V is connected and t(x0) = 0, we conclude
that t = 0, that is, s = ah.

In particular, s is (∆ +αV µ)-harmonic and hence ∆s+αV sµ = 0. On the other
hand, we know that ∆s + βsµ ≤ 0. So βsµ ≤ αV sµ. Since µ(V ) > 0, this shows
that s = 0 if β > αV , proving (3).

To finish the proof of (2), let g ∈ ker(I − αVKV ). There exists b > 0 such that
g̃ := bh − g ≥ 0 on A. Since g = aVKV g ∈ C0(V ) and hence g̃ ∈ C0(V ), we obtain,
by Lemma 2.8, that g̃ ≥ 0 on W as well. By the preceding considerations, there
exists c > 0 such that bh− g = ch and therefore g ∈ Rh.

Statement (4) is a trivial consequence of (2) and (3).
Since KV h = α−1

V h, we obtain, by Lemma 2.17, that KV is a bounded operator
on L2(V, µ) and ‖KV ‖2 ≤ α−1

V .

LEMMA 2.19. Let V 6= ∅ be a regular set such that V ⊂ U and 0 /∈ V . Suppose
that H∆+µ

0 (U) 6= {0} or, more generally, there exists a strictly positive (∆ + µ)-
superharmonic function s ∈ C(U) which is bounded on V . Then αV > 1, and V is
µ-admissible and (∆ + µ)-regular.

Proof. Since s > 0 on the set U ∩∂V 6= ∅, we see by Proposition 2.18.4, that αV > 1
and hence V is µ-admissible. So, by Proposition 2.9.1, V is (∆ + µ)-regular.
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3 Nature of extremal rays in H∆+µ
0 (U)

We now return to the situation considered in the Introduction, where X = Rd \{0},
B = {x ∈ Rd : |x| < R}, U = B \ {0}, and

H∆+µ
0 (U) = {h ∈ H∆+µ(U) : h tends to 0 at ∂B}.

Let

K := KU , G0 := GB(·, 0)|U , g0 :=
∞∑
n=0

KnG0.

Obviously,

(3.1) g0 = Kg0 +G0.

PROPOSITION 3.1. If g0 6=∞, then g0 ∈ H∆+µ
0 (U).

Proof. Let g0 6= ∞. Then g0 ∈ S+(U). Let V be a µ-small ball, V ⊂ U . By (3.1)
and (2.2),

(3.2) g0 = Kg0 +G0 = HVKg0 +G0 +KV g0,

where HVKg0 + G0 is harmonic on V . Hence, by Lemma 2.12, g0 is (∆ + µ)-
harmonic on V . By Proposition 2.14, we obtain that g0 ∈ H∆+µ(U). In particular,
g0 ∈ C+(U), and hence pn := KnG0 ∈ C+(U), n ∈ N.

It remains to show that g0 tends to 0 at ∂B. By Lemma 2.1, there exists ε ∈ (0, 1)
such that A := {x ∈ B : |x| > R − ε} is µ-admissible, and hence (∆ + µ)-regular.
Let h0 := H∆+µ

A g0 so that h0 tends to 0 at ∂B (g0 is extended by the value 0 on ∂B).
Of course, h0 ≤ g0, by Lemma 2.8.

The proof will be finished if we know that, conversely, g0 ≤ h0 on A. To that
end we claim first that each potential pn n ∈ N, tends to 0 at ∂B. Of course, this
is true for n = 0. So let us assume that n ∈ {0} ∪N such that pn tends to 0 at ∂B,
and hence pn is bounded on A. We have

pn+1 = K(1Apn) +K(1U\Apn),

where K(1Apn) = KB(1Apn) on U and KB(1Apn) ∈ C0(B), since 1Aµ is a Kato
measure on Rd. Moreover, K(1U\Apn) is a continuous real potential on U which is
harmonic on A, and hence tends to 0 at ∂B. Thus pn+1 tends to 0 at ∂B.

Finally, let m ∈ N and qm :=
∑m

n=0K
nG0. Then qm is continuous, 0 ≤ qm ≤ g0,

and qm tends to 0 at ∂B. In particular, qm is bounded on A. Moreover, qm−Kqm =
G0 −Km+1G0, and hence ∆qm + qmµ ≥ 0. By Lemma 2.8, we obtain that qm ≤ h0

on A. Thus g0 = sup qm ≤ h0 on A, and the proof is finished.

DEFINITION 3.2. A function h ∈ H∆+µ
0 (U) \ {0} is extremal, if it is contained

in an extremal ray of H∆+µ
0 (U), that is, if every h̃ ∈ H∆+µ

0 (U) such that 0 ≤ h̃ ≤ h
is a multiple of h.

For every n ∈ N, let

Un := {x ∈ Rd : R/(n+ 1) < |x| < R}.
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PROPOSITION 3.3. Let h be an extremal function in H∆+µ
0 (U) \ {0}. Then

Kh = h or h is a multiple of g0 (and hence Kh < h).

Proof. Let
gn := h−KUnh, n ∈ N.

Then the functions gn are harmonic on Un, n ∈ N. Since the sequence (KUnh) is
increasing to Kh, the sequence (gn) is decreasing to a function g ∈ H+(U) and

(3.3) h = g +Kh.

To finish the proof it remains to consider the case g 6= 0. Since 0 ≤ g ≤ h, we know
that g tends to 0 at ∂B. Therefore g = aG0 for some a > 0 (see [2, Exercise 2.11]).
By (3.3),

h =
m−1∑
n=0

Kng +Kmh, m ∈ N,

and therefore ag0 =
∑∞

n=0K
ng ≤ h. By Proposition 3.1, we see that g0 ∈ H∆+µ

0 (U).
Since h is extremal, we get that h is a multiple of g0, and hence Kh < h, by (3.1).

