UNIFORM RATES OF APPROXIMATION
BY SHORT ASYMPTOTIC EXPANSIONS
IN THE CLT FOR QUADRATIC FORMS
OF SUMS OF I.I.D. RANDOM VECTORS

FRIEDRICH GOTZE! AND ANDREI YU. ZAITSEV!?2

ABSTRACT. Let X, X1, X5,... be ii.d. R%valued real random vectors. Assume that
EX = 0 and that X is not concentrated in a proper subspace of R%. Let G be a
mean zero Gaussian random vector with the same covariance operator as that of X. We
investigate the distributions of non-degenerate quadratic forms Q[Sy] of the normalized
sums Sy = N~Y2(X; 4+ ---+ Xy) and show that, without any additional conditions,
for any a € RY,

AR Esup |P{Q[Sy —a) <2} ~P{QIG —a] <z}~ Eu(a)| = O(N ),

provided that d > 5 and the fourth moment of X exists. Here E,(z) is the Edgeworth
type correction of order O(N -1/ 2). Furthermore, we provide explicit bounds of order
O(N™1) for Ag\‘;) and for the concentration function of the random variable Q[Sx + a],

a € R% Our results extend the corresponding results of Bentkus and Gotze (1997a)
(d >9) to the case d > 5.

1. INTRODUCTION AND RESULTS

Let R? denote the d-dimensional space of real vectors z = (xy,...,14) with scalar
product (x,y) = z1y1 + -+ + xqyq and norm |z| = (x,2)/2. We also denote by R*
a real separable Hilbert space consisting of all real sequences x = (x7,zs,...) such that
lz||? =23 + 23+ - -+ < o0,

Let X, X1, X5,... be a sequence of i.i.d. R%valued random vectors. Assume that
EX =0 and E||X]]? < co. Let G be a mean zero Gaussian random vector such that its
covariance operator C = covG : R — R? is equal to cov X. It is well-known that the
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distributions £(Sy) of sums

Sy def \7—1/2 (X1 4+ Xn) (1.1)

converge weakly to L(G).
Let Q : R? — R? be a linear symmetric bounded operator and let Q[z] = (Qz,x) be
the corresponding quadratic form. We shall say that Q is non-degenerate if ker Q = {O}
Denote, for g > 0,

def def
B, = E|X|1, 8= 06
Introduce the distribution functions

F(z) ¥ P{Q[Sy] <z}, H(z) ¥ P{Q[G] <z} (1.2)
Write
Ay ¥ sup | F(z) — H(2)]. (1.3)

We shall provide explicit bounds for Ay.

Theorem 1.1. Let EX = 0. Assume that Q and C are non-degenerate and that d > 5
ord=o00. Then

An <¢(Q,C) B/N.
The constant ¢(Q,C) in this bound depends on Q and C only.

Theorem 1.1 confirms a conjecture of Bentkus and Gétze (1997a) (below BG (1997a)).
It generalizes to the case d > 5 the corresponding result of BG (1997a). In their Theo-
rem 1.1 it was assumed that d > 9, while our Theorem 1.1 is proved for d > 5.

The distribution function of ||Sy||? (for bounded X with values in R?) may have jumps
of order (’)(N‘l), for all 1 < d < o0. See, e.g., BG (1996, p. 468). Therefore, the bound
of Theorem 1.1 is optimal.

Theorem 1.1 and the method of its proof are closely related to the lattice point problem
in number theory. Suppose that d < oo and that (Qz,z) > 0, for x # 0. Let vol E, be
the volume of the ellipsoid

E.={zeR*: Q[z] <r?}, r>0.

Write voly E, for the number of points in E, N Z¢, where Z? C R? is the standard lattice
of points with integer coordinates.

The following result of Gotze (2004) is related to Theorem 1.1 (see also BG (1995a,
1997Db)).

Theorem 1.2. (Gotze (2004)) For all dimensions d > 5,

volz, (Er +a) —vol B, |
vol B, o

(9(7‘_2), for r>1,

sup
acRd

where the constant in O(r~2) depends on the dimension d and on the lengths of azes of
the ellipsoid Ey only.
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Theorem 1.2 solves the lattice point problem for d > 5, and it improves the clas-
sical estimate O(r=2#/(@+1) due to Landau (1915), just as Theorem 1.1 improves the
bound O(N~4@+1)) by Esseen (1945) for the CLT for ellipsoids with axes parallel to
coordinate axes. A related result for indefinite forms may be found in Gétze and Mar-
gulis (2009).

For Hilbert spaces the order of error under the conditions of Theorem 1.1 had been
investigated intensively. See Zalesskil, Sazonov and Ulyanov (1988) and Nagaev (1989)
for the optimal (with respect to eigenvalues of C) bound of order O(N~/2) under the
assumption of finiteness of the third moment. For a more detailed discussion see Bentkus,
Gotze, Paulauskas and Rackauskas (1990), BG (1995b, 1996, 1997a) and Senatov (1989).

Under more restrictive moment and dimension conditions the estimate O(N7~'T¢)]
with e | 0 as d T oo, was obtained by Gotze (1979), by an application of a result for
bivariate U-statistics. The symmetrization inequality for characteristic functions intro-
duced in Gotze (1979) and its extensions play the crucial role in the proofs of bounds
in the CLT on ellipsoids and hyperboloids in finite and infinite dimensional cases. This
inequality is related to Weyl’s (1915/16) inequality for trigonometric sums. Under some
special smoothness assumptions, error bounds O(N ') (and even Edgeworth type expan-
sions) were obtained in Gotze (1979), Bentkus (1984), Bentkus, Gotze and Zitikis (1993).
BG (1995b, 1996, 1997a) established the bound of order O(N~!) without smoothness-
type conditions. Similar bounds for the rate of infinitely divisible approximations were
obtained by Bentkus, Gotze and Zaitsev (1997). Among recent publications, we should
mention the papers of Nagaev and Chebotarev (1999), (2005) (d > 9, a more precise de-
pendence of constants on the eigenvalues of C) and Bogatyrev, Gétze and Ulyanov (2006)
(non-uniform bounds for d > 12), see also Gotze and Ulyanov (2000). The proofs of
bounds of order O(N~!) are based on discretization (i.e., a reduction to lattice valued
random vectors) and the symmetrization techniques mentioned above.

Additional restrictions like the diagonality of @, C and the independence of first five
coordinates allowed already to reduce the dimension requirement for the bound O(N ')
to d > 5, see Bentkus and Gotze (1996). The independence assumption in BG (1996)
allowed to apply an adaption of the Hardy—Littlewood circle method. For the general case
described in Theorem 1.1, we have to develop a new tool. Some yet unpublished results
of Gotze (1994) provide the rate O(N~1) for sums of two independent arbitrary quadratic
forms (each of rank d > 3). Gotze and Ulyanov (2003) obtained bounds of order O(N 1)
for some ellipsoids in R? with d > 5 in the case of lattice distributions of X.

The optimal possible dimension condition for this rate is just d > 5, due to the lower
bounds of order O(N~1log N) for dimension d = 4 in the corresponding lattice point
problem. The question about precise convergence rates in dimensions 2 < d < 4 still
remains completely open (even in the simplest case where Q is the identity operator I;, and
for random vectors with independent Rademacher coordinates). It should be mentioned
that, in the case d = 2, a precise convergence rate would imply a solution of the famous
circle problem. Known lower bounds in the circle problem correspond to the bound
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O(N3/* log’ N) for Ay. Hardy (1916) conjectured that up to logarithmic factors this is
the optimal order.

To formulate the results we need more notation repeating most part of the notation

used in BG (1997a). Write o2 dof Ba. Let 02 > 02 > ... be the eigenvalues of C, counting
their multiplicities. We have 02 = o7 + 03 + - -.

Throughout S = {ey,...,e,} C R% denotes a finite set of cardinality s. We shall write
S, instead of S if the system {ey, ..., es} is orthonormal.

Let p > 0 and 6 > 0. Following BG (1997a), we introduce the non-degeneracy condi-
tion for the distribution of a d-dimensional vector Y:

N(p,0,8,Y): P{|lY —e|| <6} >p, for all ec SUQS. (1.4)
We shall refer to condition (1.4) as condition N (p,§,S,Y) = N(p,s,S,Y;Q).

A particular case where explicit lower bounds for p in (1.4) can be given in terms
of eigenvalues of C and Q, is described in BG (1997a). Assume that there exists an
orthonormal system S, = {ej,...,es} of eigenvectors of C such that QS, is again a
system of eigenvectors of C. Then we shall say that condition B(S,,C) = B(S,,C; Q) is
fulfilled. In this case we shall write

M= min o2 (1.5)

e€5,UQ S,
where o2 is the eigenvalue of C which corresponds to the eigenvector e. In particular,
such a system S, exists if we assume that Q and C are diagonal in a common orthonormal

basis. If, in addition, Q is isometric, then we can choose S, such that \? = o2,
Introduce truncated random vectors

X=X |X| <oVN}, X,=XI{|X|>0oVN}, (1.6)
X*=XI|C?X||<VN}, X.=XI{|C*X|>VN}, (1.7)
and their moments (for ¢ > 0)
o 1 o4 o __ N q
A4 - gl N E HX H ) Hq - ((T\/N)q E HX<>H ) (18)
o 1 (|4 o N q
A= oy BIXCIE, 0= /N E || X.]|%. (1.9)
Here and below I{ A} denotes the indicator of an event A. Clearly, we have
X+ Xo=X"+ X, =X, XX = [X*[ I Xl = 0. (1.10)

Generally speaking, X* and X are different truncated vectors. In BG (1997a) the i.i.d.
copies of the vectors X¢ and X, only were involved. Truncation (1.7) was there applied
to the vector X°. The use of X* is more natural for the estimation of constants in the
case d < oco. It is easy to see that

P{|X*| <o VN} =P{|X.]| >04VN} = 1. (1.11)
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In Sections 3 and 4 we shall denote
X =X*"-EX*+W, (1.12)

where W is a centered Gaussian random vector which is independent of all other random
vectors and variables and is chosen so that cov X’ = covG. Such a vector W exists by
Lemma 2.3.

Introduce the notation which will be used in the sequel. By ¢, c¢q,¢o,... we shall
denote absolute positive constants. If a constant depends on, say, s, then we shall point
out the dependence writing cs or ¢(s). We denote by ¢ universal constants which might
be different in different places of the text. Furthermore, in the conditions of theorems and
lemmas (see, e.g., Theorems 1.3, 1.4, 1.5 and 2.1) we write ¢q for an arbitrary positive
absolute constant, for example one may choose ¢y = 1. We shall write A < B, if there
exists an absolute constant ¢ such that A < ¢B. Similarly, A <, B, if A < ¢(s)B. We
shall also write A <, B if A <, B <, A. For a € R? we shall always denote b = VN a.
By [«] we shall denote the integer part of a number a.

