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ABSTRACT. Let K be a compact set in R™. For 1 < p < oo, the Bernstein space
BY. is the Banach space of all functions f € LP(R™) such that its Fourier transform in a
distributional sense is supported on K. If f € B%., then f is continuous on R" and has an
extension onto the complex space C™ to an entire function of exponential type K. We study

the approximation of functions in BY by finite T-periodic exponential sums

E cTne27rz(m,m)/~r7
m

in LP(7T") norm as 7 — 400, where T" = [ — 7/2,7/2]".
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1 Introduction
The Fourier transform on L'(R") is defined here by

fx)= [ f@)e ™V,
-

where (x,t) = >~ xxt), denotes the inner product in R”. We normalize the
inverse Fourier transform

< 1
f(&) =

@ J. F()e'eDdt (1.1)

—

so that the inversion formula (f) = f holds for suitable f. If f € LP(R")
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and p > 2, then the Fourier transform f is understood as tempered distribution
on R™.

Let K be a compact set in R™. For 1 < p < oo, the Bernstein space Bf. is a
closed subspace of LP(R™) consists of all f € LP(R™) such that f is supported
on K. In other terminology, any f € B% is bandlimited to K. The Banach

space B%. is equipped with the norm

1/p
I, = ([ Ifords) i< p<oc

and
1fllec = esssupga|f ()], if p = oo.

Throughout this article, we consider only the cases when BY. is infinite-
dimensional Banach space. For this reason, we will assume that K is a body
in R", i.e., K coincides with the closure of its inner point set int(K). By the
Paley-Wiener-Schwartz theorem (see [4, p. 181]), any f € B% is continuous
on R™ and has an extension onto the complex space C" to an entire function

of exponential type K; this means that
f(2)] < M), (1.2)
for all z =x + iy, x, y € R", where M is a positive constant and

Hic(§) = max(&, 1),
¢ € R”, is the supporting function of K.
Let Z" denote the lattice of integer vectors in R” and let T" = (—1/2,1/2]".
We write N for the set of natural numbers. Fix 7 > 0. Since each f € B is

a continuous function on R", we have that the Fourier coefficients of f on 7T"

1

cm(f7 7') = ; ] (u>€—27ri(m,u)/7'du7

m € Z", are well-defined. The Fourier series of f € B is formally given by
Y el fim)emm T, (1.3)
mezZn

We will take in (1.3) only those terms whose Fourier transforms are supported

on K. More precisely, set

@)= S enlfim)ermimar (L4)

meZ*Mn, K
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where n, = [7/27]z is the integer part of 7/27 and n, K = {n,u:u € K} .
Since K is a compact set, f, is a trigonometric polynomial on R". We also

consider the following (7T")-truncated version of f,

Pfr = fT * XrTn, (15)

where x,r» is the characteristic (indicator) function of the set 7T".
Let B2 := B[Z_U’U], where o > 0. In a recent paper, Martin [7] studied the

approximation of f € B2 by the sums of one variable

er(@) - > em(f ) (1.6)
[m|<[ro/2n]z

Recall that a function f is called strictly bandlimited to [—o, o], if it is ban-
dlimited to [—p, g] for some 0 < ¢ < 0. It was proved in [7] that if f € B2
and f is strictly bandlimited to [—o, o], then (1.6) converges to f in L? norm
as 7 — oo on R and on any horizontal lines in C. Grochening [2] studied simi-
lar to (1.6) trigonometric polynomials and obtained a quantitative estimate of
approximation in L?*(7T) norm. In [10], we investigated (1.5) for f € B% in
the case when K is an arbitrary Jordan-measurable compact subset of R"™.

In the present paper, we give another proof of such approximation theorems.
Furthermore, our approach extends to any B}, for 1 < p < cc.

To formulate the main result, recall that by an n-polytope in R™ we mean any
intersection P of a finite number of half-spaces L(a,w) = {z € R" : (z,a) <
w}, a € R", w € R, such that P has non-empty interior int(P).

Theorem 1.1. Suppose f € B} for 1 <p < oo. If K is an n-polytope,
then

Tim |[f = ¢pellor@n) = 0. (1.7)

Until recently, the approximation of bandlimited functions by trigonometric
polynomials was most completely investigated in the case p = co. Lewitan [6]
was the first to define the trigonometric polynomials

‘2
< sin®(% + k)
fT(ZL’) = Z f(x + kT)+—]{;)27

X
keZ (?

