COMPARISON INEQUALITIES FOR HEAT SEMIGROUPS AND
HEAT KERNELS ON METRIC MEASURE SPACES

ALEXANDER GRIGOR’YAN, JIAXIN HU, AND KA-SING LAU

ABSTRACT. We prove a certain inequality for a subsolution of the heat equation
associated with a regular Dirichlet form. As a consequence of this inequality, we
obtain various interesting comparison inequalities for heat semigroups and heat
kernels, which can be used for obtaining pointwise estimates of heat kernels. As
an example of application, we present a new method of deducing sub-Gaussian
upper bounds of the heat kernel from on-diagonal bounds and tail estimates.
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1. INTRODUCTION

In this paper, we are concerned with certain inequalities involving heat kernels
on arbitrary metric measure spaces. The motivation comes from the following three
results.

1. Let M be a Riemannian manifold and p; (z,y) be the heat kernel on M asso-
ciated with the Laplace-Beltrami operator A. Let {X;},., be the diffusion process
generated by A. For any open set (2, denote by ¥ (t,i) the probability that X,
exits from Q before the time ¢, provided X, = x. It was proved in [8] that, for any
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two disjoint open subsets U and V of M and forallz e U,y € V, t,s > 0,

Dt+s (QZ’, y) S wU (ta .CC) sup py (u7 y) + wV (87 y) sup py (U7 Z’) (11)
s<t'<t+s t<t'<t+s
uedU vedV

(see Fig. 1).

FIGURE 1. Any sample path, connecting = and y, either exits from
the set U before time ¢ when starting at z, or exits from the set V
before time s when starting at y.

Similarly, if U C V then, for all x € U and y € V,

Pevs (7,9) < 0oy (T,y)+0y (t,2) sup pe (u,y)+¥y (s,y) sup py (v,7), (1.2)
sgt’%gi-s tSté%%/—J—s
ue v

where p) (z,y) is the heat kernel in V with the Dirichlet boundary condition in 9V
(see Fig. 2).

FIGURE 2. Any sample path, connecting x and y, either stays in V/,
or exits from the set U before time ¢t when starting at z, or exits from
the set V' before time s when starting at y.

The estimates (1.1) and (1.2) were used in [8] to obtain heat kernel bounds on
manifolds with ends.

2. Let now {X;},., be a diffusion process on a metric measure space (M,d, p),
and assume that {X,} possesses a continuous transition density p, (z,) that will be
called the heat kernel. It was proved in [11] that, for any open set V' C M and for
allz eV, t >0,

por (x,2) < p;/t (z, ) + 29y, (¢, x) su‘I/)pt (v,v) . (1.3)
ve
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In the setting of manifolds, one sees that (1.3) is a particular case of (1.2) where
U =YV and z = y since

sup py (v,v) < supp; (v,v).
t<t'<at veV
vedV

Kigami used (1.3) in [11] to develop a technique for obtaining an upper bound of
p: (z, ), given a certain estimate of the Dirichlet heat kernel p} (z,z). He then
applied this technique to obtain heat kernel estimates on post-critically finite self-
similar fractals.

3. In the previous setting, but without the continuity of the heat kernel, the
authors proved in [6] the following inequality:

esup prys(z,y) < esuppy (7,y) + Yy (t,7) esup ps (v, 2) (1.4)
yev yev y,2€V

for all ¢, s > 0 and almost all x € V', where esup stands for the essential supremum.

We refer to the estimates of types (1.1), (1.3), (1.4) as to comparison inequalities
for heat kernels. The purpose of this paper is to prove such inequalities in the
most general setting where the heat semigroups are determined by regular Dirichlet
forms and under minimal a priori assumptions about the underlying space and the
Dirichlet form. Our method applies to local as well as to non-local regular Dirichlet
forms, that is, the associated Hunt process can be a diffusion or not. We prove
the comparison inequalities for the heat semigroups without assuming the existence
of the heat kernels. If the heat kernels do exist, then we obtain the comparison
inequalities for the heat kernels without assuming their continuity. We hope that
this level of generality for comparison inequalities will find applications in diverse
settings of both diffusion and jump processes on abstract metric measure spaces.

Despite the probabilistic motivation, all the proofs in this paper are entirely an-
alytic and are based on the version of the parabolic maximum principle, developed
by the authors [5], [7] in the abstract setting. Our basic result is the inequality
(3.3) of Theorem 3.1, which holds true for a weak subsolution of the heat equation
associated with any regular Dirichlet form. A refinement of Theorem 3.1 for quasi-
local Dirichlet forms is given in Theorem 4.3. It turns out that this basic inequality
(3.3) (and its version (4.4) for quasi-local forms) is a source of various interesting
comparison inequalities for heat semigroups and heat kernels.

For example, the inequality (5.13) of Theorem 5.1 contains (1.1), and the in-
equality (5.12) contains (1.2) and (1.3). General comparison estimates for heat
semigroups are given by Proposition 4.1 for arbitrary regular Dirichlet forms and by
Corollary 4.8 for quasi-local Dirichlet forms.

The structure of this paper is as follows. In Section 2 we give the preliminaries on
Dirichlet forms and weak solutions of the associated heat equation. In Section 3, we
prove the basic Theorem 3.1. The consequences of Theorem 3.1 — various comparison
inequalities, are proved in Section 4 for the heat semigroups and in Section 5 for
the heat kernels. Finally, in Section 6, we give an example of application of the
comparison inequalities deducing the off-diagonal sub-Gaussian upper bound of the
heat kernel from the on-diagonal bound and the tail estimate.
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2. PRELIMINARIES ON DIRICHLET FORMS

In this section, we first recall some terminology from the theory of Dirichlet form
(cf. [4]) and prove some further properties of Dirichlet forms, which are of indepen-
dent interest for their own right.

Let (M,d, ) be a metric measure space, that is, the couple (M,d) is a locally
compact separable metric space and p is a Radon measure on M with a full support,
that is, x(€2) > 0 for any non-empty open subset €2 of M. Let (£, F) be a Dirichlet
form in L? := L?*(M, i), that is, F is a dense subspace of L? and £ (f, g) is a bilinear,
symmetric, non-negative definite, closed, and Markovian functional on F x F. The
closedness of (€, F) means that F is a Hilbert space with the norm (||f||§ +£()) 12 :
where |||, is the norm of L*(M,u) and E(f) := E(f, f). The Markovian property
means that f € F implies f := (fVO) A1l € F and E(f) < E(f).

Let A be the generator of (£, F), that is, an operator in L? with the maximal
domain dom (A) C F such that

E(f,9)=—(Af,g) forall f € dom(A),ge F.

