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Abstract

Existence of solutions for a class of doubly nonlinear evolution equations of second order is
proven by studying a full discretisation. The discretisation combines a time stepping on a non-
uniform time grid, which generalises the well-known Stérmer—Verlet scheme, with an internal
approximation scheme.

The linear operator acting on the zero-order term is supposed to induce an inner product,
whereas the nonlinear time-dependent operator acting on the first-order time derivative is as-
sumed to be hemicontinuous, monotone and coercive (up to some additive shift), and to fulfill
a certain growth condition. The analysis also extends to the case of additional nonlinear per-
turbations of both the operators, provided the perturbations satisfy a certain growth and a lo-
cal Holder-type continuity condition. A priori estimates are then derived in abstract fractional
Sobolev spaces.

Convergence in a weak sense is shown for piecewise polynomial prolongations in time of the
fully discrete solutions under suitable requirements on the sequence of time grids.

Keywords: Evolution equation of second order, integro-differential equation, monotone
operator, weak solution, time discretisation, variable time grid, internal approximation,
convergence

2010 MSC: 47J35, 65M12, 65]08, 34G20, 35G25, 35L70, 35K55, 35R09, 47H05, 47G20

1. Introduction

A variety of problems arising in mechanics, elasticity theory, molecular dynamics, and quan-
tum mechanics can be described by, in general, nonlinear partial differential equations of second
order in time. In these equations also time derivatives of first order may appear as e.g. in the
case of damping. Examples are the viscous regularisation of the Sine- or Klein-Gordon equa-
tion, the equations describing a vibrating membrane or a vibrating nonlocal beam, the equations
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describing phase transformations in shape-memory alloys, and further the equations in thermo-
visco-elasticity.
The functional analytic formulation of the foregoing problems leads to initial value problems
of the form
W’ +AW +Bu=f in(0,T), wu(0)=up, '(0)=vp. (1.1)

The operator A and B is the Nemytskii operator corresponding to a family of nonlinear operators
A(t) and B(¢) (t € [0, T]), respectively. In this paper, we consider the following situation.

We suppose A(f) = Ao(f) + A1(t), where Ao(?) : V4 — V) is the principle part corresponding,
in general, to the highest spatial derivatives and A;(r) : V4 — V7 is a certain perturbation arising
from semilinearities. Here, (Va, || - |ly,) is a real reflexive separable Banach space that is dense
and continuously embedded in a Hilbert space (H, (-,-),| - |) such that V, € H C V; forms a
Gelfand triple. Our main assumption is that the hemicontinuous operator Ay(?) is, up to some
additive shift, monotone and coercive (with exponent p > 2), uniformly in ¢, and that a growth
condition (with exponent p—1) is satisfied. Moreover, the perturbation A;(¢) is assumed to fulfill a
certain lower semi-boundedness such that A(¢) remains, up to an additive shift, coercive, a certain
growth condition, and a local Holder-type continuity condition. The operator A(() : V4 — V}
(t € [0,T]) is strongly continuous provided V, is compactly embedded in H.

Similarly, let B(t) = By + B1(f) with a time-independent principle part By : Vz — Vj and a
(possibly time-dependent) perturbation Bj(f). It is crucial to assume that By is linear, bounded,
symmetric, and strongly positive. These assumptions force Vj to be a Hilbert space. We also
assume that Vp is separable and that Vp C H C V forms a Gelfand triple. One may also allow
a time dependence of By (see [21]). However, for readability, we do not consider this case here.
Again, the perturbation B (7) is assumed to fulfill a certain growth condition and a local Holder-
type continuity condition. It turns out, however, that we shall require that B (?) (t € [0, T]) maps
Vg into V} (instead of V).

Besides the assumptions above, we suppose that V := V4 N Vp is dense in both the spaces V4
and V3, which yields the scale

VanVs=VCVeCH=H CVLCV' =V,+V,, Cel{A B},

with dense and continuous embeddings.

A full theory of existence and uniqueness for linear evolution problems of second order is
given in [14]. For semilinear problems (with Ay being linear), we refer to [30, 3]. Results on the
existence, uniqueness, and regularity in the nonlinear case as well as on the convergence of the
Galerkin method can be found in [16, Kap. 7], [32, Ch. 33], and [24, pp. 296ff., 3421.] for the
rather restrictive case V4 = Vg. Results allowing V4 # V3 are found in the seminal work [21] of
Lions and Strauss, see also [4, Ch. V] as well as [15] for a special class of problems of the form
(1.1) and [2, 19] for particular examples. In contrast to the aforementioned work, we allow more
involved problems including also perturbations of the principle parts.

Recently, in [13], we could prove the convergence of a semi-discretisation in time, and
thereby also existence of a solution, in the case that V, is dense and continuously embedded
in V. In the present work, one of our aims is to avoid the restriction V4 C Vp. This is achieved
by considering a full discretisation that combines a temporal discretisation with an internal ap-
proximation of V and employing inverse inequalities. This allows to show existence of a solution
for a wider class of problems and thus generalising the results known from the references cited
above. Indeed, proving that a sequence of numerical solutions obtained from the full discreti-
sation converges in a weak sense, which is of interest on its own, also proves existence. It is
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notable that the convergence result does not require any regularity of the exact solution and thus
is complementary to error estimates for a sufficiently smooth exact solution.

We emphasise that the present analysis is not just a straightforward extension of the preceding
analysis for the case that V4 is dense and continuously embedded in Vjp (see [13]). Already
for the unperturbed situation, the approach here is more intrigued and requires more involved
techniques.

As further considerations would overburden the present work, we do not treat the case 1 <
p < 2. This extension is left to future work. Also examples and applications are left for a separate
study.

Let {V,,}men be a Galerkin scheme for V (recall that V is the intersection of the separable
spaces V4 and Vp). For given m € N and a variable time grid

I:0=ty<ty<---<ty=T, 1,=t,—t,.1(n=1,2,..., NeN), (1.2)

we look for a fully discrete approximation {u"}n[":0 C V,, with 4" = u(t,) such that for all ¢ € V,,

n+l

2 I/tn+l —u" u" — Mn_] u —u" 7 n
I ,go) + <A(tn)T—, go> + (Bt )u", ) = (f",¢) ,
n

Tnel T Tp Tn+l n+1

(1.3)
n=12...,N-1,

where 1 ~ up, V0 = (u' —u®) /11 = vo, {f") ~ f are given approximations for the initial data and
right-hand side. (By (-, -), we denote the duality pairing.)

If A = 0, the above time discretisation is known as the leap-frog scheme falling into the class
of Newmark schemes that can be interpreted as a partitioned Runge—Kutta method (here as the
Stormer—Verlet method).

Indeed, writing (1.1) as the first-order system

{ u'(t)—v()=0, (1.4)

Vi(®) + Av(D) + Bu(n) = f(1),

and applying the explicit and implicit Euler scheme to the first and second equation, respectively,
gives forall p € V,,

— @ - - (".¢) =0, n=0.1...N-1,
Tn+l (15)

2
" = V"L @)+ (AGI, @) + (Bt @) = (f".¢), n=1,2,...,N-1.

Tnel T Tn

Inserting the first into the second equation leads to the scheme (1.3).
At this point it is worth to mention that our analysis essentially relies upon the reformulation
of (1.1) as the integro-differential equation

V(6) + AV + B() (uo + Kv(1)) = f()  with Kv(r) := f v(s)ds (1.6)
0

which follows from integrating the first differential equation in (1.4) and inserting it into the
second one. (With a slight abuse of notation, we only write Kv(¢) instead of (Kv)(#) although K
is a nonlocal operator.)



In a similar manner, we obtain, from summing up the first equation in (1.5) and inserting it
into the second one, the discretised integro-differential equation

2 - n n n
—— (" = V" @) + AtV @) + (Bt + K", ) = (f", @)
Tn+1 + Tn
n-1 ' (L.7)
with Kp" := ZTJ'HV] ,
j=0

forn=1,2,...,N—1andall ¢ € V,,. This is, indeed, a reformulation of the method (1.3) under
consideration.

Formally (for sufficiently smooth solutions), the time discretisation scheme (1.5) is of first
order; in the case A(f) = 0 with constant step sizes it is of second order. In the linear case, error
estimates for the above full discretisation (combining the Newmark scheme with a finite element
method) are provided by [23, Ch. 8]. Recently, Runge—Kutta time discretisations were studied
in [31].

For a particular class of nonlinear problems of the type (1.1) and with more restrictive as-
sumptions on the problem data, the convergence of the temporal semi-discretisation by the above
scheme but on equidistant time grids has been studied in [8]. More precisely, the convergence
analysis in [8] applies to the (less general and indeed much less involved) case V4 = Vp with
Ay being a time-independent maximal monotone operator, By being time-independent, linear,
bounded, symmetric, and (up to some additive shift) strongly positive, and A; = B; = 0.

In the present work, we prove weak convergence of a subsequence of piecewise constant
or linear prolongations with respect to time of fully discrete solutions to (1.3) towards a weak
solution to (1.1) whenever the maximum time steps of the underlying sequence of variable time
grids (1.2) tend to zero and the spatial discretisation parameter m goes to infinity. Essential
conditions on the admissibility of the time grids are that the quantities

Tn-1 _ Tph-2 )) (Tn - Tn—l)z
9

Tn Tn-1 P (Tn + Tn—l)3

max (l max (0,
n Tn

remain bounded, which signifies that the deviation of the time grids from an equidistant time
grid cannot be too large. An example is given by 7,, = 7,-1(1 + ¢7,,—1) for some ¢ > 0. Similar
restrictions are also known in the context of the convergence of time discretisation methods for
nonlinear parabolic problems (see [11, 12]). Moreover, a suitable coupling of the maximum time
step size and the spatial discretisation parameter m is required.

Nevertheless, it is of importance for practical issues to substantiate the use of variable time
stepping as this is the basis of any adaptive step size control.

Our convergence result not only justifies the numerical approximation of the problem under
consideration, especially in the case where regularity of the exact solution and thus error esti-
mates are not at hand, it also provides existence of a solution to the continuous problem, which
is, to our best knowledge, new in this general framework.

The proof of convergence relies upon monotonicity and compactness arguments, employing
also the stability of the time discretisation in terms of a discrete analogue of the integration-
by-parts formula. An essential auxiliary result is a certain integration-by-parts formula on the
continuous level, which we prove with the help of the Steklov average. Moreover, in the case
of perturbations of the principle parts, we derive uniform a priori estimates in abstract fractional
Sobolev spaces, in order to apply a generalisation of the Lions-Aubin lemma. Here, we need to
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impose that A is an intermediate space of class %~ n(V*, Va) for some i € (0, 1) in the sense of
Lions and Peetre and that the couple V, H possesses a certain approximation property.

The paper is organised as follows: In Section 2, we study (1.1) neglecting perturbations. We
specify the assumptions on the principle parts as well as on the discretisation, provide existence
and a priori estimates for the fully discrete solution, and prove a convergence result from which
existence of a weak solution to (1.1) follows. In Section 3, following the lines of the previous
section, we then focus on additional nonlinear perturbations of the principle parts employing a
priori estimates of the fully discrete solution in abstract Sobolev-Slobodetskii spaces.

