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Abstract A class of discontinuous Galerkin methods is studied fotithe discreti-
sation of the initial-value problem for a nonlinear firsder evolution equation that
is governed by a monotone, coercive, and hemicontinuoustipe The numerical
solution is shown to converge towards the weak solution &dtiginal problem.
Furthermore, well-posedness of the time-discrete protasmwell as a priori error
estimates for sufficiently smooth exact solutions are stidi
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1 Introduction

In the last two decades, the discontinuous Galerkin metttathad more and more
attention and has become a widely used numerical methodhseronographs [30,
44] for an overview). Besides its application to the spatgroximation, the discon-
tinuous Galerkin method has also been studied for the disation in time (see the
initial work [22] and, for an overview, the monographs [43],5ee, e.g., also [48,49]
for thehp-version and [6] for the discretisation of an integro-diffietial equation).
Our interest lies in the study of nonlinear evolution prafeand their time dis-
cretisation. For an overview on the time discretisationmbétly linear) evolution
problems, we refer to the standard monograph [53]. Methdtlisrdhan the discon-
tinuous Galerkin approximation in time have been consdlesqy., in [1,2,7,8,38,
50,51] for semilinear and in [26,31,34,36,55] for quagiin problems. Stability
and error estimates for nonlinear evolution equations evegn in [37] relying on a
linearisation. Fully nonlinear problems have been dedat wedgain by linearisation,
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in [25,42,43]. Evolution equations governed by a maximahotone operator have
been studied in [27-29,47]. A posteriori error estimatestzafound in [4,39,40].

Regarding the discontinuous Galerkin method, we refer, &g[32] and [33,
41] for the study of the spatial semidiscretisation of a $iewar and quasilinear
parabolic problem, respectively. A space-time finite eletmeethod with basis func-
tions that are discontinuous in time has been analysed inlf25], the discontin-
uous Galerkin method is employed for the spatial andtrecheme for the temporal
approximation of a quasilinear parabolic problem, see El8pfor the discontinu-
ous Galerkin method in time with polynomial order zero (reidg then to the back-
ward Euler method) and [21] for a discontinuous Galerkinragjpnation in time
and a standard finite element approximation in space. Theabpamidiscretisation
of semilinear parabolic convection-diffusion equatioysnbeans of the discontinu-
ous Galerkin method has been studied, e.g., in [9,11-14itSZombination with
the backward Euler method in [10]. The quasilinear probleorsidered so far can
be described by an evolution equation that is governed bgoagiy monotone Lip-
schitz continuous operator. The quasilinear problemsestuid [3] can be described
by a time-independent bounded strongly positive operaggupbed by a locally Lip-
schitz continuous operator. Besides well-posedness ofi-trersion of the discon-
tinuous Galerkin method in time (again employing the cohoéptrongly monotone
Lipschitz continuous operators which corresponds to teeigpcasg = 2 in our set-
ting), error estimates are derived for sufficiently regabeact solutions. An essential
aspect in [3] is the control over thé (0, T;H)-norm of the time discrete solution.

The main focus in all the aforementioned work is on erromeates (thus requir-
ing smoothness of the exact solution) rather than on coemeonly. In this paper,
however, we study the convergence for a class of discontm@alerkin methods
covering theh- as well ashp-version for the time discretisation of the more general
class of evolution problems

U+Au=f in(0,T), u(0)=u, (1.1)

governed by a time-dependent monotone opevatbtore precisely, the operatéris
supposed to be the Nemytskii operator corresponding to dyfafrhemicontinuous
operatord(t) :V — V* (t € [0, T]) acting on a Gelfand tripl¢’ C H C V* such that
A(t) + kIl : V — V* (with | being the identity) is coercive and monotone for some
K >0, uniformly int € [0, T]. MoreoverA(t) : V — V* is supposed to fulfill a certain
growth condition. This framework allows to consider pdrtdferential equations
with more involved nonlinearities compared to the resuttsvn so far.

The case of a hon-monotone perturbation of the principleneauires more in-
trigued compactness arguments and will be left for futurekwo

With the variable time grid

I:0=ty<ty<---<tn=T (NeN) withl,:=(th-1,tn),
Thi=th—th-1 (N=21,2,...,N), Tmax:= mzaern,

9Eyees

(1.2)

we associate the vectqe= [d1, 0, ...gn] " € NN of polynomial degrees and the linear
space
#:={v:(0,T) =V v, € Z"(;V),n=12,... N},
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where£29(1;V) denotes the space of polynomials of highest degree the interval
| taking values iV. We setmin := MiNh—12 N On, Omax := Ma%—12__N0On and, for
vie #p1andn=0,1,... N—-1

vi(te ) i=limvy(t), wa(ty) = limvg(t),  [vi(tn)] :=va(tn) —va(ta ).

t—tn t—tn
t>tn t<tn

wherev;(0™) is prescribed, as well ag(ty ) := I|mt~>T vi(t). Occasionally, we write,

e.g.,Tmax(I) in order to emphasise the dependence of a quantify on
The numerical method under consideration then reads asvi&ilFor given f and
u, find u € #4 such that for all y € #4

N N
z/(u]I ))dt+ Z [ur(tn-1)], vt )

= (1.3)
+/ ()>dt—/0 (FOw)dt with (0 =P,

In practice, a suitable quadrature will be employed on thérdarvallsl, in order
to approximate the terms

N

[} o) 5 [ A vt
T N .
/O (f(t),vﬂ(t)>dt:nZl/lnﬁ(t),vH(t))dt.

Taking into account this quadrature requires only tecHmicadifications of the proof
of convergence and shall thus be omitted.

