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ABSTRACT. The aim of this paper is to derive some consequences of a result of Gotze
and Zaitsev [5]. We shall show that the i.i.d. case of this result implies a multidimen-
sional version of some results of Sakhanenko [12]. We establish bounds for the rate of
strong Gaussian approximation of sums of i.i.d. R%-valued random vectors &; having
finite moments E ||&;]|7, v > 2.

1. Introduction

The aim of this paper is to derive some consequences of the main result of Gotze
and Zaitsev [5] (see Theorem 2 below). We shall show that the i.i.d. case of this result
implies the multidimensional version of a result of Sakhanenko [12]. We shall obtain
bounds for the rate of strong Gaussian approximation of sums of i.i.d. R%valued
random vectors ¢; having finite moments E [|&;]]7, v > 2.

We consider the following well-known problem. One has to construct on a proba-
bility space a sequence of independent random vectors Xy, ..., X,, (with given dis-
tributions) and a corresponding sequence of independent Gaussian random vectors
Y1,...,Y, so that the quantity

A, (X,Y) = max (1.1)

1<k<n
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would be as small as possible with sufficiently large probability. The estimation of
the rate of strong approximation in the invariance principle may be reduced to this
problem. We omit the detailed history of the problem referring the reader to Gotze
and Zaitsev [5] and Zaitsev [13].

Below we need some notation. The distribution of a random vector £ will be
denoted by L(£). The corresponding covariance operator will be denoted by cov&.
We write log™ b = max{1,logb}, for b > 0. By [x] we shall denote the integer part
of a number x.

The aim of the present paper is to obtain multidimensional analogues of the fol-
lowing result of Sakhanenko in the case of i.i.d. summands.

Theorem 1 (Sakhanenko [12]). Let &1,...,&, be independent random variables with
E¢ =0, 7=1,...,n. Lety>2 and

Ly :ZE 517 < o0

j=1

Then one can construct on a probability space a sequence of independent random
variables X1,..., X, and a corresponding sequence of independent Gaussian random
variables Y1, ...,Y, so that L(X;) = L(§;), EY; =0, VarY; = Var X;, j =1,...,n,
and

E (A (X,Y)) < ey L., (1.2)

where ¢ is an absolute constant.

It should be mentioned that, in Sakhanenko [12], somewhat more general results
are proved. Sakhanenko [12] noted that the inequality (1.2) implies the well-known
Rosenthal [10, 11] inequality (see Lemma 1 below).

After the natural normalization, we see that (1.2) is equivalent to

E(An(X,Y)/0)" <y*7 Ly/07,

where 0% = Var(zyzl §j). It is clear that L./07, 2 < v < 3, is the well-known
Lyapunov fraction involved in the Lyapunov and Esséen bounds for the Kolmogorov
distance in the CLT.

In this paper we shall derive Theorems 3 and 4 which are, in fact, rather immediate
consequences of the following Theorem 2 which was proved in G6tze and Zaitsev [5].
In Theorem 2, we considered the case of (generally speaking) non-i.i.d. summands.
Theorem 3 is derived from Theorem 2 in the particular case, where the summands
are identically distributed. Theorem 3 is a multidimensional version of Theorem 1
for i.i.d. summands.
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Theorem 2. Suppose that o > 0, and &, ..., &, are independent R -valued random
vectors with E&; =0, j=1,...,n. Lety > 2 and let the quantity L., be defined by

n
L=Y B g <o (13)
j=1
Assume that there exist a positive integer s and a strictly increasing sequence of
non-negative integers mgo = 0, my,...,mg = n satisfying the following conditions.
Let
Ck :gmk,1+1+"'+€mk7 COVCk :Bka k:]-a"'78a (14)
and assume that, for allv e R and k=1,...,s,
w? Jo]]* < (Bro,v) < Cuw? o], (15)
where
w = Cy L}/”/log* s, (1.6)

with some positive quantities C and Cy. Suppose that the quantities

my
)\k:’Y = Z EH&J’P? k= 1;"'787 (17)
Jj=mg_1+1
satisfy, for some 0 <e <1,
C3d"/? 5% (log"* 5)73 max A~ < L, (1.8)