2. Equations without perturbations

In this section, we consider (1.1) in the case that A = Ay and B = By, i.e., Ay = B} =
0, with an exponent p > 2 occurring in the coercivity of Ag. In order to avoid an additional
compactness argument, we also assume that Ay is monotone and coercive already without an
additional additive shift. Such a shift will be handled later as a perturbation.

In the sequel, the space of Bochner integrable (for r = co Bochner measurable and essentially
bounded) abstract functions mapping [0, T] into a (reflexive) Banach space X is denoted by
L"(0,T;X) (r € [1,00]) and equipped with the standard norm || - [|z-0,7.x)- By #’ and u”’, we
denote the first and second time derivative of the abstract function u = u(#) in the distributional
sense. Moreover, we denote by €"([0,T]; X) (r e N, ¢’ 0 = %) the space of uniformly continuous
functions mapping [0, 7] into X with uniformly continuous time derivatives up to order r. By
%,(10, T]; X), we denote the space of abstract functions mapping [0, 7] into X that are continuous
on [0, T'] with respect to the weak topology in X, i.e., demicontinuous functions. Finally, by ¢
we denote a generic positive constant.

2.1. Assumptions on the continuous problem

Remember that (Ve, || - [lv.) (C € {A, B}) denotes a real, reflexive, separable Banach space
that is dense and continuously embedded in the Hilbert space (H, (-,-),| - |). Further, we have
V =V4snVgwithnorm||-|| =||-|lv, + |- llv,- The space V is assumed to be dense in each of the

spaces V4 and V. Obviously, V is also continuously embedded in each of the spaces V4 and V.
The dual V* = V + Vi is equipped with the norm

Ifll. = inf {max (Il fallv;. Ifzllv;) < f = f£a + fa with £ € Vi, fz € V) .

Observe that V € H C V* forms a Gelfand triple.

In what follows, we always assume p € [2, ) and set p* = p/(p — 1). The duality pairing
between LP(0,T;V) 3 v and (LP(0,T; V))* = LF (0,T; V*) = LF (0,T; V;) + LP(0,T; V) > f =
fa + fp is given by

T T T
(fiv) = fo (f@,v(O)yxvdt = fo Sa@®),v(O)vixv,dt + fo (B, v(D)v;xv,dt.

Moreover, we have (L1 O, T;H ))* = L*(0, T; H) with the duality pairing

T
Uw=ﬁqmmmp
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The structural properties we assume for Ay and By read as follows:

Assumption (Ag). {Ao(t)}icio.1) is a family of monotone and hemicontinuous operators Ao(t) :
Va — V3 such that for all v € V, the mapping t = Ay(t)v : [0,T] — V} is continuous for almost
allt € [0,T). For a suitable p € [2,0), there are constants py,c > 0, A > 0 such that for all
te[0,T]andv e V,

AoV, v) = palVllf, = A, NlA@Vllv; < c(1+ W) -

With {A(#)}se[0,77. We associate the Nemytskii operator A that is defined by (Agv)(?) :=
Ao(t)v(t) (t € [0, T]) for a function v : [0,T] — V4. Under Assumption (Ap), the Nemytskii oper-
ator Ap maps L”(0, T'; V) into its dual and is monotone, coercive, hemicontinuous and bounded.

Assumption (Bg). By : Vg — V} is a linear, bounded, symmetric, and strongly positive
operator: There are constants ug, cp > 0 such that for all v € Vp

2
(Bov,v) = uplvlly, . 1Bovllv; < cglvllv, -

Under Assumption (By), the operator By : Vg — Vj extends to a linear, bounded, symmetric,
and strongly positive operator mapping, e.g., L*(0, T’; V) into its dual.

The above Assumptions (Ag) and (By) guarantee existence and uniqueness of a solution u €
L®(0,T;Vp) with ' € LP(0,T;V4) N L*0,T;H) and u” € L7 (0, T; V) + L2(0,T;Vy) <
(LP(0,T;V))" to problem (1.1) for any uy € Vg, vo € H, and (at least) any f € (LP(0,T;Vy))",
see [21, Thm. 2.1].

Since we prove a priori estimates for «’ and its approximation in L*(0, T'; H) it would also be
possible to consider, as in [21], the somewhat more general case f € L"(0,T; Vi) + LY(0,T; H).
However, in view of readability, we shall not consider this case.

2.2. Fully discrete problem and a priori estimates

Let {¢;}ien be a Galerkin basis of V. Then {V,,},.eny With V,, := span{py,...,¢,} forms a
Galerkin scheme with the property of limited completeness, i.e.,

V= CIOS”.H U Vm . (21)

meN

Since V is dense and continuously embedded in V¢ (C € {A, B}), {Viu)men is also a Galerkin
scheme for V¢ (with limited completeness w.r.t. || - [ly,.).

With respect to the approximation of the function spaces, we make use of the following
relation:

Relation (Vg < V,). For each m € N there exists a positive constant cy,y,(m) such that

Vllv, < cvpev,(m) [Vl forallv € V. 2.2)

Because of the equivalence of all norms on a finite dimensional space, Relation (Vg « V,)
can always be established. Note that cy,y,(m) does not depend on m if V4 — Vp. In gen-
eral, (2.2) corresponds to an inverse inequality with cy,y,(m) — co as m — oo (see, e.g., [7,
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Sec. 17]). We remark that Relation (Vp < V,) implies the corresponding (inverse) inequality for
Vand Vy,
M= [Vllv, + IVllv, < (1 + cyyey, (m) Vlly, forallv € V,. (2.3)

Moreover, the corresponding relation for V and V, also implies the relation above (for suffi-
ciently large m) whenever V4 ¢ Vpg. If, however, V4 — Vg, we do not need to employ any
inverse inequality as was already shown in our previous work [13]. We also should remark that
alternatively one may work with an analogous relation between the norms || - ||y, and || - |z on V,,,
which, in certain cases, might yield weaker assumptions on the coupling of the maximum time
step size and spatial discretisation parameter.

We further consider an arbitrary time grid (1.2). We set 74172 1= (Ty + Tnt1)/2, tys12 =
t, + Tu+1/2, and denote by 7,41 1= Tye1 /7, (n = 1,2,..., N — 1) the ratio of adjacent step sizes.
Moreover, we set

Tmax .= Max T,, 7Fmax .=max[1l, max r,|, 7ppn:= min r,,
n=1,2,...N n=2,3,...N n=2,3,....N
N
1 1
Yy = max |0, — — n=3,...,N), cyzzz:yn, (2.4)
n -1 =3
N 2 N 2
9._2 1 (rn_l) -9 (Th — Tn-1)
o= —_ —3 .
— Tn-1/2 \Tn +1 — (Tn + Tn—l)

Representing u”" by {v"} by using the first equation in (1.5) gives

n—1 n—1
u" = + Z(uf“ —uly =+ er+1vj = +Kp", n=0,1,...,N, (2.5)
j=0 Jj=0

where Kj is a nonlocal operator acting on grid functions. We thus have that (1.3) is equivalent
to (1.7) together with the first equation in (1.5). The relation (1.7) is the starting point for our
analysis.

The solvability of the fully discrete problem will be based on the following auxiliary result:

Lemma 1. Let ® : R" — R™ be continuous. If there is R > 0 such that ®(v) -v > 0 for all
v € R™ with ||v|[gm = R then there exists v € R™ with |[V|[g» < R and ®(v) = 0.

Proor. The proof follows by contradiction from Brouwer’s fixed point theorem (see, e.g., [16,
Lemma 2.1 on p. 74]). O

Theorem 2 (Existence and uniqueness of a discrete solution). Ler Assumptions (Ag) and (By)
be fulfilled and let u’,v° € V,, and { f"}nNz‘l1 C V* be given. Then there exists a unique solution
{u”}nN=1 C V, to(1.3)with {v”}n[\”l1 CV, (V' = @' = u")/1,41) being the solution to (1.7).

Proor. There is a bijection between V,,, and R™ given by the representation

m
V= vigi € Vi, v=[n], eR".

i=1

Then ||v||g» := ||v|| defines a norm on R™.



The scheme (1.7) reduces, step by step, to the finite dimensional problem of determining
vVieR"(n=1,2,...,N — 1) such that

m

. 0" =V o) + (Aot )V @) + (Bo(u® + Kn™), ) = (f",¢)|  =0.
n+1/2 i=1

o) =

Remember here that Kjv" only depends on {1/ };:(1). Once {v"} is known, the solution {u"}

can be calculated from (2.5). So it remains to prove the existence of a zero of ®.
The function @ : R" — R™ is continuous, in particular, since Ay(z,) : V4 — V} is monotone
and hemicontinuous and thus demicontinuous and since By : Vz — Vj, is linear and bounded.
For estimating

N
n=1

") V" = 0" = V") + AtV V'Y + (Bo(® + Kpy™), vy = (f 0",

Tn+1/2

we observe that
0" =y > R = LIV

Because of the coercivity condition on Ay(t,), we find
(Aot V" V') = palV"lly, = A.
This, together with (2.3), yields
(A", V") 2 pa (1 + cyyey, (m)) " IV'IIP = 4.
Moreover, we have
(Bo(u® + Kp"),v"y = (f",v") = = (I1Bou” + Koyl + £ 1) IV
Putting together the foregoing estimates shows that
OO v = (s (1 + cvyey, (m) 7 IV|IP!

1 , 1
V'l = 11Bo(u + Kl — Ilf"II*)IIV"II +

Tn+1/2 Tn+1/2

VP =, (2.6)

Taking now ||v"||[g= = |[[V"|| = R for sufficiently large R implies ®(»") - v" > 0.

Lemma 1 now provides the existence of a zero of .

With respect to the uniqueness, we only have to show that (1.7) possesses a unique solution.
This is again done step-by-step. For n fixed, let {y/ }’J’;é and f" be given. Assume that v{ and v}
are two different solutions to (1.7). We take the difference of the corresponding equations and
test with v —vJ. Since Bo(u® + K- Bo(u® + Kpv) = 0, the monotonicity of Ao(z,) now provides
V- vgl2 < 0, which is in contradiction to our assumption. O

The following result provides uniform a priori estimates for the fully discrete solution.

Theorem 3 (A priori estimates). In addition to the assumptions of Theorem 2 let { f"}flvz‘]l cvy
and

vy, () Tmax < min(l, ’ﬂ) . 2.7)
CB
8



Then there holds foralln =1,2,...,N -1

n n
12 2 j j—1,2 j
R, + P+ T =R Y TV,
Jj=1 j=1
(2.8)

n
0112 0,2 211,012 inp”
< |1, + 1O + IO, + Y Tl I, + T
J=1

where ¢ > 0 is a function in 1/ryin, ¢y, and 1/(us — chVBHVA(m)zrmax) that is bounded on
bounded subsets.