To some extent, the discontinuous Galerkin method in tinmebeaseen as a gen-
eralisation of the Rothe method (i.e., the backward Eulethot combined with
piecewise constant interpolation of the time discretetsmhi.

We prove the convergence of the sequence of numerical sotuto (1.3), cor-
responding to an appropriate sequence of time grids andiagst degree vectors,
towards the weak solution to (1.1). The advantage of thisemence result lies in the
fact that it does not require any additional regularity af theak solution. Remem-
ber that results on higher regularity of solutions to nogdinevolution problems are
very rare and always restricted to special situations. Tmvergence result is com-
plementary to error estimates that are of importance faasitns where a smooth
solution is at hand. Note that, without additional assuomgisuch as the smoothness
of the exact solution, one cannot expect convergence ‘fi¢ftan the weak conver-
gence provided here. We also remark that the consideratigariable time grids as
studied here is a prerequisite for any analysis of adaptigthaus. It turns out that,
in opposite to other methods (see, e.g., [17,18]), thermargevere restrictions on
the sequence of variable time grids.

Moreover, we present results on the existence, uniqueaadsstability of the
numerical solution as well as a priori error estimates indhse of a sufficiently
regular exact solution. These error estimates rely on astisnof the approximation
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error in appropriate norms of Bochner—-Lebesgue spacedftraet functions taking
values in a Banach space. To our best knowledge, also theseestimates are new.

The proof of convergence essentially relies upon a pridimedes, which fol-
low from the coercivity assumption, as well as upon compestrarguments and the
theory of monotone operators. We shall remark that our aggtrds different from
the one in [25,42,43] as we do not consider a linearisati@hthns do not need to
assume differentiability of the underlying nonlinear cgter. However, our assump-
tions imply global existence of solutions to the originadiplem.

Convergence results analogous to those obtained here danrm e.g., in [46,
Ch. 8.2] for the backward Euler method. For other time dissaéon methods, we
have recently been able to prove similar results (see [130t@he two-step back-
ward differentiation formula (BDF) on an equidistant gffiti{] for the two-step BDF
on a variable time grid, [18] for th&-scheme on a variable time grid, and [19] for a
class of stiffly accurate Runge—Kutta methods) althougtaiseimptions on the un-
derlying operator as well as the convergence results tHeessdiffer from method
to method. Moreover, in opposite to the techniques usectttike analysis of the
discontinuous Galerkin method is indeed more involved aqdires additional tech-
nigues due to their non-conforming character and the eat@pproximation of the
standard solution space for (1.1) #y.

The paper is organised as follows: In Section 2, we introdbeenecessary no-
tation and recapitulate the functional analytical framewdhe solvability of the
numerical scheme (1.3) and a priori estimates for its smhuie studied in Section 3.
The main convergence result is then formulated and prove®eittion 4. In Sec-
tion 5, we finally present results on the stability of (1.3Wanpriori error estimates
for smooth exact solutions together with estimates of tiir@pmation error.

2 Notation and time continuous problem

Let V C H C V* be a Gelfand triple with(V, || - ||) being a reflexive, separable,
real Banach space that is dense and continuously embeddéd iHilbert space
(H, ()] 1)- The duaV* of V is equipped with the normf ||, := supev, (0, (F, V) /[ V][,
where(-,-) denotes the duality pairing.

For a Banach space and the time interval0, T], let L' (0, T;X) (r € [1,]) de-
note the Banach space of Bochner integrable (fer o Bochner measurable and
essentially bounded) abstract functions equipped witlsthiedard norm denoted by
- llLrom:x)- Letp € (1,00) and setp” := p/(p— 1). The function space

2 :=LPO,T;V)NLAOTH),  [Vl2 = IMlsory) + IVl2orm)

is a reflexive, separable Banach space. Its dtidl= LP (0, T;V*) +L2(0,T;H) is
equipped with the norm

Iflloe = inf max(||fallur orve)s | Follzoman) )
f1eLP* (0,T:V*), f2€L2(0,T;H)
f=f1+f
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If f allows the representatioh= f; + f, with f; € LP (0,T;V*), f, € L2(0,T;H)
then the duality pairing betweeine 2™ andv € 2" is given by

T T
(1) e = [ (EOMOW- v+ (OO A= [ (FO. VOt
see, e.g., [24] for more details. Note th#t C L?(0,T;H) C .27 is again a Gelfand
triple. In the case > 2, we can just take?” = LP(0,T;V).
The solution to (1.1) will be sought in the Banach space

Wo={veZ NV e}, Ny =IVla+IVIe-,

which is continuously embedded in the spacg0,T];H) of uniformly continuous
functions with values itd. Here,v denotes the distributional time derivativewof
The structural properties we always assumeAfoead as follows:

Assumption A. {A(t) }ic[o.7] is a family of hemicontinuous operatorgth:V —
V*, such that for all ve V the mapping t- A(t)v: [0, T] — V* is Bochner integrable
on(0,T). There is a constark > 0 such that At) 4+ k1 : V — V* is monotone. For a
suitable pe (1,), there are constantg > 0, A > 0 such that for all te [0,T] and
veV

((At) + KIV,v) > V[P = A

There existsr > 0 such that for all te [0, T] and ve V

IA@VI] < a (1+vIP7) .

With {A(t) }tc[o,1], We associate the Nemytskii operatathat is defined byAv)(t) :=
A(t)v(t) (t € [0,T]) for a functionv: [0,T] — V.

