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Abstract

It is shown that, for a-stable processes (Riesz potentials) or — more gen-
erally — for balayage spaces with jumps, ”one-radius” results for harmonicity
can be obtained under fairly weak assumptions.

1 Introduction

A continuous real function f on an open set D in R?, d > 1, is known to be harmonic
if and only if, for every € D and every r > 0 such that the closed ball B(z,r) of
center z and radius r is contained in D, the volume mean A, ,(f) of f on B(z,r)
(the surface mean o,,(f) of f on 0B(x,r), respectively) is equal to f(z). It is
also elementary to see that it is sufficient for the harmonicity of f on D to know
that, for each = € D, this mean value property holds for a sequence (r,(x)) of radii
converging to 0. The question, if it is sufficient to have the right averages, for each
x € D, for just one radius r(z), has a history which goes back hundred years (see
the survey articles [12, 4]).

For simplicity, let us assume that 0 < f < 1. Then, for volume means A, ,(z),
the answer is YES for any dimension d > 1, any open set D in R? (if d = 2, D = R?
or R?\ D non-polar) and any function r: D — (0,00) such that r < dist(-, D), if
D#R% andr <|-|+ M, if D=R? (see 7,9, 10, 6]).

For surface means, there are some positive results under additional hypotheses on
the function r. To get a picture of what can be said without any further assumption
onr, let D be the unit ball B(0,1) and0 <7 < 1—|-|or D =R%and 0 < r < ||+ M.
We suppose that 0, ,2)(f) = f(x), for every x € D. If d = 1, this does not imply that
f is affinely linear, neither for D = R (consider f: z + sinz) nor for D = B(0, 1)
(see [3, p.255]). For D = R?, we may conclude that f is constant (see [6] for an
elementary proof). If, however, D is the unit disk in R?, the answer is NO (see
8, 5]). For d > 3, the problem is entirely open, both for B(0,1) and R,

In the following we shall see that for Riesz potentials (a-stable processes) or —
more generally — for balayage spaces with jumps, it becomes, contrary perhaps to
common belief, simpler to answer analogous questions. This is due to the fact that
iterated sweeping generated by jumping from points in D on the complements of
open neighborhoods may converge to a measure not charging the boundary 0D.

The main results are the Theorems 2.4, 2.6, 3.1, Corollary 3.3, and Theorem 4.2.

*The author is indebted to Moritz Kafimann for suggesting the investigation of this matter.



2 Balayage spaces with jumps

Let (X, W) be a balayage space (see [1]) and let C(X) denote the set of all real
functions on X which are continuous. Further, let (X)) be the set of all functions
in C(X) having compact support and let P(X) be the set of all potentials in C(X).
We recall that W is the set of all increasing limits of sequences in P(X). A real
function f on X is called P(X)-bounded, if |f| < p for some p € P(X). It is
W NC(X)-bounded, if |f| < w for some w € WNC(X).
For every open set U in X, let Hy denote the harmonic kernel for U, that is,
S if z €U,
Er, if x € U°,

or — equivalently — Hy is a kernel on X such that, for every p € P(X),
(2.1) Hyp =inf{w e W: w > p on U‘}.

If V is an open set in U, then HyHy = Hy. In particular, for every W N C(X)-
bounded Borel measurable function f on X, the function Hy f is harmonic on U.

EXAMPLE 2.1. In this paper our standard example for a balayage space with
Jumps is given by a-stable processes or — equivalently — by Riesz potentials (see [1]).
Here X =R%, d > 1, a € (0,2 Ad), and, defining Gu(x) := [ |z —y|* " du(y),

P(X)={p€C(X): p=Gpu, u (positive) Radon measure on R*}.

For x € RY and r > 0, let B(x,7) be the open ball with center x and radius r > 0,
and let yi,, denote the a-harmonic measure for x and B(z,r), that is,

HB(x,r) (I, ) = Uy = (px,r)\dv

where A\ denotes Lebesque measure on R?, ¢, =0 on B(x,r) and, for |z —z| > r,
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a/2
- 1) |z — x|, Uy 1= W_(gH)F(g) sin .

(2.2)  @ur(2) = an ( =
Functions which are harmonic with respect to a-harmonic measures may be called
a-harmonic functions. The reader who is not familiar with general balayage spaces
may assume that we are only dealing with Riesz potentials.