Proor. We test (1.7) with v". Since
1
(a—b)a = E(az—b2+(a—b)2), a,beR, (2.9)

we have

1
(Vn _ Vn—l, vn)

— <|Vn|2 _ |Vn71|2 + |V” _ anllz) .
Tntl/2 27412

Because of the coercivity of Ay(?,), we find
(Ap(t, V" V") 2 #AIIV”II’(,A -4
With (2.5) and
1
(a—b)b:z(az—bz—(a—b)z), a,beR, (2.10)

we obtain (with || - ||z := (Bo-, -)!/?> denoting the norm on Vjp induced by By, which is equivalent
to [ - llv,)

1
<Bo(u0 + Kpv'), v”> = <B()(MO + Ko, + K™ — @ + K]W"))
Tn+l

(1 + K 115 = 1l + KI5 = 1@ + K™ ") = @ + Ko™)Ip)

2Tn-*—l

1 12 2 2 2
=5 (™M1 = N1 = 72, IV"113) -
n+

Employing Y()ung’S inequality, we ﬁnd
<fn Vn> < ”fn” *”vn“ < c”fn”U* ,uA ”vn”P
’ A A L}; ! Va*

Multiplying by 27,.1/2, summing up, and taking into account (2.5) now gives

n

n
n2 J_ 1, J-112 . inP
WP+ Y =V P Y Tl

J=1 J=1

1 1 11
+ -1+ — n+12+_ =
2( I’,H.])”u ”B 2; rj

1 1 T A

012 112 2

<P+ 5 (1 + r—)llu g +c E Tj+1/2”fj”1‘9/; + E Tin2T sV |5 + cAT .

2 n "
J=1 J=1

)Ilufllf9 2.11)

1
Tjtl



With (2.2) there holds
112 112 21,0112 2 j
V15 < eslv/Ily, < cpevyey, M IV, < cpevyey, (m)*(1+ I, ).

This, together with (2.7), a discrete Gronwall argument and the equivalence of || - ||z and || - [|v,,
yields the estimate asserted. O

We remark that we are not able to derive a suitable estimate for {v"}n[":‘o1 in the V- or Vy-
norm with constants that remain bounded for all m € N under the more general assumption
{ f"}fq\’z‘]l C V*. Therefore, we are not able to derive results on the solvability of the original
problem for right-hand sides taking values in V*. This is in accordance with the results in [21].

2.3. Convergence towards a weak solution
In what follows, we often write g(m,I) to emphasise the dependence of a quantity g on the

finite dimensional space V,, and the time grid L.
For the solution {#"}¥_ C V,,, ("}=! € V,, to (1.3) and (1.7) corresponding to a time grid I,

n=0 = "m n=0
we define
0 forre[0,52],
Mm’]l(t) = u” fort e ([nfl/z,t,ﬁl/z] (n =1,2,...,N— 1),
0 fort e (tN—l/ZytN] 5
0 forte[0,4,],
le([) = N fOffE(t11—l/27tn+1/2] (n: 1,2,...,N— 1),
0 fort e (ty-1/2, 8]
W0 forz € [0,4,,],
. P s VP
Vp(t) ;=9 V' + ————=0" V") fort € (toippstys1p]l (n=1,2,...,N-1),
Tn+1/2
-1 for t € (ty-12,tn].

Note that 7, is piecewise linear and continuous in time, and thus differentiable in the weak
sense.

Without loss of generality, we assume Ag(#)0 = 0 (¢ € [0,T]) and thus 4 = 0 in Assump-
tion (Ap). This is allowed since otherwise we may replace f(¢) by f(r) — Ap(#)0 (¢ € [0, T]). For
the right-hand side, we restrict ourselves to the approximation

1 Tn+1/2

Sr= fdt, n=12,....N-1, (2.12)

B Tn+1/2 th-1/2
which is well-defined for f € L"(0,T; V1), and set

0 forte[0,t)],
f@) =3 f* forte (t1ppthri]l (n=1,2,...,N-1),
0 forte (ty-12,tn];

Ao(t) fort € [0,#2],
AO,]I(t) = Ao(tl’l) fOI‘ re (tn—l/Zatn+l/2] (n = 1’2’ e 7N_ 1)’
Ao(ty-1) fort € (ty-1y2,tn];
10



We now consider a sequence {(V,,l¢)}cen consisting of finite dimensional spaces V,,, €
{Vin}hmen and time grids I, of type (1.2) fulfilling the following assumption (see also (2.4) for the
notation and (2.7)):

Assumption (Vi I). The sequence {(V,,,, p)}cen satisfies

my — 00 and Tyax(Ip) = 0as € — oo,

1, HA

¢ ) s CvpeVy (mt’)szax(H() —0asl — oo,
B

2 .
sup ¢y, v, (Me) Tmax(Ie) < mm(
{eN

SUp rmax(Ie) < 0o, inf rpin(lp) >0, supcy(Ip) < oo, supb(y) < oo.
eN {eN eN LeN

With respect to the initial data, we require
Assumption (IC). The initial values for (1.3) satisfy

u(me, 10),v0(me, 1) € Vi, (€ €N, Sup Tonax () IV (e, TN, < o0,
£eN

MO(ng, I;) = ug in Vg and Vo(mg,ﬂg) —vinHas{— .

Remark 1. Assumption IC on the sequence (W (I)} e can always be fulfilled for vy € H since
V4 is dense in H. Assumption I on 6 and c,, i.e., on the ratios of adjacent step sizes, is obviously
fulfilled for an equidistant partition but also for variable time grids that are a perturbation of an
equidistant partition.

The main result in this section now reads as follows.

Theorem 4 (Convergence towards the weak solution). Let Assumptions (Ag), (By), (Vin, 1), and
(IC) be fulfilled, and let uy € Vg, vo € H, and f € (LP(0,T;V4))*. Then, as { — oo, the piece-
wise constant prolongations uy,1, of the fully discrete solutions to (1.3) converge weakly* in
L=(0,T; Vp) towards the exact solution u € %,,([0,T]; Vg) N L°(0,T;Vp) to (1.1) with u’ €
6v([0,T]; H) N L®(0,T; H) N LP(0,T; Va) and "’ € (LP(0,T;V))*. Moreover, the piecewise
constant prolongations vy, 1, as well as the piecewise linear prolongations V,,, 1, converge weakly
in LP(0,T; V4) and weakly* in L*(0, T; H) towards u'.

We may also derive strong convergence results if V4 is compactly embedded in H. This is, in-
deed, necessary when dealing with perturbations of the monotone main part and shall, therefore,
be dealt with in Section 3.

The proof of the above theorem relies upon the following auxiliary results:

Lemma 5. Under the assumptions of Theorem 4 there is a subsequence, denoted by t’, and there
are elements

uelL”0,T;Vg), ve L0, T; HyNL(0,T;Vy,)
withu—ug=Kv e €(0,T];Va) NL®O,T;Vpg)and u’' =v € LP(0,T;V,)

11



such that
Uy 1, — win L¥(0,T; V),
Vg 1y = v in L0, T; H), V1, — vin LP(0,T; V),
Dupty = vin L0, T H), Dy, 1, — vin LP(0,T; V)
Kv, 1, S Kvin L¥(0,T; Va), Uny 1, = Uy — KV, 1, = 0in L*(0,T; V) ast — .

Proor. With respect to the right-hand side of (2.8), we first observe that ¢ is bounded since,
by Assumption (V,,,I), the sequences {1/rmin(I¢)}, {c,(I¢)}, and {1/(us — cpcy, v, (m¢)* Tmax I))}
are bounded. Furthermore, by Assumption (IC), the sequence {u’(m;,1,)} is bounded in Vz and
{(W0(mp, 1)} is bounded in H. We also see, by Relation (Vg < V,) and Assumptions (V,,,I) and
(IC), that {t;(I,°(m,, 1)} is bounded in Vj since

1AV (e, Ip)llv, < T1(le)evyev, (me) VO (me, Tl

) Y (2.13)
= Tiax 07 vy, () (Tmax A (e DI, )
Finally, it is easy to see with (2.12) that
N(p)-1 ) X T N
Z 7j+172(Ie) ||fJ(I[£)||€; < f IIf(t)II'&;dt- (2.14)
0

=1

Altogether, this shows the boundedness of the right-hand side of the a priori estimate (2.8),
uniform with respect to the sequence {(V,,,, I,)}.
Recalling that
u' (mg, Ip) = u’(mg, Tp) + 710) VO (my, 1)

the assumptions together with (2.13) imply the boundedness of {u'(me,1p)} in V. Then, as
a direct consequence of the a priori estimate (2.8), we observe the boundedness of {u,, 1.} in
L>(0,T; Vg). Moreover, the sequence {v,,, 1,} is bounded in L*(0, T'; H) as well as in LP(0,T; V)
as one can immediately infer from (2.8). Also the sequence {,,,1,} is bounded in L*(0, T'; H) as
well as in LP(0,T; V4). The first assertion is easily seen, whereas the second one is somewhat
more involved. However, a straightforward calculation shows that

. 1
0metpo.1,) < 3 (71(0e) + 732(I0)) IV (me, TN,

N(I)-2

t 3 Z; (Tj+1/2(ﬂf)+Tj+3/2(1[[))”Vj(WZ[,I[g)”I;/A
=

p—

1 -
+ 5 (ven-1200) + Ty A0) IV~ me, T,

Ip)-1 '
D7 i) v ome, TIE,

J=1

N
Fmax (Ip) + 1
< T (0 Ve IO, + = —
This, together with the assumptions and (2.8), shows the boundedness asserted.
Since L™ (0, T'; H) is the dual of the separable LY(0,T; H), L*(0, T; Vg) is the dual of the sep-
arable L' (0, T; V), and LP(0, T; V) is reflexive, by standard arguments (see, e.g., [6, Cor. 111.26,
12



Thm. II1.27]), we thus have the existence of a subsequence, denoted by ¢’, and of elements
uel>0,T;Vg),ve L0, T; HyN LP(0,T;Vy), v e L>(0,T; H)n L(0,T; Vy,) such that
3, = win L0, T; Vp),
Ving gy = vIn L0, T3 H), Vg, = vin LP(0,T; Va),

* . A A .
Vmp 1, =PI L0, T;H), Dmpp, = Pin LP(0,T;Vs) ast — oo.
The definition of v,,, 1, and ,,, 1, yields

~ 2
”Vm[/ Iy — Vmp Iy ||L2(0,T;H)

710 Ny )-1
I 0 2
< =S W me TP+ )

J=1

T Iy . .
L2001y = v g TR

2.15)
TN(]IE/)(L”) N(p)-1 2 (
e s -
3 [v (me, 1)
N(p)-1
DT Wime, Ty = v ome, T )P + |vN<Hf’>“<mf/,11m|2] :
1

< Tmax(Ip) (|V0(m0, I +
J=

The a priori estimate (2.8) shows that the right-hand side of the foregoing estimate converges
towards zero as ' — co. Hence, by density, the weak limits v and ¥ coincide.

