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Abstract

Let G be a simple real Lie group with finite center. We prove that given
a non—central element g in GG there is an elliptic element h in G such that h
and ghg~! generate a dense subsemigroup of G.

1 Introduction

Every real or complex semisimple Lie algebra g can be generated by two of its
elements. This is an old result of Kuranishi [Kul, Ku2]. If g is simple then given a
non-zero element X € g there is an element Y € g such that X and Y generate g,
[I]. This property is called 1.5-generatedness. In control theory the question arises
if a semisimple group G can be generated as a semigroup by two one-parameter
subsemigroups. The main result of [AGK] gives a (generic) sufficient condition for
a one-parameter subsemigroup and a one-parameter subgroup of G to generate G
as a semigroup.

Another old result, also proved by Kuranishi [Ku3], is that any semisimple Lie group
G has a dense subgroup with two generators. For the case of a compact semisimple
Lie group this was already proved in 1935 by Auerbach [Au]. In this case the two
group elements actually generate a dense subsemigroup, see remark 3.4. In a — not
necessarily compact — semisimple Lie group elements close to the identity generate
a dense subgroup if and only if their logarithms generate the Lie algebra, see [Ku3].
For group elements not near the identity and for subsemigroups this is a different
question. Field and Rowley conjectured that 1.5—-generatedness holds for compact
simple Lie groups without center, see [Fi|. In that paper Field gives an elementary
proof of the fact that for a compact semisimple Lie group G the pairs (z,y) in G X G
which generate a dense subgroup form a non-empty Zariski open subset. This is not
true for non—compact semisimple groups, see remark 3.9.

We now state the main results of our paper. We call an element g of a Lie group
G elliptic if one of the following three equivalent conditions is satisfied (for the
equivalence see remark 3.3):

a) g is contained in a compact subgroup of G;
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b) the closure of the subsemigroup of G' generated by g is compact;
¢) the closure of the subsemigroup of G generated by g is a group.

If G is a closed subgroup of GL(n,C) then g € G is elliptic if and only if g is
semisimple and all the eigenvalues of g have absolute value 1.

Theorem 1.1. Let G be a connected simple Lie group with finite center. Given a
non—central element g in G there is an elliptic element h € G such that h and ghg™!
generate a dense subsemigroup of G.

This is stronger than what is sometimes called 1.5-generatedness of a topologi-
cal group: given one (non—central) element g there is an element h such that the
subgroup generated by ¢g and h is dense in G. See [GKS| and [B], where 1.5—
generatedness is proved for certain groups resp. Lie algebras.

Theorem 1.1 is a consequence of the following result.

Theorem 1.2. Let G be as above. Let g be a non—central element of G. Then there
is a one—dimensional compact torus T in G such that T UgTg™ ! generates G (as a
group or as a semigroup, there is no difference). If T is such a torus then for every
t € T, except for a finite set of torsion elements, the subsemigroup of G generated
by {t, gtg~'} is dense in G.

We also prove an infinitesimal version of our theorems which may be of independent
interest, see proposition 2.8.

Theorem 1.2 implies in particular that there are two conjugate one-dimensional tori
in G which generate G as a (semi-)group. The following example shows that there
may be a one-dimensional torus in G' no two conjugates of which generate G.

Example 1.3. Let G be the connected component of SO(3,2) and let K = SO3 x
SO, (a maximal compact subgroup of G). If we choose a one-dimensional torus 7'
in either of the two factors of K then T has a 3—dimensional vector space of fixed
points in the natural representation of G on R?, hence the union of two conjugates
of T fixes a one-dimensional subspace and thus cannot generate G. This example
also shows that one cannot interchange the roles of g and h: Given an elliptic non—
central element h in G, it may happen that no two conjugates of h generate a dense
subsemigroup of G.