Then A is a non-positive definite self-adjoint operator in L% Let {P;} (1>0y Pe the
heat semigroup associated with the form (£, F), that is, P, = exp (tA). It follows
that, for any ¢ > 0, P, is a bounded self-adjoint operator in L?. The relation between
P, and A is given also by the identity

Af =Dl (Pf - ),

where the limit exists if and only if f € dom(A). A similar relation takes place
between P, and &:

£(f,9) =l 7 (f ~ Pif.0),

for all f,g € F. The heat semigroup {F;} of a Dirichlet form is always Markovian,
that is, for any 0 < f < 1 a.e. in M, we have that 0 < P,f <1 a.e. in M for any
t>0.

A family {p;},., of 1 x p-measurable functions on M x M is called the heat kernel
of the Dirichlet form (€, F) if p; is the integral kernel of the operator P;, that is, for
any t > 0 and for any f € L*(M, u),

Pf(x) = /Mpt (z,y) f (y) du (y) (2.1)

for p-almost all x € M.

The form (&, F) is regular if the space F N Cy(M) is dense both in F and in
Co(M), where Cy(M) is the space of all real-valued continuous functions in M with
compact support. For any two subsets U, 2 of M, a cut-off function ¢ for the couple
(U,Q) is a function in F N Cy(M) such that 0 < ¢ < 1in M, ¢ = 1 in an open
neighborhood of U, and supp (¢) C Q. If (£, F) is a regular Dirichlet form, then
a cut-off function exists for any couple (U,2) provided that (2 is open and U is a
compact subset of Q (cf. [4, p.27]).

Let Q be a non-empty open subset of M. We identify the space L?(Q) as a
subspace of L? (M) by extending any function f € L?(Q) to M by setting f = 0
outside 2. Denote by F(£2) the closure of F N Cy(2) in F-norm. It is known that



COMPARISON INEQUALITIES 5

if (£,F) is regular, then (£, F(f)) is a regular Dirichlet form in L*(Q) (cf. [4]).
We refer to (€, F(€)) as a restricted Dirichlet form. Denote by { P} (>0} the heat
semigroup of (€, F(Q2)). It is known that, for any two open subsets €2, C Q, of M,
for any 0 < f € L?, and for any ¢ > 0,

PUf < P®fae in M.

Also, if {Q},-, is an increasing sequence of open sets and 2 = [ J,-, Q4 then, for
any t > 0,
PtQ’“f — Pef aein M ask — oo

(see [5, Lemma 4.17]).

The form (&, F) is called local if £(f, g) = 0 for any f,g € F with disjoint compact
supports in M, and is strongly local if E(f,g) = 0 for any f,g € F with compact
supports in M such that f is constant in a neighborhood of supp(g).

For some 0 < p < oo, the form (&, F) is said to be p-local if E(f,g) = 0 for any
f,g € F with compact supports in M and such that

dist(supp(f), supp(g)) > p-

In particular, if p = 0 then p-local is the same as local. We say that the form (&, F)
is quasi-local if it is p-local for some p > 0.

Let 2 be an open subset of M and I be an open interval in R. A path u : [ —
L?(Q) is said to be weakly differentiable at t € I if, for any ¢ € L? (£2), the function
(u(-),¢) is differentiable at ¢, that is, the limit

hfﬂ(u(t—%e)—u(t})gp)

e—0 g

exists. If this is the case then it follows from the principle of uniform boundedness
that there is a (unique) function w € L? (Q) such that

lim (u(t+52—u(t))gp) ~ (w, ),

e—0

for all p € L?(Q2). We refer to the function w as the weak derivative of u at ¢t and
write w = %.
A path v : I — F is called a weak subsolution of the heat equation in I x €, if

the following two conditions are fulfilled:

e the path t — u (¢) |o is weakly differentiable in L? () at any ¢ € I;
e for any non-negative ¢ € F (€2), we have

(2%.) et <0 =

Similarly one can define the notions of weak supersolution and weak solution of
the heat equation.

Remark 2.1. Note that, for any f € L? (), the function P{!f is a weak solution in
(0,00) x Q (cf. [5, Example 4.10]) and, hence, in (0, +00) x U for any open subset
UcQ.
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We use the following notation:
fer:=fVO0and f- =—(fAND0).

Denote by the sign * a weak convergence in a Hilbert space H and by * the strong
(norm) convergence in ‘H. The following statements will be used in this paper.

Proposition 2.2 ([6, Proposition 4.9]). Let {ux} be a sequence of functions in F
such that uy KueFask— oo If in addition the sequence {&€(ux)} is bounded,

f
then u, — u as k — oo.

Proposition 2.3 ([4, Theorem 1.4.2]). Any Dirichlet form (£,F) possesses the
following properties:

o Ifu,v € F then also the following functions u Av, uV v, u A1, uy, u_, |ul
also belong to F.
o [fu,ve FNL>®(M) then uv € F.

° If()gue}"thenu/\niu as n — oo.
o Let ¢(s) be a Lipschitz function on R such that ¢ (0) = 0. Then, for any
uwe F, also ¢ (u) € F. Moreover, if {u,} -, is a sequence of functions from

F and u, Zowe Fasn— oo then o (up) SN ¢ (u) .Furthermore, if ¢ (u) = u
then ¢ (uy) L ¢ (u).
Proposition 2.4 ([5, Lemma 4.4]). Let (€,F) be a regular Dirichlet form, and let
u € F and Q be an open subset of M. Then the following are equivalent:
(1). uy € F(Q).
(2). u <wvin M for some function v € F (£2).

Proposition 2.5 (parabolic maximum principle [7, Proposition 5.2]). Assume that
(&, F) is a regular Dirichlet form in L*. For T € (0,+o0] and for an open subset
Q of M, let u be a weak subsolution of the heat equation in (0,T) x Q satisfying the
following boundary and initial conditions:

o u(t,-) € F(Q) for anyt € (0,T);

2

o uy (t,-) Q0 st 0.

Then u(t,z) <0 for any t € (0,T) and p-almost all z € Q.

Next we prove further general results on Dirichlet forms that will be used later
on and that are of independent interest.

Proposition 2.6. Let ) be a non-empty open subset of M. Then, for any non-
negative f € L*(Q), the path u(t) = P f is a weak subsolution of the heat equation
in (0,00) x M.

Proof. We know that u (t) is weakly differentiable in ¢ in L? (). Let us show that
u (t) is weakly differentiable also in L? (M). Indeed, for any function ¢ € L? (M),
we have

wltts)—u() N (ultrs)—ul®) o\ (et -u@®) o
( s ’SO) ( s ¢1)+( ’ g )(2.3)
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Since plg € L? (), the first term in the right hand side of (2.3) converges to
(%, gplg) where % is the weak derivative in L? (2). The second term is obviously
0 whence the convergence of the whole sum to (%—;‘, go) follows.