We are now going to prove Kv,,, 1, X Kvin L®(0,T;Vy) = (L'(0,T; Vi))*. For arbitrary
g€ L\0,T; V), we have (by a change of the integration variables)

T t T t
(Kvmy 2 — KV, 8) = fo <g<r>, fo (vm[,,lf,<s>—v<s>>ds>dr= fo fo @0 Vi 1, (5) = V(s))dlsdt

T T T T
= f f (&0 Viny 1, (8) = v(s))dtds = f < f g(D)dt, v, 1, (s) — V(S)> ds.
0 s 0 s

Since s — fJT gdt € L*(0,T;V}) and since vy, 1, — vin LP(0,T;Vs) as ' — oo, the right-
hand side of the foregoing identity converges towards zero.

Let us now show that u,,, 1, — up — Kv,,,1, converges towards zero, strongly in L*(0,T; V).
With Holder’s inequality, relation (2.5), and the Cauchy—Schwarz inequality, we find

2
”um[,I[ —Up — Kvmfv]lf”Lz(O,T;VB)
t1/2(I¢) )
- f ol dr
0
NID=T A1) n-l . 2
+ Z f u"(me, L) — up — Z Tis1 2TV (me, Ip) = (t = tuo1 2LV (me, Tp)|| dt
n=1 tn-172(T¢) =1 Vi
r Na)-1 A 2
+ f ug + Z T2V (me, L) dt
tnap)-172(Le) j=1 Vs

13



2 0 2 21,0 2
< cTmaxT)lluolly, + cllu”(me, Le) — uolly, + cTmaxTe) [V (me, Io)lly,

N(I)-2 . 2
o Y a0 - TV e Dl
j=1
N(p)-1 N{)-1
+ Tnan@0? D T @IV e, IR, + o) D Tjap @IV me, LI, . (2.16)
n=1 j=1

With Relation (Vg < V,) and Holder’s inequality, we further obtain

NI,)-1 ‘ 2
> o) = Ty GOl o, Tl
=

- -1
1 N% o) - 100 Y
4

Ti12(Le) IV (me, 1)}
Tjr1/2(Le) ; a Ve

—

IA

j=1
N(Ip)-1 2/p
< ctmaxI) v, (m»ze(ﬂe)[ D7 i) v om, JIe)II’&A] 2.17)

=1

and thus
Netyn, 1, — tto — KVp, 1,17
mpe,ly 0 my,lp 12(0,T;Vp)

« 2/p
< Tmax )0l + cllu®(me. 1) = ol + Tmax@)*'? vy, (me) (Tmax TV (e, I, )

N()-1 2/p
+ cTmac(Lo)evyev, (M) O Tmax () + Trmax (L) + 1)( Z Tj+1/2(1[£)||Vj(mf,ﬂ€)||€A] .
=1
(2.18)

The assumptions together with the a priori estimate (2.8) now show the convergence asserted.
For proving u — uy = Kv, we conclude from what is shown before that

u—uy—Kv=up,y, —uy—Kvp, 1, +1u—ty,1, +Kvy, 1, —Kv—0in LZ(O, T;Vs+Vp).

We, therefore, obtain u — ug = Kv € €([0,T]; V) as well as Kv = u — uy € L0, T; Vp).
Remember here that V = V4 N Vg is dense in V4 and Vg and that V4 and Vj are dense and
continuously embedded in H.

Since Kv = u — uy is absolutely continuous as an abstract function with values in the reflex-
ive space V4 and thus is differentiable almost everywhere (Theorem of Komura, see, e.g., [5,
Coroll. A.2]), weseethat u’ =v € LP(0,T; Vy). O

For what follows, we need to introduce the Steklov average. Let w € LP(0,T; X) (p € [1, c0),
X being a Banach space) be extended by zero outside [0, 7]. Then we define for any (sufficiently
small) & > 0

1 1+h 1 1 1+h
SEW(r) = izj; w(s)ds, Spw(t) = E(S;w(t)+S,;w(t))=Ej;h w(s)ds .

14



It is well-known (see also [10, Thm. 9 on p. 49]) that

Spw € L0, T; X) with |IS ywllzr0.7:x) < IWlleo,7:%) »

Sw(t) » w()in X, a.e. in (0,7)>¢, and S,w - win L?(0,T;X)ash — 0.
Lemma 6. Let ug € Vg and let w € LP(0, T; V) with Kw € L*(0, T; Vg) such that w' + Boy(ug +
Kw) € LP(0,T; V). Then for almost all a, € [0, T] with a < 8 there holds

B
f (W + Bo(ug + Kw))(2), w(t))dt
@ (2.19)

1 1 1 1
= 5|w(,8>|2 - 5|w(a)|2 + 3o + Kw(B)Il3 - 7o + Kw()l3

with || - ||z := (Bo-, -Y'/* denoting the norm on Vg induced by By. If in addition w € €,,([0, T1; H)
with Kw € 6,,([0, T1; V) then for almost all B € [0, T] there holds

B
f (W + Bo(ug + Kw))(®), w(t))dt
0 (2.20)

1 1 1 1
< EIW(,B)I2 - EIW(O)I2 + Elluo + KwB)li - Elluollé.
Remark 2. The main difficulty in proving Lemma 6 is that only the sum of w” and By(uy + Kw)
is in the dual of L”(0,T;V4) > w. Indeed, in the application later, we will only have w’ €

(LP(0,T; V)" D (LF(0,T; V4))* and Bo(up + Kw) € L¥(0,T; V). Therefore, it is not allowed to
split the duality pairing and to perform an integration by parts separately.

Proor (or LEmMa 6). We commence with proving the assertion (2.19) for the Steklov average
Sw instead of w. Let & > 0 be sufficiently small. First, we recall that by construction S,w €
LP(0,T;Vy,). However, since

Spw() = 21_}1 (Kw(t+ h) — Kw(t — h)),

we also have, for fixed h > 0, that S,w € L3(0,T;Vg). We, therefore, can split the terms
appearing and can carry out integration by parts (using S,w = (ug + KS,w)’) as follows:

B8
f ((Sw)’ + Bo(ug + KS yw))(1), S yw())dt
B
= fﬂ (S W) (1), S pw(D)dt + f (Bo(uo + KS yw)(0), (uo + KS uw) (1))t 22D

1 1 1 1
= §|Shw<ﬂ)|2 - §|Shw<a>|2 + 3o + KSwB)ly - o + KS w3 .

We now consider the difference between the formulas for w and S ,w. We have
B
f (W + Bo(ug + Kw))(1), w(t))dt — f(((ShW)’ + Bo(uo + KSyw)(@), S yw(1))dt
@ @
= fﬂ((w' + Bo(ug + Kw))(1), (w — S,w)(1))dt (2.22)

B
+ f <(W/ + Bo(ug + Kw) — (ShW)/ — Bo(ug + KS,w)(@), S yw(t))dt .
¢ 15



The first term on the right-hand side converges towards zero as 7 — 0 since w’ + By(ug + Kw) €
LP*(O, T;V}) and since S ,w converges towards w in L”(0, T; V) as h tends to zero.

The second term on the right-hand side in (2.22) is more involved. As is easily seen, S, and
differentiation commute,

1
Spw'(t) = ﬂ(w(t +h) —wt—h)=E w) @, te(ap).

It is allowed to split the term under consideration as follows (using (S,w) = S;w’ and the
linearity of By):

f((w' + Bo(up + Kw) — (Spw) — Bo(uo + KS ;w))(1), S yw(1))dt
B
= f (W + Bo(ug + Kw) = Sy(W' + Bo(ug + Kw)))(2), S yw(t))dt

B
+ f {(Bo(S nKw — KS ,w))(1), S ow(2))dt .

Since W’ + Bo(ug + Kw) € LP" (0, T} V1), we have
Su(W + Bo(up + Kw)) = w' + Bo(uo + Kw) in LP (0, T Vi)ash—0.

This, together with [|S ,Wllzr0,7.v,) < IWllzr©,7:v,), sShows that the first term on the right-hand side
of the foregoing identity vanishes as % tends to zero.

For the remaining term, we find (by changing the order of integration and using w = (Kw)’,
integration by parts as well as Kw(0) = 0) the commutator relation

1 f+h S 1 ! s+h
S,Kw—KS = — drds — — drd
S,Kw aw)(1) T ft_h f(;w(r) rds 2hf0£_h w(r)drds

1 t—h t+h t+h t+h

= (f f w(r)dsdr+f f w(r)dsdr)
t—h t+h t
(f f w(r)dsdr+f f w(r)dsdr+f f w(r)dsdr)
h r—h

f (h=rw(r)dr = i (h - r)(Kw) (r)dr = o f Kw(r)dr

which implies
(SnKw — KSpw)(t) = S, Kw(0).

Note in particular that the commutator is independent of time.
Hence, we obtain (using again the above commutator relation as well as (2.10))

8
f (Bo(S1Kw — KS mw))(0), S pw(0))dt

B
= <BoShKW(0), fShW(t)> = <BoShKW(0),f (KShW)'(t)>

= (ByS 1 Kw(0), KS ,w(B) — KS yw(@))
16



= (BoS 1 Kw(0), ug + KS ,w(B)) — (BoS n Kw(0), up + KS p,w(a))

= (Bo(up + S Kw(B)) — Bo(ug + KS yw(B)), up + KS yw(B))
— (Bo(up + S Kw(a)) — Bo(ug + KSpw(a)), up + KS ,w(a))

1 1 1
= 5o + SwKwBII3 - Sl + KSwBly - 310 + S Kw(B) = (uo + KSwB)lg
1 1 1
= o + SpKw(a)lls + 3o + KS w3 + 3o + SuKw(@) = (o + KS ()3
(with (ug + S, Kw(B)) — (g + KS yw(B)) = S 1,Kw(0) = (ug + Sy Kw(@)) — (ug + KS ,w(@)))

1 1 1 1
= 5o + Sy KwB)IE - 3o + KSw@B)g - 3o + SpKw(a)ll} + 3o + KSw(a)ll3.

This, together with (2.21), proves the first assertion (2.19) since S ,w(t) — w(f) in V4 — H
and S, Kw(t) —» Kw(t) in Vp for almost all € [0, T] as h — O.

The second assertion follows by taking @ — 0 in the first assertion and employing the weak
lower semicontinuity of the norm. O

We shall remark that a result similar to (2.20) can also be found in [21, Lemma 2.1] (with a
different proof).

Proor (or THEOREM 4). From the numerical scheme (1.5), we conclude

T
- f P, (O, W Ot + VN (g, 1), @W(T) — (g, 1), @)r(0)
0 (2.23)

T T T
" fo Aoz, Vs YO @01 + fo (Bottm,2,(1), @YD)t = fo 0. D

for all ¢ € V; with arbitrary j € N, all € €'([0,T]) and all £ € N with m, > j since with
integration by parts

T T
fo (4 (0. W)t = — fo P s O Ot + (1, (T), QUT) = (B 1,0), £)b0)

and since, by definition, 9,,,1,(0) = v0(mg, 1), P, 1,(T) = VNV~ (my, Ip).