7> 0. (1.8)

It was proved in [6] that if f € B, then f, — f as 7 — oo uniformly on

compact subset of R. Krein [5] given a new proof of this statement, obtained

the degree of approximation, and considered several applications. Hérmander

[3] considered trigonometric polynomials which are more general than (1.8)

(for a more detailed history and references see [1], p.p. 146-152). For f € B?
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and 1 < p < oo, Schmeisser [12] proved the convergence theorems for Lewitan
(or Lewitan-Krein-Hérmander) polynomials (1.8) with respect to LP norms on
lines in C parallel to R and obtained the convergence of (1.8) with respect to
[ norms. The approximation by polynomials of several variables similar to
(1.8) was also studied in the case f € B (for details see [9] and the literature
cited there).

For our final theorem, we return to the polynomials (1.5). As in the case of
Lewitan-Krein-Hormander polynomials, it turns out that (1.5) also converges
uniformly on compact subsets of R".

Theorem 1.2. Suppose f € BY., where 1 < p < oo. If K is an n-polytope,
then lim,_.o(f — ¢r,) = 0 uniformly on compact subsets of R".

2 Preliminaries

Let us start by introducing some terminology and notation. For x € R",

we denote by |z|, the [, norm on R", i.e.,
/p
jaly = (D lal?) s ifp e 1,00)
k

and |z|o = maxy |zg|. Set
Ut ={zeR": |z[p <1} and Q"={reR": |z| <1}.

If A and B are two sets in R", then we write A + B for the set of all sums
a+b,a€ A be B. In particular, if A = {a}, a € R", then we write simply
a+ B. For 6 € R\ {0} we denote by §A the set {da : a € A}. Let K be a
compact subset of R™. The Lebesgue measure (in R") of K will be denoted by
Q,(K). Set

ric = inf{|x|2 Lz eRY K} (2.1)

and
Rk = max{|a:|2 S K}. (2.2)

For 6 > 0, we denote by Ky the #-envelope of K, i.e.
Ko = Ugeg(z + 0U™).
We define the following “O-kernel of K”

Ko =R"\ (R"\ K)y. (2.3)



In the sequel, we assume that in K(_g) the number 0 is less than the diameter
of K. This implies that K(_g) is nonempty set.

Let f € B . For 6 > 0, we say that f is 0-strictly bandlimited to K if
supp j/c\C K(_g). Throughout, the term ” f is strictly bandlimited to K means
that f is -strictly bandlimited to K for some 6 > 0.

We need a few preliminary properties of B% . Let us start with some
Nikol'skii’s inequalities (see [8, Sec. 3]). Let f € Bg,, where Qp = {z € R":
|zg| <o <oo,k=1,...,n}. If 1 <p<r < oo, then

- 1/p=1/r
Il <24 ([Tox) " I llncen: (2.4)
k=1

In the case 1 < p < o0

xlggo f(z)=0. (2.5)
Of course, (2.4) and (2.5) still hold for all f € B% in the case if K is a
compact body in R"™. More precisely, given a compact body K C R"™ and
1 < p < r < oo, there exists a positive constant A = A(n,p,r, K) < oo
depending on n, p, r, and K so that

[ fllr@ny < Al fllLe@n) (2.6)

for all f € B}, . In other words, the embedding mapping
BY. C Bj (2.7)

is continuous.
Let p be a 27-periodic in each variable trigonometric polynomial on 27T".

If 1 <p<r < oo, then there exists a constant ¢ = ¢(n) such that

n 1/p—1/r
IPllzr@rry < e(TTma) ™ Ipllzsaren) (2.8)
k=1

where my, is the degree of p in the variable xj (see [8, Sec. 3], [13]).
Recall that the Schwartz class of test functions S(R™) consists of the
complex-valued infinitely differentiable functions £ on R" satisfying

sup (14 |z]2)°D¥(x)| < o0 (2.9)

C€RM,u|<k
for all k, s € N, where u is a nonnegative multi-index and [u| = >°7_, u;. The
dual space S’(R") is the space of tempered distributions. If £ € S(R™) and
7 > 0, then the Poisson summation formula gives

Z E(x+7l) = 7_1—n Z E(le) g2ritma)/7. (2.10)

T
lezn mezn
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r € R" (see [4, p. 177, (7.2.1)]).