Let M(X) denote the convex cone of all (positive) Radon measures p on X such
that u(p) < oo, for every p € P(X). Let “<” denote the specific order on M(X),
that is, p < v, if u(p) < v(p) for all p € P(X) (or, equivalently, if p(w) < v(w) for
all w € W). For example, for all open sets U in X and x € X, Hy(z,-) < ;.

GENERAL ASSUMPTION 2.2. In the following let D be an open set in X
and let f be a Borel measurable W N C(X)-bounded function on X. If D is not
relatively compact, we assume, in addition, that f is even P(X)-bounded or, more
generally, that f — Hpf is P(X)-bounded. Moreover, let T be a kernel on X such
that T'(x,-) = e, if x € D¢, and, for every x € D,

(2.3) D" < T(x,) < e, T(z,-) # e,.
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We immediately observe that
(2.4) THp = Hp.

Indeed, given p € P(X), there exists a sequence (p,) in P(X) such that p, | Hpp
on X and p, = p on D° Then, for every n € N, by (2.3),

HDp = HDpn < Tpn < Pn
and therefore Hpp < THpp = lim,, o Tp,, < lim,, oo p, = Hpp. This proves (2.4).

REMARK 2.3. Let us note that, by (2.3) and Bauer’s minimum principle (see
[1, 1.2.2]), certainly f = Hpf (and hence f is harmonic on D) provided f — Hpf
tends to 0 at dD. Clearly, the latter holds trivially if D = X or if X is a discrete
space (where W is given by a transient random walk).

THEOREM 2.4. Suppose that the measures eP°, x € D, do not charge the bound-
ary 0D of D and that im T"p = Hpp for every p € P(X).
If Tf=f, then f =Hpf, and f is harmonic on D.

Proof. Let us consider g := f — Hpf. Clearly, g = 0 on D¢, Tg = g, and g is
W N C(X)-bounded. If D is relatively compact, the latter implies that g is P(X)-
bounded. We intend to prove that g = 0, that is, f = Hpf, and hence f is harmonic
on D.

To that end we fix x € D and n > 0. Since g = 0 on D¢ and £2°(D) = 0, there
exists a continuous P(X)-bounded function ¢ > 0 that |g| < ¢ and €2 (p) < n. Of
course, for every n € N,

lgl = [T"g| <T"|g| < T"p,

and therefore

lg(2)] < lim T"p(x) = Hpp(x) =& (¢) <1
(where the first equality follows from our assumption on T). O

For all open sets U in X and all w € W, let

Hyw(z) := lim inf Hyw(y) (x € X).

Yy—x

By [1, I111.4.4], Hy maps W into W. For applications of Theorem 2.4 it will be useful
to note the following (which, unfortunately, has not been written down explicitly
in [1]; cf. [1, II1.6.1]).

LEMMA 2.5. For every m € N, let Vi, be an open set in D such that Vm CD or
Vin is regular, that is, Hy, p = Hy, p, for all p € P(X). Further, let |, oy Vin = D
and let (Uy,) be a sequence in {V,,: m € N} containing every V,, infinitely many

times. Then, for every p € P(X),

lim HU1HU2 Ce HUnp = lim ﬁUlﬁUZ ce HUnp = HDp
n—00 n—>00



Proof. Let p € P(X), fn = Hy,Hy, ... Hy,p, and w, = Hy Hy,...Hy p, n e N.
Since p > Hy,p > Hy,p, the sequences (f,) and (w,) are decreasing and

f:=inf f, > infw, =: g.

Since w, € W and g > p on D, n € N, we see, by (2.1), that ¢ > Hpp. Moreover,
for every m € N, Hy, Hy, = Hy,,, and therefore Hy, f = f. So, by [1, 111.4.4],
f is a-harmonic on D. Since f = p on U (2.1) and the minimum principle (see
[1, I11.6.6]) imply that Hpp > f. Since f > g, the proof is finished. [

Our next aim is the following (which once more covers the case of a discrete
space X).

THEOREM 2.6. Suppose that the measures e?°, x € D, do not charge 0D.

x

If Tf = f and f is continuous in D, then f = Hpf, and f is harmonic on D.