We are going to employ the results of Lemma 5 and Assumption (IC). In addition, we observe
the following.

The a priori estimate (2.8) shows that the sequence {v¥*~!(m,,1,)} is bounded in H. By stan-
dard arguments, we can extract a subsequence (of the subsequence already given by Lemma 5,
but still denoted by ¢’) such that

W Gmp 1) = Ein Has £ — oo (2.24)
for some element & € H.

The growth condition for Ay shows that Ay maps subsets bounded in L”(0, T'; V) into subsets
bounded in (L?(0, T; V4))*. Therefore, {A¢1, Vi, 1,} is bounded in (LP(0, T'; V4))*, and, by standard
arguments, we have a subsequence (of the subsequence already chosen and still denoted by ¢’)
and an element a € (L?(0,T; V4))* such that

AO,H[/ VWL[/,]I[/ —a in (LP(O9 T, VA))* as f’ — 0. (225)
17



With respect to By, we see that By is a linear and bounded mapping of L*(0,T; V) into
L*0,T; V) and thus is weakly-weakly continuous (see [6, Thm. IIL9]). Since u,,, 1, converges
weakly* in L=(0, T; V) towards u as £’ — oo, we also have uy,, 1, — uin L*(0,T;Vg) and,
therefore,

By, 1, — Bouin L*(0,T; Vi) as £’ — . (2.26)

For the right-hand side in (2.23), a straightforward argument shows that
fi, = fin(LP(0,T;Vy)) as £ — oo (2.27)

Altogether, we thus obtain from (2.23) in the limit

T
- f (1), ) (t)dt + (&, (T) = (vo, IY(0)
0 (2.28)

T T T
+f0<a(t),<p>ll/(t)dt+f0 (Bou(t),@@b(l)dl:j; (f@), ) (1)dt

for all ¢ € V; with arbitrary j € N and all y € €'([0, T]).

Because of the limited completeness (2.1) of the Galerkin scheme, the foregoing relation
(2.28) indeed holds for all ¢ € V. It then follows that f —a— Byu € L' (0,T; Vi + L*0,T; V) €
LY0,T; V*) is the weak derivative of v € LP(0,T; V4) C L'(0, T; V*) (see, e.g., [29, Lemma 1.1
on p. 250]). We, finally, obtain

V' +a+ Bou = fin (LP(0,T; V))* (2.29)

since p > 2 and since the set of functions ¢ — @y(t) with ¢ € V and ¢ € €.(0,T) is dense in
LP(0,T; V) (remember also that V* = (V4 N V)" = V) + Vp).

Note that v € LP(0, T; V) C LP (0, T; V*) with v/ € L” (0, T; V*) is absolutely continuous as
an abstract function with values in V* (see again, e.g., [29, Lemma 1.1 on p. 250]). Therefore,
by taking ¥(7T) = 0 and y(0) = 0, respectively, the relation (2.28) also shows

v0) =vy, WT)=E&. (2.30)

Indeed, since v € L*(0,T; H) N €([0, T]; V*) it follows that v € %,,([0, T]; H) as H is dense
and continuously embedded in V* (see, e.g., [29, Lemma 1.4 on p. 263]). Similarly, since u—uy =
Kv € L*(0,T;Vp) but also in €([0,T]; V4) — €([0,T]; H) it follows that u — uy = Kv is,
possibly after a change on a set of measure zero, continuous on [0, T'] with respect to the weak
topology of V.

It remains to prove a = Apv by employing the monotonicity of Ay and the properties of ByK.
For arbitrary w € LP(0, T'; V4), we obtain from testing the numerical scheme by v,,, 1, and because
of the monotonicity of A¢ (thus of Agy,)

T

0= fo (0 1, (0) + (Ao1, Vi 1)0) + Bottm1,(0) = fi, (1), Vo1, (D)dt
T

Z ﬁ <">,,n[,:[[(t) + (AO,H[vmg,][[)(t) + BOM}’VL[,H[(I) - ﬁ[(t)3 sz,]lp(t)>dt

T
- jov <(A0,I[ Vmg,]lg)(t) - (AOJI[ W)(t), Vm[,I( (t) - W(t)>dt
18



T
= f <f);/n£,:[[(t) + Boum[,]l[(t) - f]‘l/(t)’ VM/,]I/(t)>dt
0

T T
+ fo ((Ao,z[lvm[,nf)(l),W(l)>dl+fo (Ao g W)@), Vin, 1, (1) — w(D))dr . (2.31)

For the term including the time derivative, we obtain with (2.9)

N(Ip)-1

ftrﬁ»l/Z(H[) (v”(mf, 1) — V"_l(mt” L)

Tut1/2(0e)

T
f (@ 2,0 Vi () = ,v"(mg,m) di
0

=1 tn-172(I¢)

NIp)-1

= Z (V”(mg, L) — v (e, 1p), Vn(mh]lé’))

n=1

1 B 1
> §|vN<Hf> Yme, Ip)* - 5|v°(mg, TP (2.32)

For the term including By, we find with v,,, 1, = (uo + Kvy,,7,)” and integration by parts
T T
f (Boltm, 1,(8), Vi, 1,(1))dt = f (Bo(utg + Ky, 1)), (ug + Kvy,, 1,) (1))dt
0 0

T
+ f <BO(MM[,D — Uy — Kvln[,]lf)(t)7 th[(([)>dt
0

(2.33)
1 2 1 2
= Sl + Kvy s, (D — 3l
T
+ f <B0(um(',1[(' — Uy — Kvm{,]l{)(t)7 vr}’I[,K((t)>dt .
0
This yields
L Na-1 2 1 2, 1 2 Lo
02 S g TP = S0me TP + 2o + Kvimy s, (DI = ~litoll2
2 2 2 2
T T
" f (Bolttms, — tto — Kvmy1)(0)s sy (D)l — f o0, vy () (234)
0 0

T T
" fo (Ao, vmes YO WD)t + fo Aoz WD), Vg (1) = WD)

We are now going to take the limit.

There holds (for a suitably chosen subsequence denoted by ¢’)

uo + Kvp, 1, (1) = up + Kv(T) in Vg as £ — oo

This might be shown by employing the weak-weak continuity of the trace operator w — w(T),
W0, T; V4 + V) — V4 + Vg together with density arguments. However, we provide a simple
direct proof.

A straightforward calculation shows that (1.5) implies

o + Ky, 1,(T) = M (my, 1)
Ndy)
= Z (Ti12(Ie) = Tust AW (e, L) + ug — u(me, Tp) — T IV (e, Tp) -

n=1
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With Relation (Vp < V,) and Holder’s inequality (recalling that p > 2 and thus p* = p/(p—1) <
2 and recalling the definition of 8(I;) in (2.4)), we find (see also (2.17) and (2.13))

lluo + KV, 1,(T) = u™(me, Ip)llv,

Ndr)

1
< 30V () Y [t () = @I (e Iy, + llao = e Il
n=1
+ ey, (m) Tmax @) [V (me, Iy,
N lip
< Oy v, MO Tma 10N | D Tt o0 IV One, IOI, | + Nl = 1, T,
n=1

. 1/p
+ Vv (M) Trmax (I)"P (TmaxT) W me, TN, )™
This shows, because of the a priori estimate (2.8) and the assumptions, the strong convergence
g + Kvp, 1,(T) — u¥(mg, Ip) — 0in Vg as £ — oo.

The a priori estimate (2.8) now yields, together with the assumptions, the boundedness of the
sequence {u""(my, 1)} in V. Therefore, also {ug + Kv,,1,(T)} is bounded in Vg, and we can
extract the subsequence denoted by ¢’ in such a way that for some ¢ € Vg

uy + Kvy, 1,(T) = {inVgas £’ — oo. (2.35)

It remains to determine £.
Letp € V; €V C Vi N Vg with j € N such that j < m,. We then find with integration by
parts, recalling that (19 + Kv)’ = v, and inserting (2.23) with y/(¢) = 2/(2T),

T T
1
(o + Kv(T), ¢) = f <90,(uo+KV)'(t)>%dt+ f (¢, (up + Kv)(1)) Tdt
0 0
T t T 1
- f (. 0) = D1, 0) i + f (. KVD) = Ky 3,0) i
0 0
T t T 1
’AWI[,[ —d > K me,le =d
+f0<90v )7 f+f0<90u0+ Vi1 0 e
T t T 1
- f (D) = D1, 0) i + f (o, K0) = Ko 1,0
0 0
T T 2
+ (VN(H”)fl(mz,ﬂf),sﬁ —+f Aoz V1 )0): 0} 5t
T
+ fo Botty 1, (1).) —dt— f Fu(0.9) —dt

+ (o + K, 1,(T), ) — f (@, (uo + Kvin,1,) (1) %dt. (2.36)
0

Recalling (1o + Kvy,1,)" = Kvp,, 1, in the last term, taking now the limit employing the results of
Lemma 5 and invoking (2.24) with (2.30), (2.25), (2.26), (2.27) with (2.29) as well as (2.35), we
find (again with integration by parts)

T T 2 T t
(o + Ku(T), ) = (AT, ) 5 = f V(0,99 i + € 9) - f (0 et = €, 9).
0 20 0



The limited completeness (2.1) of the Galerkin scheme and the density in the scale V C Vp C
H C Vg now shows that

C=up+ Kv(T). (2.37)

Unfortunately, we cannot take directly the limit in the term with By in (2.34) since Bo(u, 1, —

up — Kvy,,1,) converges strongly in L*0,T; Vy) and v, 1, converges weakly in LP(0,T; V,) as

¢’ — oo but V; and V4 do not match. With the definition of u,, 1., V1, and with (1.5), we
observe, however, that

T
f <BO(MM[,H[ - MO - Kvmg,:[g)(t)’ Vm/,]I[(t)>dt
0

N(Ip)-1

fn+1/2(Le)
- [
-1 Vi)

n

n-1 tjv12(e)
W, Tg) =g = . f v(my, Ip)ds
=1 ti12(Ip)

!
- f V'(my, ]Ii)ds) V' (myg, L’)> dt
t,

n-1/2(Le)
N1 51
= Z mez(b) (Tj+1(]I€) _Tj+1/2(]I€)) (Bov!(me,1p), V' (me, Le))
n=l j=1
N@)-1
+ > Twraa ) (Bo (Tv0 e, Te) + ume, Te) = o) V" me, Tr) )
n=1
N(I)-1 2
Tor12(I)” |,
- D T IV e Il
n=1
N(I)-1 n—1 ‘
= Z ZTwl/z(b)(Tﬂl(b)—Tj+1/2(]1€))(Bovj(mf,l[f),vn(mhﬂf»
n=1 j=1
N(I,)—1