Given a compact set K in R", we denote by S% (R™) the subspace of S(R")
consisting of strictly bandlimited to K functions. We will need the following
easily implicit auxiliary statement. For completeness, we give also its proof.

Lemma 2.1. Let K be a convexr compact body in R™. If 1 < p < oo, then
S (R™) is an LP(R™)-dense subspace of Bi.
Proof. Suppose first that 0 € int K. Take any ¢ € S(R™) such that ( is

non-negative on R", supp( C U", and
((x)dr =1. (2.11)
Rn

By the Bochner theorem, the function ¢ is continuous and positive definite on
R™. This, conjugate with (2.11), implies that

sup (8] < C(0) = (2m) ™ (2.12)
Let f € Bj. Given 0 € (0,1), we set f5(z) = f(dz). Let
Fy(z) = (2m)" fs(x) - g(%x) (2.13)

where 7 is defined in (2.1). We consider f as element of $'(R") with compact
support. Then f; * ¢ is well defined in S (R™) and

(1 — 6)7“[{

supp Fy = supp (f5 * () C 0K + U" C K_

for all 6 € (0,(1 — 0)rk/2). By (2.5), each f € B%, p € [1,00], is a bounded
function on R™. Hence Fs € S%(R").
Let us prove that
i [| f = Fs[| o gany = 0. (2.14)

To this end, we estimate ||f — fs5| prny and || fs — Fj||zo@n). Set € > 0. Then
there exists a, > 0 such that

11l o (®m\acm) < €. (2.15)
Fix any such a.. If 1/2 < § < 1, then

HF(SHLP(RH\(ZEUH) S HféHLp(Rn\aE[Un) < 2“/}78 (216)
for all 6 € (1/2,1).

Now we consider the functions f, fs, and Fs on a.U". It is known (see, for
example, [10]), that if g € BY, 1 < p < o0, ,y € R", and maxek |(x—y,t)| <
m, then

!
l9(2) — g(y)] < 251n(§ max | (£, z — y)\) Nl ez (2.17)
teK
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Therefore, if x € a.U™ and 1 — 0 is sufficiently small, then by (2.17), we obtain
that

sin(1;5 max |<I,t)|>‘

teK,x€a UM

1f = fsllpracom < 2(a2,(U™) "

< (a2, (U")P(1 = 6)n' 2Ry < ¢, (2.18)

where Ry is defined in (2.2). In view of (2.12), we have for z € a.U"

o) - ¢y

1_ ei(1—5)rK(x,t)/2’C(t) dt

|[f5(x) = Fs(x)] = (2m)" | f5()]

< 17l e /

1— ei(l—d)rK(ac,t)/Q‘ 17|

< max
telUn x€a U™

1_5 o0 n
SNt I T
tel”,xzca . Un \/§

L>(R7)

L < (n/2)Y2(1 = )rgcac|| £ 1o (i)
Hence

| £5(2) = Fs(@) | r(atm) < (a22(0)7(n/2)2(1 = 6)ricac]| fll ey < €

for sufficiently small 1 — 4. Since € is an arbitrary positive number, combining
(2.15), (2.16), (2.18), and (2.19), we have (2.14).
In the general case, we take an arbitrary zy € int K. Let g € B} . If

f(z) = glx)e =),

then f € BY |, where the body int (—x¢+ K) contains origin. For ¢ € (0,1),
we set G5(x) = Fs(x)e’ ™) where Fj is defined in (2.13). Then (2.14) becomes
lims_; [|Gs — ¢]| = 0. Finally, each G4 belongs to S%(R"), and this complete

the proof of the lemma.

3 Proofs

For f € S(R™), let

~r 2 .
Z f(_ﬂ-m> e?ﬂ'z(m,x)/‘l" (31)

T
meZ "Ny K

1
Ef77($) =

pry

x € R™. We will compare this polynomial with our main trigonometric poly-
nomial (1.4).