To prove Theorem 2.6 we need some preparations. If y € M, then the mea-
sure p1', defined by (uT)(¢) = u(Te), ¢ € K(X), is contained in M (since, for
every p € P(X), uT(p) < p(p) < o0). Given a sequence (fi,,) in M which is decreas-
ing with respect to the specific order, there exists a unique measure yp € M such
that, for every p € P(X), lim, 00 pin(p) = p(p). Of course, p < p,, n € N. More-
over, lim, o pn(@) = p(p), for every continuous P(X)-bounded function on X.
In particular, lim, . pn(@) = p(y), for every ¢ € K(X), that is, (u,) converges
weakly to p as n — oo.

We are interested in subsets A of M having the following stability properties:

(i) If v € N, then vT € N.
(i) If (v,) is a specifically decreasing sequence in N, then lim, o v, € N.

As we noted above, M itself satisfies (i) and (ii). Given g € M, let M, (T')
denote the smallest subset of M which contains p and satisfies (i) and (ii). Since
w1 < p and the set of all v € M such that v < p satisfies (i) and (ii), we know that
v < p for every v € M, (T).

LEMMA 2.7. For every p € M, M, (T) is totally ordered (with respect to “<7).

Proof. Simple modification of the (lengthy) proof of [7, Proposition 3.2]. O
For every z € X, let M, (T) := M., (T).

LEMMA 2.8. Let x € X. Then, for every v € M,(T), e < v.

Proof. Let N := {v € M,(T): eP° < v}. Obviously, e, € N and N satisfies (ii).

x

To prove that N satisfies (i) as well, we fix v € N and p € P(X). There exist
pn € P(X) such that p, | Hpp and p, = p on D¢, n € N. Then

V(HDp) = lim V(pn) Z lim gfc(pn) = lim HDpn(:E) = HDp(:B) = Ea?C(p)'
n—oo n—oo n—oo
Moreover, by (2.4),
(vT)(p) = v(Tp) 2 v(THpp) = v(Hpp).

Therefore (vT')(p) > €2°(p), that is, vT € N, N satisfies (i). Thus N' = M, (T). O
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PROPOSITION 2.9. For every x € X, eP° € M (T).
Proof. Let py be a strict potential in P(X), z € X, and
v :=1inf{v(py): v € M,(T)}.

We choose v, € M,(T), n € N, such that v,(po) | v as n — co. By Lemma 2.7,
(1) is specifically decreasing. Let v := lim,, o, v,,. Since vT € M, (T), we see that

7 < W) (po) = v(Tpo) < v(po) = lim vy (po) = .

Hence v(Tpo) = v(po). This implies that v is supported by D¢, since Tpy < po on D,
by (2.3). If p € P(X) and p,, € P(X) such that p, = p on D¢ and p, | Hpp, then

v(p) = lim v(p,) < lim p,(z) = Hpp(z) = £, (p).
Therefore v < €. Thus, by Lemma 2.8, e° = v € M, (T). O

Proof of Theorem 2.6. Let x € D and g,7, ¢ as in the proof of Theorem 2.4. We
define

D

b= {g’ B and N o= {v e M(T): v(@) < ¥(x)).
-, on D¢

Then 1) is lower semicontinuous and P(X)-bounded, and therefore A satisfies (ii).

Moreover, T4 < 1), and hence N satisfies (i). Of course, ¢, € N. So N' = M, (T).

In particular, e2° € A/. Thus

This shows that g > 0. Similarly, —g > 0. Hence ¢ = 0, f = Hpf, f is harmonic.
O

3 Application to Riesz potentials

Let us now apply the results of Section 2 to Riesz potentials, where X := R,
d>1,a€(0,2Ad), and P(X) is the set of all continuous real a-potentials G (see
Example 2.1).

Again let D be an open set in X and let f be a Borel measurable W N C(X)-
bounded function on X, P(X)-bounded, if D is not relatively compact. By Theo-
rems 2.4 and 2.6, we have the following general result.

THEOREM 3.1. Suppose that the measures eP°, x € D, do not charge OD and

x

that T is a kernel on X such that T(x,-) = e, if © € D¢, and, for every x € D,
eD" < T(x,)) < &y, T(x,") # €.. Suppose that Tf = f and that f is continuous

in D or lim, .o, T"p = Hpp, for every p € P(X).
Then f = Hpf and f is a-harmonic on D!