REMARK 3.4. Let us suppose that we have a function h ∈ B+(U) such that
Kh = h and h 6= ∞. Then h ∈ S+(U) and, similarly as in the proof of Proposi-
tion 3.1 (cf. (3.2)), we obtain that h ∈ H∆+µ(U), by Lemma 2.12. In particular,
h ∈ H∆+µ

0 (U) provided h tends to 0 at ∂B. The latter holds if there exists ε ∈ (0, 1)
such that µ does not charge the shell A := {x ∈ U : |x| > R−ε} or h is bounded on A.
Indeed, p := K(1U\Ah) is a potential on U which is harmonic on A, and hence tends
to 0 at ∂B. In the first case, h = Kh = p. In the latter case h = Kh = p+KB(1Ah)
on U , where KB(1Ah) ∈ C0(B), since 1Aµ is a Kato measure on Rd.

Fixing some point x0 ∈ U , the convex set

(3.4) H∆+µ
0 := {h ∈ H∆+µ

0 (U) : h(x0) = 1}

is compact with respect to locally uniform convergence on U . Indeed, let V be
a ball, V ⊂ U . By Proposition 2.15, the set H∆+µ

0 is bounded on V . For every
h ∈ H∆+µ

0 , h = KV h + HV h, by Lemma 2.4. Hence, by Proposition 2.2 and
the equicontinuity of harmonic functions (see, for instance, [2, Lemma 1.5.6]), the
functions in h ∈ H∆+µ

0 are equicontinuous on V . Therefore, by Choquet’s theorem,
for every function h ∈ H∆+µ

0 (U) \ {0}, there exists a probability measure χ on the
set of extreme points of H∆+µ

0 such that

(3.5)
h

h(x0)
=

∫
h̃ dχ(h̃).3

This leads to the following consequence of Proposition 3.3.

COROLLARY 3.5. Every function h ∈ H∆+µ
0 (U) is µ-integrable and satisfies

Kh ≤ h, where even Kh = h, if g0 =∞.
If g0 6=∞, then g0 ∈ H∆+µ

0 (U), and g0 is extremal.

3In fact, the measure χ is uniquely determined by h (see [4, pp. 78-79], [6, Corollary 2.2.1],
[5, Theorem 28.4]).
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Proof. Let us fix h ∈ H∆+µ
0 (U)\{0}. Clearly, by (3.5) and Proposition 3.3 , Kh ≤ h,

and even Kh = h, if g0 =∞. Of course, h is bounded on U1 := {y ∈ U : |y| > R/2},
and µ(U1) < ∞. Further, choosing any x0 ∈ U , inf{G(x0, y) : y ∈ U \ U1} > 0.
Hence the inequality

∫
G(x0, y)h(y) dµ(y) = Kh(x0) ≤ h(x0) <∞ implies that h is

µ-integrable on U \ U1. Thus h ∈ L1(U, µ).
Finally, let us assume that g0 6=∞. Then g0 ∈ H∆+µ

0 (U), by Proposition 3.1, and
the measure χ associated with g0 must charge g0/g(x0), since otherwise we would
obtain that Kg0 = g0, contradicting (3.1). So g0 is extremal.

4 Characterization of H∆+µ
0 (U) 6={0}

In this section we shall see that H∆+µ
0 (U) 6={0} if and only if the µ-eigenvalues αUn

of ∆ on the shells Un = {x ∈ Rd : R/(n + 1) < |x| < R}, n ∈ N, are at least 1 or
– equivalently – if and only if K operates on L2(U, µ) with ‖K‖2 ≤ 1 (Theorem 4.2
and Corollary 4.3). For a useful consequence of ‖K‖2 ≤ 1 see Lemma 5.11.

We first observe the following.

PROPOSITION 4.1. K is a bounded operator on L2(U, µ) if and only if inf αUn > 0,
and then ‖K‖2 = (inf αUn)−1.

Proof. By Proposition 2.18, ‖KUn‖2 = α−1
Un

. Since GUn ↑ G as n → ∞, the claim
follows immediately.

THEOREM 4.2. The following statements are equivalent.

(i) H∆+µ
0 (U) 6={0}.

(ii) There is a strictly positive (∆ + µ)-superharmonic function s ∈ C(U) which is
bounded on each Un, n ∈ N.

(iii) For every n ∈ N, αUn > 1.

(iv) For every n ∈ N, αUn ≥ 1.

Proof. Let αn := αUn , n ∈ N. If µ(U) = 0, then H∆+µ
0 (U) = R

+G0 and αn = ∞,
n ∈ N. So let us suppose that µ(U) > 0.

(i)⇒ (ii): Trivial.
(ii)⇒ (iii): Proposition 2.19.
(iii)⇒ (i): For every n ∈ N, Un is (∆ + µ)-regular, by Proposition 2.9.1, and

gn := H∆+µ
Un

1U∩∂Un

is strictly positive, (∆ + µ)-harmonic on Un, and tends to zero at ∂B. Let x0 ∈ U1

and g̃n := gn/gn(x0), n ∈ N. Then there exists a subsequence of (g̃n) which is
locally uniformly convergent to a (∆ + µ)-harmonic function g > 0 on U (see the
discussion in connection with (3.4)). The convergence is uniform on U1, since g̃n =
H∆+µ
U1

(1U∩∂U1 g̃n), n ∈ N. Thus g ∈ H∆+µ
0 (U).

(iii)⇒ (iv): Trivial.
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(iv)⇒ (iii): Let us fix n ∈ N such that αn < ∞, that is, µ(Un) > 0. Then
µ(Un+1) > 0, αn+1 <∞. By Proposition 2.18.2, there exists a strictly positive func-
tion h ∈ C0(Un+1) ∩ H∆+αn+1µ(Un+1). If αn+1 ≥ αn, then s := h|Un ∈ C+

b (Un), s is
(∆ + αnµ)-superharmonic on Un, but s does not tend to 0 at U ∩ ∂Un. By Proposi-
tion 2.18.2. this is impossible. Thus αn > αn+1 ≥ 1.

COROLLARY 4.3. H∆+µ
0 (U) 6= {0} if and only if K operates on L2(U, µ) with

‖K‖2 ≤ 1.

Let us note that the “only if”-part can also be obtained from Corollary 3.5 and
the Schur test (see Lemma 2.17).