- Z (Tn1de) = Tue12(10)) <Bo (Tl(]I(‘)VO(mé” I) + u’(me, 1) = Mo) V' (me, 115)>
n=1
+ (Bo (Tl(ﬂf)vo(mz, Ie) + u’(me, 1) - Mo) VO mg, T) = T TV me, 1) — u(me, ﬂf)>
N{)-1

a0
- D T IV me 1ol

n=1

With Assumption (By), Relation (Vg < V), and Holder’s inequality (see also (2.17), we find for
the first term on the right-hand side of the foregoing identity

N()-1 n—1
Z Tnr172(I¢) (Tj+1(]16’) - Tj+1/2(]I€)) (Bov/(m¢, 1p), V" (me, 1))
n=1 j=1
N(I)-1 n—1 .
<c D0 mwapd) [ ) = @IV e, IV (me, 1)l
n=1 j=1
N(p)-1 N(p)-1
< cepevyev,me? Y Twap IV e Illv, D i) = 7500 IV ne, Ty,
n=1 j=1
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N(Ip)-1 2/p
< cepeyyev, (e Tman 1002 | rm/z(h)nv"(mg,ﬂe)u@] :

n=1
The assumptions together with the a priori estimate (2.8) now shows that this term vanishes as

{ — co. For the second term, we similarly have

N(Ip)-1
D @t (1) = Taer p00) (Bo (11 AV (e, Te) + u’mp, Tr) = wo) V' (me, 1)

n=1

NI)-1
< (T @IV 1)l + e me. 1) = olls) Y 1oea (o) = Ta I Gme. Il

n=1

< ey vy, (M) Tmax 1002 (e3> cvyv, )T 1 AV (me, Ty, + 11 Gme, o) = wolls)

N()-1 I/p
X[ Z Tut 2@V (me, DI, |
n=1

Also this term converges towards zero as { — oo. For the next term, we observe, again with
similar arguments as before, that

[(Bo (T 0w e, 1) + u®ome, To) = o), 7 e, ) = 11 A e, 1) = uome, 1) )|
< (e 2evyev, T @IV (me, To)llv, + i (e, Tp) = wolls)

X (™ me, T)lls + i *ev,ev, (mo)T1 @) IV Ome, Ty, + I (me, To)lls)

and again this term vanishes as £ — oo. Finally, we have that

N 1 +12(I0)? N v
n ¥
D, e Wme Lol < cepevyv, mo) Tma@0)| Y T2 GOl (e I,
n=1 n=1
vanishes as { — co. Hence, we obtain
T
f <BO(um(,H( — U — Kvm(,lg)(t)’ Vm[,]l[(t)>dt —0asf — 0. (2'38)
0

For the term including Ag,, we observe that by Assumption (Ao)
Aoz, (W) = Ag(®)w(®) in Vy, aein(0,T)>tas{ — oo.
Moreover, from the growth condition, we find for almost all ¢ € (0, T")
lAor, ()w(1) — Ao(t)W(t)Il’(,; < c(1 +[wdlly,) -
Lebesgue’s theorem thus proves
Apr,w — Apw in (L¥(0,T; Viast—0. (2.39)

After all, inequality (2.34) now provides in the limit (replacing £ by ¢’ and taking £’ — o)
because of Lemma 5, Assumption (IC), (2.24) with (2.30) and the weak lower semicontinuity of
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the norm | - |, (2.35) with (2.37) and the weak lower semicontinuity of the norm || - ||z, (2.38),
(2.27), (2.25), (2.39), and (2.29) the inequality

1 1 1 1
0> §|v(T>|2 — §|V0|2 + 3 lluo + Kv(T)|I5 - 5||uo||§
T T T
- fo (f(t),v(t)ydt + fo (a(®), w(t))dt + fo ((Agw)(0), v(t) = w())dt
1 1 1 1
= §|v<T>|2 - §|V0|2 + S llo + Kv(T)|lp - §||M0||é
T
— f V(1) + Bou(t), v(0))dt + {(Agw)(t) — a(t), v(t) — w(t))dt . (2.40)
0

With u = uy + Kv and applying Lemma 6 with w = v (for the moment being, we suppose that the
second assertion of Lemma 6 can be applied here with § = T') we thus find

T
0> f ((Aopw)(t) — a(t), v(t) — w(t))dt .
0

With w = v+ sz (z € LP(0,T;V,4)) and s — 0+, the hemicontinuity of Ay immediately proves
a=Agvin (LP(0,T;Vy))".

There remains, however, a problem with the application of Lemma 6 as the assertion only
holds for almost all 8 € [0, T]. Nevertheless, we can take a sequence {Bi}ren C [0, T'] such that
the second assertion of Lemma 6 is fulfilled and such that 8y — T as k — oco. Without loss of
generality, we can assume that 5, > t12(I) for all k and all £. There is then a number Ni(I;) €
{1,2,...,N(,)} such that By € (tn,a,)-3/2, tn,ap)-172] if Ni(Le) # N(p) or Bi € (tna,)-372, T if
Ni(le) = N(Iy).

It is easy to see that (2.31), (2.32), (2.33), (2.34), and (2.38) remain true if we replace
T by ty,ay-12 and N(Iz) by Ni(I;). The assumptions and (2.8) imply the boundedness of
{vMI0=1(m,, 1,)} in H such that, for a suitably chosen subsequence denoted by £, v™)~1 (m,, 1)
converges weakly in H towards an element & as {’ — oco. Following the same arguments as
above (replacing again T by ty,q,)-1/2 and N(I;) by Ni(I;) in (2.23), taking the limit, which then
yields (2.28) with By instead of T since all integrals over (¢y,(,)-1/2,8x) vanish), one may show
that & = v(B¢). Following the same lines of argumentation as above (taking, in particular, Sy
instead of T in (2.36)), we may also show that, for a suitably chosen subsequence denoted by ¢’,
uo + Kvi, 1, (tn,a,)-1/2) converges weakly in Vp towards ug + Kv(By) as ' — oco. We then come
up with (2.40) again but with 8 instead of 7. This shows a = Ayv on (0, 8;) and thus on (0, T').

After all, we have that u and v with u = uy + Kv fulfill the initial conditions u(0) = uy and
v(0) = v as well as the equation

V' + Agv + Bou = fin (LP(0,T; V)",

which shows that « is a solution to the original problem (1.1).
By contradiction, we can show that not only a subsequence but the whole sequence converges
towards u and v, respectively, since a solution to (1.1) is unique. O

Let us note that the initial conditions u(0) = uy € Vg and v(0) = vy € H make sense since

u=uy+Kvee,0,T];Vg) andv € 6,([0,T]; H) .
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3. Equations including non-monotone perturbations

In this section, we consider again (1.1) in the case p > 2 but allow perturbations of the
monotone main parts Ay and By. Such perturbations arise from semilinear terms in the underlying
partial differential equation.

The analysis in the case of the appearance of perturbations of the monotone and coercive
main parts Ag and By relies upon the characterisation of compact subsets of Bochner—Lebesgue
spaces as subsets of Sobolev—Slobodetskii spaces for abstract functions replacing the classical
Lions—Aubin theorem (see [1, 26, 27]). The use of fractional Sobolev spaces and thus showing
the boundedness of fractional time derivatives (with respect to a stronger norm in space) instead
of the classical Lions—Aubin theorem and showing the boundedness of first time derivatives (with
respect to a weaker norm in space) seems to be very suited in the situation of a full discretisation.

Nevertheless, at a certain point, we need to impose additional assumptions. In particular, we
require that H is an intermediate space of class %~ 77(V*, V4) for some 1 € (0, 1) in the sense of
Lions and Peetre (see [20, 22, 28]).

We next give a definition of Sobolev—Slobodetskii spaces with Lebesgue exponent 2. For
oe(0,1),let

H(0,T; H) := {w e L*(0, T; H) : [Wge.1:11) < 0},

T T 2
) 1/2 [w(t) — w(s)|
o 2 2 2 _
with [Wllge .71 = (”W”LZ«),T;H) + leHm(O,T;H)) s Wlgerm) = fo fo Ty dsdt .

It is known (see [26, Cor. 2 on p. 82]) that there holds the compact embedding

L0, T;V,)NH?,T;H) < L'(0,T; H) forany r € [1,2/(1 — 20)] a1
iV, S H, o e(0,1/2). '

In what follows, we often require that the maximum time step size is sufficiently small. We
shall not quantify this smallness, although it would easily be possible.

3.1. Assumptions on the continuous problem

In addition to the assumptions already settled in Section 2, we rely here upon the following
structural assumptions.
Assumption (A1). {A1(D)}icjo,r] is a family of operators A1(t) : V4 — V) such that for all v € V4
the mapping t — A (t)v : [0, T] — V3 is continuous for almost all t € [0, T]. There are constants
€€[0,1/4),% >0, 41 >0, ¢ > 0 such that forall t € [0, T] and all v € V4

A0, v) = =epalvll, = b = 0, A0, < e (1+IM15").

Moreover, there is a constant 55 € (0, p — 1] such that for any R > 0 there is a constant as =
aa(R) > 0 and for all t € [0,T] and all v,w € V4 with |v|, |w| < R there holds

ALY = AOwllv, < aa(®) (1 + VI + il =) v = w7
With {A|(#)}scj0,7), We associate the Nemytskii operator A; defined by (A1v)(#) := Ai(Hv(?)

for a function v : [0,T] — Vj4. It is easy to show that, under the above assumption, A; maps
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LP(0,T;Vy,) into (LP(0,T;V,))" and is bounded on bounded subsets. Since V4, — H, A(¢) :
Va — V; (¢t € [0,T]) is continuous. If V, is compactly embedded in H then A (r) : V4 — V] is
strongly continuous.

Sometimes, not Ao(?) : V4 — V7 is monotone and coercive but only an additive shift A(z) +
»l : V4 — Vi. The above assumption allows to consider this case by taking Ao(?) + %/ instead of
Ap(?) and setting A (¢) = —x1.

We shall remark that the assumption on the lower semi-boundedness of A;(¢) (r € [0,T])
follows, employing in particular Young’s inequality, from the following more restrictive growth
condition: There exist constants 84 € (0, p — 1], ¢ > 0 such that for all € [0, T] and all v € V4

—1-0841, 125
ALV, < e (1+ vl 4 7).

Assumption (B1). {B1(?)}«co,r) is a family of operators Bi(t) : Vg — V} such that for all v € Vp
the mapping t = Bi(t)v : [0, T] — Vy is continuous for almost all t € [0, T]. There is a constant
¢ > 0 such that forallt € [0, T] and all v € Vp

2(p-1
IB1(tllv; < e (1 + vl ™"7).

Moreover, for any R > 0 there is a constant ap = ag(R) > 0 and for all t € [0,T] and all
v,w € Vg with |Vllv,, IWllv, < R there holds

IB1(t)v = Bi(®)wlly: < ap@®)v— w7,

With {B()}scj0,7), we associate the Nemytskii operator B; defined by (Bv)(¢) := Bi(H)v(r)
for a function v : [0,T] — Vp. Under the above assumption, one may show that B; maps
L*(0,T;Vp) into (LP(0,T; V,4))" and is bounded on bounded subsets. Note that later we do not
need the compact embedding of Vi into H and so we do not have that Bi(#) : Vz — V(1 € [0,T])
is strongly continuous. However, Bi(7) : Vg — V; (¢ € [0, T]) is continuous since Vp — H.