1<k<s

with a positive quantity C3. Then one can construct on a probability space a se-
quence of independent random vectors Xi,...,X, and a corresponding sequence of
independent Gaussian random vectors Y1,...,Y, so that L(X;) = L(§;), EY; =0,
covY; =covX;, j=1,...,n, and

E (A,(X,Y))" <ay (et d? /2T log*d)" L., (1.9)
where ay s a positive quantity depending on «, v, Cy, Co and Cg only.

Condition (1.8) is rather cumbersome, but we shall show that it is trivially satisfied
if &1,...,&, are i.i.d. random vectors, and n is sufficiently large.

The main results of this paper are the following Theorems 3 and 4.
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Theorem 3. Suppose that o > 0, and & is a R%-valued random wvector with
E¢=0 and E ||€||" < oo, for some v > 2. Let o2, and o2, be the maximal
and minimal strictly positive eigenvalues of the covariance operator cov & respectively.

Let n be an arbitrary positive integer. Then one can construct on a probability space a

sequence of independent random vectors Xi,...,X, and a corresponding sequence of
independent Gaussian random vectors Yi,...,Y, such that L(X;) = L&), EY; =0,
covY; =covXj, j=1,...,n, and the following inequality is valid:

E (Au(X,Y))” < as A (0max/omin) n E[€]7, (1.10)
where

Y(v+2) y(v+1) }
5

A= A(y,a,d) = max { (d*/* (log* d)?)’, d" 7 (log"d)” > (1.11)

and as 15 a positive quantity depending on v and o only.

Theorem 4. Let the conditions of Theorem 3 be satisfied. Then one can construct
on a probability space a sequence of independent random vectors X1, Xo,... and a
corresponding sequence of independent Gaussian random vectors Y1,Ys, ... such that
L(X;)=L(E), EY; =0, covY; =covXj, j=1,2..., and the following inequality
1s valid:

E (A (X,Y)) < a3 A(0max/omm) n E|E]7,  for alln, (1.12)

where A is defined in (1.11) and as is a positive quantity depending on -~ and «
only.

Applying the Chebyshev inequality, we see that, in the conditions of Theorem 4,
P{A,(X,Y)>2} < a3 A(0max/omin) n E[€]7/27, (1.13)

for all x > 0 and all n = 1,2,.... Clearly, the statement of Theorem 4 is stronger
than (1.13). A construction for which (1.13) is valid for d = 1 for fixed n and
z = O(y/n'logn) with a3 depending on v and £(§) was proposed by Komlds, Major,
and Tusnddy (KMT) [7], see also Borovkov [1] and Major [9] in the case where
2 < v < 3. Then Sakhanenko [12] proved Theorem 1 which provides the validity
of one-dimensional version of inequality (1.13) for all x on the same probability
space. Einmahl [4] obtained a multidimensional version of the KMT result without
restrictions on the values of z.

Theorem 3 is formulated for fixed n. This means that the probability space de-
pends on this n. However, an application of the result for fixed n allows to modify
the construction in such a way that (1.12) is satisfied for all n simultaneously on
the same probability space (Theorem 4). It suffices to use independent constructions
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which exist by Theorem 3 with fixed n < 2™, m =1,2,.... A version of Theorem 1
which is valid for all n simultaneously on the same probability space was obtained by
Lifshits [8] by an application of the Rosenthal inequality (see Lemma 1). We may de-
rive Theorem 4 from Theorem 3 by repeating the arguments of Lifshits [8]. However,
an application of an analogue of the Rosenthal inequality for sums of independent
non-negative random variables (see Lemma 2) yields a simpler proof. We do not try
to optimize the dependence of constants on the dimension d. It is important that it is
a power-type dependence. Fixing «, say, o = 1/2, we could rewrite inequality (1.12)
in the form

E (A,(X,Y))” < as(0max/omin) n E[€]]7,  for all n, (1.14)

where a4 is a positive quantity depending on v and d only. In [5], it was noted that
Theorem 2 implies the validity of (1.14) for sufficiently large fixed n. In this paper we
show that there exists a construction such that (1.14) holds for all n simultaneously.