5 Sufficient conditions for the Picard principle

In the proof of the following result (and later on) we shall tacitly use the fact
that, for every s ∈ S+(U), there exists a unique extension to a superharmonic
function s̃ ∈ S+(B) (and s̃(0) = lim infy→0 s(y); see [2, Corollary 5.2.2]). Of course,

s̃ > 0, if s > 0. In particular, by Corollary 3.5, µ(U) <∞ if H∆+µ
0 (U) 6= {0}.

PROPOSITION 5.1. Suppose that g0 is bounded by a multiple of G0. Then there
exists C > 0 such that

(5.1)
∞∑
n=0

Kns ≤ Cs for every s ∈ S+(U).

In particular, ∆ + µ satisfies the Picard principle on U , H∆+µ
0 (U) = R+g0.

Proof. By Corollary 8.3 in the Appendix, there exists C > 0 such that (5.1) holds.
In particular, there is no strictly positive s ∈ S(U) such that Ks = s. So there is no
h ∈ H∆+µ

0 (U)\{0} satisfying Kh = h. Thus, by Proposition 3.3, H∆+µ
0 (U) = R+g0.

PROPOSITION 5.2. Let us suppose that K operates on L2(U, µ), ‖K‖2 = 1, and
1 is an eigenvalue of K.4 Then g0 = ∞ and there exists h0 ∈ H∆+µ

0 (U) \ {0} such
that Kh0 = h0 and H∆+µ

0 (U) = R
+h0. In particular, ∆ + µ satisfies the Picard

principle on U .

Proof. By Corollary 4.3, there exists a function h0 ∈ H∆+µ
0 (U) 6= {0}. For every

h ∈ H∆+µ
0 (U), Kh ≤ h, by Corollary 3.5. Hence, by Proposition 7.1, there exists

u ∈ L2(U, µ) such that Ku = u and every h ∈ H∆+µ
0 (U) is µ-a.e. equal to a multiple

of u.
If g0 6= ∞, then g0 ∈ H∆+µ

0 (U) and Kg0 < g0, by Proposition 3.1 and (3.1).
Hence g0 is not µ-a.e. equal to a multiple of u. So g0 =∞.

Finally, let h be any function in H∆+µ
0 (U). Then, by Corollary 3.5, Kh = h.

Since both h and h0 are µ-a.e. equal to a multiple of u, we obtain that there exists
a ≥ 0 such that h = ah0 µ-a.e. This implies that h = Kh = aKh0 = ah0.

4If K is a compact operator on L2(U, µ), then ‖K‖2 is an eigenvalue of K, since G is symmetric.
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We stress that our general assumption on µ does not exclude the possibility that

‖K‖2 = 1, Kh = h, h /∈ L2(U, µ), H∆+µ
0 (U) = R+h,

and hence H∆+µ
0 (U) ∩ L2(U, µ) = {0}.

EXAMPLE 5.3. For n ∈ N, let rn := 4−nR so that rn − rn+1 = 3rn+1. Let Wn

be the open ball of diameter rn+1 centered at xn := ((rn + rn+1)/2, 0, . . . , 0). Then
the shells An := {x ∈ U : rn − rn+1 < |x| < rn + rn+1}, n ∈ N, do not intersect
the union of the balls Wm, m ∈ N. For each n ∈ N, we fix an ∈ (n,∞) such that
G(·, xn)/an < 2−n on U \Wn, and define

pn := min{an, G(·, xn)/an}.

Then pn ∈ C(U) and pn = Gνn for some measure νn which has total mass 1/an and
a support Cn contained in Wn. Let ν :=

∑∞
n=1 νn,

h := Gν and µ :=
1

h
ν.

Then Kh = G(hµ) = Gν = h. Since the balls Wn, n ∈ N, are pairwise disjoint and∑∞
n=1 2−n = 1, we have h ∈ C(U) and

(5.2) an = pn ≤ h ≤ an + 1 on Cn.

Obviously, h tends to 0 at ∂B. Hence h ∈ H∆+µ
0 (U). Moreover, for every n ∈ N,∫

Gνn dνn = an/an = 1 and hence
∫
h2 dµ =

∫
Gν dν ≥

∑∞
n=1

∫
Gνn dνn =∞.

Nevertheless, by Corollary 4.3, K operates on L2(U, µ) and ‖K‖2 ≤ 1. Further,
(5.2) implies that, for every n ∈ N, K1Cn = G((1/h)νn) ≥ an/(an + 1) ≥ n/(n+ 1)
on Cn, and hence ‖K‖2 ≥ n/(n+ 1). Therefore ‖K‖2 = 1.

Moreover, Corollary 5.7 will show that ∆ +µ satisfies the Picard principle on U ,
and hence H∆+µ

0 (U) = R+h. We could even smear ν a little, add Lebesgue measure
on U (leading to a measure µ having a strictly positive C∞-density on U), and still
have the same result.

For every r > 0, let

Br := {x ∈ Rd : |x| < r}, Sr := {x ∈ Rd : |x| = r}.

LEMMA 5.4. Let h1, h2 ∈ H∆+µ
0 (U) such that h2 > 0, h2 is extremal, and there

exist rn ∈ (0, R) and a ≥ 0 such that h1 ≤ ah2 on Srn. Then h1 is a multiple of h2.

Proof. By Propositions 2.19 and 2.8, h1 ≤ ah2 on every shell {x ∈ U : |x| > rn},
that is, h1 ≤ ah2 on U . So h1 is a multiple of h2.

REMARK 5.5. As we already stated in the introduction, it is proven in [18] that
∆ + µ satisfies the Picard principle, if d = 2. Since the proof is quite involved, let
us observe that Lemma 5.4 leads to a simple proof in the case, where g0 6=∞.