Under Assumption A, the Nemytskii operatsmaps_P(0, T;V) into (LP(0,T;V))* =
LP"(0,T;V*) and is hemicontinuous and bounded. Moreoer, k| : 2~ — 2°* is
monotone and satisfies for alk 2~

(A+K1VY) = HVIIp o) —AT-

Problem (1.1) then possesses for ag¢¥ H andf € 27 a unique solutiom € %
such that the evolution equation holds#i* (see, e.g., [46, Thm. 8.28], [5, Thm. 4.2
on p. 167], [54, Thm. 30.A], [24, Satz 1.1 on p. 201, Bem. 1.50210]).

Examples for operators possessing the above propertigsedannd, e.g., in [24,
pp. 68 ff., 215 ff.], [35], [46, pp. 232 ff.], and [54, pp. 561,590 ff., 779 ff.]). A
standard example is theLaplacian in a bounded domain supplemented by homo-
geneous Dirichlet boundary conditions. Another examptaesfluid flow through a
porous medium when working with the Sobolev spiice as the pivot spack in
the underlying Gelfand triple (see [35, pp. 191 ff.], [24, B@ f.]).

In what follows, we restrict our considerations to the case 0. This is always
possible by a suitable transformation (see [18, Remark4],$atz 1.3 on p. 211]).
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3 Solvability and a priori estimates for the time discrete pioblem

We commence with a statement on the solvability of the tinsergite problem.

Theorem 3.1 Let Assumption A be fulfilled. For givenefL1(0,T;V*) and f € H
problem (1.3) possesses a solutigreu#1. If max< 1 orif A(t) :V —V* (t € [0,T])
is strictly monotone then the solution is unique.

Proof We first observe that (1.3) is equivalent to the= 1,... ,N problemsFor
given fi, € LY(In;V*) and u(t, ;) € H, find uy, € 2%(1n;V) such that for all
ve 2N(1;V)

/I'<uu\'.n<t>,v<t>>dt+(uu<t: )+ [ (A, 0.v0)dt
_ / o (0, V)t + (el ) V(G ) 3.1)

This can be seen from testing (1.3) by functions 74 that vanish in all but one
subinterval.

Let {¢j}i=0,1..q, b€ @ basis of the finite dimensional spag&(I;R). Then
each element = v(t) € 2%(l,;V) can be represented as

On

vit) =S vi;(t), tely, (3.2a)
JZO i9i

wherev; €V (j =0,1,...,qn), and we haveZ¥(l,;V) =~ V%+1 yia the mapping

PP V) 3V V= [Vo,V1,...,Vg,] T € VITL (3.2b)

1/p
Mo = ( [ vt

then defines a norm onn+1,
Let nows: V&l x v+l R be defined by

S(UV) = / (U (). vO))dt+ (Ut ) vt ) + /| (ADU(), v(t)dt,

In

Moreover,

where againu andv corresponds ta andv, respectively, via (3.2). One may show
that, for fixedu € VI+1, the mapping/ — s(u,v),V%! — R is linear and contin-
uous. For doing so, we employ an inverse inequality combimigid the continuous
embedding o¥ intoH,

IVt )| < [IVllLe(nm) < TrTl/p||VHLp (IniH) < CTn pHV||Lp (Inv) = CTn. VP Vlyanss
(3-3)
which can be derived from the transformation 9bnto |0, 1], the equivalence of the
norms|| - || e (g,1;4) @nd|| - [|Le(0,1;4) ON Z%(0,1;H), and the inverse transformation.
This gives rise to the definition of the associated oper@tdar+t — (Vn+1)* via
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(Swv) =s(u,v). Since als@: v [ (f (t),v(t))dt+ (ur(t, ), vt ) Vot
R is an element of V&*1)* (use again (3.3)), we can rewrite (3) as the operator
equation

Su=g in (Vih

We now wish to apply the Browder—Minty theorem (see, e.gl, [Ehm. 26.A])
in order to prove existence. We thus have to show 81a¢ %! — (V9+1)* is co-
ercive, monotone and hemicontinuous. Uniqueness will fodaw from the strict
monotonicity ofS,

Regarding the coercivity, we observe (employing integratby parts and the
coercivity of A(t)) that for anyv € V1 with the by (3.2) corresponding function
ve 2N(1;V)

(Swv) = [ (OOt V)P [ (ADVD.v(D)dt

1 1
> SIvlty ) P S )R+ [ VD)t

> UIVIlJgys2 = A Tn,

which shows indeed the coercivity 8f Van+1 — (Vant1)*,

With respect to the monotonicity, we similarly find (emplegiagain integration
by parts and the monotonicity @f(t)) for anyv,w € Vo*+1 with the by (3.2) corre-
sponding functions,w € 2% (1,;V)

(Sw-Smy—w) > Zv(ty) —w(ty)2+ IV 1)~ wity )

This shows the monotonicity &: Va1 — (V&+1)* |f g, <1 (n=1,2,...,N) then
v £ wimpliesv(t;) # w(ty) or v(t) # w(t]), andS: v+l — (va+1)* becomes
strictly monotone. Moreoveg: Va+! — (vVan+1)*is strictly monotone iA(t) : V —
V* (t € [0, T]) does so. In both cases, uniqueness of a solution to the tisoeete
problem follows.

The hemicontinuity ofS: V&+1 — (V1) can easily be derived from the bi-
linearity and boundedness of the first two terms fagether with (3.3), and the hemi-
continuity ofA(t) (t € [0, T]) together with the growth condition (applying Lebesgue’s
theorem of dominated convergence). O

We shall remark that the foregoing result covers the existeand uniqueness
result given in [3] for theh-version in the situation of a strongly monotone Lip-
schitz continuous operaté(t) (t € [0, T]), which corresponds tp= 2 and a stronger
monotonicity assumption.