Throughout we assume that all random vectors and variables are independent in aggre-
gate, if the contrary is not clear from the context. By X and Xi, X»,... we shall denote
independent copies of a random vector X. Similarly, G, Gy, Gs, . .. are independent copies
of G and so on. By £(X) we shall denote the distribution of X . Define the symmetrization
X of a random vector X as a random vector with distribution £(X) = L(X; — X5).

Instead of normalized sums Sy, it is sometimes more convenient to consider the sums
Zy = X1+ -+ Xy. Then Sy = NY2Zy. Similarly, by Z% (resp. Z% and Zj)
we shall denote sums of N independent copies of X° (resp. X*® and X'). For example,
Zn =X+ -+ Xy

We shall identify the linear operators and corresponding matrices. By I; : R¢ — RY
we denote the identity operator and, simultaneously, the diagonal matrix with entries 1
on the diagonal. By Q4 we denote the (d x d) matrix with zero entries.

The expectation Ey with respect to a random vector Y we define as the conditional
expectation

Ey f(X,Y,Z,...)=E(f(X,Y,Z...)| X, Z,...)

given all random vectors but Y.

Throughout we write e{x} o exp{iz}. By

F(t) = / ftz} dF (z) (1.13)
we denote the Fourier—Stieltjes transform of a function F' of bounded variation or, in other
words, the Fourier transform of the measure which has the distribution function F'.

Introduce the distribution functions

def

F,(z) = P{Q[Sy —a] <z}, H,(z) d:efP{Q[G—a] <z}, acRY  (1.14)
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Furthermore, define, for d = oo and a € R?, the Edgeworth correction

Ea(m) = Ea(x; Qa ﬁ(X)7 £<G))
as a function of bounded variation such that E,(—o0) = 0 and its Fourier—Stieltjes trans-
form is given by

Ba(t) = 3(f E e{tQ[V]}(3(QX,Y) (QX,X)+2it (QX,Y)), Y =G—a. (L15)

In finite dimensional spaces (for 1 < d < oco) we define the Edgeworth correction as
follows (see Bhattacharya and Rao (1986)). Let ¢ denote the standard normal density
in R%. Then p(z) = ¢(C~/?z)/+/det C is the density of G, and, for a € R%, b = v/Na,

we have

Eo(x) & 0,(N ) % G\ZVX(AE), A, ={ucR’: Qu-d <z},  (L16)
with the signed measure
X(A) dZEf/ Ep" (z) X? du, for the Borel sets A C R?, (1.17)
A
and where
P () = pla) (3(C ", ) (€, ) — (€', )?) (118)

denotes the third Frechet derivative of p in the direction w.

Notice that E, = 0 if a = 0 or if E (X, ) = 0, for all y € R?. In particular, F, = 0 if
X is symmetric.

We can write similar representations for E2(z) = ©p(Nz), ES(x) = O5(Nz) and
E!(z) = ©,(Nx) just replacing X by X°*, X° and X’ in (1.15) or (1.17).

For b € RY, introduce the distribution functions

Uy(x) € P{Q[Zy —b] <z}, (1.19)
and
o,(2) EP{Q[VNG —t] < z}. (1.20)
Define, for a € R?, b = \/_a,
Ay & sup | Fo(2) — Ho(z) — Ea(2)| = sup | Uy (z) — By(x) — Oy() ], (1.21)

where E,(z) is the Edgeworth correction (see (1.14), (1.16), (1.19) and (1.20) to justify
the last equality in (1.21)). We write AE\C;?. and AS\?’)O replacing F, by E? and ES in (1.21).

The aim of this paper is to derive for AE\?) bounds of order O(N~1) without any
additional smoothness type assumptions. Theorem 1.3 (which was proved in BG (1997a))
solved this problem in the case 13 < d < .

In Theorems 1.3, 1.4 and 1.5 we assume that the symmetric operator Q is isomet-
ric, that is, that Q? is the identity operator I;. This does not restrict generality (see
Remark 1.7 in BG (1997a)).
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Theorem 1.3. (BG (1997a, Theorem 1.3)) Let EX = 0, § = 1/300, Q* =1, s = 13
and 13 < d < o0o. Then we have:
(7) Assume that condition N (p,d,S,,coG /o) holds. Then

AW <o+ A3) (1 + [|la/a]®) (1.22)
and
A, < O (I +A3) (1 + [la/a]®) (1.23)

with C = cp=0 + c(0/03)%, where 0} > 05 > ... are the eigenvalues of (CQ)2.
(ii) Assume that condition B(S,, C) is fulfilled. Then the constant in (1.22) and (1.23)
satisfies C' < eXp{CO'Z)\l_32 .

Unfortunately, we cannot apply Theorem 1.3 for d = 5,6,...,12. The main result
of the paper is Theorem 1.4. It is valid for 5 < d < oo in finite-dimensional spaces R?
only. However, the bounds of Theorem 1.4 depend on the smallest 4. This makes them
unstable if one of coordinates of X degenerates.

Theorem 1.4. Let EX =0, § = 1/300, Q* =1, s =5 and 5 < d < co. Then we have:
(i) Assume that condition N (p,d,S,,co G /o) holds. Then

AW < O (040 T3+ A3) (14 la/o]?), (1.24)
and
AW < C (02072 + A3 (14 [la/a]?), (1.25)

with C' = cgp~3 (0 /04)*.
(ii) Assume that condition B(S,, C) is fulfilled. Then the constant in (1.24) and (1.25)
may be estimated as C < cqo'o;* exp{co?/ 2}.

Theorems 1.3 and 1.4 yield Theorem 1.1, using that Ey(x) =0,
ogo I+ A5 < TI§ + AS < B4/(c* N), (1.26)

and
oz Ty + A§ <TI5 + A < B/ (0" N). (1.27)

Theorem 1.4 extends to the case d > 5 Theorem 1.5 of BG (1997a) which contains
the corresponding bounds for d > 9. Moreover, the first inequalities in (1.26) and (1.27)
show that Theorem 1.4 is a little bit sharper than Theorem 1.5 of BG (1997a) even in
the case 9 < d < co. In BG (1997a), 040 115 + A§ and 0302113 + A§ were replaced in
(1.24) and (1.25) by II5 4+ A§ and II$ + A§ respectively.

If, in the conditions of Theorem 1.4, the distribution of X is symmetric or a = 0, then
the Edgeworth corrections E,(x) and E?(z) vanish and

AY = AR, < (o303 + A3) (1 + llafo]*),  C=cap™(o/on)*.  (128)
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The corresponding inequality from Theorem 1.4 of BG (1997a) provides in the case s =9
and 9 < d < oo the bound

AW < O (115 + A9 (1 + [la/a]|Y), C=cp™ (1.29)

It is clear that sometimes the bound (1.28) may be sharper than (1.29), but unfortunately,
it depends on the smallest eigenvalue oy.

In Gotze and Zaitsev (2008) we proved Theorem 1.4 in the case a = 0 and hence,
Theorem 1.1. First direct attempts to prove similar bounds for a # 0, assuming d > 5
instead of d > 9 in Theorems 1.4 and 1.5 of BG (1997a) failed. The main problem was
that Lemma 3.2 of BG (1997a) allowed us to integrate the remainder terms of expansions
for a < s/2 only. Our Lemma 3.2 provides the bounds for o« > s/2 too. Note, however,
that this difficulty was already successively avoided in the proof of the main result of
BG (1996) (without estimation of constants).

The bounds for constants in Theorems 1.3 and 1.4 are not optimal. See the papers
of Nagaev and Chebotarev (1999), (2005), Gotze and Ulyanov (2000), and Bogatyrev,
Gotze and Ulyanov (2006) for more precise estimates of constants in the case d > 9. One

can find lower bounds for Ag\?) under different conditions on a and £(X) in Gotze and
Ulyanov (2000).

Note that, in the proof of Theorem 1.3 in BG (1997a), inequalities (1.22) and (1.23)
were derived for the Edgeworth correction E,(z) defined by (1.15). However, from The-
orems 1.3 and Theorem 1.4 it follows that, at least for 13 < d < oo, definitions (1.15)
and (1.16) determine the same function F,(x). Indeed, both functions may be repre-
sented as N~'/2 K(z), where K (z) are some functions of bounded variation which are
independent of N. Furthermore, inequalities (1.22) and (1.24) provide both bounds of
order O(N~1). This is possible if the Edgeworth corrections E,(x) are the same in these
inequalities.

On the other hand, it is proved that definition (1.15) determine a function of bounded
variation for d > 9 only (see BG (1997a, Lemma 5.7)) while definition (1.16) has no sense
for d = oo.

Introduce the concentration function

QIX; N =Q(X; :Q) = sup P{z<Q[X—da]<z+A}, for A>0. (1.30)

a,xcR4

It should be mentioned that the supremum in (1.30) is taken not only over all x, but over
all z and a € R%. Usually, one defines the concentration function of the random variable
Q[X — d] taking the supremum over all z € R? only.

Theorem 1.5. Let Q? =1, 5<s< d<ooand 0 <§<1/(5s). Then we have:
(1) If condition N (p,d,S,, X) is fulfilled with some p > 0, then

Q(Zn; A) < ¢ (pN) ™" max{1; A}, A>0. (1.31)
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(i) If, for some m, condition N'(p,8,S,,m~Y2Z,,) is fulfilled, then
Q(Zn; A) < ¢ (pN)™" max{m; A}, A > 0. (1.32)

We say that a random vector Y is concentrated in L € R? if P{Y € L} = 1. In
BG (1997a, item (i) of Theorem 1.6) it was shown that if X is not concentrated in a
proper closed linear subspace of R% 1 < d < oo, then, for any § > 0 and S there exists a
natural number m such that the condition N (p,d, S, m~2Z,,) holds with some p > 0.

Theorem 1.5 and more explicit Theorem 2.1 extend to the case d > 5 Theorems 1.6
and 2.1 of BG (1997a) which were proved for d > 9.

We conclude the Introduction by a brief description of the basic elements of the proof.
We have to mention that a big part of the proof repeats the arguments of BG (1997a), see
BG (1997a) for the description and application of symmetrization inequality, discretiza-
tion procedure and double large sieve. We do not use here multiplicative inequalities
of BG (1997a). We replace here their application by some arguments coming from the
number theory. The original part of our proof is concentrated at Sections 4-7. Similarly
to BG (1997a), in Section 2, we prove bounds for concentration functions. The proofs
is technically simpler as those of Theorem 1.4, but it already contains all the principal
ideas. These proofs repeats almost literally the corresponding proofs of BG (1997a). The
only difference consists in the use of new Lemma 7.3 which allows us to estimate char-
acteristic functions for large values of argument ¢. In Sections 3 and 4 Theorem 1.4 is
proved. We shall replace Lemma 9.4 of BG (1997a) by its improvement, Lemmas 4.1.
Another difference is in another choice of k <, o;® N/ 53/4 in (4.30) and (4.31) instead
of k <40,/ N3 in BG (1997a).

In Sections 5-7 we prove estimates for characteristic functions. Section 5 is started
with results from BG (1997a) (Lemmas 5.1-5.3). Their proofs in BG (1997a) are based
on conditioning, discretization, as well as on the double large sieve.