If one or more eigenvalues of the operator cov¢ are such that their sum is in-
finitesimally small in comparison with the rest of eigenvalues, then Theorems 3 and 4
could provide stronger results if one applies them to sums of coordinates with “large”
variances. The other coordinates may be constructed in an arbitary way. The mo-
ments of their sums could be estimated by inequalities (1.15) and (1.16), by analogy
with (2.16). The existence of construction is ensured by the well-known Berkes—
Philipp lemma. Since inequalities (1.15) and (1.16) are valid for Hilbert-valued ran-
dom vectors too, these arguments could be used for obtaining comprehensive results
even in infinite dimensional situation.

For the proof we need the following Lemmas 1-3.

Lemma 1. Let &,...,&, be independent random vectors which have mean zero and
assume values in R%. Then

B¢ <as (LBl + (Y EIGIE)"), for v22.  (113)
j=1 j=1 j=1

with a positive quantity as depending on 7y only.

This multidimensional version of the Rosenthal inequality follows easily from a
result of de Acosta [2]. In the i.i.d. case, the second summand in the right-hand side
of (1.15) grows faster than the first one as n — oco. Inequality (1.14) shows that this
growth corresponds to the growth of moments of sums of Gaussian approximating
vectors.

Lemma 2 below is proved by Rosenthal [10], see also Johnson, Schechtman and
Zinn [6].
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Lemma 2. Let &,...,&, be independent random variables which are non-negative
with probability one. Then

E| Y 6] <as (X ElgGIT+ (X ElgI)), for v>1,
J=1 j=1 j=1

with ag depending on vy only.

The following Lemma 3 is a particular case of Theorem 1.1.5 from the monograph
of de la Pena and Giné [3].

Lemma 3. Let &1,...,&, be i.i.d. random vectors which assume values in RY.
Then, for all © > 0,

k n
P { s, |36l > ) <9 R {56 > a0).

Combined with the well-known equality

Bl =7 [ & P{ll>a}ds >0,
0
which is valid for any random variable 1, Lemma 3 allows one to estimate the moments

Y

k n
e, |26l <orm| Sel 2>o (110

in the case of i.i.d. random vectors &1, . ..,&,, where ay is a quantity depending on
only.

2. Proofs

The symbols ¢, ¢y, ca, ... will be used for absolute positive constants. The letter ¢
may denote different constants if we are not interested in their numerical values. The
same notation is used for positive quantities which depend only on « and ~ involved
in the conditions of Theorem 3. This means, in fact, that we consider o and ~ as
absolute positive constants. We shall write A < B, if there exists a ¢ such that
A < ¢B. We shall also use notation A < B, if A < B < A.

Proof of Theorem 3. Without loss of generality, we assume that v > 2 and cov§ = 1.
Indeed, if v = 2, then inequality (1.10) is evident. It is clear that we can assume
that the operator B = cov{ is non-degenerate. If B # I;, we can consider the
vector B~1/2 ¢ instead of €.
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By the Lyapunov inequality,
1<d=E¢|* < (B¢ (2.1)

Let &i,...,&, be independent copies of the vector £ and let L., be defined in (1.3).
Thus, L, =n E|[[£]|7. Set

_ —2
y= =0 (B E) (2.2)
L"Y
Let us assume that
y > 1 d"/? (log* d)*?, (2.3)

where the quantity c; is as large as necessary for the validity of the arguments below.