3.2. Fully discrete problem and a priori estimates

In the following, we state a result on the existence of a discrete solution and deduce an a
priori estimate.

Theorem 7 (Existence of a discrete solution). In addition to the assumptions of Theorem 2 let
Assumptions (A1) and (By) be fulfilled and let Tiax be sufficiently small. Then there exists a
solution {u"}n[\’:l C V, to (1.3) with {V”}nN:_I1 C Vi (V" = "™ = u")/1,41) being the solution to
(1.7).

Proor. The proof follows the same lines as that of Theorem 2. The mapping ® : R — R™
remains continuous since A((¢) : V4 — V; and B (?) : Vg — V) (¢ € [0, T]) are continuous.
For the additional terms appearing, the assumptions yield

(ArEV' V") 2 —epalV'II, — AV - A (3.2)
as well as

(Bi(tn)(uo + Kpv"), V") 2 =|1B1(tx) (o + Kn)llv; IV'llv, = =l1B1(ta)(uo + Kpv)llv; V']l -
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Instead of (2.6), we therefore have

_ _ 1 B
D) V" > ((1 =& (1 + cvyey,m) 7 IpIP~" - - IVl = 1Bo® + K™l
n+
1By (t) (1o + Kev"llv; = [l ) Il + ( e x) VP —2-2,
n+

and, by taking |[V"|| = R sufficiently large, Lemma 1 provides the existence of a zero of @ and
thus, step by step, of a solution to the discrete problem (1.7). O

In general, uniqueness cannot be expected and would require more restrictive assumptions
on the perturbations.

Theorem 8 (A priori estimates). In addition to the assumptions of Theorem 3 let Assumptions
(A1) and (By) be fulfilled and let T, be sufficiently small. The assertion of Theorem 3 then
remains true also for the perturbed problem.

Proor. We follow the lines of the proof of Theorem 3. For the additional terms, we find (3.2)
and, with Young’s inequality,

(Bi(t)u" V") = =|IB1 ()" lly: V' llv, = =c(1+ [lu"lI5,) = sualII}, -

After multiplication by 27,1/, and summing up, the terms with IIV"II{',A can be absorbed within

the left-hand side of (2.11). The terms with V"> and ||u”||%,3 require an application of a discrete
Gronwall lemma. O

3.3. Convergence towards a weak solution

We next establish a convergence result analogous to Lemma 5.

Lemma 9. In addition to the assumptions of Theorem 4 let Assumptions (A1) and (B ) be fulfilled
and let Tax(Ip) be sufficiently small. The assertion of Lemma 5 then remains true also for the
perturbed problem.

Proor. The assertion is an immediate consequence of the a priori estimate (Lemma 8) and fol-
lows the same lines as the proof of Lemma 5. O

The essential new ingredient in the perturbed situation we consider here is an a priori estimate
in terms of a fractional Sobolev space implying then a result on the strong convergence. We first
provide a result in the case that Vj is continuously and dense embedded in V.

Lemma 10. [n addition to the assumptions of Theorem 4 let Assumptions (A1) and (By) be ful-
filled, let Tmax(Ip) be sufficiently small, assume that V4 is compactly embedded in H and that V4
is continuously and dense embedded in V. The sequence {v, 1} is then bounded in H° (0, T; H)
for any o < 1/(2p). Moreover, there is a subsequence (of the subsequence of Lemma 9), denoted
by ', such that

UpmpTp = Uy Ving 1y = Vs Vm,1, = vin L'(0,T; H) for any r € [1,00) as £’ — co.
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Proor. We commence with the boundedness of {v,, 1,} in H7 (0, T; H). We first recall that {v,, 1,}
is already bounded in L*(0, T'; H) (see Lemma 9).
By definition, we have

Nlp)-1 1 w12 (1
2 * f’”z( ) f RO W TP
mele |\ Ho(0,7,H) =
e THO ) = a0 It — s|1+2(r
N(Hf) ]N(L) U ntiin@o) ptanp(e) |Vj(m€ Ip) — v'(my 1[{,)|
+ f : e dsdt
tisipe)  Jty-12(le) It — s
N(]I[) 1

tn1/2(Le) |v”(m I )l

¢, I .

f t—S|1+2 dsdt =S, +S,+S3.
Inap-172 Y in-172(Le)

For the first term S|, we immediately find (by calculating the appearing integrals exactly)

f2(Ie)  pivay-12Le) 1 T (H) 20
¢
5) < f f dsdt Wz Begra < 22200 R0

fa () r — s|1+2 CLOTH) = 951 = 20) | e RO

Analogously, we have

tnap)-1/2(Le) 1 Tmax (I ) 20
4
S3<f dsdt [V, 1,12 < e V|l
< PRIy melolL=0,1;:1) me I\ L= 0,7:H) +
tnap-1/2Le) It = s'* 20(1 - 20)

t12(Te)
For § 5, there holds
”“I‘) bt (e ign, I) = v e TP
S, = f o dsdt
tisipe)  Jij32r) It — sl
N(]If) 1/ 2 Atapd) ]/7(]Ii)| Jj 7
* " vi(mg, 1) = v (mg, L) .
f 7= s|1+2°— dsdt =: S, +S52. 3.3)
tici2e)  Jtne12(e)
Since
flm/z(ﬂl) ti-1/2(I¢) 1 ( 1>
————dsdt = ————((tjs120(e) = tjim1pT)) ™7
tisipe)  Jti3pde) It — slea— 20(1 - 20)
-2 -2 -2
= (tje12(0) = =32 @A) 727 + (121 2(0e) = tj-32(Lp))’ (r) < cTmax(I0)' ™27,
we find
N(I)-1
-2 i i 2
Sa1 < cTmax ()™ Z v/ (me,Ig) = v/~ (me, To) .
=2

Because of the a priori estimate (2.8) (see also Lemma 9) the right-hand side is bounded (and
indeed converges towards zero).
It remains to analyse S 5. We first observe that

tiv12(e)  ptar1pe) 1220
f — 5 dsdt < T p(L)Tha 2(Le) (lj—l/z(l[f) - fn+1/2(11f)) . (B4
ti-1pe)  Jtuo12(e) It — S|
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With (1.5), we obtain for all ¢ € V,,,,

J
(Vj(mf, L) = v*(me, Tp), ‘P) = Z Ter1/2(Ie) (gk(mf,]lf), 90>

k=n+1

(3.5)
with g (me, 1) == () — AW (me, 1) = Bte(To)u (me, 1)
and thus with ¢ = v/(my, I;) = V'(m, 1) € V,,
J
W Ome, 1) = V' 0me, TP < Tt p@lg ome, Il (IV e, Ty, + IV 0me, Tl ). (3.6)
k=n+1

Holder’s inequality now gives

. ; 1/p*
J J
1/p «
D7 T p@)Ig e, 1ollv; < (t51200) =t 20) (Z T 2lg me, TN,
k=n+1 k=n+1 (3 7)

Recalling (2.14), the growth conditions for Ay(?), A (), By, B1(¢) (t € [0,T]) (see Assump-
tions (Ap), (A1), (By), (B1)) and the boundedness of {v,,1,} in LP(0,T;V,4) and of {u,,,} in
L*(0,T; Vp) (see Lemma 9), we see, by using Minkowski’s inequality and Vy < V7, that

J Ur nap-1 1/p
(Z et 2A0lIg" (me, If)”f,;] S( Z et 2@l (e, I[K)HI\)/;]

k=n+1 k=1
NIp)-1 VP Nap-1 1/p
< [ Z Tk+1/2(b)||fk(m£,H{)H%] + [ Z Tt 2ADNA @IV (e, 115)”1\),;]
=1 k=1
N@p)-1 Ur nay-1 1/p
+ [ Z Tr12(L0) | Bou* (e, b)”{%] +[ Z i1 2AOIB1 1 (L)) (e, Hf)”’&;]
=1 =1
-1 2p-1
< W oy + € (U+ Wmer g gey) + Wl gl @.rsviy + € (1+ 1 17500 20 ) (3.8)
is bounded. The crucial point here is the boundedness of By : Vg — Vi — V7.
We, hence, deduce from (3.4), (3.6), (3.7), and (3.8) the estimate

Ndp-1 j-2
Sns<c ajn (IVOme, Ty, + IV (me, Tl )
j=3 n=1
Ndp-1 j-2 N(dp-1 j-2
=c ajn IV Ome, T, + ¢ Y > @ V' 0me Tolly, = San1 + S,
j=3  n=1 j=3 n=1

. -1-20 1/p
with @jn := 7j01 20 Tae1200 (121200 = a1 20)) (121200 = tasrp@))
With Assumption (V,,,, I), we find

ran ()™ + 1

Tu+3/2(Le) < (1 + Fin(@) ™D 7ns32(Le) < cTpas () 3.9
1+ 7r2(Ie)
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as well as (recall here thatn =1,...,j—2)

T j+1/2(1[£)
tic12(le) = tyy1/2(I)

tiv12(Ie) = ther12(Ie) = (1 +
; I

< (1 N Tjr172(I¢)

7j_172(Ip)

<c (tj—l/Z(I[é’) - fn+1/2(ﬂf)).

)(t‘,‘_l/z(]lf) - ln+1/2(ﬂf))

)(tj—l/Z(]I{’) - tn+1/2(1[€)) < (2 + rmax(Ie)) (tj—l/Z(I[é’) - tn+1/2(115)> (3.10)

Since —1 - 20+ 1/p <0 < =20 + 1/p, we thus have

= -1-20 1/p
Tut1/2(Ie) (tj—l/Z(]IL’) - tn+1/2(1[i)) (tj+1/2(1[£) - tn+1/2(11£))

~.

n=

Jj-2

J=2 1n+3/2(I¢)
—-1-20+1/p —-1-20+1/p
< e Twapn @) (t-1200) = i 2(00) Sch‘ (tj-1200) - 5) ds

n=1 =1 ¥ tne12(00)

“i-1200) —1=20+1/p 1 ~20+1/p
=C [‘_]/2(}15)—5‘ ds = ——m8— tA_]/z(]I[)_t:‘/z(]I[) SCT*ZU'Jrl/p,
jf;/z(lz) ( ! ) =20 + 1/P ( ! )

(3.11)

and thus

N(Ip)-1
S»i <c Z Tje12IDIV (me, Iy, < cllvime s lLio.rv,y » (3.12)
j=3

which shows that S;;; is bounded. For S5, we first change the order of summation and then
argue analogously as before. This, finally, proves the a priori estimate asserted.