An essential prerequisite for proving convergence is am@pjate a priori esti-
mate for the numerical solution. This is provided by thedwafing theorem.
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Theorem 3.2 Let Assumption A be fulfilled. Lef & H and f € LP"(0,T;V*). Any
solution y € #1 to (1.3) then satisfies the a priori estimate

N
—\12 + 2 2 p
L ) max ) 5 eI+ oy,
0,2 *
< (IR 11 oo +AT) -

where c¢> 0 only depends op and p.

Proof Takingvy = UrXjoy, (K= 1,2,...,N; xi denotes the characteristic function on
the intervall) in (1.3) leads to

k k ti
S [ (00t 3 ([t o) wlt) + [ AOD, )0t
_ /otk<f(t),uﬂ(t)>dt.

From integration by parts, we find for= 1,2, ... k

(Jus(ty)? = lur(ty_ 1)) (3:4)

NI =

/ (ug(t), ug(t))dt =

In

Moreover, the binomic formula shows that

(Jur(ty_ )2 = Jur(ty_ ) P+ [[ur(ta-0)]?) .~ (3.5)

NI =

([ur(tr—2)] sty 1)) =

This, together with the coercivity di(t) (t € [0,T]) and Young’s inequality, shows
that

k

SR 5 3 e+ 5 [ o)

1 _ i "
< Slulig) P+ [T dir At

wherec > 0 only depends op andp. Finally, we observe that forati=1,2,... N
Jur(ty_ )17 < 2 (Jur(ty_) 1+ [ur(ta-0)] %)
This immediately proves the assertion. O
It should be noted that we have h& (0, T;H)-bound on the solution at hand
unless the polynomial degree is less or equal 1. Furthermadave no bound on

the discrete counterpart of the time derivative (that wdaddanalogous ta’ € 27*
for the continuous problem).



dG approximation of nonlinear evolution problems 9

4 Convergence towards a weak solution

From now on, we consider a sequeR@g - of time grids (1.2) with corresponding
degree vectorg(Iy) such that

Tmax(lr) —0asl — o, Omin(ly)) >1 and %1, C %, ,, LEN. (4.2)

The last condition is fulfilled if the time grid at levél 1 contains all abscissae of
the time grid at level (i.e., the time grid at levet + 1 is not a coarsening of the
foregoing one) and if the polynomial degree on a subintdésvabt decreasing.

The main result of the paper now reads as follows.

Theorem 4.1 Let Assumption A be fulfilled. Lep& H and f e LP (0,T;V*) be
given. Let{I,},cn be a sequence of time grids (1.2) with a corresponding semien
of degree vectors such that (4.1) is fulfilled. Moreover{[%}geN C H be such that

U, — Upin H ast — o (4.2)

The sequencéuy, } e of solutions to the discontinuous Galerkin method (1.3hthe
converges weakly infA(0, T; V) towards the exact solution& % to (1.1).

Proof Theorem 3.2, together with the growth condition Adt) (t € [0, T]) and stan-
dard compactness arguments, immediately shows the ecéstéia subsequence (de-
noted by/') and element§ € H, u<c LP(0,T;V), ac LP (0,T;V*) such that

ur, (T7) =& inH, u, =~ uinLP(0,T;V), Ay, —ain LP(0,T;V*) asl — w.
(4.3)
We will show thatu is indeed in# and solves the original problem (i.e., fulfills
the differential equation and the initial condition in (J).1Moreover,a = Au and
& =u(T).
Let me N be arbitrary but fixed. Because of (4.1), we then find from)(floBalll
Vi, € #1,,N# C€([0,T];H) with v, (0) = v, (T) =0and all’ > m

N(Ty)
S [, 0.0t
=t In(ﬂg/)
N(T,)
+ 3 (I 100 Vit 1000))

)
JAGICROILS

+ / D), (1), i ()t
= (with integration by parts and,,(0) = vi,,(T) =0)

T T
— [ W00, @)+ [ (AU, 0, vy )l

T
—— [ (v, dt+/ ),V (1)dt  ast’ — oo,
0
(4.4)
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Let € > 0. Then for eactv € €*([0,T];V) there is a sufficiently fine partition
) (M(€) € N) such that the corresponding piecewise linear interpo@ml?})v of

v, which is an element OJWHW) N if Amin(Inge)) > 1, fulfills

lv— Tﬁlm(s)VHW <E.

Therefore, we conclude from (4.4) that forealt ([0, T];V) with compact support

T T
- [ wo.uw)dt= [(f1) - a@.vi)d. (4.5)
0 0

This, however, shows that the distributional time derxatifu € LP(0,T;V) equals
f —ac LP (0,T;V*) and thus we hava € #. Moreover, from integration by parts
(which is now allowed because ofe #') and by density, we find from (4.5) that

U +a=finLP*(0,T;V"). (4.6)

We now prove thati(0) = up andu(T) = . Letve V and¢ be a linear polyno-
mial on[0,T]. Thenvg € # N#j, for all £ € N. For readability, we omit denoting the
subsequence by for a moment. From integration by parts, inserting (4.6) éinad),
and employing again integration by parts, we find

(), W(T) ~ (000),(0) = [ (Wl (1) v9 (1) + (v9'().u()
= [T (0 —alt).wb(0) + (') u(t) e

0
N
a nzl

+/;<A(t)uﬂ() a(t),ve t) dt+/ (v’ (1), u(t)dt

N
| (0. 0) a5 ([t 1) ¥00r-1)

N

N
Z 0 )2V (tn)) — (Ur(ty_ 1) Ve (tr-1))) + 3 ([Ur(tr-2)], V@ (tn-1))

n=1
+ /J<A<t>uﬂ<> alt) (0}t [ ('), u() )
= (T W9(T) - (£, 0)
+/ a(t),ve(t)) dt+/ (v’ (t), u(t) — un(t))dt.