Next, let us show that, for any non-negative ¢ € F,

(%,w) + & (u,v) <0 for any ¢ > 0. (2.4)
Indeed, noting that P,u (t) > P%u (t) = u (t + s), we obtain as s — 0+ that
1
Es (u, ) = B (u — Psu, )
1 Q
< Zy—
= (u P u, 1/1)
1
= L) —ult+s),v)
ou
— (—E,Qp) .

Since also & (u, 1) — & (u, ) as s — 0, the desired inequality (2.4) follows. =
The following proposition will be used to prove Proposition 2.9.

Proposition 2.7. Let 1, Q5 be two non-empty open subsets of M. Then
Proof. Since F (2, N Qy) C F () for i = 1,2, we see that

F(QiNQy) CF()NF ().
To prove the opposite inclusion, we need to verify that f € F (1) N F (£22) implies
feF(QNQ). Assume first that f > 0. Let {fx},—, and {gx},-, be two sequence
from F N Cy(Q) and F N Cy(§22), respectively, that both converge to f in F-norm.
As f > 0 and, hence, f, = f, it follows from Proposition 2.3 that
(fk)+£>f and (gk)+£>f as k — oo. (2.6)
Since (fx), € F N Co(21) and (gr), € F N Co(£22), we see that

hk = (fk)+ A (gk)+ e FnN C()(Ql ﬂQQ) C F(Ql ﬂﬂg).

Setting up = (fi), — (gx), and noticing that uy 2 0ask — 00, we obtain by
Proposition 2.3 that |ug| %0 as k — o0o. It follows that

hy = % [(fe) s+ (g0) . = [(Fo)y = (gn) o] L fask — oo

Since F (21 N §)y) is a closed and, hence, weakly closed subspace of F, we conclude
that f € F (2 N Q).

For a signed function f € F(Q) N F (£2), we have f, f- € F (1) NF(Qy),
whence, by the first part of the proof, f,,f € F(Q1NQ) and f = f, — f €
F (21 N Q) , which finishes the proof. m

Proposition 2.8. Let U be a non-empty open subset of M, and let uw € F such that
supp(u) is compact and supp(u) C U. Then uw € F (U).
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Proof. We can assume that u > 0 because a signed u all follows from the
decomposition v = u; — u_. Next, we can assume that u is bounded because
otherwise consider a sequence uy := u A k that tends to u in F-norm as k — oo by
Proposition 2.3; if we already know that uy € F (U) then we can conclude that also
u € F (U).. Hence, we can assume in the sequel that u is non-negative and bounded
in M,say 0 <wu<1.

Let ¢ be a cut-off function for the couple (supp(u),U) . Let {ug },-, be a sequence

from F N Cy(M) such that uy T wask — oo Asu > 0, we have by [4, Theorem

1.4.2(v),p.26] that (uz), s uwas k — oo and |(ur) . — ¢ SN lu— | as k — oco. It
follows that

(ue), A = = [(w)y +o— |(ur), — o]

1
2
1

g luto—lu—¢l
= uANp=uask— 0.

Since (uz), Ay € FNCo(U) , we conclude that u € F (U), which finishes the proof.
]

Proposition 2.9. Let 2 be a precompact open subset of M and U be an open subset
of M, and let K be a closed subset of M such that K C U (see Fig. 3). Letu € F
be a function such that uy € F () and u < in Q\ K for some 0 < ¢ € F. Then

(w—1v), € F(QNU). (2.7)

A |C

FiGURE 3. Domains Q,U and K.

Proof. Since u — ¢ < wuy € F(Q), it follows by Proposition 2.4 that (u — 1))
F (2) . Let us verify that

S

(u - ¢)+ € f(U) ) (28>
which will then imply (2.7) by Proposition 2.7. Indeed, noticing that (u — 1), =0
in 2\ K and in Q°, we see that

supp((u—d))+) CKNQCKnQ.

On the other hand, the set K N Q is compact and is contained in U, so that (2.8)
follows from Proposition 2.8. m

Remark 2.10. The statement of Proposition 2.9 was proved in [6, Proposition 4.10]
under additional condition that w € L>*(M)N F () and supp (¢) is compact. The
present proof is also shorter than the one from [6].
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3. BASIC COMPARISON THEOREM

The next theorem is the basic technical result of this paper.

Theorem 3.1. Let (M,d, 1) be a metric measure space and let (€, F) be a regular
Dirichlet form in L*(M,p). Let Q C M be a precompact open set and U C M be
an open such that u(U) < oo. Let u be a weak subsolution of the heat equation in
(0,Tp) x (2N U) where Ty € (0,+00|, such that

uy (t,+) € F(Q) for any t € (0,Ty), (3.1)
wy () 9 0 as t s 0. (3.2)

Let K be a closed subset of M such that K C U. Then, for any t € (0,Ty) and for
almost all x € M,

u(t,2) < (1- PP Ly(e)) sup [lus (s,) e, (33)

0<s<t

provided that supg_ ., [|uy (s, ) || L@ &) < 00.

Remark 3.2. If Q2 C U, then all the conditions of Proposition 2.5 are satisfied, so
that we conclude u < 0 in (0,7p) x 2. Hence, in this case the inequality (3.3) is
trivially satisfied.

Remark 3.3. If U, () are open domains in R"™ with smooth boundaries, then one
can rephrase the statement of Theorem 3.1 for strong solutions as follows: if u solves
the heat equation in (0,7,) x QN U and satisfies the initial and boundary conditions
u < 0ond2NU (instead of uy € F(Q)),
u < mon dU NQ for some m > 0 (instead of u < m on N\ K),
u(t,) — 0ast—0in QNU,

then u < (1 — P/1y(x)) m in (0,T5) x (QNU) (see Fig 4). Indeed, the function
v = (1 — PtUl) m satisfies the heat equation in (0, 00) x U, the boundary conditions
v > 0on 0, v =m on OU, and the initial condition v (¢,-) - 0 ast — 0 in U.
Applying the classical parabolic maximum principle in Q N U, we obtain u < v.

u< (1- P{D)m

FIGURE 4. Illustration to Theorem 3.1 in the classical case.
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Proof. Outside 2 the inequality (3.3) is trivial because v < 0 by (3.1). In Q\ U
(3.3) is also obvious because PY1y = 0 and K C U. It remains to prove (3.3) in
QNU. Fix a number T € (0,7p) and define m by

m = sup |lus (¢, ')HLOO(Q\K) : (3.4)
0<t<T

Let us first prove that, for any ¢ € (0,7") and for p-almost all z € QN U,

u(t,z) < m. (3.5)
Let ¢ be a cut-off function for the couple (2, M) and consider the function

w = u—mao. (3.6)

Then (3.5) will follow if we show that w < 0 in (0,7) x (2N U). The latter will be
proved by using the maximum principle of Proposition 2.5. We need to verify the
following conditions.

e The function w is a weak subsolution of the heat equation in (0,7) x (2 N U).