Indeed, suppose that d = 2 and g0 6=∞. Then, by Corollary 3.5, g0 ∈ H∆+µ
0 (U),

and g0 is an extremal. Since g0 is superharmonic on U , it can be extended to
a superharmonic function on B. Now let h ∈ H∆+µ

0 (U) and suppose that h is not
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a multiple of g0. Then, by Corollary 3.5, Kh = h and hence KBh = h on U . Hence,
by [2, Theorem 7.4.3], the fine limit of h/G0 at the origin is 0. Therefore, by [2,
Theorem 7.3.9], there exist rn ∈ (0, R) such that h ≤ G0 on Srn , n ∈ N. Since
G0 ≤ g0, we conclude by Lemma 5.4, that h ≤ g0, and hence h is a multiple of g0,
a contradiction.

PROPOSITION 5.6. Suppose that there exist c > 0 and rn ∈ (0, R) such that
rn ↓ 0 and, for all h ∈ H∆+µ

0 (U) and n ∈ N,

(5.3) suph(Srn) ≤ c inf h(Srn).

Then ∆ + µ satisfies the Picard principle on U .

Proof. Let us assume that we have extremal functions h1, h2 ∈ H∆+µ
0 \ {0}, and let

us fix points xn ∈ Srn , n ∈ N. If h1(xn)/h2(xn) tends to ∞ as n→∞, we exchange
the role of h1 and h2. Passing to a subsequence, if necessary, we may hence assume
without loss of generality that the sequence (h1(xn)/h2(xn)) is bounded by some
m ∈ N. Then, for all n ∈ N and y ∈ Srn ,

h1(y) ≤ c h1(xn) ≤ mch2(xn) ≤ mc2 h2(y).

Thus, by Lemma 5.4, h1 is a multiple of h2.

By scaling invariance and Harnack’s inequalities for harmonic functions, for every
δ ∈ (0, 1), there exists cδ > 0, such that

(5.4) sup g(Sr) ≤ cδ inf g(Sr),

whenever r > 0 and g is a positive harmonic function on

Ar,δ := {x ∈ Rd : (1− δ)r < |x| < (1 + δ)r}.

COROLLARY 5.7. Suppose that there exist δ ∈ (0, 1) and rn ∈ (0, R/2) such that
µ(Arn,δ) = 0, n ∈ N. Then ∆ + µ satisfies the Picard principle on U .

Proof. The inequalities (5.3) follow from (5.4), since, for every n ∈ N, the functions
in H∆+µ

0 (U) are harmonic on Arn,δ.

THEOREM 5.8. Let us suppose that there exist δ ∈ (0, 1) and rn ∈ (0, R/4) such
that rn ↓ 0 and, for every n ∈ N,

(5.5) G(1Arn,δµ) ≤ 1/(4C∆).

Then ∆ + µ satisfies the Picard principle on U .

Proof. Let V := BR/2, n ∈ N, A := Arn,δ, S := Srn , h ∈ H∆+µ
0 (U), and h̃ := HAh.

Extending by lower limits at 0, these functions are superharmonic on V . Of course,
h̃ is harmonic on A and h = h̃ + KAh (see Lemma 2.4). By Proposition 2.11,
GV (s1Aµ) ≤ (1/2)s, for every s ∈ S+(V ). Therefore KAh ≤ GV (h1Aµ) ≤ (1/2)h
and KAh̃ ≤ GV (h̃1Aµ) ≤ (1/2)h̃. Thus, by Lemma 2.12, h̃ ≤ h ≤ 2h̃, and therefore,
by (5.4),

suph(S) ≤ 2 sup h̃(S) ≤ 2cδ inf h̃(S) ≤ 2cδ inf h(S).

An application of Proposition 5.6 finishes the proof.
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COROLLARY 5.9. Suppose that µ (considered as a measure on Rd) is a Kato
measure on Rd or, more generally, that there are δ ∈ (0, 1) and rn ∈ (0, R/4),
n ∈ N, such that rn ↓ 0 and the sum ν of the measures 1Arn,δµ is a Kato measure
on Rd.

Then ∆ + µ satisfies the Picard principle on U .

Proof. By Lemma 2.1, there exists r > 0 such that G(1Brν) = GB(1Brν) ≤ 1/(4C∆)
on U . Then, of course, G(1Arn,δµ) ≤ 1/(4C∆), whenever (1 + δ)rn ≤ r.

For r > 0, let σr denote the normalized surface measure on Sr. Given r ∈ (0, R),
we define

ar := ‖Gσr‖∞.

Since the potential Gσr is harmonic on B \ Sr and rotationally invariant,

(5.6) ar = G(0, (r, 0, . . . , 0)) = Gσr(0) = Gσr on Br.

LEMMA 5.10. For every C > 2d−2, there exists r0 ∈ (0, R/4) such that, for all
r ∈ (0, r0) and x, y ∈ Br,

(5.7) C−1ar/2 ≤ ar ≤ CG(x, y).

Proof. Let r ∈ (0, R/4), V := BR−r, and x, y ∈ Br. Then, x ∈ y + V ⊂ B,
|x− y| < 2r, and

(5.8) G(x, y) ≥ Gy+V (x, y) = GV (x− y, 0).

If d ≥ 3, then GBρ(·, 0) = κd(| · |2−d − ρ2−d) on Bρ, hence, by (5.6) and (5.8),

ar
G(x, y)

≤ r2−d −R2−d

(2r)2−d − (R− r)2−d and
ar/2
ar

=
(r/2)2−d −R2−d

r2−d −R2−d ,

where the right sides tend to 2d−2 as r tends to 0.
If d = 2, then GBρ(·, 0) = κ2(ln |(1/| · |)− ln(1/ρ)) on Bρ, so, by (5.6) and (5.8),

ar
G(x, y)

≤ ln(1/r)− ln(1/R)

ln(1/2r)− ln(1/(R− r))
and

ar/2
ar

=
ln(2/r)− ln(1/R)

ln(1/r)− ln(1/R)
,

where the right sides tend to 1 as r tends to 0.

For the remainder of this section, let us fix C > 2d−2 and r0 according to
Lemma 5.10. For the convenience of the reader we include a short proof for the
following consequence of the inequality ‖K‖2 ≤ 1.