Remark 1.4. Our theorems do not always hold if G has infinite center. E.g. the
universal covering group of SLy(IR) has no compact subgroup # {1}. But even
if such G has a non-trivial compact subgroup, our theorem may fail, e.g. for the
universal covering group of SO(3,2), as follows from the argument in example 1.3.

In section 2 we give the essential part of the proof and in section 3 we draw conclu-
sions, give generalizations and discuss the sets of relevant tori and group elements
in our existence theorems.
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2 Proof

All our Lie groups will be connected and by a simple Lie group we mean one whose
Lie algebra is simple.

In this section we will prove the following theorem.

Theorem 2.1. Let G be a semisimple real Lie group with finite center and let T
be a maximal compact torus of G. Let C C G be a conjugacy class, which is not
contained in a proper normal subgroup of G. Then there is an element g € C for
which T U gTg™! generates G. In fact, the set of such g is Zariski open (and hence
topologically dense) in C.

This theorem implies all the results claimed in the introduction and more technical
versions of them, as will be explained in the next section. Clearly, if it is true for
some Lie group with finite center locally isomorphic to G, then it is true for G.

Notation 2.2. For the proof we will pass to the complex case. We shall therefore
use in the rest of this section a notation that differs from the one used so far. Let G
be a simply connected semisimple complex Lie group and let G(R) be a real form
of G. Let o be a Cartan involution of G(R). We denote also by o its extension to
G. Let G be the subgroup of fixed points of o in G. Then Gy(R) is a compact real
form of Gy. If Tj is a maximal algebraic torus of Gy defined over R, then Tp(R)
is a maximal compact torus of G(R) (lying in Go(R)). Finally, let C C G be a
conjugacy class defined over R, and let C'(R)° be a connected component of C(R).
Then C'(R)° is a conjugacy class in G(R). It suffices to prove theorem 2.1 for the
group G(R), the maximal compact torus 7p(IR), and the conjugacy class C'(R)°.

We will deduce theorem 2.1 from the following complex analog of it.

Theorem 2.3. Let G be a simply connected semisimple complex Lie group, and let
o be an involutory automorphism of G. Let Gy C G be the subgroup of fized points
of o, and let Ty be a mazimal torus of Gy. Let C' C G be a conjugacy class, which
is not contained in a proper normal subgroup of G. Then there is an element g € C'
for which Ty U gTyg™ ' generates G. In fact, the set of such g is Zariski open in C.

For a subset M C G let (M) denote the subsemigroup of G' generated by M. If
M = M~" then (M) is in fact a subgroup. For any = € G set

G(z) = (Ty U 2Tphr ™).
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Clearly, G(z) is an algebraic subgroup of G whose Lie algebra g(x) is generated by
toUAd(z)ty, where g is the Lie algebra of Tp. It follows that G(x) = G if and only if
some (multiple) commutators of elements of t, and Ad(x)ty form a basis of g. This
shows that the set of z € G, for which G(x) = G, is Zariski open in G, whence the
last assertion of theorem 2.3 follows.

Let us now explain how to deduce theorem 2.1 from theorem 2.3. In the notation
2.2, theorem 2.3 asserts the existence of an element g € C' such that t, U Ad(g)to
generates the Lie algebra g. Since the set of such g is Zariski open in C, one may
assume that g € C'(R)°. Then to(R) U Ad(g)to(R) generates the Lie algebra g(RR)
and hence Ty(R) U gTy(R)g™! generates the group G(R).

In the rest of this section, we shall use the notation of theorem 2.3.
Let us first reduce the proof of theorem 2.3 to the folllowing two cases:
Case 1. The group G is simple.

Case 2. The group G is a direct product of two simple factors permuted by o and
the conjugacy class C' is o-invariant.

If G =G xG" then C = C'" x C", where C’ (resp. C”) is a conjugacy class in
G’ (resp. G"). If in addition G’ and G” are o-invariant, then Gy = G} x G{j and
Ty = Ty x Ty, where Tj (resp. 1j)) is a maximal torus in G, (resp. Gy). Hence, if
the assertion of the theorem is true for G’ and G”, it is true for G as well. Thus, it
only remains to consider the case when G is a direct product of two simple factors
permuted by o.