Let €1, ¢€9,... denote i.i.d. symmetric Rademacher random variables. Let 6 > 0 and
S = {eq,...,e;} CRY We shall write L(Y) € T'(; S) if a discrete random vector Y is
distributed as €12, + - - - + 425, with some (non-random) z; € R% such that ||z; — ;|| < 4,
forall 1 <j <s.

Define the function

M(t;N) =1//|t|N, for |t| < N2 M(t;N) = +/|t], for [t| > N"Y2 (1.33)
It is easy to see that, for s > 0,
27 ([N 4 [¢]2) < MP(5; N) < [EN|/2 + [¢]*/2. (1.34)

Assuming the condition A(p,d,S,, X) with 0 < § < 1/(5s) and an orthonormal
system S,, we can use Lemma 5.2 which implies that, for any a € R? and ¢ € R,

|0, (t)| = |E e{tQ[Zx —a]}| <, M3(t;k), k=pN. (1.35)
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Moreover, by Lemma 5.4, for any 0 < A < B, a € R% and v > 0,

B
dt
A/| | |t, < ¢y(s) (PN)™ ”logq +Sup/\/E e{t (W, W) /2} e (136)

where W=V, +---+V, and W = V] + ... + V! are independent sums of independent
copies of random vectors V' and V' respectively, and the supremum supy is taken over all
LV),LV")eT(5S,).

Comparing (1.36) and (5.4) (used by BG (1997a)), we see that inequality (5.4) is
related to sums of non-i.i.d. vectors {V;} and {V/} while inequality (1.36) deals with
i.i.d. vectors. Nevertheless, we shall derive (1.36) from (5.4).

Inequalities of type (1.35) allow to prove in Theorem 1.1 error bounds O(N~¢) only, for

some « < 1. This is due to possible oscillations of ‘fl\fa(t) | between 0 and 1, as [¢| ~ N~

with small ¢ > 0. In Section 5, we reduce the estimation of E e{¢ (W,W’)/2} to the
estimation of a theta-series (see Lemma 5.6 and inequalities (5.28) and (5.29)). To this
end, we write the expectation with respect to Rademacher random variables as a sum with
binomial weights p(m) and p(7). Then we estimate p(m) and p(7m) from above by discrete
Gaussian exponential weights ¢, ¢(m) and ¢, ¢(T), see (5.13), (5.16), (5.18) and (5.19).
Together with the non-negativity of some characteristic functions (see (5.17) and (5.21)),
this allows us to apply then the Poisson summation formula from Lemma 5.5. This formula
reduces the problem to an estimation of integrals of theta-series. Section 6 is devoted to
some facts from Number Theory. We consider the lattices, their a-characteristics and
Minkowski’s successive minima. In Section 7 we reduce the estimation of integrals of
theta-series to some integrals of a-characteristics. An application of a new Lemma 7.2
proved by Gotze and Margulis (2009) ends the proof.

Acknowledgment We would like to thank V.V. Ulyanov for helpful discussions.

2. PROOFS OF BOUNDS FOR CONCENTRATION FUNCTIONS; TRUNCATION

We start Section 2 with Theorem 2.1 which (under additional restrictions) provides
more explicit bounds for the concentration than those of Theorem 1.5. In the next
theorem, ¢y is an arbitrary positive absolute constant. Recall as well that we write

f=p6=E|X]["

Theorem 2.1. Assume that 5 < d < oo and that the operator Q is isometric. Then, for
any random vector X such that EX = 0 and 0* < oo, we have:
(i) Assume condition N (p,0,S,,coG /o) to be satisfied with s = 5 and 6 = 1/200.
Then
Q(Zyn; N) < p?max{I; + Aj; Ao >N~ '}, A>0. (2.1)

In particular, Q(Zx; A) < p~*N~' max{3/o*; \/o? }.
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(13) Let condition B(S,,C) (see (1.5)) be fulfilled with s = 5. Then
Q(Zn; A) < exp{co®/A2} max{II§ + Aj; A\a > N~"}, A >0, (2.2)

where ¢ denotes a sufficiently large absolute constant.

Proof of Theorems 1.5 and 2.1. Below we shall prove the assertions (1.31); (1.31) =
(1.32); (1.32) = (2.1) and (2.1) = (2.2). The proof repeats almost literally the
corresponding proof of BG (1997a). It is given here for the sake of completeness. The
only essential difference is in the use of Lemma 7.3 in the proof of Lemma 2.2. [J

For T > to,t; > 0 and a € RY, define the integrals

1 ~
I :/ |W,(t)] dt, I :/ | W, (t)] i
—t1 to<[t|<T

U,(t) =E e{tQ[Zy — d]} (2.3)
denotes the Fourier—Stieltjes transform of the distribution function ¥, of Q[Zx — a] (see
(1.13) and (1.19)). Note that |W,(—t)| = | Ta(t)|.

where

Lemma 2.2. Assume condition N (p,d,8,, X) with some 0 < § <1/(5s) and s > 5. Let
to = c1(s) (pN)~1H¥s, t1 = co(s) (pN) V2, c3(s) < T < cy(s) (2.4)

with some positive constants ¢;(s), 1 < j < 4. Then
Iy < (pN)™, I < (pN)™ (2.5)

Proof. Denote k = pN. Without loss of generality we assume that & > c¢,, for a
sufficiently large constant c¢;. Indeed, if & < ¢g, then one can prove (2.5) using |\T/a| < 1.
Choosing ¢ to be large enough, we ensure that k& > ¢, implies 1/k <ty <t; <T.

Let us prove inequality (2.5) for /. By Lemma 5.2, we have

|0, (1) <5 ME(t;K), k=pN. (2.6)

Taking into account that |¥,| < 1, we see that “/I;a(t)‘ < min{1; M*(t;k) }. Further-
more, denoting t, = k~/2 max{1;cy(s)} and using definition (1.33) of the function M,
we obtain

1/k < dt 2 1 c ¢ 1
" 5/2 - s s —
Iy <<s/0 dt+/1/k e +/0 At =+ T+ o s o

proving (2.5) for I.
It remains to estimate [;. Using (1.34), (2.4)

and (
k*Q/S 0o k,72/s
-~ dt dt s/2-1 1
/ ‘\I’a(t)|7 <<s/ (k)2 —l—/o 27t < T (2.7)

to to

2.6), it is easy to verify that
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Furthermore, T" <, 1 (see (2.4)). Lemma 7.3 implies now that
T
=~ dt 1
/ 1T, | 2L <, + (2.8)
1 t k
cs(s)k
with some c5(s), and c5(s) k= < k7%/% if k > ¢, with sufficiently large c¢,. The second
inequality in (2.5) follows from (2.7) and (2.8). O

Proof of (1.31). Using a well-known inequality for concentration functions (see, for
example, Petrov (1975, Lemma 3 of Ch. 3)), we have

1 T
Q(Zn; N) <2 :élugi max{)\; T } /T’\I/a(t)‘dt, (2.9)

for any T' > 0. To estimate the integral in (2.9) we shall apply Lemma 2.2. Let us choose
T = 1. Without loss of generality we assume that p N > 1. Then, using 1 < 1/|¢t|, for
|t] <1, we have

T
/ \\pa<t>\dtg/ }\Ifa(t)|dt+/ ()| L g
7 It <(p N)-1/2 (pN)-1/2<]t]<1 ]
Lemma 2.2 implies Jy < 1/(pN), J1 <s 1/(pN) and, hence, (1.31). O
Proof of (1.31) = (1.32). Without loss of generality we can assume that N/m > 2.
Let Y3,Y5,... be independent copies of m~/2Z,,. Denote W), = Y; + --- + Y,. Then
L(Zn) = L(/mWi+y) with k = [N/m] and with some y independent of Wj. Therefore,

we have Q(Zn; \) < Q(Wy; A/m). In order to estimate Q(Wy; A/m) we can apply (1.31)
replacing Zy by Wjy. We obtain

Q(Wi; M/m) <, (pk) ' max{1; \/m} <, (pN) ' max{m; A}. O

Recall that truncated random vectors and their moments were defined by (1.6)—(1.9)
and that C = cov X = cov@.

Lemma 2.3. The random vectors X*®, X, satisfy
(Cz,z) = (cov X*z,z) + E (X,,2)* + (EX*, z)°.

There ezist independent centered Gaussian vectors G, and W such that L(G) = L(G, +
W) and

2covG, =2cov X* =covX®, (covWaz, z)=E (X, z)>+ (EX* z)2
Furthermore, E ||G|? = E||G.|> + E|W|?* and E||[W|]? < 20°1I5.

We omit the simple proof of this lemma (see BG (1997a, Lemma 2.4) for the same
statement with ¢ instead of ). Lemma 2.3 allows us to define the vector X’ by (1.12).
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Lemma 2.4. (BG (1997a, Lemma 5.3)) Let 6 > 0. Assume that X is symmetric. Then
there exists an absolute positive constant ¢ such that the condition N'(2p,0,S,G) implies
the condition N (p,28,S,S,,), for m > cB/(pd?).

Lemma 2.5. (BG (1997a, Lemma 5.4)) Assume that 0 < 4e < § < 1. Let e € RY,
lle|l = 1, be an eigenvector of the covariance operator C = cov G, so that Ce = g.e with
some o, > 0. Then the probability p. = P{ lec G —¢| < (5} satisfies the inequality
pe > exp{ —co?e20.?} with some positive absolute constant c.

Recall that Z% and Z% denote sums of N independent copies of X* and X° respec-
tively.
Lemma 2.6. Let ¢ > 0. There exist absolute positive constants ¢ and ¢ such that
(i) the condition 11§ < ¢1pd?/(e20?) implies that
N(p.0,8,5G) = N(p/4,46,8,=(2m) " Z,),
for m > ce*oc* N A/ (pd?).
(ii) the statement of item (i) remains true with replacing e by ©.

Proof. Statement (i) is proved in BG (1997a, Lemma 2.5)). We repeat this proof
concerning item ().
Statement (i) follows from relations (2.10)—(2.11) which are written out below, since

p, 9, € in these relations are arbitrary and E | X*||* < 16E || X*||* = 16 No*AS.
For the Gaussian random vector G, defined in Lemma 2.3, we have

N(2p,6,8,eG) = N(p,20,8,eG,), provided that II§ < pé?/(2e%0%).  (2.10)
If m > ce'E | X*||*/(p6*) with a sufficiently large absolute constant ¢, then
N(2p,4,8,eG,) :>N(p,25,8,5(2m)’1/223). (2.11)

Let us prove (2.10). For e € R? define p, by 2p. = P{|eG — e[| < 6}. Assuming that
113 < p.6?/(2e20?), it suffices to prove that P{|leG, — ¢| < 26} > p.. Replacing 6 by
d/e and e by e/e, we see that we can assume that € = 1. Applying Lemma 2.3, we obtain

P{||G, —e|| <26} P{|W| + G —e| <26}

PLIW] <o, W]+ 1IG —ell < 26}
P{|W]| < é and ||G —e|| < 6}

2p. — P{|[W] = o}

2pe — 6 2E ||W]|* > 2p, — 26 20211 > p..