Indeed, the function ¢, considered as a function of (¢, ), is a weak superso-
lution of the heat equation in (0, 00) x €2, since for any non-negative function

b e F(Q),

Since u is a weak subsolution in (0,7") x (2N U), we see from (3.6) that so
Is w.

e For any t € (0,7), we have wy(t,-) € F(QNU). Indeed, using the facts
that uy (¢,-) € F(Q) and u < m =me¢ in Q\ K (which is true by (3.4)), we
obtain from Proposition 2.9 that

wi(t,) = (u(t,") —me), € F(QNT).

2
e The initial condition w.(t,-) PO 0 as ¢ — 0 follows from wy(t,:) <
uy(t,-) and (3.2).
Therefore, by the parabolic maximum principle of Proposition 2.5, we conclude that
w<0in (0,7) x (2NU), thus proving (3.5).
We are now in a position to prove the following improvement of (3.5):

u< (1-P/1y)m in (0,T)x (2NTU) (3.7)

(see Fig. 5 where the case U C Q is shown). The path ¢ — wu(¢,-) is weakly
differentiable in L? (2 N U) and, hence, is strongly continuous in L? (Q N U) (see [7,
Lemma 5.1]). The same applies to the path t — PU1y so that the inequality (3.7)
extends to t = T by continuity. Hence, (3.7) implies (3.3). Consider the function

v=u—m¢(1-P’1y), (3.8)

where m and ¢ are the same as above. As u(U) < oo, we have 1y € L?(U, u) and,
hence, PV1y € F(U). We claim that v is a weak subsolution of the heat equation in
(0,7) x (2N U). Since u is a weak subsolution, it suffices to show that the function

f=9 (1 - PtU]-U)
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u<0in M\Q

FIGURE 5. Ilustration to the proof of (3.7) in the case U C .

is a weak supersolution in (0,7) x (2N U). Since the both functions ¢ and PV1y
belong to L>*(M) N F, so does the product ¢ PV 1y, whence

f=¢—¢P 1y € L®(M)NF.
For any t,s € (0,7, we have that in QN U,
f=Pf=0¢(1-P1y) - P (6(1 - Ply))
> (1-P’1y) — P, (1 - P/1y)
=(1-P1)—P'1y + P, (P/1y) > P51y — P/1y,
which yields that, for any 0 < ¢ € F(QNU),

E(f,0) =lim~ (f ~ P.f,v)

1 0
> £1_I>I(1); (Phdy — PP 1y,¢) = (EPtUlUﬂD) :
On the other hand,
of N _(_ .9 v (9 v
(an> - ( QSEPt 1U7¢> - (8t‘Pt 1U71/}> .

Therefore,

of

showing that f is a weak supersolution. Hence, we have proved that v is a weak
subsolution.
Since v < w, it follows from (3.2) that

L2(UNQ
(_> )

vy(t,-) 0Oast— 0.
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It remains to verify the boundary condition: vy (¢,-) € F(QNU) for any ¢t € (0,7).
Observe that
u—meo <0in M (3.9)

because

(1) u—m¢ <0in M \ Q by (3.1),

(2) u—mp=u—m<0in Q\ U by (3.4),

B)u—mp=u—m<0in QNU by (3.5).

Using (3.9), we obtain that in M

v=u—mg¢ (1 — PtUlU) <m¢oPY1y < mPV1y.

Since the function PV1; belongs to F(U), we conclude by using Proposition 2.4
that also v, € F (U). On the other hand, we have

v=u—m¢ (1 - P1ly) <u<uy € F(Q),

whence it follows that v, € F (). Therefore, by 2.7 we obtain that v, € F(U N
2), thus proving the boundary condition. Finally, we conclude by the maximum
principle of Proposition 2.5 that v < 01in (0,7") x (2N U) whence (3.7) follows. m

Remark 3.4. The boundary condition (3.1) in Theorem 3.1 can be relaxed as
follows:

uy (t,-) € F(Q) for any t € (0,7p) N Q, (3.10)

provided one assumes in addition that
t > ult,-) is weakly continuous in L? (Q), (3.11)
t — E(ul(t,-)) is locally bounded, (3.12)

for t € (0,75). Under the hypotheses (3.10)-(3.12) , the inequality (3.3) can be
replaced by a stronger one:

u(t,z) < (1— P 1y(z)) sup 1wt (5,+) || (\K)- (3.13)

=

The proof goes exactly as above except that in the definition (3.4) of the constant
m the supremum is taken only over rational t € (0,7]. Then we need to verify that
the functions w and v, defined by (3.6), (3.8), respectively, satisfy the boundary
condition (3.1) for all real t € (0,7) in order to be able to use the maximum
principle of Proposition 2.5. Indeed, for any ¢ € (0,T), let {tx},-, be a sequence of
rationals such that ¢, — t as k — oco. By (3.6) and (3.11), we have

L@)

w(tg, ) —w(t, ) = u(ty, ) —ult,-) 0,

and thus
L2(Q)
wy(tg,-) = wi(t, ).

By (3.12), E(w(ty,-)) is bounded as k — oo. Hence, we obtain by Proposition 2.2
that
f
Wi (b, ) = we(t, ).
Since wy (tg,-) € F(Q) by (3.10), we conclude that w, (¢,-) € F(). Similarly, one
has v, (t,-) € F () for all real t € (0,7"), which finishes the proof.
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The inequality (3.3) gives a rise to various interesting comparison inequalities for
heat semigroups and heat kernels that will be presented in the next sections. Before
that, let us state a useful particular case of Theorem 3.1 when U C Q (cf. Fig. 5).

Corollary 3.5. Let (M,d, 1) be a metric measure space and let (€, F) be a reqular
Dirichlet form in L2(M,u). Let Q C M be a precompact open set and U be an open
subset of Q. Let u be a weak subsolution of the heat equation in (0,Ty) x U where
To € (0,400], such that

uy (t,-) € F(Q) for any t € (0,Ty), (3.14)
2
uy (t,-) "800 ast 0.

Then the conclusion of Theorem 3.1 holds for any compact subset K of U, any
t € (0,Ty) and almost all z € M.

4. COMPARISON RESULTS FOR THE HEAT SEMIGROUPS

In this section, we give various applications of Theorem 3.1 to the semigroup
solutions, including a specific case of quasi-local Dirichlet form.