LEMMA 5.11. Suppose that K operates on L2(U, µ) and ‖K‖2 ≤ 1. Then

(5.9) µ(Br) ≤ C/ar for every r ∈ (0, r0).
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Proof. Let r ∈ (0, r0) and A := Br \ {0}. By Lemma 5.10, for every x ∈ A,

K1A(x) =

∫
A

G(x, y) dµ(y) ≥ C−1arµ(A)

and therefore ∫
(K1A)2 dµ ≥

∫
A

(K1A)2 dµ ≥ (C−1arµ(A))2µ(A).

On the other hand, since ‖K‖2 ≤ 1, we know that
∫

(K1A)2 dµ ≤
∫

(1A)2 dµ = µ(A).
Since µ(A) = µ(Br), (5.9) follows.

DEFINITION 5.12. Given c > 0, r ∈ (0, R/2), and δ ∈ (0, 1/2), we shall say
that µ is c-radial on Ar,δ, if for every shell A := {x ∈ Rd : s < |x| < t}, where
(1− δ)r ≤ s < t ≤ (1 + δ)r,

G(1Aµ) ≤ car/2µ(A).

If µ is rotationally invariant on A := Ar,δ then µ is 1-radial on A, since at ≤ ar/2,
whenever (1− δ)r < t < R. More generally, if c > 0 and

1Aµ =

∫ (1+δ)r

(1−δ)r
µt dt,

such that

(5.10) Gµt ≤ catµt(St) for (1− δ)r ≤ t ≤ (1 + δ)r,

then µ is c-radial on A. Let us note that (5.10) holds if µt = ϕtσt such that

(5.11) supϕt(St) ≤ c inf ϕt(St).

Indeed, (5.11) obviously implies that

G(ϕtσt) ≤ supϕt(St)at ≤ c inf ϕt(St)at ≤ catµt(St).

THEOREM 5.13. Suppose that there exist c > 0 and δ ∈ (0, 1/2) such that

inf{r ∈ (0, r0) : µ is c-radial on Ar,δ} = 0.

Then ∆ + µ satisfies the Picard principle on U .

Proof. By Corollary 4.3, it remains to consider the case, whereK operates on L2(U, µ)
and ‖K‖2 ≤ 1. Then, by Lemmas 5.11 and 5.10,

(5.12) µ(Br) ≤ C/ar ≤ C2ar/2 for every r ∈ (0, r0).

We fix m ∈ N and η ∈ (0, δ/2) such that

(5.13) 2−mcC2 ≤ 1/(4C∆) and (1− 2η)2m+1 ≥ 1− δ.
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Let r ∈ (0, r0) such that µ is c-radial on A := Ar,δ. By Theorem 5.8, it suffices
to prove that there exists r̃ ∈ (0, r) such that Ã := Ar̃,η satisfies

(5.14) G(1Ãµ) ≤ 1/(4C∆).

To that end we define, for every 1 ≤ j ≤ 2m,

rj := (1− 2η)jr and Aj := Arj ,η.

Then (1 + η)r1 < r, (1− η)rj ≥ (1 + η)rj+1, 1 ≤ j < 2m, and (1− η)r2m ≥ (1− δ)r.
Therefore the 2m shells A1, A2, . . . , A2m are pairwise disjoint sets in A ∩Br. Hence,
by (5.12), there exists 1 ≤ j ≤ 2m such that, defining r̃ := rj and Ã := Aj, we have

µ(Ã) ≤ 2−mC2/ar/2.

Since µ is c-radial on A, we finally conclude that

G(1Ãµ) ≤ c ar/2 µ(Ã) ≤ 2−mcC2 ≤ 1/(4C∆).

This finishes the proof.

COROLLARY 5.14. If µ is rotationally invariant on U or, more generally, if
there exist δ ∈ (0, 1/2) and rn ∈ (0, R/2) such that rn ↓ 0 and µ is rotationally
invariant on every Arn,δ, n ∈ N, then ∆ + µ satisfies the Picard principle on U .

Finally, we observe that we may combine the statements of Corollary 5.9 and
Theorem 5.13 in the following way (it suffices to replace 1/(4C∆) appearing in both
proofs by 1/(8C∆)).

COROLLARY 5.15. Let µ be the sum of two Kato measures µ1 and µ2 on Rd\{0}
and suppose that there exist δ ∈ (0, 1/2) and rn ∈ (0, R/2) such that rn ↓ 0, the sum ν
of the measures 1Arn,δµ (considered as a measure on Rd) is a Kato measure on Rd,
and, for some c > 0 and each n ∈ N, the measure µ2 is c-radial on the shell Arn,δ.

Then ∆ + µ satisfies the Picard principle.

6 Localization

We recall that the sufficient conditions in Theorem 5.8, Theorem 5.13, and Corol-
lary 5.14 depend only on the behavior of µ close to the origin. The following result
shows that, even in the most general case, the verification of the Picard principle
for ∆ + µ on U can be localized at 0 in two different ways (which can be combined
in an obvious manner; see the proof of Corollary 6.2). To that end let r ∈ (0, R)
and V := {x ∈ U : |x| < r}.

THEOREM 6.1. Let µ′ be a measure on Rd \ {0} such that 1V µ ≤ µ′ ≤ µ. Then
∆ + µ satisfies the Picard principle on U , if ∆ + µ′ satisfies the Picard principle
on U or if ∆ + µ satisfies the Picard principle on V .
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Proof. 1. Let us assume that H∆+µ
0 (U) 6= {0}. Then, for every h ∈ H∆+µ

0 (U), we

shall construct corresponding minorants in H∆+µ
0 (V ) and H∆+µ′

0 (U). To that end,
we define

Vn := V ∩ Un, n ≥ R/r.

By Proposition 2.18.4 and Proposition 2.9, the open sets Un, Vn are regular with
respect to ∆ + µ and ∆ + µ′.

2. If w ∈ H∆+µ
0 (V ), then w (extended by 0) is (∆ + µ′)-subharmonic on U , that

is, −w is (∆+µ′)-superharmonic. Indeed, let us fix n ∈ N such that n ≥ R/r. Then
w −KVnw = HVnw, hence, by (2.2),

w −KUn+1w = w −KVnw −HVnKUn+1w = HVnw −HVnKUn+1w.