VvV IV IV IV IV

(2.12)

This implies (2.10).
Let us prove (2.11). Notice that cov(g)?:/\/ﬁ) = cov(eG,). Therefore, to prove (2.11)
it suffices to apply Lemma 5.3 of BG (1997a), replacing in that lemma X by eX* /v2. 0
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Proof (1.32) = (2.1). By a well known truncation argument, we have
|P{Zy € A} —P{Zy € A}| < NP{|X|| > oVN} <II, (2.13)
for any measurable set A, and
Q(Zn,A) <TI5 + Q(Z3, A). (2.14)
Recall that we are proving (2.1) assuming that s = 5 and § = 1/200. Hence, 4§ =
1/50 < 1/(5s). Write K = ¢/v/2 with € = ¢y/o. Then, by Lemma 2.6, we have
N(p,8,8,,eG) = N(p/4,45,8,,m > K Z2), (2.15)

provided that

15 < ¢1p, m > cN Ay /p. (2.16)
Without loss of generality we may assume that II5/p < ¢, since otherwise the result
easily follows from the trivial estimate Q(Zy; A) < 1.

The non-degeneracy condition (2.15) for K Z2, allows to apply (1.32) of Theorem 1.5,
and we obtain

(25, ) = QUE Z5, K*2) < (pN) ™ masc{m; K22}, 2.17)
for any m such that (2.16) is fulfilled. Choosing the minimal m in (2.16), we obtain
Q(Z%, \) < p?max{A$; M/ (6> N)}. (2.18)

Combining the estimates (2.14) and (2.18), we conclude the proof. [J

Proof (2.1) = (2.2). Note that the bound (2.1) holds with a probability p of condition
N(p,6,S,,c0G/o). Let us choose 4¢y = 6 = 1/200. Then, using Lemma 2.5 and the
assumption B(S,, C), the effective lower bound p > exp{ co?/ )\g} follows. O

3. AUXILIARY LEMMAS

In Sections 3 and 4 we shall prove Theorem 1.4. Therefore, we shall assume that
its conditions are satisfied. We consider the case d < oo assuming that the following
conditions are fulfilled

Q*=1, o’=1, s=5 6=1/300, b=vVNa, N({©S8,, cG). (3.1)

Notice that the assumption o2 = 1 does not restrict generality since from Theorem 1.4
with 02 = 1 we can derive the general result replacing X, G by X/o, G/, etc. Other
assumptions in (3.1) are included as conditions in Theorem 1.4. Section 3 is devoted to
some auxiliary lemmas which are similar to corresponding lemmas of BG (1997a).

In several places, the proof of Theorem 1.4 repeats almost literally the proof of The-
orem 1.5 in BG (1997a). Note, however, that we shall use truncated vectors X7, while
in BG (1997a) the vectors X7 were involved. We start with an application of the Fourier

transform to the functions ¥, and ®,, where b = v N a. We shall estimate integrals
over the Fourier transforms using results of Sections 2, 57 and some technical lemmas of
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BG (1997a). We shall apply as well some methods of estimation of the rate of approxi-

mation in the CLT in multidimensional spaces (cf., e.g., Bhattacharya and Rao (1986)).
We shall use the following formulas for the Fourier inversion (see BG (1997a)). A smooth-

ing inequality of Prawitz (1972) implies (see BG (1996, Section 4)) that

dt

F(z) = 5+ 27r\/P/|t<Ke{—;17t}Z3( —+R (3.2)

for any K > 0 and any distribution function F with characteristic function F' (see (1.13)),
where
1 ~
R < — |E'(t)] dt.
K Jy<x
Here V. P. [ f(t)dt = lim._o f t‘>5 t) dt denotes the Principal Value of the integral.

For any function F': R — R of bounded variation such that F'(—oo) = 0 and 2F(z) =
F(z+) + F(x—), for all z € R, the following Fourier—Stieltjes inversion formula is valid
(see, e.g., Chung (1974))

F(e) = 5 F(o0) + 5= lim V.P. /tKMe{—xt}ﬁ(t)Cf. (3.3)

2T M—oo

This formula is well-known for distribution functions. For functions of bounded variation,
it may be justified by linearity arguments.

Recall that the random vectors X*, X’ are defined in (1.7) and (1.12) and Z3, Z)
are sums of N their independent copies. Write ¥p and ¥ for the distribution function
of Q[Z3 — b] and Q[Z}y — b] respectively. For 0 < k < N introduce the the distribution
function

U (@) =P{Q[Gi+ 4+ G+ Xfyy + -+ Xy —0] <}, (3.4)

Notice that U = ¥ o™ — @,
The proof of the following lemma repeats the proof of Lemma 3.1 of BG (1997a). The
difference is that here we use the truncated vectors X7 instead of X?.

Lemma 3.1. Let 11§ < ¢1p and let an integer 1 < m < N satisfy m > coNA}/p, with
some sufficiently small (resp. large) positive absolute constant ci (resp. co). Let c3 be an
absolute constant. Write

K =c/(2m), t1 = c3(pN/m)~ V2,
Let F' denote any of the functions Wy, W, \Ifl(,k) or ®,. Then we have

1 ~
Flo)= ~ + "~ v.P [ of-etK}E(tK) Y Ry, (3.5)
27r lt1<t: t

with |Ry| < (pN)tm
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Proof. Let us prove (3.5). We shall combine (3.2) and Lemma 2.2. Changing the
variable ¢ = 7 K in the approximate Fourier inversion formula (3.2), we obtain

1 ) ~ dt
Fla)= + + = V.P./ e{—otK} FeR) & LR (3.6)
2 2w <1 t
where

R| < /Itl<1|ﬁ(m) | dt. (3.7)

Notice that ¥*, ¥’ Wk &, are distribution functions of random variables which may be
written in the form:

Q[V + T, VEG + 4 Gt Xppy +--- + X3,

with some k, 0 < k < N, and some random vector 7" which is independent of X7 and Gj,
for all j. Let us consider separately two possible cases: k > N/2 and k < N/2.

The case k < N/2. Let Y denote a sum of m independent copies of K'/2X*. Let
Y1,Y5, ... be independent copies of Y. Then we can write

KV?VE2Y 4. 4V +T (3.8)
with [ = [N/(2m)] and some random 77 independent of Yj,...,Y;. By Lemma 2.6, we
have

N(p,6,S,c0G) = N(p/4,40,8,Y) (3.9)
provided that
I3 < eyp and  m > e NAY/p. (3.10)
The inequalities in (3.10) are just conditions of Lemma 3.1. Due to (3.1), (3.8) and (3.9),
we can apply Lemma 2.2 in order to estimate the integrals in (3.6) and (3.7). Replacing
in Lemma 2.2 X by Y and N by [, we obtain (3.5) in the case k < N/2.
The case k > N/2. We can argue as in the previous case defining now Y as a sum of
m independent copies of K'/2G. Condition N(p/4,46,S,,Y) is satisfied by (3.1), since
now L(Y) = L(coG). O
Following BG (1997a), introduce the upper bound %(t; N, L(X), E(G)) for the char-

acteristic function of quadratic forms (cf. Bentkus (1984) and Bentkus, Gotze and Zitikis
(1993)). We define »(t; N, L(X), L(G)) = »(t; N, L(X)) + 3(t; N, L(G)), where

#(t; N, L(X)) = sup |E e{tQ[Z;] + (z,Z;) }|, Zj=X1+---+ X, (3.11)
zeRd
with j = [(N —2)/14]. In the sequel, we shall use that
(85 N, L(X'), £(G)) < 5(t: N, £(X*), £(G)). (3.12)

For the proof, it suffices to note that X’ = X* —E X*+ W and W is independent of X*°.
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Lemma 3.2. Assume the conditions of Lemma 3.1. Then

/t|<t (’t|K)a%(tK; N’ﬁ(X.),E(G)) ’CZ
(Np)~@, for 0<a<s/2,
<a (Np)@ (14 [log(Np/m)|),  for a=s/2, 5.13)

(Np)~@ (1+ (Np/m)@=)/*) - for a > s/2.

Lemma 3.2 is a generalization of Lemma 3.2 from BG (1997a) which contains the same
bound for 0 < v < s/2. In this paper, we have to estimate the left hand side of (3.13) in
the case s/2 < « too.

Proof. By (3.1) and (3.9), the condition N (p/4,44, S,, Kl/QZ‘n) is fulfilled. Therefore,
collecting independent copies of K/2X* in groups as in (3.8), we can apply Theorem 5.2.
By this theorem,

x(tK;N,L(X®)) < M*(t;pN/m).
A similar upper bound is valid for s»(tK; N, L(G)) (cf. the proof of (3.5) in the case
k > N/2). Using definition (1.33) of the function M(-, -) and (1.34), we get

w(tK; N, L(X*), £(G)) <. min{l; (m/(tpN))S/2}, for |t| < t.

Integrating this bound (cf. the estimation of /; in Lemma 2.2), we obtain (3.13). O

4. PROOF OF THEOREM 1.4

To simplify notation, in Section 4 we write II = II$ and A = Aj. The assumption
0? =1 and relations (1.9) and (1.11) imply

I+AN>1, I+ A<1, ol <1, A2 <L (4.1)

Recall that AS\‘;) and functions Uy, ®;, and O, are defined by (1.16) and (1.19)—(1.21).
Note now that ©p(z) = E3(x/N) and, according to (1.21),

Agf;) < Agf;?. + sug ‘@b(m) — Op(x)|, (4.2)
Tre
where b = /N a and
Ag@?. = suﬂfé | Wy (z) — Py(z) — O (2)|. (4.3)
e
Let us verify that ‘

sug |6y(2) — O} (2)| <4 0”115, (4.4)
BAS

To this end we shall apply representation (1.16)—(1.17) of the Edgeworth correction as a
signed measure and estimate the variation of that measure. Indeed, using (1.16), we have

sup |O,(z) — O3 (2) | < N7V2p, = d|Ep'"(x)X3 —Ep"(z)X*?
R

z€eR

dr. (4.5)
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By the explicit formula (1.18), the function u — p"”(x)u? is a 3-linear form in the vari-

able u. Therefore, using |C™2u| < o ||ull, X = X* + X, and || X*|| | X.|| = 0, we have
p”’(.%')X?’ _ p”’(a:)X‘3 — p”’(:L‘)Xf, and

N1 <3%0,° /d(HC_l/QxH +|C25)3) p(2) do = cq1150,°. (4.6)
R

Inequalities (4.5) and (4.6) imply now (4.4).
To prove the statement (i) of Theorem 1.4, we have to derive that