4.1. General regular Dirichlet forms.

Proposition 4.1. Let (£,F) be a reqular Dirichlet form in L?(M,u), and let Q,
U be two non-empty open subsets of M such that u(U) < oo. Let K be any closed
subset of M such that K C U. Then, for any 0 < f € L*(Q) and for all t > 0 and
almost all x € M,

P} f(z) — P/ f(z) < (1 - P/1y(x)) S 123 fll ooy (4.1)
<s<
Proof. Without loss of generality, assume that 0 < f € L>°(Q) (otherwise, apply
(4.1) to function fr = f A k and then pass to the limit as k — o). Let {{;} be a
sequence of precompact open subsets exhausting ). Consider the function

u(t,-) = P f— POV f

and verify that u satisfies all the hypothesis of Theorem 3.1 with the sets €2; and U.
Indeed, u is a weak subsolution of the heat equation in (0, co) x (£2; N U) because so
are P f and P47V f (cf. Remark 2.1). Next, u (t,-) € F (€;) because both P f
and P%Y f belong to F (€2;). Since both P f and PV f converge to f as t — 0
in L?(;NU), we obtain u (¢, ) Hegu
that

) 0 as t — 0. By Theorem 3.1, we obtain

Plif—PYVE < (1—P1y) sup |PPf — PO f|| oo i)

0<s<t

< (1= F'1p) sup 1P flie@)-

Noticing that P&V f < PV f and passing to the limit as i — oo, we obtain (4.1).
|
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Remark 4.2. Let us mention for comparison that the following inequality was
proved in [6, Proposition 4.7]:

PR f(x) — P/ f(z) < S 123 fll oo oy (4.2)
<s<

Obviously, (4.1) is an improvement of (4.2). On the other hand, the estimate (4.2)
was proved in [6] for arbitrary open set U without the hypotheses of the finiteness
of its measure. For applications of (4.2) see [6, Theorem 5.12].

4.2. Quasi-local Dirichlet forms. Given an open set U C M and non-negative
real p, define the p-neighborhood U, of U as follows:

U, = {zeM:d(z,U)<p}if p>0,

U, = U ifp=0,
where d (z,U) = infyep d (z,y).
Theorem 4.3. Assume that (€, F) is a p-local regular Dirichlet form in L? (M, p)
where p > 0. Let U be an open subset of M such that U, is precompact, and let u be

a weak subsolution of the heat equation in (0,Ty) x U where Ty € (0, +00]. Assume
that, for any t € (0,Tp), u(t,-) € L* (M) and

2
uy (t,-) P80 ast - 0. (4.3)
Then, for any compact subset K of U, for allt € (0,T}), and almost all z € U,
u(t.a) < (1= PV1u(@) sup oy 5.) =000, (4.4)
<s<

provided supg o<, |[uy (8, ) ||, \x) < 00

Proof. Since PV1y = 0 outside U, the inequality (4.4) is trivially satisfied if
z € U, \ U. Hence, it suffices to prove (4.4) if x € U. Fix an open subset W of U
such that W C U. Then Wp C U, so that W, is precompact. Let ¢ be a cut-off
function for the couple (W,,U,). Let us show that the function w = u¢ satisfies all
the hypothesis of Corollary 3.5 where the domains €2, U are replaced by U, and W
respectively. Note that the function u does not satisfy the condition (3.14) so that
we have to use w instead.

Let us first show that w is a weak subsolution of the heat equation in (0,75) x W.
Indeed, since u(t,-),¢ € F N L®(M) for any t € (0,7p) x W, it follows that
w (t,-) € F. Since u is a subsolution in (0,7p) x W and ¢ = 1 in W, we have, for
any non-negative function ¢ € F(W),

ow ou ou
i — hufind (= < _
= —5<wﬂ/}) +£((¢_ 1)%1/)) = —g(’w,i/J), (45>
where we have used the fact that € ((¢ — 1)u, 1) = 0 by the p-locality of £, because
supp(¢)) C W, and the function (¢— 1)u is compactly supported outside W, so that
the distance between the supports of ¢ and (¢ — 1)u is larger than p.
Since supp¢ C U, and, hence, suppw (¢,-) C U,, we see that w(t..) € F (U,)
and, hence, w,(t,-) € F (U,) .Moreover, it follows from (4.3) that

wy(t, ) = puy(t,-) 0 ast 0.
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Hence, w satisfied the required boundary and initial conditions, and by Theorem
3.1 we obtain from (3.3) that in (0,7p) x W

ut,z) = w(t,z) < (1 - P 1y(x)) sup Jws () || oo ,\k)
< (1= P 1w(x)) sup [lug (s,-) lz=w,\x)-
0<s<t

Taking an exhaustion of U by sets like W and passing to the limit when W — U,
we obtain (4.4). =

Remark 4.4. If function u in Theorem 4.3 further satisfies (3.11) and (3.12) with
1 = U, then we conclude from Remark 3.4 that the inequality (4.4) can be replaced
by a stronger one:

u(t,z) < (1= P1y(z)) sup |juy (s,-) ||lzo@m)- (4.6)
0<s<t,
seQ
For the case of local Dirichlet forms, we obtain the following improvement of

Theorem 4.3 where the condition of the compactness of U, is dropped.

Corollary 4.5. Assume that (€, F) is a local regular Dirichlet form in L* (M, u).
Let U be an open subset of M and let u be a weak subsolution of the heat equation in
(0,7b) x U where Ty € (0,+00]. Assume that, for any t € (0,Tp), u(t,-) € L® (M)
and

uy (t,-) "W 0ast - 0.

Then, for any compact subset K of U, for allt € (0,Ty), and almost all z € U,

u (o) < (1= PP p(@) sup [lus (5,7) 1w (4.7)
<s<

provided supg <, [[u+ (8, ) |z @nx) < 00.

Proof. Let {U;};°, be an exhaustion of U by precompact open sets U; such that
K C U, for all i. By Theorem 4.3, we obtain the estimate (4.7) for U; instead of U,
and then pass to the limit as 1 — co. m

Remark 4.6. A particular case of the estimate (4.7) with K = () was proved in
[6, Lemma 4.3]. However, having an arbitrary K can be an advantage in certain
situations. For example, if U is precompact and w (t,-) is continuous in U then
taking exhaustion of U by compact sets K C U, one can replace the L*°-norm in

(4.7) by supgy .

Remark 4.7. If (£, F) is p-local with p > 0 and in addition all metric balls in M
are precompact then the hypothesis of the compactness of U, in Theorem 4.3 can
be also dropped. Indeed, firstly, it suffices to assume that U is precompact, since it
implies that U, is precompact. Then one extends the result to all open sets U as in
the proof of Corollary 4.5.