Taking the limit then leads, because of (4.2) and (4.3), to

(U(T),ve(T)) — (u(0),v¢(0)) = (&,v¢(T)) — (Uo, v (0)) .

Choosing nowp (T) = 0 and¢ (0) = 0 provesu(0) = up andu(T) = &, respectively.
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For provinga = Au, we employ the monotonicity oA(t) (t € [0,T]). We again
omit denoting the subsequenceMyTakingv; = uy in (1.3) and integrating by parts
employing (3.4) and (3.5) yields for arbitranye LP(0,T;V)

N
S u(T) 3|u%|2+§ S o1
N
S J 0. u)dt+ z ur(tn- )], Ur(t)

/_ (0. (V)
e

(t)ur(t), gt dt+/ () — AW(E), ur(t) — wit))dt

—||—\

IN

T

.
= [Ftw.wnar [ awu.wod - / (AWI), s (6) — w(D))d.

0

Taking the limit on both sides of the foregoing inequalitydaaking into account
(4.2), (4.3) an& = u(T), the weak lower semicontinuity of the normkhas well as
(4.6) then shows for allv € LP(0,T;V)

T / 1 2 1 2

| W, u)dt= S umE= Sl
T T T

< [ o.umdt- [ @ wodt- [ AQwo,u) - wio)dt
/ (t))dt+/0.T<a(t),u(t)—W(t))dt—/O.T<A(t)w(t),u(t)—W(t)}dt.

We, hence, come up with

[ aatt) - ate)w) — u)at o,

With w=u+sv(veLP(0,T;V), se (0,1]), the hemicontinuity ofA implies the
assertiora = Au.

After all, we have shown the convergence asserted at least $nbsequence.
Since the solutiom € % to (1.1) is unique, the whole sequeniag, } <y converges
weakly inLP(0,T;V) towardsu. This is proven by contradiction O

We shall emphasise here that we have g0, T;H )-bound on the sequence of
numerical solutions and, in particular, no control overtihge derivative of the nu-
merical solutions (which, in general, does not exist in tleakvsense). We, therefore,
cannot make any statement about strong convergence duelazkhof compactness.

5 Stability and smooth-data error estimates

In addition to Assumption A, let us suppose that the opesaidr) : V — V* (t €
[0, T]) are uniformly monotone in the sense that there is a congtant0 such that
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forallt € [0,T] andv,weV
(AGV— AWV —W) > Lig][v—wP. (5.1)

Note that this restricts the range for the Lebesgue expgnenthe interval2, «) as
there is no nontrivial monotone operator fulfilling (5.1}wil < p < 2. Furthermore,
uniform monotonicity implies the coercivity condition agllvas strict monotonicity
(and thus uniqueness of a solution to the time discrete pnaplWe could also allow
uniform monotonicity up to a shifi-k1. However, the problem can then again be
transformed into a problem witki = 0.

For deriving error estimates, we will also require the faflog Holder-like con-
dition on bounded subsets: there #re- 0, y € (0, 1] such that for alt € [0, T] and
v,w eV

IA®)V = AW« < B(L+ [IV]| + [wi)P~ Y|V —w|”. (5.2)

Both the conditions (5.1) and (5.2) are, e.qg., fulfilled foe p-Laplacian (with
y=1).

We are now in the position to prove the continuous dependefite numerical
solution on the problem’s data.

Theorem 5.1 Let Assumption A be fulfilled with 2 and assume (5.1). Let & %1
and v € #4 be the solution to (1.3) corresponding tB@H, f € LP (0,T;V*) and
WeH,gelLP (0,T;V*), respectively. Then

N
X (=) )P+ max (=)l + 5 1T =) te-n)]

0 2 *
+ ||UH_VHHIF_JP(O,T;V) < C(luﬂ _v]?| + H f— ngr_Jp*(O,T;V*)) )

where c> 0 only depends opp and p.

Proof We subtract the two equations (1.3) corresponding &ndvg, test with(u; —
V)Xot (K= 1,2,...,N) and employ the uniform monotonicity &) (t € [0,T]).
The rest of the proof follows the same arguments as that obEme 3.2. O

Unfortunately, we cannot derive a priori error estimatagtie case of sufficiently
regular exact solutions) directly from the foregoing slibéstimate, since we cannot
test (1.3) byu — uy as the discretisation error is not an elemen¥gf We, therefore,
introduce the interpolatiovrﬂqu e m ofue ¥ (see also [48, p. 842], [53, p. 207])
defined by

(ru)(ty) =u(ty) inHforn=1,2,...,N,
/I(n“qu)(t)cp(t)dt:/l ut)p(t)dt inVforallp € Z9 L1 R), n=1,2,....N.
’ ' (5.3)

Remember here that” — € ([0, T];H) and note that the number of degrees of free-
dom forrfu € #4 coincides with the number of conditions above, namgly; (gn + 1).
Relying on a Hilbert space theory, existence and uniquemfesﬁ‘ﬁj € #1is shown in
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[48,53] (for slightly different definitions). For completess, we show in the sequel
existence and uniqueness also for our setting.