A, <ap o (+ Aoy?)(1+ ||al])®. (4.7)
While proving (4.7) we assume that
Il < cypos, A < cgpoy, (4.8)

with a sufficiently small positive constant ¢; depending on d only. These assumptions do
not restrict generality. Indeed, we have |W,(z) — ®(x)| < 1. If conditions (4.8) do not
hold, then the estimate
sup |9} (z) | <4 NTIPE|CTV2X|? <4 0,22 (4.9)
zeR
immediately implies (4.7). In order to prove (4.9) we can use representation (1.16)—(1.17)
of the Edgeworth correction. Estimating the variation of that measure and using

B <o®B, ICull <oyt full,  E[CTAXC|P<E|CTVPX|P=d, (4.10)
we obtain (4.9).
It is clear that

AR, < sup (W) = Wi(@)| +|63(@) ~ B)(a) | + | Wi(x) — @) = B}(w)] ). (411)

Similarly to (4.5), we have

sup | O (z) — O(z) | < N-V2 g JX |Ep” (z)X** — Ep" (z)X" |dw. (4.12)
z€eR Rd

Recall that vector X’ is defined in (1.12). By Lemma 2.3, we have E ||IW|> < 21T (hence,
E||[W| < 1192, for 0 < q < 2). Moreover, representing W as a sum of a large num-
ber of i.i.d. Gaussian summands and using the Rosenthal inequality (see BG (1997a,
inequality (1.24)), it is easy to see that

B W7 <, (BIW]*)" <, 172 g >0 (4.13)
Furthermore, according to (1.9), (1.11) and (4.8),
E|X.| <To,' N2 < /2N-12, (4.14)

Hence, by (1.9), (1.12), (4.13) and (4.14),
BEE|X|'< NA+ 112, (4.15)
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Using (1.18), (4.8), (4.10) and (4.12)—(4.14), we get

N?J « Hl/Q(N—1/2H+A1/2)a;3/ (|C72z|| + |C™2x|®) p(z) d
Rd

<q (M+Ao;?)o> (4.16)
Thus, according to (4.12) and (4.16),
sup | O (z) — Oy(2) | <4 (IT+ Aoy) o> (4.17)
zeR

The same approach is applicable for the estimation of } O, | Using (1.12), (1.16)—(1.18),
(4.10) and (4.13), we get

sup [O}(z)] <« N7V /R d\Ep”’(x)X’?’ydx

zeR
<4 Aoy NTV2IB/2673, (4.18)
Let us prove that
sup ’\Ifb(x) — \IJg(x)‘ < p*(Mo;? + A1+ |al?). (4.19)
zeR
Using truncation (see (1.11) and (2.13)), we have |¥;, — ¥3| < o, ?, and
sup |Wy(z) — Vy(z)| < Hoy? +sup |¥p(z) — Wy(z)|. (4.20)
z€R z€R

In order to estimate |¥) — W;|, we shall apply Lemmas 3.1 and 3.2. The number m in
these Lemmas exists and NA/p > 1, as it follows from (4.1) and (4.8). Let us choose the
minimal m, that is, m < NA/p. Then (pN)™'m < A/p* and m/N < A/p. Therefore,
using Lemma 3.1, we have

d - Je I/ dt
sup | Up(z) — ¥y(z)| < p 2./\—I—/|< |Ws (1) — Wy (1) R T=1tK. (4.21)
x t<t:

We shall prove that
|3 (7) = Uy(7) | < sl 7| N (1+ 7| N)(1 + [|a]®), (4.22)

with 22 = s(7; N, £(X*)). Combining (4.20)—(4.22), using 7 = tK and integrating in-
equality (4.22) with the help of Lemma 3.2, we derive (4.19).

Let us prove (4.22). Recall that X’ = X* — E X* + W, where W denotes a centered
Gaussian random vector which is independent of all other random vectors and such that
cov X' = covG (see Lemma 2.3). Writing D = Z% — E Z% — b, we have

Z% —b=D+EZ%, Z— b2 D+ VNW,

and
| T5(r) = By(r)| < | Fa(0)| + | fol)| (4.23)



20 F. GOTZE AND A.YU. ZAITSEV

with
fi(r)=Ee{7Q[D+VNW]} - E {rQ[D]},
f(t)=Ee{rQ[D+EZ}]} —E e{rQ[D]}.
Now we have to prove that both ‘f1(7'> ‘ and ‘fg(T) | may be estimated by the right hand
side of (4.22).

Let us consider f;. We can write QD + vVNW] = Q[D] + A + B with A =
2V N(QD,W) and B = NQ[W]}. Taylor’s expansions of the exponent in (4.24) in
powers of i7 B and i7 A with remainders O(7 B) and O(72 A?) respectively imply (recall
that EW = 0 and Q? = I;)

| f1(7)| < |7 NE W] + 7’ NE |W|*E||D|]?, (4.25)

where s = 2(7; N, £(X*)). The estimation of the remainders of these expansions is based
on the splitting and conditioning techniques described in Section 9 of BG (1997a), see
also Bentkus, Gétze and Zaitsev (1997). Using the relations 0? = 1, E [|[W]]? < II and
E || D||?> < N(1 + ||al|?), we derive from (4.25) that

fu(T)| € 37| N (14 |7|N)) (1 + ||a]?). (4.26)
Note that EZY, = NEX®* = —NE X,. Expanding the exponent e{TQ[D + E 73] },
using (4.14) and proceeding similarly to the proof of (4.26), we obtain

| fo(7)| < seIlog 7| N(1 + [|al). (4.27)
Inequalities (4.23), (4.26) and (4.27) imply now (4.22).

It remains to estimate ‘\Il;) - ¢, — O, ‘ Recall that the distribution functions \Ifl(,l)(:v),
for 0 <1 < N, are defined in (3.4).
Fix an integer k, 1 < k < N. Clearly, we have

(4.24)

sup | Wy (z) — Py(z) — Oy(z)| < I + Lo + I, (4.28)
TE
where
Iy = sup |0 (x) — ®y(x) — (N — k) ©(x) /N, (4.29)
e
I, = sup W) () — U ()], (4.30)
Te
and
Iy =sup kN~ |O(z)|. (4.31)
zeR

Let estimate I;. Define the distributions

p(A) =P{Us+ Y X/ eVNA}, po(A) =P{Uy e VNA} =P{G € A},
e (4.32)
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where U; = G + - - - + G. Introduce the measure x’ replacing X by X’ in (1.17). For the
Borel sets A C R? define the Edgeworth correction (to the distribution ;) as

pi(A) = (N = k) N2 (4)/6. (4.33)
Introduce the signed measure
v=p—po— 5. (4.34)

It is easy to see that a re-normalization of random vectors implies (see relations (1.16),

(1.19)(1.21), (3.4) and (4.32)(4.34))

|0 (2) — ®y(z) — (N — k) Oy(x)/N| = v({ueR?:Qu—a] <z/N})
< 5y ¥ sup‘u )|- (4.35)

Lemma 4.1. Assume that d < oo and 1 < k < N. Then there exists cq such that oy
defined in (4.35) satisfies the inequality

B Nd/2

In <4 TN + —an exp{—cqkoi/3} (4.36)

with 3 = B X'||*.

An outline of the proof. We repeat and slightly improve the proof of Lemma 9.3 in
BG (1997a) (cf. the proof of Lemma 2.5 in BG (1996)). Assuming that cov X = cov X' =
cov G = Iz, we shall prove that

8 Nd/2 _
5]\[ <y W + W exp{—cd k/ﬂ} (437)
Applying (4.37) to C"/2 X" and C~'/2G and estimating |C~12|| < 1/04, we obtain (4.36).
While proving (4.37) we can assume that /N < ¢; and N > 1/¢, with a sufficiently

small positive constant c¢;. Otherwise (4.37) follows from the trivial bounds 3 > o = d?
and

Sy <<d1+(B/N)1/2/ 2| p(z) dz <q 1+ (B/N)2.
R4

Set n = N — k. Denoting by Z} and U sums of j independent copies of X' and G’
respectively, introduce the multidimensional characteristic functions

g@) =E e{(N?t,G)}, h(t =E { (N2, X") }, (4.38)

ft) =Ee{(NV2t,Z)} = h"(t), E { (N2 U} = g"(t), (4.39)
Fu() = nm(t) folt), where m(t) _ Wlw E (it, X')?, (4.40)

o(t) = (f(t) = folt) = (1) glpt), p* =k (4.41)

It is easy to see that

P(t) = /]R e{{t,4)} wd). (4.42)
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As a consequence of the truncation we have
E|Z/VN|' <,al, ~v>0, 1<I<N. (4.43)

By a slight extension of the proof of Lemma 11.6 in Bhattacharya and Rao (1986), see
as well the proof of Lemma 2.5 in BG (1996), we obtain

Oy <4 max / |0°D(t) | dt. (4.44)
teRd

lal<2d

Here |a| = |a1| + -+ + |ag|, @ = (a1, ..., a4), a5 € Z, a; > 0. In order to derive (4.37)
from (4.44), it suffices to prove that, for |a| < 2d,

|0°D(t)| <a glerpt), (4.45)
[0°D(t)| <a BNTHAA[E]%) exp{—c2 [I£]},  for [[tl* < cs(d)N/B. (446

Indeed, using (4.45) and denoting T = 1/ c3(d) N/3, we obtain
R Nd/2 2 272
/ 10°0(1) | dt <4 / glerpt)dt <o =~ exp{— T }/exp{—cf IE12/8} dt,

le=T =T R4

(4.47)
and it is easy to see that the right hand side of (4.47) is bounded from above by the
second summand in the right hand side of (4.37). Similarly, using (4.46), we can integrate
|0°D(t) | over ||| < T, and the integral is bounded from above by cq3/N.

In the proof of (4.45)—(4.47) we applied standard methods of estimation which are
provided in Bhattacharya and Rao (1986). In particular, we used a Bergstrom type
identity

—_
—_

f=fo—fi=> (h—g—m)h g7 +3 m _ (h —g)h' g™, (4.48)

§=0 !

—=1/2
0% exp{—cu [[t]2}] <a exp{—cs |12}, VN/F> >4 1

n—1 n—

<

I
=)

I
=)

relations (4.38)—(4.43), 1 <k < N,
and y“ exp{—y} <4 1, for y > 0. O

Applying (4.29), (4.35) and Lemma 4.1, we get

B Nd/2 e
TN + ~an exp{—cqkoy/0}. (4.49)

I <4

For the estimation of I, we shall use Lemma 4.2 which is an easy consequence of BG
(1997a, Lemma 9.3) and (3.12).