Lemma 3.1.  Let K be a convexr compact body in R™. If f € S%(R™) and
p € [1,00), then



Th_{& Hf7 — Ef,THLP(TT") = O (32)

Proof. First we claim that there exists an 79 > 0 such that if 7 > 7,

then Fy, can be written as

1 ~/ QT )
Broa) == Y. F(Zm)erminor, (3.3)
meZrMn, K

~

where n, = [7/2r]z. To that end, it suffices to show that if f((27/7)mg) # 0
for mg € Z™, then mgy € n, K. Since f is #-strictly bandlimited to K for some
0 > 0 and K is convex, we have (27/7)mo + 0U" C K. Hence there exists
dp > 0 such that if § € (0, o], then

2
7”(1 +8)mo € K. (3.4)

Suppose 7y is defined be means of the equality (1 + do)(1 — 27/79) = 1. Since
1-27/7 < 2mn. /7 < 1, we have that for any 7 € |19, 00) there exists € (0, o
such that 27n,(1 + §)/7 = 1. Using (3.4), we obtain that mo € n,K. This
proofs our claim (3.3).

Let 7 > 7. Using (3.3) we can estimate || f; — Ey; | ro(-1n) as follows:

Ifr = Efrllzery

1 omi(m,z)/ A<27T ik p 1/p
_ n - mi(m,x)/T —]C) mi(k,z) /T d
— (/ﬂrn‘ Z T Ce ZT f —k e x
K keZrN LK

meZrMNn,

1 R 2 P 1/17

([ (e i(En) )

T 7" mezZ"n K T
SLaP>

meZ"Ng- K

T"Cm — ]?(Q—Wm> ‘ (3.5)

T

Let s € N. By (2.9) (with u = 0), there exists a constant ¢(f,s) < oo such
that

[f(@)] < e(f, s)lly®

for » € R™\ 2U". Since 7 > 79, it follows that
n (2T —2mi(m,x)/T
en = F(Zm)[ = [ p@)e el | < ()] dt
T n\T’H‘n Rn\,r’]:[‘n

< [ s [l

Rn\%[un



If s > n, then via polar coordinates in R"

271-”/2 27Tn/2

ew = F(Tom)| < elf9) oy / 7 o = el ) ™

2

where I is the usual Gamma function. Finally, if we choose in (2.9) u = 0 and
s > 0 so that s > n(1 + 1/p), then (3.5) together with (3.6) proves (3.2) and
the lemma.

Let K be a compact subset of R™. If k € N, then

Dy x(x) = Z e'tem
mMELTMkEK

is called the Dirichlet kernel of order k related to K. Now the polynomial (1.4)

can be presented as the value of the following integral operator

o) = = . F0) D (1)) (3.6)

™n
Therefore, setting
cI)T(f) = Pfr

7 € (0,00), we may assume that (1.4) defines on B the one-parametric
family of bounded linear operators ®, : By — LP(R™). In the next lemma we
give some sufficient conditions under which the family (®,),~o has uniformly
bounded norms.

Lemma 3.2. Let K be an n-polytope in R™. If 1 < p < oo, then there

exists a constant w(K,p) < oo such that

[+ (F)ler@ny < (K, D) |1 g, (3.7)

for every f € BY and all T € (0,00).
Proof Given f € BY., we define on R" the 27 T"-periodic function g
such that gs(v) = f((7/2m)v) for v € 2rT". Now, (3.7) implies

12~ () zo@ny = 12+ (O o)

F()Dy (27T(91:—t ) dt‘ dx
-

L — D, —v)d
(27 )(p+1) /mrn /%Tn 95(V)Dn, x(y —v) dv

In [13] (theorem 2.4.5, p. 56), it is shown that under the conditions of this
lemma, there exists a constant ¢(K) > 0, depending only on K, such that

il

1

T"P

7T 'S 7T

" dy. (3.8)

2

p 1/p 4 n
dy) SC(K)(1+ P )HhHLp@an)
p—1
9
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for all s € N and h € LP(2rT"). Combining this with (3.9), we get

4p2 n
|2 (llzrny < (B (14 25 ) NS lavierny

Thus we have (3.8) with @ (K, p) = ¢(K)(1+4p*/(p — 1))", and the lemma is
proved.
Proof of theorem 1.1. The Banach—Steinhaus theorem together with