Denote

2
Lo L0 w(BlE)Y” (2.4)
log? y y log?y log? y

(see (2.2)). By (2.1)—(2.4), we have

2/(v-2)
1< Y Cu<n/d, (2.5)

if ¢1 is large enough.
Let us choose an integer s > 2 and a strictly increasing sequence of non-negative

integers mo = 0, mq,...,ms = n such that m; —m;_; = Ju], for j =1,... ,s -1
and [u| < mg —ms_1 < 2[u]. Let ¢, By and A; ., be defined in equalities (1.4)
and (1.7).
Then
]Bk = (mk —mk_l)]ld, k= 1,...,8. (26)
According to (2.3)—(2.5),
s T x T =y logty > 2(log” 27)
and, hence,
logy = log s. (2.8)
Therefore, by (2.4), (2.7) and (2.8),
L?y/”)’

n
Mie = Thie—1 = [u-l U= s 7 log? s

. k=1,....s. (2.9)

Now, using (2.6) and (2.9), we can find C; = ¢o and Cy = c3 such that relations (1.5)
and (1.6) are satisfied. Moreover, by (2.9),
E|&||” L
Mom = (g — mp_1) E |lg|7 = 2B _ Ly o (2.10)

S S
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Set ) .
£ = 3 Tog" d < 3 (2.11)
Let us show that
d/? 571 (log* s)7+3 <« 1. (2.12)

If s > d7, then (2.12) is evident. If s < d7, then, by (2.7), (2.8) and (2.11),
logd < logs <logy, s =< 1, and (2.12) follows easily from (2.7). Using (2.10)
and (2.12), we obtain

v/2 € * \y+3 7—1
d"< s (log™ s)"™° L 1I£S§SA;€77<<1. (2.13)

Condition (1.8) is now satisfied with C's = ¢4. Taking into account (2.11) and applying
the statement of Theorem 2, we see that one can construct on a probability space a
sequence of independent random vectors X7, ..., X,, and a corresponding sequence of
independent Gaussian random vectors Y7, ...,Y, such that £(X;) = L(), EY; =0,
covY; =covX; =14, j=1,...,n, and

E (A (X,Y))" < (d*/* (log™ d)?)" L.,. (2.14)
Consider now the case, where
y < 1 d'? (log* d)7 L. (2.15)

Then, for any construction on a probability space of a sequence of independent ran-
dom vectors X1,..., X, and a corresponding sequence of independent Gaussian ran-
dom vectors Yi,...,Y, such that £(X;) = L(;), EY; =0, covY; = cov X; = I,
j=1,...,n, the following inequality is valid

k
E 1211?%% H ZlXj H7 < nE |7+ (nd)7/27
j=

k
B s, |20 < may”,

and

k k
E (An(X, Y))’Y < E max H ZXj HV + E max H ZYJW
=1 st

1<k<n 1<k<n

< nE €7 + (nd)"?

y(v+2) Fy(v+1)

<d 1 (log"d) 2z nE|| (2.16)
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(we have used Lemma 1 and relations (1.1), (1.16), (2.1), (2.2) and (2.12)). Using
(1.11), (2.14) and (2.16), we obtain the statement of Theorem 3. [J

Proof of Theorem 4. Without loss of generality, we assume again that v > 2 and
cov& = [;. By Theorem 3, there exists a construction such that the joint distribution
of {X j} and {Yj} satisfies the relation

Eé) <2mAE|E]", m=1,2,..., (2.17)
where
k k
Om = X — Y; 2.18
3 D DI D DI ¢ (2.18)
j=2m-141 j=2m-141

Of course, we can assume that the constructions described above are jointly indepen-
dent for different m’s. By the Lyapunov inequality,

Es, < (E5)"". (2.19)

By Lemma 2 and by relations (2.17)—(2.19),

B (25:(X,¥))" <E( Z_ o) <A Z_ e + (30 2) e e )

m=1

< 2" AE ||¢|”, (2.20)

for k = 1,2,.... Thus, the statement of Theorem 4 is proved for n = 2¥, k =1,2,....
If 281 < n < 2%, then the statement of Theorem 4 follows from already proved
inequality (2.20). The corresponding constant should be multiplied not more than
by two. [J
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