Lemma 4.2. We have

[ W3(6) = W ()| < 3L (B+ [t|NF+ [t N/ NB)(1+ [lal*),  for 0<I< N,
where »x = x(t; N, L(X*), L(G)) (cf. (3.11)).
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As in the proof of (4.21), applying Lemma 3.1 (choosing m =< N (A+1I)/p), we obtain
L <p (A +10) +/ Uy () — O () |dt/Jt], T =tK.
[t <t1

Applying Lemma 4.2 and replacing in that Lemma ¢ by 7, we have

| W3 (7) = O (1) | < 372k (B+ 7| N B+ |7|N/NB)(1 + [la]]?). (4.50)

Integrating with the help of Lemma 3.2, we obtain

L<p2(II+A)+p kN2 (B+/NB)(1+p"2/(IL+ A)Y*) (1 + [la]®).  (4.51)
Let us choose k <4 0,* N1/453/4. Such k < N exists by 3> o* = 1, by (4.15) and by
assumption (4.8). Then (4.49) and (4.51) turn into

3 oA N \ 3d/8 oA N\ 1/4
I <4 U§N +( L ) exp{ e ( : )} < U§N, (4.52)

and

B<ar M0 + o (5)7 4 (5) ) (0 2/ @+ 0 1 ). (453

Using (4.8), (4.15) and (4.53), we get

-2 B 3
Iy <gp 7 (IT+A) + AN (1 + [la]l®). (4.54)
Finally, by (4.8), (4.15), (4.18) and (4.31),
k
Iy <a o (A20,° + NTVPPIPR0%) < Aoy + 11,2, (4.55)

Inequalities (4.8), (4.11), (4.15), (4.17), (4.19), (4.28), (4.52), (4.54) and (4.55) imply
now (4.7) (and, hence, (1.25)) by an application of o4 < 1, and IT+ A < 1. Note that,
by (1.9) and (1.11), we have g4Il < II§. Together with (4.2) and (4.4), inequality (4.7)
yields (1.24). The statement (¢) of Theorem 1.4 is proved.

Let us prove (i) = (ii). To obtain p > exp{cA;°} we can use (i) in the case when
the condition N (p,d,S,, coG) is fulfilled with ¢g = §/4 = 1/1200. Indeed, the condition
B(S,, C) guarantees that e € S, UQS, are eigenvectors of the covariance operator C, and
we can get the lower bound for p by an application of Lemma 2.5 using ¢q = 6/4. O



24 F. GOTZE AND A.YU. ZAITSEV

5. FROM PROBABILITY TO NUMBER THEORY

In Section 5 we shall reduce the estimation of the integrals of the modulus of charac-
teristic functions W,(¢) to the estimation the integrals of some theta-series. We shall use
the following lemmas.

Lemma 5.1. (BG (1997a, Lemma 5.1)) Let L,C € RY. Let Z,UV and W denote
independent random vectors taking values in R%. Denote by
P(z) = (Qz,z) + (L,z) + C, for x € RY,

a real-valued polynomial of second order. Then
2 o~ o~
2|Ee{tP(Z+U+V+W)}| <Ee{20(QZ,0)} +Ee{2t(QZ,7)}.

Lemma 5.2. (BG (1997a, Theorem 7.1)) Assume that Q* = 1; and that the condition

N(p,é, SO,)N() holds with some 0 < p <1 and 0 <6 < 1/(5s). Then, for any a € R¢ and
tER,

| U(1)] < M*(t;pN),
where the function M and U,(t) are defined by (1.33) and (2.3) respectively.

Let €1, ¢&9,... denote i.i.d. symmetric Rademacher random variables. Let 6 > 0 and
S ={e,...,es} CRY We shall write L(Y) € T'(; S) if a discrete random vector Y is
distributed as €121 + - - - + 525, with some (non-random) z; € R? such that ||z; — ;|| < 4,
for all 1 < j <s. Recall that S, = {ey,...,e;} C R? denotes an orthonormal system.

Lemma 5.3. (BG (1997a, Corollary 6.3)) Assume that Q® = 1, and that the condition
N(p,§,S8, X) holds with some 0 < p <1 and § > 0. Write n = (pN/(5sﬂ. Then, for
any 0 < A< B, a € R? and v > 0, we have

B

. dt . B
/“I’a(f)\ T St o) (pPN) log 7,
A

with
2
—sup sup /\/ (t/4) M : o(t) oo +b]} (5.1)
beR
where Y = Uy +---+ U, andY' = U] +---+ U] denote sums of independent (non-i.i.d.)
vectors, and sup is taken over all { L(U;),L(U}): 1< j<n} CT(5S).

T

Lemma 5.4. Assume that Q* =1, and that the condition N (p, 5,8,5() holds with some
O<p<1landd>0. Let

n < [pN/(11s)] > 1. (5.2)
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Then, for any 0 < A< B, a € R and ~ > 0,

e dt ., B r — = dt
A/|\Ifa(t)\’t| < ¢y(s) (pN) 7" log — +s1%p A/\/E e{t (W, W")/2} T (5.3)

where W =V +---+V, and W' =V/ 4+ --- + V! are independent sums of independent
copies of random vectors V. and V' respectively, and the supremum supr is taken over all
LWV),LV")eT(6;S).

Note that this lemma will be proved for general S, but in this paper we need § = S,
only.
Proof of Lemma 5.4. Let us show that

Fe B r —
A/|‘Ifa(t)!,t| < ¢(8) (PNV) 7 log 4+ sup A/\/E {t W W2} 1y (54

where W =Vi+---4V, and W' = V/+-.-+ V! are independent sums of of independent
(non-i.i.d.) vectors, and sup is taken over all {L(V;),L(V]): 1 < j <n} C T(5S).
r

Comparing (5.3) and (5.4), we see that inequality (5.4) is related to sums of non-i.i.d.
vectors {V;} and {V/} while inequality (5.3) deals with i.i.d. vectors. Nevertheless, we
shall derive (5.3) from (5.4).

While proving (5.4) we can assume that pN > ¢, with a sufficiently large constant c;,
since otherwise (5.4) is trivially fulfilled.

Let ¢(t) be defined in (5.1), where Y =U; +--- + U,, and Y' = U + - - - + U}, denote
sums of independent (non-ii.d.) vectors with { L(U;),L(U}): 1 <j<n} CT(5;S).

We shall apply the symmetrization Lemma 5.1. Split Y = T + T; and Y/ + Qb =
R 4+ Ry + Ry into sums of independent sums of independent summands so that each
of the sums 7', R and R; contains n = [pN/(11s)] independent summands U; and U
respectively. Such an n exists since pN > ¢, with a sufficiently large ¢,. Lemma 5.1 and
symmetry of Q imply

2|p(t)? <E e{2t(T,Q*R)} + E e{2¢(T,Q°Ry) }. (5.5)

Recall that Q* = 1. Inequality (5.4) follows now from (5.5) and Lemma 5.3.
Let now W = Vi +---+V, and W' = V/ + --- + V] be independent sums of of
independent (non-i.i.d.) vectors with { £(V;), L(V/): 1 <j <n} CT(6; S). Using that

all £(V;) are symmetrized and have non-negative characteristic functions and applying
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Holder’s inequality, we obtain, for each t,

Ee{t(W,W)} = Ew,<HE‘~/je{t<17j,W’>}> (5.6)

< <HE %e{t@,’vm})”)”" (5.7)

7j=1

_ <ﬁEW, (g, et 7)}) " (5.8)

- (ﬁE et @), (5.9

where f dof Zz 1 V]l denotes a sum of i.i.d. copies V]l of V which are independent of all

other random vectors and variables. o
Repeating the steps (5.6)—(5.9) for each factor E e{t (T;,W’)} instead of the expec-

tation E e{t <W,W’>} on the right hand side separately, we get (with fé & Yoy ‘71417
where V), are i.i.d. copies of V) independent of all other random vectors)

Eeft (W, W)} < (ﬁﬁEe{t T, 7))} ) " (5.10)

Thus, using (5.10) and the arithmetic-geometric mean inequality, we have

/\/E o{t (W, W12} ‘df‘ /(ﬁﬁE o{t (T}, T} /2})1/%2 "JZ

‘A j=1k=1

IN

VAN
:w‘ —_
:B\,U:
A
(‘D
—~—
~
’ﬂ
ﬂ
\
)
—
~

E

< s%p/\/E o{t (T.T1)/2) ‘dtt (5.11)

where T'=U; +---4+ U, and 7" = U] + --- + U] are independent sums of independent
copies of random vectors U and U’ respectively, and the supremum supr is taken over
all L(U),L(U") € T'(5; S). Inequalities (5.4) and (5.11) imply now the statement of the
lemma. [J

The following Lemma 5.5 provides a Poisson summation formula.
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Lemma 5.5. Let Rez > 0, a,b € R and S : R® — R® be a positive definite symmetric
non-degenerate linear operator. Then

Z exp{—2S[m +a] +2mi (m,b)}

meZs

= (det(S/w))*lﬂz_s/2 exp{—2mi(a,b)} Z exp{— TS_I[Z +b] —27i(a, l)},

lezs

where S™1 : R® — R® denotes the inverse positive definite operator for S.

Proof. See, for example, Fricker (1982), p. 116, or Mumford (1983), p. 189, for-
mula (5.1); and p. 197, formula (5.9). O

Let the conditions of Lemma 5.4 be satisfied. Introduce one-dimensional lattice prob-
ability distributions H,, = £(,,) with integer valued &, setting
P{fn = k:} = A, n" "% exp {—k2/2n} , for k eZ.

It is easy to see that 1 < A,, < 1. Moreover, by Lemma 5.5,

H,(t) >0, foralltecR. (5.12)

Introduce the s-dimensional random vector (,, having as coordinates independent copies
of &,. Then, for m = (my,...,ms) € Z°, we have
def s —s

g(m) = P{¢ =m} = An % exp {—||m|*/2n} . (5.13)

Lemma 5.6. Let W = Vi +---+V, and W =V/+--- 4+ V! denote independent sums of
independent copies of random vectors V' and V' such that

V=erz1+ - +e2, Vi=eg2] + - +eaz,
with some zj, 25 € R Introduce the matriz By = {b;;(t) : 1 < 1,5 < s} with b;(t) =
t(2i,2;). Then
E e{t <W,W’>/4} < E e{ (B¢, C)) } + exp{—cn}, for all t € R,

where (, are independent copies of (, and c is an absolute constant.