The determination of!u € # can be splitinto that o(fn,f‘u)“n e ZN(Ip;V) (n=
1,2,...,N) fulfilling the conditions of (5.3) for the curremt We may now transform
Inon(—1,1) and may introduce the local interpolation operditidefined by

1

(790) (1) = a(1), / (ﬁqﬁ)(t)cp(t)dt:/l At (t)dt for all ¢ € 29 1(—1,1;R),

-1 -1
whereudenotes the transform of the restrictigp} on the interva—1,1] andq = gn.
Note thatf9a = rfu.

Denoting by

1) d i i .
Li(t) := %H(l—tz)' e 2'(-1,1;R), i=0,1,...,q,

the Legendre polynomials, which form a basis#f/(—1,1;R), we can make the

ansatz
q

(Aa)(t) = 3 GLi® (5.4)

and have to determine the coefficients V. Employing the relations

1 2
Lw=1, [ LOL©d= 574,
there is obviously a unique solution to the correspondingdr system of equations,
which is given by

[ : -1
ZZITH/llO(t)Li(t)dt(i:O,l,...,q—l), aq:ou)_ézjai, (5.5)

which proves the existence and uniqueness of the localbiolnt and thus also of
the interpolantzu.

Unfortunately, the results in [49] on the interpolationogrcannot be applied here
as these results rely upon a setting_#{0,T;V) with VV being a separable Hilbert
space. We, therefore, provide in the following an estiméth® approximation and
interpolation error. The dependence on the polynomialekegnd order of regularity
in our estimate is, however, not as optimal as in [49, Pro@]. 3levertheless, we
obtain the same order of convergence.

We commence by proving an approximation result.

Lemma 5.1 Let(X, ]| -||x) be a real Banach space and let »-1,1] — X be a given
function with w/,...,vl@1 ¢ L"(—1,1;X), where ge N and r € [1,]. Then there
is a polynomial Qe £29(—1,1;X) such that for all sz [1, ]
IV=QVlls—11x) < CUL LIV [ rC11x), 1=0,1,....4,
IV = (QV) 11 <CU = LE IV |11, 1=1,2,...,0,
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where (with the conventialy0 := oo, 1/c0 := 0, 0¥ := 1)

2i+1+1/s-1/r

C(j,rs) =+

PO+1+]/r =) Y (j+1+1/s—1/r)Y/sst/s’ (5.6)

Proof The proof employs, as in the classical setting for derivistingates of the
approximation error in Sobolev spaces, an averaged Tayparsion.

The assumption om implies thatv,v/, ..., v(% : [-1,1] — X are absolutely con-
tinuous. We, therefore, have for &l € [—1, 1] the Taylor expansion

L (t—y) tt-2)
V(t):kZo k! V(k)(y)+/,, Tv“*”(z)dz.

Let ¢ € ¢5°(—1,1) be nonnegative Wittﬁ1 ¢ (y)dy=1 and define

j _w\k
@)= [ (i vt <y>> by,

-1 \k=0

Itis clear thaQve 221(—1,1;X) ¢ 29(—1,1;X). We then find

v - @0 = [ ( [5E v @dz) emay

-1

— [ ([ ovey) S ez

Letr* =r/(r — 1) be the exponent conjugatedrta- 1 with r* := 1 for r = co. With
the properties of and Holder’s inequality, we obtain

v — (@)l < [ =2 i@ ez

t T (t jqr* 1/r
< </_1 ( j!Z) ] dz) |\V(j+l)|||_f(—1,1;x>7

/t [(t—z)i'r*dz (t+1)ir+1
T N (D I (T Y
If r =1, we have analogously

where

t+1)] )
V() — (QU(t)x < (f.—!’||v“+l>||u<l,l;x> ~

We thus come up with

IV—QVl|Ls—1.1:x) < C(], T, 9|Vt Lr(—1.15%) »
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where forr > 1 ands < o

Cj,r,9) = (/11

(t+ 1)+t
(9 (r+1)

1
/ s 2i+1/r"+1/s
dt =
s+ )Y (js+s/re+ 1)1/’

and
) 2j+1/s . 2] ] 2i+1/r*
C(j,1,9)= TGs st (s<®), C(j,1,00) = ik C(j,r,00) = G e (r>1).
This, together with some elementary calculations, prolwesitst assertion.
For the second estimate, we observe that
t 'z _A0-1
v @i = [ ([ emay) i@
1 1 (j — 1)!
The rest of the proof follows the same arguments as beforeittutj being replaced
by j—1. O
Note that we have, in particular,
2j+1 2j+1
C(j,2.2) = - =C(j,e,0). (5.7)

< =
iV22i+1(j+1 ~ (+1)
The following result provides the boundedness of the latakpolation operator.
Lemma 5.2 Let(X, | - ||x) be a real Banach space and let »-1,1] — X be a given

function with v € LS(—1,1;X) (s€ [1,]). Then (with the conventidi2q— 1) := 0
for g = 0 and denoting by*sthe exponent conjugated to s)

7Vl Ls(—1,1%) < ((ZQ— 1)¥/2-1/maxss) 4 (2q+ 1)71/ma)(2’s)) (IVIILs(—1,1:%)
+2(2q+1)"Y M2 IV llLs(-1,1%) -