Let G = H x H, where H is a simple group, and let o((z,y)) = (y,x) for x,y € H.
Then Gy is the diagonal in H x H and one may assume that 7T is the diagonal in
S x S, where S is a maximal torus in H. Furthermore, C' = C; x (5, where 4 and
(5 are some non-central conjugacy classes in H. Suppose that the assertion of the
theorem is true for the group H and its identity automorphism. Then, for a generic
hy € Cy (resp. hy € Cy) SUhRShi! (vesp. S U hyShy') generates H. It follows
that, for a generic g = (hy, he) € C1 x Cs, the subgroup G(g) projects onto each of
the two simple factors of G. If nevertheless G(g) # G, then

G(g) = {(h,0(h))|h € H},
where 6 is some automorphism of H.

Since G(g) D Tp, 6 must fix S pointwise, which means that 6 is the conjugation by
some s; € S. Furthermore, since G(g) D gTpg~!, one has

hoshy' = s1hyshy s for alls € S,

which means that s;h; = hasy for some s, € S. Thus, the assertion of the theorem
is false for G = H x H and C' = C x Cy if and only if hy € ShyS (or, equivalently,
hy € ShyS) for generic hy € Cy and hy € Cy. In the latter case, Cy lies in the
closure of S hyS for a generic hy € Cy and Cy lies in the closure of S hiS for a
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generic h; € (4, and hence C] lies in the closure of S hyS for a generic hy € Cj.
Thus, if the assertion of the theorem does not hold for C' = C; x (s, it also does
not hold for C' = C} x (1, that is, in the case when C' is o-invariant.

In the rest of this section we will suppose that one of the cases 1 and 2 occurs.

Let x = x4z, be the Jordan decomposition of an element x € C'. Then the closure
of C' contains the conjugacy class C of x,. Clearly, if o(C') = C, then o(Cy) = Cs.
Assume that C, does not lie in the center of G and that there is g, € C such that
G(gs) = G. Then, since the set of z € G, for which G(z) = G, is Zariski open in G,
there is also g € C such that G(g) = G. If C does lie in the center of G, one can
reduce the proof to the case when Cs = {e}, i.e. C consists of unipotent elements,
by multiplying C' by a suitable element of the center. Thus, it suffices to prove the
theorem in the cases, when C' consists of semisimple or of unipotent elements.

We will use the following lemma.

Lemma 2.4. Let s be a semisimple automorphism of g. Then the subalgebra h C g
generated by (s — 1)g is an ideal.

Proof. Clearly, b is normalized by (s — 1)g and also by the kernel ker(s—1) of s —1,
which is the subalgebra of fixed points of s. Since g = (s — 1)g @ ker(s — 1), b is
normalized by g. [l

The centralizer t = 3(ty) of t; is a maximal torus in g, see e.g. [He, Ch. X, Lemma
5.3]. The connected component T' of the centralizer of t; in G is then a maximal
torus in G. (In fact the centralizer of t; is connected, see e.g. [GOV, Ch.3, Theorem
3.13], but we do not need this fact.)

Let
g=tePo. (2.5)
acA
be the root space decomposition of g with respect to 7. For any a € A, set
a := «a |r,. Note that & # 0. Moreover, it is known that @ = f for «, f € A only if
f=aorf=oc(a),se eg. [GOV, Ch. 3, Theorem 3.14(1)]. Let

ng@@g@ (2.6)

acA

be the root space decomposition of g with respect to Ty. We have dimgs; = 1 or 2
for any a € A.