As another consequence of Theorem 4.3, we obtain the following useful comparison
inequality for heat semigroups.
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Corollary 4.8. Assume that (€, F) is a p-local reqular Dirichlet form in L? (M, u)
where p > 0. Let U,Q be two open subsets of M such that U, is precompact and
U, C Q. Then, for any 0 < f € L>®(M), for allt > 0 and almost all x € U,,

P f(z) = P f(z) < (1= P 1y()) sup [P flli=q,\m) (4.8)

0<s<

for any compact subset K of U.
Moreover, if p =0, that is, (£, F) is local then the same is true without assuming
that U, is precompact. In this case, (4.8) becomes

PPf(@) = PUf(@) < (1= PYLu(@) swp PO flmnir (49)
Proof. Consider the function
u(t,) = Pf() = PYf(-),

that is bounded on M for any t > 0, is a weak subsolution of the heat equation in
(0,00) x U, and satisfies the initial condition (4.3). Hence, if follows from (4.4) that,
for all ¢ > 0 and almost all x € U,

P f(x) — P/ f(z) < (1 - P{1y(x)) S 1P f = P fllzeow,\x0),
<s<

whence (4.8) follows.
In the case of a local form, one passes from precompact U to arbitrary U as in
the proof of Corollary 4.5. =

Remark 4.9. In fact, the inequality (4.8) can be improved as follows:

PPf(@)~ PYf() < (L= P1u(@) swp [P0, (410)
86@7

because the function u = P f — PV f automatically satisfies conditions (3.11) and
(3.12). Indeed, since U C €, it suffices to verify that the function u = P f satisfies
(3.11) and (3.12). Then (3.11) follows from the strong continuity of the semigroup
{Pf} in L? (Q) and (3.12) follows from the fact that £ (P2 f) is a decreasing function
of t, the latter being a consequence of the identity

E(PPf) = /0 e (Exfs f)

where {E\} is the spectral resolution of the operator L.
Hence, (4.10) follows from (4.6).

Remark 4.10. The estimate (4.9) with K = () was proved also in [6, (4.10) in
Corollary 4.4]. Let us mention a useful particular case of (4.9) is when the function
f vanishes in U. In this case, (4.8) becomes

Ptﬂf(x) < (1 — PtUIU(x)) Osugt ||PSQf||Loo(Up\K). (4.11)
<s<
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5. COMPARISON RESULTS FOR HEAT KERNELS

In this section we will prove a symmetric comparison inequality for the heat kernel
of a p-local Dirichlet form. The motivation is as follows. Let (€, F) be an arbitrary
regular Dirichlet form and U,V C € be three open subsets of M such that UNV = ().
We claim that, for all ¢,s > 0 and p-almost all z € U, y € V,

py—l—s(m?y) < [1 - PtUlU(x)} Hp?(-,y)HLm(Q\U)
+ 1= Py )] [P ¢ 2] o (5.1)
Indeed, noticing that
[ () <1 P11 @) < 1= P )
oU

we obtain that

[ i) < ) |, [ PP 2)dule)

O\U O\U
In a similar way, we have
[ e ndu) < [1- P v )] o6y (53
Q\V

Therefore, by the semigroup property,

P(a,y) = / P2z, 2)p2 (= y)dpa(2)

< / Py (w0, 2)ps (2, y)dp(z) + / Pz, 2)p2 (2, y)du(2),
Q\U Q\V

which together with (5.2) and (5.3) yields (5.1).

The purpose of the next theorem is to use the p-locality in order to replace in
(5.1) the L*™ norms in Q \ U, Q\ V by those in smaller sets, which is frequently
critical for applications.

Theorem 5.1. Let (£, F) be a p-local regular Dirichlet form in L? (M, p) where
p >0, and let U,V,Q) be three open subsets of M such that U,, V, are precompact
and U,,V, C ). Assume that all the Dirichlet heat kernels pY, oy, pi exist and that
Pt (z,y) is locally bounded in Ry x Q x Q. Then, for all t,s > 0 and p-almost all
xeU,yeV,

pia(,y) éépf(w,z)pf(z,y)du(2)+ (1= P 1u(@)] sup (| (9| oo )

s<t'<t+s
v Q
+ [1 - Ps 1V(y)i| t<§};l;)+s Hpt,(" x)HLOO(VP\Kz) ’
(5.4)

where K1, Ky are any compact subsets of U and V', respectively.



18 GRIGOR’YAN, HU, AND LAU

In the case p = 0, that is, when (€, F) is local, the assumption of the compactness

of U,,V, can be dropped.

Proof. Let v be a non-negative function from L*NL! (V). Setting f = P%v and
noticing that all the hypotheses of Corollary 4.8 are satisfied, we obtain by (4.10)
that the following inequality is true in U for all £ > 0:

Pﬁrs < pPY (PSQU) + [1 — PtUlU] sup ||.Pt/+s'U||Loo (UKL

t'<t,
t/eQ

= PV (PPv)+[1-P1y] sup [|PMv|l=@w i) (5.5)
s<t/'<t+s,
t'eQ

where we have used that P f = P v. Consider the function
F(y):= sup esup py(2,y),
s<t/<t+s, z€U,\ K1
t'eQ
which is bounded in V. Note that F'(y) is measurable as the supremum of a countable
family of measurable functions of y since

y > esup py(z,9)
z€U,\K1

is measurable by Proposition 7.1, and ¢’ varies in Q. We have then

sup [ Pfolimwen = sup s [ o (2) vl duly
s<t'<t+s, s<t'<t+s, zeU,\K1 JV
t'eQ t'eQ

< /V F(y)v(y)du(y). (5.6)

Multiplying (5.5) by a non-negative function u € L>* N L' (U) and integrating over
U, we obtain

(P2 w,u) < (PY (P™) ,u)
//U y [1— P1y(2)] F(y)u(z)v(y)du(z)du(y). (5.7)

On the other hand, observe that

(PY (PPv) ,u) = (P, PPu) = (v, P8P u). (5.8)

Using (4.10) again, now with f = PYu and with V in place of U, we obtain the
following inequality in V:

PePYu=Plf <PYf+[1-PV1y] sup ||PY

0<t'<s,
t'eQ

fHLoo(vp\KQ) : (5.9)
Observing that PYu < Pu, we obtain that
P} f = P/P'u< P?Pu= P} u.
Similarly to (5.6), we have
sup ([P iy < | Glohule)dnto)

t<t'<t+s
t'eQ
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where

G(x):= sup esup p(z,z)
t<t'<t+s zeV,\ K2
t'eQ

is a bounded measurable function on U. Substituting into (5.9), we obtain that in

1%
PPPu < PV (PYu) + [1 - PY1y] / G(z)u(z) du(x). (5.10)
U

Multiplying (5.10) by v and integrating over V', we obtain

(0, PEPV) < (0 P (PP)) + [ [ 1= PV ()] G@u(op(n)uta)duty)

Combining this with (5.7) and (5.8), we obtain
(PR) < (0P (FP)

+ / / = PP1(@)] Fly)uta)o(y)dua)duty)
+//U V[l—PSVlV(y)] G (x)u(z)v(y)du(z)du(y).