Proof. Without loss of generality, we shall assume that n > ¢, where ¢ is an absolute
constant which is so large as it will be needed for the validity of arguments below. Consider
the random vector Y = (£1,...,&5) € R® with coordinates which are symmetrizations of
ii.d. Rademacher random variables. Let R = (Ry,...,Rs) and T denote independent
sums of n independent copies of Y/2. Then we can write

Ec{t (W,W')/4} =E e{(B,R,T)}, for all ¢ € R, (5.14)
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Note that the scalar product (-, -) in E e{ (B, R, T) } means the scalar product of vectors
in R®. In order to estimate this expectation, we write it in the form

Ee{(B.RT)} = EEge{(B.RT)}
= > p(m) > p(m)e{ (B;m,m)}, (5.15)

meLs mEZS

with summing over m = (my,...,my) € Z°, m = (M, ..., ms) € Z°* and
m)=P{R=m}=J[P{R =m,} = 2—2”< 2n ) 5.16
p(m) { } ]1_[1 { J J} ]1_[1 m; +n ( )

if max im;| < n and p(m) = 0 otherwise. Clearly, for fixed T' =,
<i<s

Epe{(BR.T)} =Y p(m)e{(Bm,m)} >0 (5.17)

is a value of the characteristic function of symmetrized random vector B, R. Using Stir-
ling’s formula, it is easy to show that there exist absolute constants ¢; and ¢y such that

P{R;=m;} < n~Y% exp {—mjz/Qn} . for |my| <en, (5.18)

and
P{|R;| > cin} < exp{—con}. (5.19)
Using (5.15)—(5.19), we obtain

Ee{(B,RT)} <, Z q(m) Z p(m)e{ (B;m,m) } + exp {—con}

mezZs meZs
= Z p(m) Z g(m)e{ (Bym,m) } + exp{—con}
mELS mELS
EE., e{ (B R, () } +exp {—con}
= Ee{(B:R ()} +exp{—cn}. (5.20)
Now we repeat our previous arguments, noting that
Ec e{ (BiR.G)} = ) q(m) e{(BR,m)} >0 (5.21)
mELS

is a value of the non-negative characteristic function of the random vector ¢, (see (5.12)).
Using again (5.18) and (5.19), we obtain

E e{(B;R, () } <s E e{ (B, () } + exp{—con}. (5.22)
Relations (5.14), (5.20) and (5.22) imply the statement of the lemma. [
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Let us estimate the expectation E e{ (B(,,¢,) } under the conditions of Lemmas 5.4
and 5.6, assuming that § < 1/(5s), n > ¢, where ¢ is a sufficiently large absolute constant,
and

ls—ell <o, lF—el<s  for1<j<s (5.23)

with an orthonormal system § = S, = {61,62, . ,es} involved in the conditions of
Lemma 5.4. We can rewrite E e{ (B,(,,(}) } as

Ec{(Bi(, ()} = > am) Y q(m)e{(Bm,m)}.

mezs meZzZs

Thus, by (5.13),
Ee{ (B¢, ¢) } = Arn™ > > exp{i(Bam,m) — m|*/2n — |[m]|*/2n}.
MELS mels
Applying Lemma 5.5 with S =1, 2 = 1/2n, a = 0, b = (2r) ! B; m, we obtain
E e{ (Bi(, () } <s n=%/? Z exp{ —27°n ||l + 2m) " 'B,m|* — [|m|?*/2n}. (5.24)
l,meZs

Note that the vectors ¢, and (], are i.i.d. Hence,
E e{(B:¢o, () } = E e{ (B G, C) (5.25)

where B} denotes the adjoint operator for B;. Similarly to (5.24), we could derive the
inequality
Ee{ (B¢, ¢} <an ™ Y exp{—2x"n |l + 27) ' Bym|* — [|m|*/2n}.  (5.26)
l,;meZs

Denote
r=vV2nin. (5.27)
By (5.24)—(5.27), we have

Eo{(B(nC)} = (Be{(BGnC)}E (B
< (03 exp{ =2 |1+ (2m) Bum|? ~ |m][?/2n}
IRV
~ 1/2
x 3 exp{—2ntn |1+ (2n) Byl — [m]*/20 })
1, mEeZs
s r_s< Z GXP{—T2 11+ (27) " 'Bym||*> — ||m]?/r?

l,m,l,;meZs

_ 1/2
— 2T+ 2m) Bm - mlrt) (5.28)
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Now we rewrite the last sum as

>, exp{—r? ||l + (2m) " Beml|* — [m|*/r* — * ||l + (2) " 'Bim|* — [[m*/r* }

l,m,l,;meZs

— Z exp{ —r? [|m — t Vm|]*> — ||m]||*/r* }, (5.29)

m,me7Z2s

where V : R?* — R?® is the operator with matrix

where Qg denotes the (s X s) matrix with zero entries. It is important that the matrix V
is symmetric. This will allow us to apply below Lemma 6.2 (which is related to Number
Theory) to derive inequality (7.14). Note that the right-hand side of (5.29) may be
considered as a theta-series.

Let us show that (cf. BG (1997a, proof of Lemma 7.4))

IBy|| <3/2 and |B;Y <2 (5.31)

Indeed, the entries of the matrix By are b;;(1) = (z,2}) with some z;, 2} € R? satisfy-
ing (5.23). Since S, = {el, €9,y .. ,es} is an orthonormal system, inequalities (5.23) imply
that B; = I + A with some matrix A = {a;;} such that |a;;| < 24 + 6%. Thus, we have
A < [|A]l2 < 255+ 562, where ||A||> denotes the Hilbert—Schmidt norm of the matrix A.
Therefore the condition 6 < 1/(5s) implies ||A|| < 1/2 and inequalities (5.31).

By (5.30) and (5.31), for any = € R?**| we have
2]l < IVl + [V 2]l < [l (5.32)

6. SOME FACTS FROM NUMBER THEORY

In Section 6, we consider some facts of the geometry of numbers (see Davenport (1958)
or Cassels (1959)). They will help us to estimate the integrals of the right-hand side of
inequality (5.29).

Let ey, eq, ..., eq be linearly independent vectors in R?. The set
d
A:{anej:njEZ,j:1,2,...,d} (61)
j=1
is called the lattice with basis ey, eg, ..., e4. The determinant det(A) of a lattice A is the
modulus of the determinant of the matrix formed from the vectors ey, es, ..., eq:

det(A) &f |det(eq, ea,. .., eq)|. (6.2)
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The determinant of a lattice does not depend on the choice of basis. Any lattice A C R?
can be represented as A = AZ9 where A is a non-degenerate linear operator. Clearly,
det(A) = |det A

Let my,...,m; € A be linearly independent vectors belonging to a lattice A. Then the
set

!
A':{anmj:njEZ, j:1,2,...,l} (6.3)
j=1
is an [-dimensional sublattice of the lattice A. Its determinant det(A’) is the determinant
of the matrix formed from the coordinates of the vectors my, ms, ..., m; with respect to
an orthonormal basis of the linear span of the vectors mq, mo, ..., m,.

Let F': R? — [0, 00] denote a norm on RY, that is F(az) = |a| F(z), for a € R, and
F(zx+y) < F(x) + F(y). The successive minima M; < --- < M, of F' with respect to a
lattice A are defined as follows: Let M; = inf{ F(m) : m # 0, m € A} and define M;
as the infimum of A > 0 such that the set {m eA: F(m) < )\} contains j linearly
independent vectors. It is easy to see that these infima are attained, that is there exist
linearly independent vectors by,...,by € A such that F(b;) = M;, j = 1,...,d. The
following Lemma 6.1 is proved by Davenport (1958, Lemma 1).

Lemma 6.1. Let My < --- < My be the successive minima of a norm F with respect
to the lattice Z¢. Suppose that 1 < J<dand M; <b< Mjy, for some b > 0. Then
the number of m = (my,...,mg) € Z% such that F(m) < b is bounded from above by

4jbj(M1 . MQ"'Mj)il.

Representing A = A Z¢, we see that the lattice Z¢ may be replaced in Lemma 6.1 by
any lattice A C R?. Tt suffices to apply this lemma to the norm G(m) = F(Am), m € Z°.

Let ||7||o = maxi<j<q|z;], for = (z1,...,74) € RY and let z(v) denote the distance
of the number v to the nearest integer.

Lemma 6.2. Let L;(x) = Y0_ qirzr, 1 <j<d, denote linear forms on R* such that
qk = Qij, J,k=1,...,d. Assume thatr > 1. Let ju be the number of m = (mq,...,my) €
Z% such that

2(Li(m)) <r7t myl <, forall 1 <j<d. (6.4)
Then

1% <y (Ml . MQ"'Md>7l, (65)

where My < --- < My are the first d of the 2d successive minima M; < -+ < Moy
(with respect to Z9) of the norm F : R* — [0,00) defined for vectors y = (x,T) € R??,
v, 7 €RY, T=(Ty,...,Tq), as

F(y) € max{r|Li(z) = Z1|,..., 7| La(x) = Tal, 7" |[2]lo0 }. (6.6)
Moreover,

— < My Mogiq_y < (2d)%7, 1 <k<2d (6.7)
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Here and below writing (a,b), for a € R4, b € R%, means that (a,b) € R“"*92 and
the coordinates of (a,b) are the coordinates of the vectors a and b in the corresponding
order, that is, (a,b) = (a1, a9, ...,aq4,,b1,b2,...,bg,). A similar notation will be used for
more vectors (a,b,c, ..., 2).

Lemma 6.2 is proved in Lemma 3 of Davenport (1958), see also Davenport (1958,
formula (20), p. 113). Note that inequality (6.5) of Lemma 6.2 is, in a sense, a particular
case of Lemma 6.1.

Note that, in the conditions of Lemma 6.2,
<M << Mg < (6.8)

where the first inequality is obvious by F(y) > 7|zl (if [|Z]lec = 0 then F(y) >
7 |Z]|oo = 77|Z|loe) and My <4 1 follows from (6.7) for k = d.

Lemma 6.3. Let Fj(m), j = 1,2, be some norms in R* and M; < --- < M, and
N; < --- < Ny be the successive minima of Fy with respect to a lattice A1 and of Fy with
respect to a lattice Ao respectively. Assume that My >4 Fo(ng), k=1,2,...,d, for some
linearly independent vectors ny,no,...,ng € Ay. Then

Mg >4 N, k=1,...,d. (6.9)
The proof of this lemma is elementary and therefore omitted.

Lemma 6.4. Let A be a lattice in R and let ci(d) and cy(d) be positive quantities
depending on d only. Then

> exp{—ci(d) |v|*} =q #H, (6.10)

vEA

where H < {vel: ||v)e<c(d)}.

[o

Proof. Introduce for p = (p1,...,pq) € = Lof co(d) Z4 the sets

B, {m— ad . e ) S {Nd_ ald) | ol )

2 2 2 2

such that RY = Uu B,,. For any fixed w* € H, oof {w e AN Bu} we have
w—w" € H, for any w € H,,.
Hence we conclude for any p € =

#H, < #H. (6.11)
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Since z € B, implies |||« > ||#t|/s/2, we obtain by (6.11)

2_ep{—a@ '} < 3 exp{-clvli}

vEA vEA

<¢ #Ho+ Y Y HveB,}exp{—cd)|ul}

HEEND veEA

<a #H - exp{—c(d) ||}

BEE
L4 #H. (6.12)
On the other hand,
> exp{—ci(d) o]’} =D exp{—callvlZ } >q #H. (6.13)
vEA vEA
This conclude the proof of Lemma 6.4. U
For a lattice A C R%, dim A = d and 1 <[ < d, we define its oy-characteristics by
a(A) sup{ |det(/\’)|71 : A" C A, I-dimensional sublattice of A}. (6.14)
Lemma 6.5. Let F(-) be a norm in R? such that F(-) <q ||-||. Let My < --- < My be
the successive minima of F with respect to a lattice A C R?. Then
a(A) =g (My - My---M)™, 1=1,....d (6.15)

For the proof of Lemma 6.5 we shall use the following lemma formulated in Proposition
(p. 517) and Remark (p. 518) in A.K. Lenstra, H.-W. Lenstra and Lovasz (1982).