Passing to the proof of the theorem in the case when C' consists of semisimple
elements, take go € C NT. By lemma 2.4 it suffices to prove that for a generic
x € C the Lie algebra g(z) generated by toUAd(z)ty contains (Ad(go) —1)g. It thus
suffices to prove that for every a € A with a(gy) # 1 we have g(x) D g, for generic
reC .



Suppose a(go) # 1. Let x(t) = expt, t € C, be the one-parameter subgroup of G
with infinitesimal generator £ € g. For n € t; we have

aAd(@(t)gox(t)™)n li=o= g (Ad(x(t))Ad(g0) Ad(2(t) ")) |1=o
= ad(§)Ad(go)n — Ad(go)ad(€)n = [(1 — Ad(g0))&,n], (2.7)

since Ad(go)n = 1. Choosing the g,—component of £ to be non—zero we see that for
a generic x € C, Ad(x)ty projects onto g.

If o(ar) = «a then g5 = g, and hence for a generic z € C' we obtain g(z) D g, since
g(x) is To-invariant.

If o(a) # a then gz = ga ® go(a). Take non-zero vectors e, € g, and e_ € g_q.
Then o(ea) € go(a) and o(e—s) € goo(a). Put hy = [ea, 6] and o) = o(ha) =
[0(€a),0(€_o)]. We may assume that a(h,) = 2. Note that § := a — o(«a) is
not a root, since & |,= 0. It follows that [e,,0(e_a)] = [e—a,0(ea)] = 0 and
o(a)(he) = a(o(hy)) < 0 (since o(e,) is a lowest weight vector for the adjoint
representation of the subalgebra (ey, hq,€_4) in g).

Taking ¢ = e, +e_, in 2.7, we see that there exists x € C' such that the projection of
Ad(x)ty to g5 contains a one-dimensional subspace C-e arbitrarily close to C-e, and,
at the same time, its projection to g_5 contains a one-dimensional subspace C - e_
arbitrarily close to C - e_,. Then g(z) D C-e+ C - e_ and hence g(z) > [e,e_]| =
Aho + po(hy) with & small. In particular, we may assume that A # p. Then
ad(A hq + pro(ha) has different eigenvalues on g, and go(q), namely 2A + pa(o(ha))
and Ao (a)(ha) + 210 = Aa(o(hy)) 4+ 2u. Hence, g(z) D g, for some x € C'.

It remains to consider the case when C' consists of unipotent elements.

We first deal with the infinitesimal case which may be of independent interest.

Proposition 2.8. With notation and hypotheses as in theorem 2.3, let ¢ C g be an
adjoint orbit, which is not contained in a proper ideal of g. Then there is an element
v € ¢ such that to U, to| generates the algebra g. In fact, the set of such ~y is Zariski
open in c.

(Note that we do not assume here that 7 is nilpotent.)

Proof. For any v € g, let g(v) denote the subalgebra generated by ty U [v, to]. For
the same reason as in the proof of the second assertion of 2.2, the set of elements
v € g such that g(v) = g, is Zariski open in g, whence the second assertion of the
proposition follows.

For any § € g and a € A we will denote by &, the projection of § to g, in the
decomposition 2.5. Similarly, for any & € A we will denote by &5 the projection of
¢ to gs in the decomposition 2.6.

Since the linear span of ¢ is an ideal, it coincides with g. It follows that for a generic
v € ¢ and any o € A we have 7, # 0 and hence g() contains a one-dimensional
subspace of g5. If moreover o(«) = « then g(v) D go = ga-
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Let now o(a) # a. Since the roots a and o(«) are of equal length and their difference
is not a root, they generate a o-invariant root subsystem of type A; + A; or As, in
which they are simple roots.

Take v € ¢ with non-zero components Yo, V—a, Yo(a): Y=o(a) and set

v(t) = Ad(exptey)y = (exptad(es))?.

Note that i
d
) o= (ad(ea)).