Since

C.n @) = [ [ ([ Gonauta) ) ueautaut

we can rewrite the previous inequality in the form

//vap?“(x’wu(x)v( )i //va z,y) u(@)v(y)dp(z)du(y),

(5.11)

where

O (z,y) = / pi (2, 2)p! (z,9)dp(2) + [1 = P71y (2)] F(y) + [1 = P 1v(y)] G(=).
unv

Obviously, @ (z,y) is a bounded measurable function on U x V. By [6, Lemma 3.4],

the inequality (5.11) implies

p?—i—s (‘:Uay) S q) ($7y>

for almost all z € U and y € V, which proves (5.4).
In the case of a local form (£, F), one obtains the claim for arbitrary open sets
U,V by passing to the limit when exhausting U and V by precompact open sets. m

Remark 5.2. If U C V, it follows that

/ PV (@, 2)pY (2, y)du(z) < / DY (e )Y (2 9)dp(z) = pYo (2, y).
M M
Therefore, we obtain from (5.4) that

p?+s($7y) < P;/th(xay) + [1 - PtUlU(l’)] sup ||pt/ HLOO(UP\Kl)
<t'<t+s

+[1=-P1v(y)] sup |po(2)

t<t'<t+s

HLOO(VP\KQ) . (5.12)
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On the other hand, if U NV = (), then using the fact that p (z,y) = 0 for u-almost
all z € U, we obtain that

[ @ Gduta) = [ 3,2 (s vhdntz) =0,
M U
so that (5.4) becomes

Pl (z,y) < [1 - PY1y(x)] S [T O] | Fp—_—

F=Pw] s [ - (519)

t<t'<t+s

6. POINTWISE OFF-DIAGONAL ESTIMATES OF HEAT KERNELS

In this section we introduce a techniques for self-improvement of pointwise upper
estimates of the heat kernel of a local, conservative, regular Dirichlet form. This
issue was addressed in [10, 11, 5, 6] on abstract metric measure spaces, and in
[1, 2, 9] on some fractals sets. Motivated by the application of symmetric comparison
inequalities for the heat kernels in [8], we here present an alternative approach to
such results, which is based on Theorem 5.1.

Let {Pi},~, {Ptﬂ}tzo be the semigroups of the Dirichlet forms (€, F), (€, F())

respectively as before. For any x € M and r > 0, define the metric ball
B(z,r)={ye M :d(z,y) <r}.

For any ball B = B (x,r) and any positive constant A, denote by AB the ball
B (z, Ar).
Recall that a Dirichlet form (&, F) in L*(M, p) is called conservative if the heat
semigroup { P}, of (€, F) satisfies the following property:
P, 1 =1in M for any t > 0.

Lemma 6.1. Assume that (€, F) is a conservative, reqular Dirichlet form in L*(M, p),
and let { P}, be the heat semigroup of (€, F). Assume that ¢ (r,t) is a non-negative
function on (0,00) x (0,00) such that ¢(r,-) is increasing in (0,00) for every r > 0.
If, for any t > 0 and any ball B in M of radius r,

1
Pt]_Bc S ¢(T, t) m ZB, (61)

then

1
1 - PPl < 2¢ (2,15) in < B. (6.2)

Remark 6.2. A version of this statement appeared in [1, proof of Lemma 3.9
where a probabilistic proof was given. We follow the argument of [5, Theorem 3.1],
[6, Theorem 5.13] where this statement was proved with some additional restrictions.

Proof. Applying the estimate (4.2) with Q = M, U =B, K = %E and f = 11p,
we obtain that, for any ¢ > 0 and almost everywhere in M,
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For any = € ;B, we have that B(z,7/4) C 1B (see Fig. 6). Using the identity
P,1 =1, we have that, for any x € iB,
Plip=1- Pt]-(%B)C > 1— Blpgr/a)c-

Applying (6.1) for the ball B (z,7/4), we see that

Plp, e < ¢(r/4,t) in B(x,7/16).
It follows that, for any x € %137

Plip>1-— ¢(r/4,t) in B (x,r/16).

Covering B by a countable family of balls B (zy,/16) where z), € 1B, we obtain
that

1
Plig>1- ¢(r/4,t) in ZB. (6.4)

B(y, y, r)

FI1GURE 6. Illustration to the proof of Lemma 6.1

On the other hand, for any y € (%E)C, we have that %B C B(y,r/4)°, and so
PsléB < Ps]-B(y,r/4)c-

Applying (6.1) for the ball B (y,r/4) at time s and using the monotonicity of ¢(r, s)
in s, we obtain that, for any 0 < s <,

Py, e < (r/4,s) < ¢(r/4,t) in B (y,r/16).
It follows that, for any y € (%F)cand any 0 < s <t,
Plip < ¢(r/4,t) in B (y,r/16),
which implies that

Plip < ¢(r/4,t) in GE)C. (6.5)
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Combining (6.3), (6.4) and (6.5), we obtain that, for any ¢t > 0,
1
PPlp > PPlip > 1—2¢(r/4,t) in s (6.6)

which was to be proved. m

In the next statement, we use a function F : M x M x (0,00) — (0, 00) with the
following properties:

(F1): F(z,y,s) = F(y,z,s) for all z,y € M and s > 0;

(F2): F(z,y,s) is decreasing in s for any z,y € M;

(F3): there exist a, C' > 0 such that

F(z,y,s) d(z,2)\“
— << (Cl14+ —-——= 6.7

F(x,y,s) ~ ( T (6.7)
for all z,y,2 € M and s > 0.

Theorem 6.3. Let (€, F) be a conservative, local, reqular Dirichlet form in L*(M, p).
Let h be a positive increasing function on (0,+00). Assume in addition that the fol-
lowing two conditions hold:

(1) The heat kernel p; of (€, F) exists and satisfies the inequality

for allt > 0, p-almost all x,y € M, where F' is a function that satisfies the
conditions (F1)-(F3) above.