Obviously, HVnw (which vanishes on U \ V ) is subharmonic on Un = Vn ∪ (U \ V ),
and HVnKUn+1w is superharmonic on Un+1. Therefore ∆(w −KUn+1w) ≥ 0 on Un,
hence ∆w + wµ ≥ 0 on Un. Since ∆w + wµ = 0 on V , we finally conclude that
∆w + wµ′ = ∆w + wµ ≥ 0 on U .

3. Now let us take h ∈ H∆+µ
0 (U). We first define

(6.1) vn := H∆+µ
Vn

(1U\V h), n ≥ R/r,

so that vn ∈ C+(U), vn = h on U \ V and vn = 0 on V \ Vn. The sequence (vn) is
increasing to a function h̃ on U which is (∆ + µ)-harmonic on V and is majorized
by h on U . Since v1 ≤ h̃ ≤ h (and v1 = h on ∂V ), we see that h̃ ∈ C+(U). So

g := h− h̃ ∈ C+(U) and g = 0 on U \ V.

Thus g|V ∈ H∆+µ
0 (V ) = H∆+µ′

0 (V ).
By the previous consideration, g is (∆ + µ′)-subharmonic on U . Moreover, h is

a majorant of g, which is (∆ + µ′)-superharmonic, since ∆h + µ′h ≤ ∆h + µh = 0.
Therefore, by Lemma 2.8, the functions

un := H∆+µ′

Un
g, n ∈ N,

satisfy g ≤ un ≤ h and are increasing to a (∆ + µ′)-harmonic function h′ on U such

that g ≤ h′ ≤ h. Thus, h′ ∈ H∆+µ′

0 (U).
There is a natural way to get g back from h′: Let

(6.2) v′n := H∆+µ′

Vn
(1V h

′), n ≥ R/r

(where we could just as well write µ instead of µ′, since Vn ⊂ V ). The functions v′n
are continuous on U and vanish on U \ V . We claim that

(6.3) v′n ↓ g as n→∞.

Indeed, since g ≤ 1V h
′ ≤ h′, we obtain that, for every n ≥ R/r,

g = H∆+µ′

Vn
g ≤ v′n ≤ H∆+µ′

Vn
h′ = h′.

Then, for every n ≥ R/r, v′n+1 ≤ 1V h
′, since v′n+1 vanishes on U \ V , and hence

v′n+1 = H∆+µ′

Vn
v′n+1 ≤ H∆+µ′

Vn
(1V h

′) = v′n.
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This implies that the sequence (v′n) is decreasing to a function v′ on U which is
(∆ + µ′)-harmonic on V and satisfies

g ≤ v′ ≤ 1V h
′.

Moreover, v′ tends to zero at ∂V , since every v′n does. So v′ − g ∈ H∆+µ′

0 (V ) =
H∆+µ

0 (V ), and hence v′ − g is (∆ + µ′)-subharmonic on U . Therefore

0 ≤ v′ − g ≤ H∆+µ′

Un
(v′ − g) ≤ H∆+µ′

Un
h′ − un = h′ − un,

for every n > R/r. Letting n→∞ we see that v′ − g = 0 proving (6.3).
4. Now let h1, h2 be extremal functions in H∆+µ

0 (U) \ {0}. Then we have cor-
responding functions h̃1, h̃2, g1, g2, and h′1, h

′
2. If ∆ + µ′ satisfies the Picard prin-

ciple on U , then h′1, h
′
2 are proportional and hence g1, g2 are proportional, by (6.2)

and (6.3). If ∆ + µ satisfies the Picard principle on V , then we know immediately
that g1, g2 are proportional.

5. So let us consider the case that g1 = ag2 for some a ≥ 0. Of course, there
exists b > 0 such that h1 ≤ bh2 on ∂V and hence h1 ≤ bh2 on U \ V . By (6.1), we
see that h̃1 ≤ bh̃2. Having hj = gj + h̃j, j ∈ {1, 2}, we obtain that h1 ≤ (a + b)h2.
Since h2 is extremal, we finally conclude that h1 is a multiple of h2.

A consequence of Theorem 6.1 is the following result (we note that, of course,
(6.4) holds if µ is a Kato measure on Rd).

COROLLARY 6.2. Let us suppose that

(6.4) lim supx→0K1(x) < lim infx→0K1(x) + 15

or, more generally, that KV is a bounded operator on (Bb(V ), ‖·‖∞) having a spectral
radius ρ(KV ) < 1. Then ∆ + µ satisfies the Picard principle on U .

Proof. If (6.4) holds, then supK1(V ) − inf K1(V ) < 1, if r is sufficiently small,
and hence, by (2.2), ‖KV 1‖∞ < 1, since G = GU on U × U and GV = GBr

on V × V . So let us assume that KV operates on (Bb(V ), ‖ · ‖∞) and ρ(KV ) =
inf(‖KV 1‖∞)1/n < 1. Let µ′ := 1Br/2µ. Of course, the spectral radius of the opera-

tor L : f 7→
∫
GV (·, y)f(y) dµ′(y) is at most ρ(KV ).

By Lemma 2.5 and Corollary 8.3 (see the Appendix), and Proposition 5.1, ∆+µ′

satisfies the Picard principle on V . By Theorem 6.1, applied to V in place of U ,
we obtain first that ∆ + µ satisfies the Picard principle on V . Using Theorem 6.1
again, we finally see that ∆ + µ satisfies the Picard principle on U .

7 Appendix: An L2-eigenfunction result

PROPOSITION 7.1. Let (E, E , ν) be a measure space, ν 6= 0, and let Ẽ denote
the set of all equivalence classes of E-measurable numerical functions.

Let K be an additive and positively homogeneous mapping of Ẽ+ into Ẽ+ such that
Kv > 0, if v 6= 0, and K(Ẽ+ ∩L2(E, ν)) ⊂ L2(E, ν). Moreover, we suppose that the
induced linear operator on L2(E, ν) (which will be denoted by K as well ) is bounded,
symmetric with respect to the inner product 〈·, ·〉, and ‖K‖2 is an eigenvalue of K.
Then the following holds.