Since 2aq, 2a — o(a), a — o(«) are not roots, we obtain

%[’V(t)a,v(t)—a] |io= %[’V(t)aﬁ(t)—a] |i=o +d—[’y(t)a(a>,7(t)—o(a)] |t=0

dt>
= [(ad(ea))*v-a: 7-al;

which is a non—zero multiple of h,,. It follows that for some ¢ the subalgebra g(v(t))
contains an element Ah, + po(hy) with A # p, and hence g(y(¢)) contains g5 and

g-a-

Thus, for a generic v € ¢ the subalgebra g(v) contains all the subspaces ga, @ € A,
and hence coincides with g. O

We now pass to the proof of theorem 2.3 in the case, when C' consists of unipotent
elements. In this case ' = expc¢, where ¢ C g is an adjoint orbit consisting of
nilpotent elements. By proposition 2.5 there exists an element v € ¢ such that
to U [7, to] generates the algebra g. This means that some (multiple) commutators of
elements of t, and [y, ty] constitute a basis of g. Replacing each element [y,7n], n € to
by (Ad(exp ty)—1)n with sufficiently small |¢|, we shall still obtain a basis of g. Since
(due to the Morozov-Jacobson theorem) ty € ¢ for all ¢t # 0, the assertion of the
theorem follows.

3 Conclusions

For the whole section let G be a semisimple real Lie group with finite center, and
let go be a fixed element of G which is not contained in a proper normal subgroup of
G. Equivalently, Ad(go) fixes no non—zero ideal in the Lie algebra g of G, or, again
equivalently, for every non-trivial factorgroup of G the image of g is not central.

Recall that we denote by (M) the subsemigroup of G generated by M.

Theorem 3.1. There is a one-dimensional compact torus T in G such that (T U
gT'g™) = G. For such T the subgroup (t,gtg™') is dense in G for every t € T"!
except for a finite set of torsion elements.



Proof. By theorem 2.1, there is a (maximal) compact torus 7" in G such that (T'U
gTg™') = G. Take a dense one-parameter subgroup H; = {expté,t € R} in T.
Then the group H = (H; U gH,g™ ') is dense in G. Clearly, H is a (not necessarily
closed) Lie subgroup of G whose Lie algebra b is generated by {£, Ad(g)¢}. But the
only dense Lie subgroup in a semisimple Lie group is the group itself. Thus h =g
is generated by {¢£, Ad(g){}. The set of pairs of vectors in g which generate the Lie
algebra g is Zariski open in g x g. So our claim holds for all one-dimensional compact
tori {expt&’,t € R} contained in T with & near . There are such £ near ¢ since
the set of infinitesimal generators of one—dimensional compact tori is topologically
dense in the Lie algebra of any compact torus. This yields the first assertion of the
theorem.

To continue the proof of theorem 3.1, let us recall the following theorem.

Theorem 3.2. [BG1]. There is a neighborhood U of the unit e in G such that the
exponential map has an analytic inverse log : U — G and a tuple (g1, ...,gq) € U?
generates a dense subgroup of G if and only if {loggi,...,logga} generates the Lie
algebra g.

It follows that there is a neighborhood V' of e in GG such that log is defined on V' and
{h,ghg™'} generates a dense subgroup of G if and only if {log h, Ad(g)logh} gen-
erates the Lie algebra g. Thus if h € V is elliptic then the subsemigroup (h, ghg™!)
is dense in G if and only if {log h, Ad(g)log h} generates the Lie algebra g.

Let now t!' be the Lie algebra of our one-dimensional torus 7" for which (T U
gT'g™) = G. Then t' U Ad(g)t' generates v, and by theorem 3.2 (t,gtg™!) = G
for every t € T' NV, t # e. Let A be the set of t € T for which (¢,gtg™") # G.
Clearly, if t € A then t™ € A for every m € Z. Thus, if t € T has infinite order,
then t € A. Moreover, the orders of elements of A are bounded. It follows that the
set A is finite. O

Remark 3.3. The equivalence of the different properties characterizing elliptic el-
ements stated before theorem 1.1 is implied by the following facts.