(2) There exist € € (O, %) and 6 > 0 such that, for any ball B of radius r > 0
and for any t > 0, we have

1
Pt].Bc S € m L_]:B (69)

whenever h (t) < or.
Then, for all A\,t > 0 and p-almost all x,y € M,

t cr
< - g
i (z,y) < CF (m,y,h(2>>exp< ct\If( n )) (6.10)
where v = d (x,y), the constant Cy is the same as in (6.7), and U is defined by
s
U (s) =su —Ap. 6.11
= { 7w ) o1

Proof. Fixt > 0, two distinct points g, yo € M and set r = %d (o,Y0). Applying
(5.13) with U = B (zo,7), V = B(yo,7), 2 = M and p = 0, we obtain that, for
p-almost all z € B (zg,r) and y € B (yo,7),

pe(z,y) < [1-— Pt%lU (z)] sup esup ps(2,9) (6.12)
t/2<s<t z€B(xzo,r)

+[1 = Pl1v (y)] sup esup ps(z,7). (6.13)
t/2<s<t z€B(yo,r)

In what follows, we estimate the term on the right-hand side of (6.12), while the
term in (6.13) can be treated similarly. We claim that, for all A > 0,

cr 1
1— P,1y < Cexp (c’)\t — h(l/)\)) in ZU. (6.14)
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Indeed, we see from (6.9) that the hypothesis (6.1) of Lemma 6.1 is satisfied with
_J e, ith(t) <ér,
o(r,t) = { 1, otherwise.
Therefore, by Lemma 6.1, we obtain that, for all balls B of radius r,
1
1 - PP1, <26 (E,t) <2 in B,

provided that h (t) < or/4. It follows from [5, Theorem 3.4] (see also [6, Theorem
5.7]) that, for any ball B of radius r and for any A > 0,

cr 1
Plg < '\t — in —B
tlpe < Coxp (C h(l/)\)) 9

Using Lemma 6.1 again, this time with the function
cr
t)y=C N — ———

we obtain

4 1
1— PB1s <20 'At—L in —B
t B S exp(c h(l/)\) 1114 y

which proves (6.14).
On the other hand, for all z € B (zg,r) and x € B (z,7), we have that z €
B (x,2r), whence by condition (F'3)

F(z,y,h(t/2)) o \* . N
rey e <0 () <20 (i)

Noting that h is increasing and F'(z,y, ) is decreasing, we have from (6.8) that, for
all £ <s <t and for p-almost all z € B (zo,7) and y € B (yo, ),

ps (2,y) < F(2,9,h(s)) < F(z,y,h(t/2))

)
-l M EC iy
(

Therefore, we have, for almost all y € B (yo,r),

sup esup ps(z,y) < CF(z,y,h(t/2)) <1 + ﬁ)a (6.15)

t/2<s<t z€ B(xq,r)

< 2°CoF(z,y, h(t/2)) (1 + m) .

Combining (6.14) and (6.15) and estimating similarly the term in (6.13), we obtain
from (6.12)-(6.13) that, for y-almost all x € B (xo, }lr), yeB (yo, 4117“),

pe(x,y) < CF(x,y,h(t/2)) (1 + h(tr/Q)) exp (c’)\t — h(i;k)) . (6.16)

In order to absorb the middle term to the exponential on the right-hand side in
(6.16), fix r,t and consider the function

G(\) = ﬁ — Mt

Using this with A = 2/t and the elementary inequality

/
alog(l+s) < %s—i—c", s >0,
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where ¢ is as above and ¢’ = ¢’ (¢, ) is large enough, we obtain that

T < 1 dr "
h(t/2>) = 2n2) €

_ %G(Z/t)Jchrc”S

alog (1—1—

supG(A) +c+ .
A>0

N

Therefore,
r @ 1
1+ exp | —sup G(\ < exp| —=supG\) +c+ "
( h(t/z>) p( up ”) . p( 25 G )
< Cexp (—% sup G()\)>

A>0

1
< Cexp (—iG()\)> :
Therefore, we obtain from (6.16) that, for any A > 0 and p-almost all x € B (xo, ir),
Yy € B (?JO, %T)a

pile.9) < OF ey h(e/2) exp (5000 (6.17

Since M x M\ diag can be covered by a countable family of sets B (1:0, }17’) x B (yo, }lr)
as above, it follows that (6.17) holds for p-almost all z,y € M. Taking sup in A > 0,
we obtain (6.10). m
Let us give an example to illustrate Theorem 6.3. Set
Vi(z,r) = p(B(,r))

and assume in the sequel that the following volume doubling condition (VD) is
satisfied: there is a constant Cp > 1 such that

V(z,2r) < CpV (z,7). (6.18)

for all x € M and r > 0. It is known that (VD) implies the existence of a constant

« > 0 such that
V(z,R) < (d(m,y) + R>
V(y,r)
for all z,y € M and 0 < r < R (see, for example, [6]).
Define functions h and F' as follows:

h(t) = t'/?

(6.19)

and

C
VV (@, h(s))V (y, h(s))

for all t,s > 0 and z,y € M, where § > 1 is some constant. It follows from (6.19)
that F' satisfies conditions (F'1)-(F3). It is easy to see that the supremum in (6.11)

3
is attained at A = ¢s?1 so that

F(z,y,s) =

U (s) = csFT,
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The estimate (6.10) becomes

c d(x,y)\ 7
pe(z,y) < N exp (—0< v ) )

for all t > 0 and almost all z,y € M. Using (6.19) again and applying the same
argument as in the proof of Theorem 6.3, we obtain that

pe(z,y) < ﬁe"p (‘C (d%;)) Bl) : (6.20)

In particular, if V(x,r) ~ r* for some a > 0, then (6.20) becomes

pe(,9) < ta% exp (—c (di:f/’ﬂy)) ’B_l> . (6.21)

Remark 6.4. The estimate of type (6.21) was obtained in [3] for the Sierpinski
gasket, and in [2] for the Sierpinski carpet, and in [9] for a certain class of post-
critically finite self-similar sets. The estimate (6.20) with 3 = 2 was obtained by
Li and Yau [13] for Riemannian manifolds of non-negative curvature, and with any
B > 1 by Kigami [12] for some general class of self-similar sets.

7. APPENDIX

Proposition 7.1. Let F(z,y) be a non-negative p-measurable function of x,y € M.
Then the function
f(x) = esup F(z,y)

y
18 measurable.

Proof. Fix a pointwise realization of F. Assume first that F' is bounded. For
any x € M, consider the mapping

L%@FHW@:LNMW@W@

which is a bounded linear functional on L. We have

f(z) = sup Tp(z).
lell; <1
Since T' is continuous in ¢, the supremum can be replaced by the one over a dense
subset S C L', that is,
@)= s Tg(a)
llell; <1,0€8

Since T'¢ is a measurable function, the supremum over a countable family is also
measurable, and hence, the function f is measurable.

For an arbitrary F, consider Fy, = F A k, we have from above that fi(z) :=
esup,, [ (z,y) is measurable. Note that the sequence { Jr}1o, increases and converges
to f pointwise as k — oo. Hence, the function f is measurable. m
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