5This implies that K1 is bounded.
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1. There exists u ∈ L2(E, ν), u > 0, such that Ku = ‖K‖2 u.

2. If v ∈ L2(E, ν) and Kv = ‖K‖2 v, or if v ∈ Ẽ+ and Kv ≤ ‖K‖2 v <∞, then
v is a multiple of u.

Proof. Let us note that the statements on u, v ∈ L2(E, ν) are known (see, e.g., [3,
Proposition 3.12]). However, since everything can be obtained almost simultane-
ously, we shall present a complete proof.

We may assume without loss of generality that ‖K2‖ = 1. By assumption, there
exists u ∈ L2(E, ν), u 6= 0, such that Ku = u. We may assume that u+ 6= 0 (if
necessary, we replace u by −u).

Next let v ∈ L2(E, ν) ∪ Ẽ+ such that v ≥ −|u| and Kv ≤ v. Let

(7.1) w := (|u| − v)+.

Since K|u| ≥ |Ku| = |u|, we know that Kw ≥ K(|u| − v) ≥ |u| − v. Hence
Kw ≥ w ≥ 0. Further, w ∈ L2(E, ν), since 0 ≤ w ≤ 2|u|, whence ‖Kw‖2 ≤ ‖w‖2.
Therefore

Kw = w.

If w 6= 0, then Kw > 0, hence w > 0, that is, |u| − v > 0. If, however, w = 0, then
v ≥ |u|. Thus

(7.2) |u| > v or v ≥ |u|.

If |u| > u, then u+ = 0 in contradiction to our assumption on u. Choosing v := u
we hence conclude from (7.2) that u ≥ |u| ≥ 0. Thus u = Ku > 0, since u 6= 0.

In fact, this shows that, for every u′ ∈ L2(E, ν) satisfying Ku′ = u′,

(7.3) u′ ≥ 0 or − u′ ≥ 0.

So every v ∈ L2(E, ν) satisfying Kv = v is a multiple of u, since otherwise there
certainly is a linear combination u′ of u and v violating (7.3).

Finally, let us consider the case, where v ∈ Ẽ+ and Kv ≤ v. To show that v is
a multiple of u we may suppose that (u− v)+ 6= 0 (we replace v by εv taking ε > 0
sufficiently small). Then, by (7.2), u > v. In particular, v ∈ L2(E, ν). If v−Kv 6= 0,
then, by the symmetry of K,

〈u, v〉 > 〈u,Kv〉 = 〈Ku, v〉 = 〈u, v〉,

a contradiction. So Kv = v. Thus v is a multiple of u.

8 Appendix: Triangle property on punctured sets

Let us recall the generalized triangle property. Given an arbitrary set X and func-
tions w,w∗ : X → (0,∞), a function F : X × X → [0,∞] has the (w,w∗)-triangle
property, if there exists C > 0 such that, for all x, y, z ∈ X,

F (x, z)F (z, y) ≤ CF (x, y) max
{w(z)

w(x)
F (x, z),

w∗(z)

w∗(y)
F (z, y)

}
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or – equivalently – that the function Fw,w∗ : (x, y) 7→ F (x, y)/(w(x)w∗(y)) satisfies
the triangle property, that is, for all x, y, z ∈ X,

(8.1) Fw,w∗(x, z)Fw,w∗(z, y) ≤ CFw,w∗(x, y) max
{
Fw,w∗(x, z), Fw,w∗(z, y)

}
,

which, in turn, can be rewritten as

(8.2) min
{
Fw,w∗(x, z), Fw,w∗(z, y)

}
≤ CFw,w∗(x, y).

The following results are of independent interest.

PROPOSITION 8.1. Let X be an arbitrary set, a ∈ X, Xa := X \ {a}. Suppose
that G : X × X → [0,∞] is symmetric, 0 < Ga := G(·, a)|Xa < ∞, and, for some
w : X → (0,∞), G has the (w,w)-triangle property.

Then G|Xa×Xa has the (Ga, Ga)-triangle property.

Proof. 1. Let us suppose first that w = 1, that is, there exists C ≥ 1 such that, for
all x, y, z ∈ X,

(8.3) min
{
G(x, z), G(z, y)

}
≤ CG(x, y).

We define G̃ : Xa ×Xa → [0,∞] by

G̃(x, y) := GGa,Ga(x, y) =
G(x, y)

Ga(x)Ga(y)
.

Let us fix x, y, z ∈ Xa. We claim that min{G̃(x, z), G̃(z, y)} ≤ C2G̃(x, y), that is,

(8.4) min
{
Ga(y)G(x, z), Ga(x)G(z, y)

}
≤ C2Ga(z)G(x, y).

By symmetry, we may assume that Ga(x) ≤ Ga(y). If Ga(y) ≤ CGa(z), then

min
{
Ga(y)G(x, z), Ga(x)G(z, y)

}
≤ CGa(z) min

{
G(x, z), G(z, y)

}
≤ C2Ga(z)G(x, y).

So let us suppose CGa(z) < Ga(y). Since, by (8.3), min
{
Ga(y), G(y, z)

}
≤ CGa(z),

we see thatG(y, z) ≤ CGa(z). In addition, Ga(x) = min
{
Ga(x), Ga(y)

}
≤ CG(x, y).

Therefore
Ga(x)G(y, z) ≤ C2Ga(z)G(x, y)

whence (8.4). Thus G|Xa×Xa has the (Ga, Ga)-triangle property.
2. To reduce the general case to the special one, where w = 1, it suffices to note

that Gw,w is symmetric and that, for all x, y ∈ Xa,

Gw,w(x, y)

Gw.w(x, a)Gw,w(y, a)
= w(a)2 G(x, y)

Ga(x)Ga(y)
.
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For a better understanding of the first corollary, let us recall that, given an inner
product space (V, 〈·, ·〉),

ρ : (x, y) 7→ ‖x− y‖
‖x‖‖y‖

(where, of course, ‖z‖ := 〈x, x〉1/2) is known to define a metric on V \ {0}, since
ρ(x, y) = ‖‖x‖−2x− ‖y‖−2y‖ (see [19, Lemma A.1]).