Lemma 2.1 and Lemma 3.2 imply that it suffices to check (1.7) only on Sg (R™).
Let f € S5 (R™). The Poisson summation formula (2.10) gives

> fla+7l) = Epe(x), (3.9)

where Ey . is defined in (3.1). Here the series converges absolutely and uni-

formly on compact subset of R™. In particular, the series

Z flz+7l)

leZ"\{0}

defines on 7T™ an LP(7T") function. Since lim,_.o || f||zr@m\717y = 0, we have
from (3.2) and (3.10) that it remains to show that

tim | S0 g

leZ\{0}

= 0. 3.10
Lp(7T™) ( )
Let s € N. If z € 7T" and [ € Z" \ {0}, then (2.9) implies that there exists
M (s) > 0 such that

M(s)  _  M(s) _2M(s) _ 2°M(s)

x4+ T7l)| < < — < < :
el S T iy < Ta by = = =

We may take s € N so that s > n. Then

S flat)| < —28]\7{(3) 3 |l|loo < 25]\7{(3) 3 2n(mn;1)n .

lez™\{0} lezZ\{0}

m=1

Therefore exists M;(s) > 0 such that

Z flx+7i)

1€Z7\{0}

< M, (s)T"/P7s.

Lp(TT™)

This proves (3.11) and the proof of theorem 1.1 is complete.
Proof of theorem 1.2. Suppose f € Bf. . We claim that

M(f) = Sup |f — frllzoomny < 0. (3.11)

10



In fact, by (2.4), it would suffice to show that
su%) | fr |l Loomry < 00. (3.12)
T>

To see this, let p.(t) := f,(rt/27), t € 2rT". Since K C RgUN C RgQm,

where Ry is defined in (2.2), the polynomial p, is 27-periodic and has degree

at most n, Ry in each variable. Now, by (2.8), there exists an ¢ < oo such that
197 |22 2y < € (7 Ric)™P || D2 || £ 2w -

Then

||fTHL°°(R”) = ||f7||Loo(r1rn) = ||pT||L°°(2ﬂ'T”) <c (nTRK>n/p||pT||Lp(27rTn) =

27, n/p n
c ( - RK> HfTHLp(TTn) <c RK/prTHLP(TT")‘

Thus, using lemma 3.2, we get

£l ey < € REPIND(F)llpoey < ¢ B w(E, p)l|fll ey, (3.13)

and this proves (3.13).

In view of (2.5), to prove the theorem, it is enough to show that

lim [[f = ¢srllL=@rm) = 0.

Assume, to the contrary, that there exist an a > 0 and a sequence 7, — 00
such that ||f — ¢y,

sequence (z,,)$°, where z,, € 7, T", so that

(f = Fr)(@m)l = |(f = @1.0) (2m)] = a. (3.14)
We fix § € (0, 1] and define

L=(rmtn) = a for all m € N. Then we may choose a

T
Am — <4m + = Un7
T R
m =1,2,.... Suppose y € A,,. Since y = z,,, + (76/ R )w, for some w € U",
we get
T T
_ B < — < <.
max |(z, =y, t)| R max |(w, ¢)] < 7—max|tly <md <

Now using (2.17) and (3.15), we obtain

(F = F2) )]
> 1(F ~ fra) )] = 2F = Frn ey sin 5 max (e — 9,2
> a— 78] ~ frullim . (3.15)

11



Since a < M(f) < oo, we may take

p——

2 M (f)
Then (3.16) implies

/ - \(f = fr)(2)|P dx Z/ I(f = fr. )W) |P dy >

Tm TPNA M,
a\P

(5) O (7T O A ). (3.16)

We may assume without of generality that

2T

VnRg

Tm =

for all m € N. Then

76 0, (U") a,(U")
Q. (A ™) > = ) 1
W Bm N7 T") 2 2"Ri 2" M (f) Ry (3.17)

Then combining (3.17) and (3.18) we obtain

s Qn(Un)
_ Py >
/7:an |(f me)(xN T — 2n+p+1M(f)RK
for m =1,2,.... This contradicts (1.7) and theorem 1.2 is proved.
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