Since {vyy, 1,} is now bounded in H? (0, T; H) for any o € (0, 1/(2p)) as well as in LP(0,T; V)
(see Lemma 9) and since V4 is compactly embedded in H, we can extract a subsequence (of the
subsequence already given by Lemma 9) such that v,,, ;, converges strongly in L'(0, T; H) for
any r € [1,2/(1 — 1/p)) as £’ — oo (see (3.1)), the limit can only be the weak-in-L?(0, T'; V4)-
limit v of Lemma 9. Since {v,,,,} is also bounded in L*(0, T'; H), strong convergence follows for
any r € [1, 00).

Because of (2.15) showing that ,,, 3, = V;s,.1, = O'in L*(0,T; H) as £ — oo and because of the
boundedness of {¥,, 1} in L*(0,T; H), we also obtain the strong convergence of the piecewise
linear prolongations.

Since {u, 1,} is bounded in L>(0, T; V) < L*(0,T; H), since u,y,, 1, — tg — KV, 1, converges
strongly in L%(0, T; H) towards zero as £ — oo (see Lemma 9) and since

1KV 1, = KVllee©,1:01) < Winet, = VLo, »

the strong convergence of v,,,, 1, towards v also implies the strong convergence of u,,, 1, towards
u=uy+ Kvin L'(0,T; H) for any r € [1,00) as {’ — oo. O

As one can infer from the proof above, the assumption V4 < Vp is only needed in order to
estimate the term '
J
D7 Ty 1) (Bo(me, 1), v/ my, 1) = v"(ome, Tp))

k=n+1
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in an appropriate way taking into account the boundedness of {v,,, 1,} in L*(0, T'; V4) and of {u,,, 1,}
in L*(0,T; Vp).

The following result, however, allows to circumvent the assumption V4 < Vp if the Galerkin
scheme satisfies an additional requirement. Lemma 11 below uses the concept of intermediate
spaces of class 2~ , in the sense of Lions and Peetre (following [20, pp. 27ff.] or, equivalently,
of class J, following [22, pp. 27f.], see also [28, pp. 1231F.]). We recall that, by assumption,
V C V4 CHCV,C V" with dense and continuous embeddings.

Lemma 11. In addition to the assumptions of Theorem 4 let Assumptions (A,) and (By) be ful-
filled, let Timax(Iy) be sufficiently small, assume that V4 is compactly embedded in H and that H
is an intermediate space of class X U(V*, V), i.e., there isn € (0,1) and ¢ > 0 such that for all
veVy

vl < CIIVII?,AIIVIIL_". (3.13)
Moreover, assume that (at least for sufficiently large my) the restriction on V of the orthogonal
projection P,,, : H — V,,, is bounded as an operator in V uniformly with respect to m;. The
sequence {vy,1,} is then bounded in H° (0, T; H) for any o < (1 —n)/p. Moreover, there is a
subsequence (of the subsequence of Lemma 9), denoted by €', such that

Unplp = Us Vip Iy =V, ‘A}m[/,]l[r —vin Lr(()’ T;H)fOr anyr € [1,00) as ' — oo.

Proor. The first and last part of the proof follows exactly the same lines as that of Lemma 10.
However, we estimate the term S5, (see (3.3)) in a different way.
Instead of (3.6), we find from (3.13)

W me, Te) = V" (me, TP < eIV Gme, 1) = Vg, TN IV Gme, Te) = v Gme, TN

< eIV Gme DI + IV Gme IOIRT) (v (e, T) = v Gme, TIE ™
(3.14)

From the definition of P,, and with (3.5), we obtain
v/ (me, ) = v (me, I

sup <Vj(m€, L) = V" (me, 1), W> = sup <Vj(m/, L) = V" (me, L), Pm/W>

weV, |wll=1 weV, |wll=1

J J
sup <Z i1 2(I0)g" (me, To), meW> < Z Trr1 2N me, I sup  [|Pywll .

weV, |wl|=1 k=nit1 k=n+1 weV, |lw|l=1

Since we assume that the operator norm of P, as an operator in V is bounded uniformly with
respect to my, this shows (possibly for sufficiently large m,), together with the definition of || - ||,
with (3.5), and invoking (2.14) and the growth conditions for Ay(?), A{(¢), By, Bi(¢) (t € [0, T]),
that, instead of (3.7) and (3.8), there holds

J J
v/ (e, Ie) = v (me, Il < ¢ Z Trr1 2Dl  me, I < ¢ Z Tre1/2(Ie)
k=n+1 k=n+1

X (IF5@Ilv; + ATV me, Io)llv; + 1Bt (me, Tl + 1By (6T (me, 1)l )

1/
< c(tj+1/2(1[[) - tn+l/2(lf)) !

p-1 2(p-1/p
% (Ifll o.:v2) + 1+ Wil J; gum[,nfllL,,w(O’T;VB) o+ Nt 1 500 210 ) -



The crucial difference between this estimate and (3.7), (3.8) is that we start with the norm in V*
and, therefore, can estimate the term with By in the Vg-norm without using any embedding.

The foregoing estimate yields, because of the boundedness of {v,,, 1,} in LP(0,T; V4) and of
{tt,1,} in L=(0, T'; V) and together with (3.3), (3.4), and (3.14) the estimate

Np)-1 j=2

Sn<c Z Z Ti172I0)Tre12(Te) (tj—l/2(]I€) — tyy12(Ip)

j=3 n=1

)71720’

200-m/p ¢, 0
) (I e IO + I e TN ) -
‘We can now proceed as in the proof of Lemma 10: With (3.9), (3.10), and (3.11) (with 2(1 —n)/p

instead of 1/p and observing that, by assumption, —1 —20 +2(1 -n)/p <0 < =20 +2(1 -n)/p),
we find

X (tj+1/2(1[f) - tn+l/2(ﬂf)

N({p)-1
; 2
Smi<c Z Tje1 2@V (me, IO < C(l + ”me,h“H(O,T;VA))
=3

instead of (3.12). The rest of the proof follows the same steps as that of Lemma 10. O

Note that if V4 < Vp then V = V4 as well as V* = V} and H belongs to zl/z(VZ, Va).
The case V4 < V3 is thus a special case of the preceding lemma but goes along without any
additional requirement on the Galerkin scheme.

We are now in the position to prove the main result for the perturbed problem, which is
twofold and shows on the one hand the convergence towards a weak solution, on the other hand
thus the existence of a weak solution. Uniqueness cannot be expected except the perturbations
fulfill stronger continuity conditions.

Theorem 12 (Existence of a weak solution. Convergence). Let, in addition to the assumptions
of Theorem 4, Assumptions (A1) and (By) be fulfilled, let Tn.x(Iy) be sufficiently small, and
assume that Vy is compactly embedded in H. Moreover, let Vo, — Vg or, alternatively, let
HeX U(V*, V) for some n € (0,1) and assume that the Galerkin scheme can be chosen in
such a way that the operator norm in 'V of the corresponding orthogonal projection of H onto
the finite dimensional subspaces is uniformly bounded.

Then there exists an exact solution u € %,([0,T];Vg) N LY(0,T;Vp) to (1.1) with u' €
6o([0,T]; HYNL®(0,T; HYNLP(0,T; Vy) and u” € (LP(0,T;V))*. As € — oo, the piecewise con-
stant prolongations u, 1, of the fully discrete solutions to (1.3) converge weakly* in L*(0,T; V)
as well as strongly in L'(0,T; H) for any r € [1,0) towards u. Moreover, the piecewise con-
stant prolongations v,, 1, as well as the piecewise linear prolongations v, ;, converge weakly
in LP(0,T; Vy), weakly* in L*(0,T; H) as well as strongly in L'(0,T; H) for any r € [1, )
towards u’.

Proor. Going through the proof of Theorem 4 with the obvious changes, we see that we only
need to consider the additional terms arising from the perturbations.

Analogously to Ag, we introduce A, j and B 1 as the piecewise-constant-in-time approxima-
tion of {A(t)}ejo,r) and {B1(f)}se0.1], respectively. On the left-hand side of (2.23), we then have
to add

T T
fo (Arz V)0, D)1 + fo (Bt 10, @00
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Since the sequence {v,,, 1,} is bounded in L*(0, T; H) N LP(0, T; V4), Assumption (A;) imme-
diately shows with Holder’s inequality that

oalp
A LL Vs, = AvaVil vy < ClWVinete = VI 0 7 »

where C > 0 depends on [V, 1, llz~©0.1:m)s Vi, 1 llro.7:v0)s VL=, 7:m), and [Vlleeo,7:v,)- The

strong convergence result of Lemma 10 and 11, respectively, yields

Ar1Vmp 1, — A1z, v — 0in LF(0,T; V) as £ — oo.
Furthermore, Assumption (A;) together with Lebesgue’s theorem ensures that
Az, v — Avin L (0,T; V) as ' — co.
So we come up with
A11Vmp1, = Avin L7 (0,T;V3) as ' — . (3.15)

Since {u,, 1,} is bounded in L*(0, T'; V), Assumption (B;) immediately yields

1-1/p
||Bl,]1iu/7'lf,]lf - Bl,I[u”LI’*(O,T;V;) < C ||um(,]1( - u”Ll(O,T;H) s
where C > 0 depends on ||t 1, |lz~0,7;v,) and ||z~ 7;v,). Lemma 10 and 11, respectively, then
implies
Big,Um, 1, = Big,u— 0in L7 (0,T;V}) as £ — oo.

Furthermore, with Assumption (B;) and Lebesgue’s theorem, we have
By, u— Buin L” (0,T; V}) as {’ — oo

such that
B Um, 1, = Buin LP (0,T;V}) as ' — 0. (3.16)

With (3.15) and (3.16), the rest of the proof is exactly the same as that of Theorem 4. We just
have to add the corresponding additional terms such as A;v + Bju, e.g., on the left-hand side of
(2.29). |

We shall remark that the assumption H € % U(V*, V4) is not very restrictive and will be
fulfilled in many applications. Also the additional assumption on the Galerkin scheme will be
satisfied in many situations since it follows from

sup ”ngW - W” < c,
weV, [wll=1

which means that, uniformly in m,, the error of the best approximation in H of elements of V
(which is compactly embedded in H) is bounded with respect to the norm in V. Indeed, this
assumption is a requirement on the couple V, H to possess a certain approximation property and
has been studied in the context of the finite element method, e.g., in [9].

Moreover, our a priori estimates are in accordance with (but somewhat suboptimal with re-
spect to the upper bound for o compared to) results from interpolation theory as the following
remark shows. With some modifications of the estimates above, we may enlarge the upper bound
for o in Lemma 10 and 11, which, however, would not change the main result.
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Remark 3. Let H be in the class in(V*, Va) for some € (0,1). If ' € LP(0,T;V,) and
W' € LP(0,T;V*) then ' € H’(0,T; H) for any o < 1/2 + (1 — 2n)/p. This follows from the
result [1, Thm. 3.1, Cor. 4.3] on the interpolation of Besov spaces for vector-valued functions
together with the characterisation [22, Prop. 1.1.4 on p. 9, Prop. 1.3.2 on pp. 27f.] of intermediate
spaces of class in' Notethat 0 < (1 —=n)/p<1/2+ (1 =2n)/p<1ifne (0,1)and p > 2.
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