If X is an arbitrary set and ρ : X ×X → R
+ is symmetric and vanishes on the

diagonal, but nowhere else, then ρ is a quasi-metric if and only if ρ−1 has the triangle
property (see e.g. [13, p. 646, Remark 2.1.2]). So Proposition 8.1 has an immediate
consequence for quasi-metrics (and is more or less equivalent to it).

COROLLARY 8.2. Let ρ be a quasi-metric on a set X. Let a ∈ X, Xa := X\{a},
and

ρa(x, y) :=
ρ(x, y)

ρ(x, a)ρ(y, a)
(x, y ∈ Xa).

Then ρa is a quasi-metric on Xa.

Let us note that the following corollary has obvious analogues in the more general
situations considered in [13, Section 9] and [12].

COROLLARY 8.3. Let ν be any measure on B and Lf :=
∫
GB(·, y)f(y) dν(y),

f ∈ B+(B). Let us consider the following statements.

(i) There exists a ∈ B and c > 0 such that ν({a}) = 0 and

(8.5)
∞∑
n=0

LnGB(·, a) ≤ cGB(·, a).

(ii) There exists c > 0 such that, for every s ∈ S+(B),
∑∞

n=0 L
ns ≤ cs.

(iii) The function
∑∞

n=0 L
n1 is bounded.

Then (i)⇔ (ii)⇒ (iii) . If ν has compact support in B, then also (iii)⇒ (ii).

Proof. Let w := min{GB(·, 0), 1}. The function GB has the (w,w)-triangle property
(see e.g. [13, Proposition 9.3]). So, by Proposition 8.1, GB|Ba×Ba has the (Ga, Ga)-
triangle property.

(i)⇒ (ii): For f ∈ B+(Ba) and x ∈ Ba, let

Laf(x) :=

∫
Ba
GBa(x, y)f(y) dν(y) and L̃af(x) := (1/Ga

B(x))La(fG
a
B)(x).

By (8.5), we know that
∑∞

n=0 L
n
aG

a
B ≤ cGa

B, and hence
∑∞

n=0 L̃
n
a1 ≤ c. So, by

Lemma 2.5, ρ(L̃a) < 1. Therefore by [13, Proposition 2.3 and Corollary 3.3], we
infer that there exists C > 0 such that, for every s ∈ S+(Ba),

∑∞
n=0 L

n
as ≤ Cs.

Since ν({a}) = 0 and GB|Ba×Ba = GBa , (iii) follows.
(ii)⇒ (i),(iii): Trivial, since GB(·, a), 1 ∈ S+(B).
Finally, let us suppose that ν is supported by a compact set A in B and that∑∞
n=0 L

n1 is bounded. Since inf w(A) > 0 and supw(A) <∞, we know that GB|A×A
has the triangle property. Thus, by [11, Proposition 3.10], (ii) follows.

24



Finally, let us note another consequence of Proposition 8.1 (where we shall not
try to achieve the utmost generality).

COROLLARY 8.4. Let G be a symmetric Green function for a connected Brelot
space (X,H) and a ∈ X such that the following holds.

(i) G(a, a) =∞ and lim supx→∞G(x, a) <∞.

(ii) G has the local triangle property.

(iii) G has the (w,w)-triangle property for some function w : X → (0,∞).

Let g := min{Ga, 1}. Then G has the (g, g)-triangle property.

Proof. By (i), there exist a relatively compact open neighborhood V of a and M ≥ 1
such that Ga ≥ 1 on V , Ga ≤M on V c. Then g = 1 on V and Ga ≤Mg on V c. Let
L be a compact neighborhood of V and W a relatively compact open neighborhood
of L. We may assume without loss of generality that g ≥ 1/M on W . By (ii), (iii),
and Proposition 8.1, there exists C ≥ 1 such that, for all x, y, z ∈ W ,

(8.6) min{G(x, z), G(z, y)} ≤ CG(x, y),

and, for all x, y, z ∈ Xa,

(8.7) min{Ga(y)G(x, z), Ga(x)G(z, y)} ≤ CGa(z)G(x, y).

Moreover, there exists c ≥ 1 such that

(8.8) h(z) ≤ ch(z̃),

whenever h ≥ 0 is a harmonic function on W or on the interior of L and z, z̃ ∈ L,
z, z̃ ∈ V , respectively.

We claim that, for all x, y, z ∈ X,

(8.9) min{g(y)G(x, z), g(x)G(z, y)} ≤McCg(z)G(x, y).

If x, y, z ∈ W , then (8.9) follows from (8.6), since g ≤ 1 ≤ Mg(z). So we may
assume that W 6= X.

Suppose next that z ∈ V c. If x, y ∈ Xa, then, by (8.7),

(8.10) min{g(y)G(x, z), g(x)G(z, y)} ≤MCg(z)G(x, y),

since g ≤ Ga and Ga(z) ≤ MCg(z). Then, by continuity, (8.10) holds as well, if
x 6= a, but y = a. Analogously, if y = a and x 6= a. If x = y = a, then (8.10) holds
trivially.

So we may and shall assume from now on that z ∈ V and (x, y) /∈ W × W .
If x ∈ L and y /∈ W , then we may apply (8.8) and obtain that g(x)G(z, y) ≤
cG(x, y) ≤ Mcg(z)G(x, y). Analogously if y ∈ L and x /∈ W . Hence (8.9) holds
in these two cases.

Therefore it remains to consider the case, where x, y ∈ Lc. Fixing any point
z̃ ∈ ∂V ⊂ V c we know, by (8.10), that

min{g(y)G(x, z̃), g(x)G(z̃, y)} ≤MCg(z̃)G(x, y).

By (8.8), G(x, z) ≤ cG(x, z̃), G(y, z) ≤ cG(y, z̃). Since g(z̃) = 1 = g(z), (8.9) holds
as well in our last case.
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