Proof We restrict our considerations to the case 1; the proof forg = 0 immedi-
ately follows from (5.8) below. As in (5.4) and (5.5), we have

g-1
(W)(t) = _;Vi (Li(t) = Lg(t)) +Vv(D)Lq(t),

2i+1 1 .
Vi:%/ v(tLi(t)dt (i=0,1,...,q—1).
-1
We, therefore, find

g-1
17EWV]|Ls(—1,10) < 20 [IVil[x[[Li — Lgllus(—1,2) + IV(D)IxILgllLs(—1,2)
i=

where fori=0,1,...,q—1

2i+1

Ivillx < == IIVlls-1a50 ILills (-1,
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Because of the continuous embedding of the sp&t¥0, T; X) := {ve L5(—1,1;X) :
vV e L5(—1,1;X)} into € ([—1,1]; X), there holds

IVD)lIx < 273Vllis— 1150 + 255 IV s 1.0 - (5.8)
The assertion follows with
||L| HLS(fl,l) < 21/5(2| + 1)71/ max2s) (I = 07 17 s 7q) )

which can be shown by employing the properties of the Legepdiynomials (in
particular,|Li | =(—11) = 1, |ILi HEZ<—1,1) =2/(2i + 1)), and

q-1
;(ZI + 1)1/271/ma>(s,s*) S (Zq _ 1)3/271/”16)(5,5*) .

O
Animmediate consequence is the following stability of thierpolation operator.

Lemma 5.3 Let (X, || - ||x) be a real Banach space and let {0, T] — X be a given
function with w € L"(I;X) (n=1,2,...,N), where ¢in > 1 and r € [1,»]|. Then
forallse [1,0]and =1,2,...,0n (n=1,2,...,N)

[V s 7:x) < ((ZQmax— 1)3/2-1/maXSS) 4 (20min + 1)_l/ma)(2’s)) IVllLs(o,7:x)

+ 2(20min + 1) 7Y/ MaX29) Tmax||V/ l|Ls(o.m:x) -

Proof Since
N

IV Es0.7x) = ZlH VL)

n=

the assertion follows immediately from a transformatiom,oénto (—1,1), estimat-
ing the local interpolation of—1, 1), and an inverse transformation. Remember here

that 1% = nﬂqv (with ~ denoting the transformation). We only have to emplost

_1)\3/2—1/maxss") —1/max2,s)
_max ((Zq 1) +(29+1) )

.....

< (20max— 1)3/2—1/ max(s;s’) 4 (20min + 1)—1/ma>(2,s)

and
I’Tl13.XN 2(2q+ 1)71/ max2,s) < 2(20min+ 1)71/ma>(2,s) .
n=1,..,

We are now in the position to prove an estimate for the intietpom error.
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Lemma 5.4 Let(X, || - ||x) be a real Banach space and let {0, T] — X be a given
function with w/,... . v@+D ¢ L"(1;;X) (n=1,2,...,N), where ¢yn >l and re
[1,00]. Then for all s€ [1,0] and j=1,2,...,0n (n=1,2,...,N)

1/s
v 7V[s0x) < <n§1ré"”“)30n<1mrvs>slV“'“*”lirum) :
where (see (5.6))
Dn(jn,r,8) = (1+ (200 — 1)3/271/ maxss’) 4 (200 + 1)71/ ma>(2,s)) C(jn,r1,8)
+ 2(200 4+ 1)~V m@2IC(j, —1,r,5).
Proof Since

N
[v— ”anHiS(o,T;X) = ZIHV— ”anHisun;X)v
n=

the assertion will follow again from a transformationlgfonto (—1,1), estimating
the local interpolation error of+1,1), and an inverse transformation. Remember

that 1% = rg[qv (with = denoting the transformation).
For the local interpolation error (with = gy when transformingd, on (—1,1)),
we have

V— 70 = V— 79QV+ 79QU — 1 = V— QU — 7% (V— QV),
and thus with Lemma 5.2
19— 7N Ls—1,1:%)
< (14 (2 Y2 ™) 4 (g4 1) ™) 9 QU5 _11x)
+2(2q+ 1) 7Y/ max2))y — QY[ Ls(—1.1%) -
Lemma 5.1 now yields
|9 — 71N s~ 1,2:x) < Dn(js 1, S)H\A/(Hl)HLr(fl,l;X) ;
from which the assertion follows. m|

With (5.7), we find in particular

. 2t (200 + (200 +1) M2 | (200 + 1>_l/2>
Dn ,2,2 - - . F i i
(i ) J!\/§< Vj+(j+1) V(2j-1)]
j+1
D(j,00,00) = % (j+2+(2CIn—1)3/2).

The error estimate now reads as follows.
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Theorem 5.2 Let Assumption A be fulfilled with 2 and assume (5.1) as well as
(5.2). Moreover, let . # — %([0,T];H) be the solution to (1.1) withgue H and

f €€ ([0, T;VH). Ifu €LP(0,T;V)and U e LP (I,VH) (r=2,...,jn+1,1< jn <
On, jmin := Mina—1 N jn) then the solutionue #1 to (1.3) fulfills for k=1,2,...,N
the error estimate

ult) — (5 )P+ oo~ (0% P 1 [ ) — o P

02 : * 2+j j1+1
< ¢fuo—w|"+eDulin, P, )T I gz U o vy

_ p(p—1-y)/(p—1)
+ (14 (1+ (2omax— ¥ P) |lullipogew) + 1V logosey) ) x

‘ /(p—1)
jnt1 i * in
X <Z gt )pDn(Jmp ,p)Jul +1)|||_p*(0,tk:V*>>

<C‘U0— ‘ +CTJm|n+1)V/(p 1)

)

where c> Ois independent of u arglloutc may depend oq gs well as ofjul| e 1:v),
[Ul|Lpio.v) HU/H%’(H:V*)* ||U(Jmin+1)HLP*(O,T;V*)'
Proof We test (1.1) as well as (1.3) by an arbitrary functigre #1 C 2" and sub-

tract the two equations. This gives (with the conventigd ) := uo, (rr“qu)(o )=
(rfu)(0%)) the relation

N

N
Z/ (U (1) — Uy (1), ve (1)) dt + Z U(tn—1) — Ur(tr-1) ] Ve (1)

n=1"In
+ /0 (ADU(E) —~ AQ (1) (1) dt = O, (59)

which resembles the classical Galerkin orthogonalityniBebeffu(t,—1)]] = 0 since
uis continuous.)