1) Every non—empty compact subsemigroup of a topological group is a group.
(See e.g. Theorem 30.6 in [St].)

2) [Po, Section 39, Lemma 1] Every element g of a locally compact topological
group G has exactly one of the following two properties:
«) ¢ is contained in a compact subgroup of Gj
B) the subgroup of G generated by ¢ is infinite cyclic and discrete.
Remark 3.4. Note that 1) implies that the closure of a subsemigroup generated

by elliptic elements is actually a group and hence is also the closure of the group
generated by these elements.



Remark 3.5. Theorem 3.2 implies that the set of pairs (z,y) € G x G for which the

group generated by {z,y} is dense in G form a topologically open subset of G x G,
see [BG1].

Let €(G) be the set of elliptic elements of G. Remark 3.5 together with theorem
3.1 yields

Corollary 3.6. The set of h € €(G) such that (h,ghg™') is dense in G is topologi-
cally dense in €(G).

Let a be the (algebraic) subset of elements X € g such that {X, Ad(g)X} does not
generate the Lie algebra g. Let A be the subset of elements h € G such that the
subgroup of G generated by {h,ghg~'} is not dense in G.

Proposition 3.7. Let T be a compact torus in G and let t be its Lie algebra. Then
ant is a finite union of Lie algebras of subtori of T'. Moreover, if A does not contain
T, then ANT 1is contained in a finite union of proper closed subgroups of T .

Proof. There is a neighborhood V' of 0 in g and a neighborhood U of e in G such
that the exponential map exp : g — G induces a diffeomorphism V' — U and V Na
maps onto U N A, by theorem 3.2. Since Ra C aand 2" € Aifn € Z and z € A, for
any X € a the one-parameter subgroup {exptX,t € R} is contained in A. Since A
is closed by remark 3.5, the closure of this one-parameter subgroup is also contained
in A, and its Lie algebra is contained in a. Thus, a is a union of the Lie algebras of
subtori of T'. Since there are only countably many of such subtori and an irreducible
algebraic variety cannot be covered by countably many of proper closed subvarieties,
every irreducible component of a Nt is the Lie algebra of a subtorus of 7', whence
the first assertion of the proposition follows.

Now let T, ..., T be subtori of T" such that a Nt is the union of their Lie algebras.
Then ANTNU = U (T; N U). For every x € T there is a positive integer m = m,

and a nelghborhood W W, of x in T such that W™ C U. Hence if y € ANW
then y™ € T, for some 7. Since a finite number of such neighborhoods W cover T,
a finite union of proper closed subgroups of T of the form Y,,; = {y € T;y™ € T;}
contains ANT. O

Proposition 3.8. Let X € g be such that the corresponding one—parameter subgroup
has compact closure. Then we have the following dichotomy. The set of t € R such
that exptX € A is either R or a discrete subset of R.

Proof. Let T be the closure of our one parameter group, a compact torus, and let t
be its Lie algebra. We have to show that the set B = {t € R;exptX € A} equals
R if B is not discrete. Let b be a cluster point of B. Since ZB C B we may
assume that b € U, with notations as in the proof of proposition 3.7. The image
under log o exp of some interval W around b is contained in an affine line of the form
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RX +Y with Y € kerexp. The interval WX + Y in this line is contained in V" and
intersects the algebraic set a in a non—discrete set, hence WX +Y C a and hence
RX +Y C a. It follows that X € a since a is homogeneous and thus exptX € A
for every t € R. O

Remark 3.9. The pairs (z,y) € G X G generating a Zariski dense subgroup form a
topologically dense subset, see [V, Proposition 2]. But if G is non—compact, there is
a topologically open non—empty subset of pairs (x,y) € G x G for which the group
generated by {z,y} is free and discrete (but Zariski dense). This can be seen by a
Schottky type construction using proximality.
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