Lemma 6.6. Let My < --- < My be the successive minima of the standard Fuclidean
norm with respect to a lattice A C R%. Then there exists a basis ey, es,...,eq of A such
that
M, =4 ||6[||, lzl,,d (616)
Moreover,
d
det(A) <4 [Jlledll- (6.17)
1=1

Proof of Lemma 6.5. According to Lemma 6.3, we can replace the Euclidean norm || - ||
by the norm F(-), in the formulation of Lemma 6.6. TLet A’ C A be an arbitrary

[-dimensional sublattice of A and N; < --- < N; be the successive minima of the
norm F'(-) with respect to A’. It is clear that M; < N;, j = 1,2,...,l. On the other
hand, M; = F(m;) for some linearly independent vectors mj,mo,...,m; € A. In the

case, where

I
A/:{anmj:nj62,]'21,2,...,[}, (6.18)
=1
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we have N; = M;, 7 =1,2,...,1. It remains to take into account definition (6.14) and to
apply Lemma 6.6. [J

7. FROM NUMBER THEORY TO PROBABILITY

In Section 7, we shall use these number-theoretical results of Section 6 to estimate
integrals of the right-hand side of (5.29). Recall that we have assumed the conditions of
Lemmas 5.4 and 5.6, § < 1/(5s), n > ¢, and (5.23), for an orthonormal system S = S,,.
The notation SL(d,R) is used below for the set of all (d x d)-matrices with real entries
and determinant 1.

Introduce the matrices

det [ Tlag  Ooyq

D, & ( R ) € SL(4s,R), >0, (7.1)
def ]125 _t]I2s

K, < (tﬂzs L. ) teR, (7.2)
U, & ( (gfs _EHQS ) € SL(4s,R), teR, (7.3)

2s 2s

and the lattices
def ]]: S @ S S S
A:AV:(@ZS V?)z‘*cR‘*, (7.4)
jH s _V s .

Aj:DjUj_lA:(@; j—lv)Z4’ j=1,2,..., (7.5)

where the matrix V is defined in (5.30). Below we shall use the following simplest prop-
erties of these matrices:

D, Dy, = Daba U, U0, = Ua+b and D,U, = U,z ]Da, for a, b> 0. (76)

In the sequel we shall apply Lemma 6.2 to linear forms
2s
Li(z) = Zt&jk T, 1 <j<2s, (7.7)
k=1

where ¢ € R is arbitrary and aj; are the elements of the symmetric matrix V. For
fixed ¢, we denote the corresponding successive minima of the norm F'(-) (defined by (6.6)
and (7.7)) by M;;, j=1,...,4s. Thus, we can write

Mj,t = |L(m7m7 t>‘oo’ (78)
for some m,m € Z2%, where

L(m,m,t) = (r(my —t(Vm)1),...,r(mas — t(VM)ay), r 'y, ..., 7~ "ma,).  (7.9)
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It is easy to see from the definition that M, are the successive minima of the norm |- ||o
with respect to the lattice

— det (( Ty —TtV s
Al 0

Moreover, simultaneously, M;; are the successive minima of the norm F*(-) defined for
(m,m) € R* m,m € R* by

% __\ def N P
F*((m, 7)) masc{ ]| V177 (7.11)
with respect to the lattice
det [ rloy —1rtV s
0, < ( <O>225 1y )Z4 =D, U,A. (7.12)
Note that, according to (5.32),
Fr ) =l (7.13)

Using (5.32), (7.10)—(7.13) and Lemmas 6.2, 6.4 and 6.5, we obtain

Y exp{—r?lm—tVm|* —|m|*/r?} = Y exp{—lvl*}

m,meL?s vEE,
< #{veEET : vl <1}
s (Myy - Moy~ Mag,)™!
s aas(Er) = ans(y). (7.14)

Here we have used essentially that the matrix V is symmetric. Now, by (5.28), (5.29),
(7.12) and (7.14), we have

E e{ (B¢, C;)} Lgr ® (0425(915))

Using (7.15) and Lemmas 5.4 and 5.6, we derive the following lemma.

1/2 1/2

=17 (aas (D, U, A)) (7.15)

Lemma 7.1. Let the conditions of Lemma 5.4 be satisfied with § < 1/(5s) and with an
orthonormal system S = S, = {e1,...,es} CRL Then

1 1
[ 1w % < ot [ ot raier,

. t e t
(7.16)
where r, ass(+), D, Uy and the lattice A are defined in relations (5.2), (5.27), (5.30),
(6.14), (7.1), (7.3) and (7.4) and in Lemma 5.6. The supp means here the supremum
over all possible values of zj,z; € R¢ (involved in the definition of matrices B; and V)
such that

1z — €5l <6, 125 = el <6, for 1<j <s. (7.17)
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Let v = (m,m) € R m,m € R?». Then

m+tm=(1+t)m+t(m—tm). (7.18)
Equality (7.18) implies that
|7 + tm|| < |7 + [|m — tm]|, for |t] <, 1. (7.19)

Hence,
rlm —tm| +r w4 tm|| < v llm —tm|| + 7 m||,  for r > 1, [t < 1. (7.20)
According to (7.1)—(7.3), we have
D, Uyv = (r(m —tm),r 'm) and D,K,v= (r(m—tm),r (M +tm)). (7.21)
It is clear that the operators D,U; and D,K; are invertible. Therefore, using (7.20)
and (7.21) and applying Lemmas 6.3 and 6.5, we derive the inequality
a2s(D, U Q) <5 ans(D, K Q) for r > 1, |t <5 1, (7.22)

which is valid for any lattice Q C R*.
Let T be the (4s x 4s) permutation matrix which permutes the rows of a (4s x 4s)
matrix A so that the new order (corresponding to the matrix TA) is:

1,25,2,2s+1,...,25 —1,4s.

Note that the operator T is isometric and A — A T~! rearrange the columns of A in the
order mentioned above. It is easy to see that

&QS(TQ) = QQS(Q), (723)
for any lattice Q C R*s.
Note now that
TD,K:A; = TD, K, T 'TA; = W,A;, (7.24)
where A; is a lattice defined by
A; = TA, (7.25)
and where W, is (4s x 4s)-matrix
Gr,t @2 . @2
L I (7.26)
Oy Oy : Gr,t
constructed of (2 x 2)-matrices Oy (with zero entries) and
def ro—rt
Gy = < el ) : (7.27)

Let |t| <2 and
0 = arcsin (¢ (1 + t2)’1/2) or, equivalently, ¢ = tan@. (7.28)
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Then we have
0] < ¢ &f arcsin(2/v/5), cosf = (1+t3)"Y2  sinf =1t (1+*)"V2 (7.29)

It is easy to see that

G = (1+t)Y’D, Ky (7.30)
and o
W, = (1+t3)Y2D, Ky, (7.31)
where o -
D, Qz O, Ko Qz O,
po=| DT L e R= | TR T
@2 @2 : ﬁr @2 @2 : K@
are (4s x 4s) matrices with
= def (7 0 — def [ cost) —sinf
D, = < 0 -1 ) and Ky = ( sind  cosd ) € SL(2,R). (7.33)
Substituting (7.31) into equality (7.24), we obtain
DK, A; = (1+ )2 D, Ky A (7.34)

Below we shall also use the following crucial lemma of Gétze and Margulis (2009).

Lemma 7.2. Let ]K@ and

E (22 : @2
e I (7.35)
@2 @2 . E

be (2d x 2d)-matrices such that H € G = SL(2,R) and Ky is defined in (7.32) and (7.33).
Let [ is a positive number such that Bd > 2. Then, for any H € G and any lattice
A C R,

/0 (ul Ry A)) a8 g (oa(A))7 H]|2. (7.36)

Here ||H|| is the standard norm of the linear operator H : R? — R2.

Consider, under the conditions of Lemma 7.1,

o [V dt oo dt
I d_f/ ‘\Ila(t)‘T —/1|\Ifa(t/2)|t. (7.37)

,1/2

By Lemma 7.1, we have
Iy < (pN)™t + =% sup J, (7.38)
r
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where
' 1/4 dt &
J = (Oé25<]D)TUt A)) - < I, (7.39)
r—1 2
with
o [UD7 dt .
I d_f/ (02s (U, A)) ! o T=23. pE ] +1. (7.40)
j—1

Changing variable t = vj 2

D, and U;, we have

and v = w + j in I; and using the properties of matrices

2G-1)~t

1/4 dv
I = / (02s (D, U,y ) =
1/4 dv
S / ags D U 52 A)) T
1/4 dw
= \/0 (1/25 D ij QU -1 A)) Tﬂ . (741)
By (7.6),
D, Uyj—2 =Dj-1D; Uy = D,;-: U, D (7.42)
According to (7.41) and (7.42),
1 [? 1/4
I < = (a2s(Dy;—1 U Ay)) " dt, (7.43)
0

where the lattices A; are defined in (7.5) (see also (7.1), (7.3) and (7.4)). Let N( ) <

- < N be the successive minima of the Euclidean norm with respect to the lattice A
Usmg (5 32) and (7.5), it is easy to show that

det (A;) = [det V]| =, 1 and N >, 1. (7.44)

Therefore, by Lemmas 6.5 and 6.6, N,ij) =,1,k=1,2,...,4s, and
ags(Aj) <5 1, (7.45)
By (7.22), (7.23) and (7.34), we have

OZQS(DrjflUtAj) < OCQS(]D)T] thA ) = OJQS(TDrjfl KtAj)
<<S Oégs(]D -1 K@A ) (746)
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for [t| <5 1, 7 > 1, j = 2,3,...,p, where 6 is defined in (7.28). Using (7.28), (7.29),
(7.32), (7.46) and Lemma 7.2 (with d = 2s), we obtain

*

2 ¢ ~ do
/ (0528<D7.j—1Ut Aj)) v i <s / (O‘2S(Drj‘1 Ko AJ)) v
0 0

cos? @

27 " "
< / (cns(Dyj 1 Ky A7) B
0

™ s/2— 1/4
<o Dy |22 (ane(A5) ", (7.47)

if s > 5. It is clear that ||D,;—1|| = rj~'. Therefore, according to (7.23), (7.25), (7.43)
and (7.47),

1
I <, ?(m’*l)s/?*2 (cns(A)) " (7.48)
By (7.39), (7.45) and (7.48), we obtain, for s> 5,
o
1
R D (I K 7.49
> i (7.49)
j=2
By (5.2), (5.27), (7.38) and (7.49), we have r <, (Np)'/? and
Iy <172 <, (Np)™h (7.50)
It is clear that in a similar way we can establish that
) < dt 2 1
/ Bu(1/2)] % < < (V) (7.51)
1

for any quantity ¢(s) depending on s only. The proof will be easier due to the fact that ¢
cannot be small in this integral.
Thus, we have proved the following lemma.

Lemma 7.3. Let the conditions of Lemma 5.4 be satisfied with s > 5 and c(s) be a
quantity depending on s only. Then there exists a cs such that

18,04 <, (Vo)
@] < (Np) T (7.52)

1

if Np >, cs, where r is defined in (5.2) and (5.27).
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