With (5.1), integration by parts (employing (3.4), (3.%®kingv; = (up— nﬂqu)x[o,tk]
(k=1,2,...,N) in (5.9) and integration by parts again, we find

|UJI te ) — ()t )| _—|UH — (ru)(0
k
# 3.3 [t~ (0 o )] +u/ Jun(®) - (@) Pt
k .
Z/ (up(t) — ()’ (t), g (t) — (u) (t)

k

+Zl(ulltn1 (mu) (tn—1)] —(rfu)(t )

n=

+ [ A0u® - A0 0,00 - (P 0)dt
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k

- zl ] 0~ () 0. () ~ () 1) ot
+ z u(th-1) TEPU ) (th—1)] 1)*(”[?“)('[: 1))
+/:k (A)U(t) — A () (1), g (t) — () (1)) it

k
= 3 [ ()~ (o). u0) - () ot
tﬂ_l n“qu (tn_1): [ur(tn-1) rg[qu )(th—1)]
1
+ (u(te) — (mflu)( tk U tk (rflu) (t, )
= (u(0) ”nqu ),ur(0 rg[qu
+/0tk<A u(t) — n“qu ), un(t) — rr“qu (1)) dt

The first term of the right-hand side of the foregoing estananishes in view of
the definition ofr! since the restriction aff — (7€u)’ only is in 2% 1(15;V). The

second (except for the initial error with= 1) and the third term vanish also because

of the definition ofr’. Hence, we find

1
5 lun(t) — (mu)(t)| |U11 — (mu)(0

1 k
+§Z\ Us(tn-1) = (70t \+u/ Jur(®) = () (V)] Pl
n=1

—(u(0") — (w0 — (fu)(0)])
— (u(07) - "n“u ):ui(07) = (1u)(07)

+/0tk<A )u(t) — trr“qu ), ur(t) — (rflu)(t)) dt

Recallingu(0™) := up, up(07) := u, (1fu)(07) := (1fu)(0*) and employing the
Cauchy-Schwarz and Young mequallty ylelds

|u]1 t0) — (MU )2+ = \uﬂ 0*)— |+u/ u(t) )] Pdt
_§|uﬂ— (mfu)(07)]2 = (uo — (1u)(07),ur (0F) — u? + u? — (rflu)(0™))
+ [ (At — A ) ) - o)
§|uﬂof(nﬂqu)(0+)|2+g|uo (rfu)(0%) [+ 7 |u (0%) —u?®

o [ Iatu) - A0 (R 7 de /0 () — (78 )P



20 Etienne Emmrich

wherec > 0 only depends op andp. It follows

us(te) — (78U (60) 2+ |us (0F) — ) +u/ Jus(t) — (mu) (1) Pt
<c(|u]I (mu)(0%) P+ |uo — (18u)(0™)| +/ |A(t) (t)(ru)(t) )
<c<|uﬂuo|2+\uo (mu)(01)] +/ | A(t) t) () (t)]|P dt)

(5.10)

With (5.2), Holder’s inequality and Lemma 5.2, we also have

[ 1A0u) - A () @)

1-
¢ (14 [lullirogev) + ||T€1qU||Lp<o,tk;v>)p P - )l - (6:11)

Recalling that € ([0, T];H) andu(ty) = (1Fu)(t,) (k= 1,2,...,N), we find
with (5.10) and (5.11)

utt) — )P+ o~ w0+ 41 [ ) ~ ) P
< o (I(mu) (4 ) = un(t ) 2+ Juo — w2 + |uf — w0

o [ 1ot B P[0 )]t
< ¢/ Juo— U]+ luo — (%) (0°) P+ lu— ”anHmekv)

(L lulloosay) + | Bulliriosa) ™ Y lu— bl )

The final error estimate now follows from the foregoing estietogether with Lemma 5.3

and 5.4 upon noting thap > p*y and that with (5.3), integration by parts, and
U e WHP'(0,T;V*) — %([0, T|;V¥)

Juo — (7£') (0) 2 = Juo — (78u) (0) * — Ju(ta) — () (t; )|
[ W - ©,ue - (us)ds

_ _/:1<u’(s),u(3) — (1flu)(s))ds

< Ul oy llu— n]?uHLp(O,tl:V)

< T1||U'||<€([o,t1];v*)|\U* ”ﬂqUHLP(o,tl;w .

Indeed, in order to get a local error estimate, we apply LerBrBand 5.4 only on
the subinterval; and(0,ty), which is clear from the corresponding proofs. O
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The above theorem provides a global error estimate of maxirorder(gmin +
1)y/2(p— 1) for the left values of the numerical solution in each of thbistervals
and of order(gmin+ 1)y/p(p— 1) in the LP(0, T;V)-norm if the initial error is of
appropriate order. The order of the error here coincidels thi¢ result known from
[3] for the special situatiorp = 2, y = 1, andqg, = g dealt with there. We are not
going to quantify the dependence@im more detail as we would do fortgp-variant
method since, in general, we cannot expect a very high acgofahe exact solution
to the nonlinear problem.
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