If D = R?, then the P(X)-boundedness of f implies that f = 0.
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For an application of Theorem 3.1 we shall use the following consequence of
Lemma 2.5.

PROPOSITION 3.2. Letr: D — R be Borel measurable such that r < dist(-, D°)

and, for every compact set K in D, infr(K) > 0. Moreover, let T(x,-) = pigr(a), if
x €D, andT(x,-) :=¢,, ifx € D°. Then, for everyp € P(X), lim,,_,o. T"p = Hpp.

Proof. There is a covering of D by open balls B,,, m € N, such that B,, C
B(z,r(x)), whenever « € B,,. Let (U,) be a sequence in {B,,: m € N} containing
every B, infinitely many times. For all p € P(X) and m € N, Tp < Hp_p, and
hence, for every n € N,

Hpp <T"p < Hy, Hy, ... Hy,p.

By Lemma 2.5, the right side converges to Hpp as n — oo. [

COROLLARY 3.3. Suppose that the measures e2°, x € D, do not charge dD and
that r is a real function on D such that 0 < r < dist(-, D°) and piz ) (f) = f, for

every x € D. Moreover, let f be continuous in D orinf r(K) > 0, for every compact
set K in D. Then f = Hpf and f is a-harmonic on D.

Proof. By the arguments used for [13, Proposition 2.1 and Remark 2.2] (where
we have to replace the application of the monotone convergence theorem by L£!-
convergence of a uniformly integrable sequence), we may assume that r is Borel
measurable. Then the result follows immediately, by Theorem 3.1 and Proposi-
tion 3.2. O

Obviously, the measures e, # € D, charge 0D, if the boundary 9D has strictly
positive Lebesgue measure (since e2°(9D) > pu, .(0D) provided B(z,r) C D). This
may happen, even if 9D has Lebesgue measure zero. Indeed, if, for example, d > 3,
a € (1,2),and D := {z € R%: 2, # 0}, then 0D is the hyperplane {z € R?: x; = 0}
which is not a-polar (see [1, VI.5.4.4]). And, for every x € D, the support of e2° is
the Lebesgue null set dD.

We shall see, however, that the harmonic measures €2° do not charge D pro-
vided R%\ D is not too small near 9D (Proposition 3.4). If D is bounded and satisfies
an outer cone condition, the following result is part of [2, Lemma 6] (obtained by
a probabilistic proof which would also be valid in our more general situation).

PROPOSITION 3.4. Let us suppose that, for every R > 0, there exists ro > 0
and € (0,1), such that, for all z € BRNID and r € (0,ro),

(3.1) )\d(B(z,r) \ D) > Br.

Then A(OD) = 0 and the measures e2°, x € D, are absolutely continuous with

respect to Lebesque measure on R\ D. In particular, they do not charge OD.

Proof. By Lebesgue’s density theorem, A4(0D) = 0. Let € D, py € P(X), po > 0,
and let A be a Borel set in D¢ such that \4(A) = 0.



1. Let us first assume that D is bounded. We define r(y) := dist(y, D¢) and
T(y,-) == pyr), ify € D, T(y,-) =g, if y € D°. By (3.1) and (2.2), a straightfor-
ward estimate yields that there exists v € (0,1) such that T'(1ga\p po) > ypo on D,
and hence

(32) T(1ppo) < (I =7)po on D.

We define probability measures v, on R? by v, := T™(x,-), n € N, that is

Vg i= &, and Vptl '= v, ' = /T<y7 ) an(y)

Since fy,y)(A) =0, if y € D, and T'(y, -) = &, if y € D°, we see, by induction, that
(33) Vn(A) =0 and 1DcVn S 1Dcl/n+1 (n S N)

Hence, for every n € N, by (3.2),

Vny1(1ppo)(z) = /DT(leo)(y) dvp(y) < (1 = 7)va(lppo).
So lim, s vp(D) = 0. By Proposition 3.2, lim,_, v,(p) = Hyp(z), for every
p € P(X), and hence the sequence (v,,) converges weakly to e2°, by standard ap-
proximation (see [1, I1.1.2]). Hence £2° is the limit of the increasing sequence (1pevy,),
and therefore e2°(A) = 0, by (3.3).

2. Let us now consider the case, where D is unbounded, D # R¢, and let z € D¢,
E = ANB(z,1), > 0. We claim that e?°(E) < § (which implies that e2°(A) = 0).
Indeed, let R := max{|z —z|+1,6/("9} and B := B(z, R). Assuming without loss
of generality that § < 1/2, the bounded set D := D N B obviously satisfies (3.1).
So, by the first part of the proof, eD”(A) = 0. Moreover, the measure v := 1pel” is
supported by B¢ and, for every y € B, e[(E) < R*™% < §. Therefore v”(E) < 6.
Now, by [1, VI1.9.4],

el =l pe +0P° and  VPN(E) <VE(E) <0

x

Hence e2°(E) < § finishing the proof. O

4 A result based on martingale convergence

In this section, we shall apply the method used in [11] to Riesz potentials. We
assume that D # () is an open set in RY, d > 1, that a € (0,2 A d), ¢ > 1, and that
r: D — (0,00) is such that, for every z € D, B(x,r(x)) C D and

(4.1) clr(z) <r<ecr(z) on Bz r(z)).

REMARK 4.1. We note that (4.1) is satisfied, if there exist g > 0 and a function
p: D — (0,00) (for example, p = dist(-, D¢), if D # R%, or p = M + ||, if D = R%)
such that |p(z) — p(y)| < |z —y|, x,y € D, and

(4.2) gop <1 < (1 —¢gp)p.
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Indeed, (4.2) implies that, for all x € D and y € B(z,r(z)),
r(y) < ply) <y — x|+ px) < (1 + (1/e0))r(2),
(1/eo)r(y) 2 ply) = px) = |y — = = p(z) —r(z) = €op(x) = €or(2).
Our aim in this section is the following.

THEOREM 4.2. Let f be a bounded Borel measurable function on R such that
Yoy (f) = f(x), x € D. Then f is a-harmonic on D.

In the following let

ao A (A)

. d. .

LEMMA 4.3. Let x € B(0,1), ¢c* <r < ¢, and let B be a Borel set in A such
that pi,.(B) < 8. Then A\%(B) < (1/2)X4(A).
Proof. 1f z € A, then ¢ < |z — x| < ¢+ 3 and hence

Cuer(2) > aqr ¥z — x|’(d+a) > aq(c+ 3)*(6”2‘“) = 25/\%(A).

Thus
ey M) < [ oG NG = (B) <
proving that A\4(B) < (1/2)\4(A). O

LEMMA 4.4. Let x1,22 € D such that B(xq,7(x1)) N B(xe,r(x2)) # 0, and let
C1, Cy be Borel sets in R? such that Pajr(z;)(Cf) > 1=0, j =1,2. Then C1NCy # 0.
Proof. Let © € B(xy,r(x1)) N B(xg,r(x2)). By translation and scaling invariance,
we may assume that z =0 and r(z) = 1. Let j € {1,2}. By (4.1), ¢! <r(z;) <ec.
Since fig, p(z;)(RY) = 1, we see that iy, ,(2,)(A\C;) < 8. So A(A\C)) < (1/2)A%(A),
by Lemma 4.3. Thus M(A\ (C; N Cy)) < XA\ Cy) + A(A\ Cy) < A4(A) showing
that C; N Cy # (. O

Now Theorem 4.2 can be obtained using essentially the arguments in [11] (leading
to restricted mean value results in classical potential theory) almost word by word
replacing Brownian motion by the symmetric a-stable process (2, X;, 0;, P*) on R<.
Additional care, however, is needed to deal with the jumps of (X;) from D to D°.
Again, we may assume that r is Borel measurable.

We recursively define stopping times 7,,, n > 0, by

70 =0, Tpar o= Inf{t 2 7,1 | Xy — X7 | 2 (X5},

where we take r(x) := 0, if x € D° (so that {741 > 7,} = {X,, € D}). Then, for
every x € R, the sequence (f(X,,))n>0 is a P*-martingale.

For w € , let F(w) := lim, o f(X;,(w)), if the limit exists, and F(w) := 0
otherwise. We shall say that a statement involving w € € holds almost surely (a.s.



for short) provided that, for each z € RY, it holds for P®-almost every w € Q. By
the martingale convergence theorem,

(4.4) lim f(X,,)=F as.

n—o0

We fix an open ball U with U C D and define

n:=inf{t > 0: X, € U°}.
By (4.4) and the strong Markov property,
(4.5) nlgg() f(X;, 00,)=Fob, as.

Moreover, for every z € R E*(F) = E*(f(X,)) = f(z) and E*(F 0 0,) =
E*(E*(F)) = E*(f(X,)) = Hyf(z). To see that f is harmonic on D it hence
suffices to show that

(4.6) F=Fo0, P'as,

for every x € U (in fact, it would be sufficient to prove (4.6), if x is the center of U).
For n >0, let 0, :==n + 7, 0 0, and

Y, =X, Zp =Y,00,=X,..
Defining 7p := inf{t > 0: X; € D} we claim that

(4.7) lim 7,, = lim 0, = 7p a.s., lim Y, = lim Z, = X,, a.s. on {7p < oo}
n—oo n—o0 n— o0 n—oo
(cf. the proof of Lemma 1 in [11]). Indeed, it is easily seen that 7 := lim, o 7, < Tp.
By the quasi-left continuity, lim, . Y, = X, almost surely on {7 < co}. Suppose
that w € Q and 7(w) < 7p(w). Then y := X, (w) € D. If n > 0 such that Y, (w) €
B(y,r(y)), then, by (4.1), |V, 11(w) — Yo(w)| > r(Ya(w)) > ¢ r(y). Therefore the
sequence (Y, (w))n>o does not converge to X, (w). Thus 7 = 7p almost surely and
lim,, s Y, = X;, almost surely on {7p < oco}. Since n + 7p o 6, = 7p and hence
X;, 00, = X,,, the remaining part of (4.7) follows by the strong Markov property.
Let €y denote the set of all w € 2 satistying the equalities in (4.4), (4.5), (4.7)
(the last equalities only if 7p(w) < o0) and such that the trajectory t — X;(w) is
unbounded (which also holds almost surely).
Let €, denote the set of all w € )y such that the set

FNw) ={Xi(w):0<t <7p(w)}

is relatively compact in D. We note that, for allw € Q, I'(w) \U C I'(6,(w)) C T'(w).
Let us first consider w € €. Then I'(w) is relatively compact in D. Therefore
Tp(w) < 00, and (4.7) implies that there exist k, m > 0 such that Y;(w), Z,(w) € D°.
Then Y, (w) = Yy (w), n > k, and Z,(w) = Z,n(w), n > m. Thus F(w) = X;,(w) =
F(0,(w)), by (4.4), (4.5), and (4.7).
We now fix € U. It remains to show that (4.6) holds P*-almost surely on
Qo \ Q1. We take ¢ > 0 and define, for every n > 0,

Ap = {lfVor) = f(V)l <e} and By = {|f(Zn1) — [(Za)| < e}
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For every y € Rda let C(y) = {y, S Rd: ‘f(?/) - f(y)’ < 5}7 P<y7) = Hyr(y) if
y € D, and P(y,-) :=¢, if y € D°. Then, P*-almost surely,

lim P(Y,,C(Y,)) = lim P*(A,]Y,) = 1,

n—00 n—00
lim P(Z,,C(Z,)) = lim P*(B,|Z,) = 1.
n—00 n—00

Let us consider w € Q \ € such that y,, := Y, (w), 2z, := Z,(w) satisfy

lim P(y,,C(y,)) = lim P(z,,C(z,)) = 1.

n—oo n—oo

There exists k& € N such that |f(y,) — F(w)| < &, [f(zm) — F o 0,(w)| < e,
P(Ym,C(ym)) > 1 =0, and P(zp,C(zm)) > 1 =4, for every m > k. By (4.7), the
set ['(w) (which is not relatively compact in D) is covered by the balls B(y,, (yx,),
n > 0, and I'(w) \ U is covered by the balls B(z,,7(2,)), n > 0. Hence there
are m,n > k such that B(ym,7(Ym)) N B(zn,7(2,)) # 0. Then, by Lemma 4.4,
C(ym) N C(z,) # 0. Using a point 2’ € C(y,,) N C(z,), we may finally conclude, by
the triangle inequality, that |F(w) — F o 0,(w)| < 4e.

This shows that (4.6) holds P-almost surely on §2y\ €2, and the proof is finished.
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