
manuscript No.
(will be inserted by the editor)

Discontinuous Galerkin in time approximation of
monotone nonlinear evolution problems May 1, 2010

Etienne Emmrich

Received: date / Accepted: date

Abstract A class of discontinuous Galerkin methods is studied for thetime discreti-
sation of the initial-value problem for a nonlinear first-order evolution equation that
is governed by a monotone, coercive, and hemicontinuous operator. The numerical
solution is shown to converge towards the weak solution to the original problem.
Furthermore, well-posedness of the time-discrete problemas well as a priori error
estimates for sufficiently smooth exact solutions are studied.
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1 Introduction

In the last two decades, the discontinuous Galerkin method attained more and more
attention and has become a widely used numerical method (seethe monographs [30,
44] for an overview). Besides its application to the spatialapproximation, the discon-
tinuous Galerkin method has also been studied for the discretisation in time (see the
initial work [22] and, for an overview, the monographs [44,53], see, e.g., also [48,49]
for thehp-version and [6] for the discretisation of an integro-differential equation).

Our interest lies in the study of nonlinear evolution problems and their time dis-
cretisation. For an overview on the time discretisation of (mostly linear) evolution
problems, we refer to the standard monograph [53]. Methods other than the discon-
tinuous Galerkin approximation in time have been considered, e.g., in [1,2,7,8,38,
50,51] for semilinear and in [26,31,34,36,55] for quasilinear problems. Stability
and error estimates for nonlinear evolution equations are proven in [37] relying on a
linearisation. Fully nonlinear problems have been dealt with, again by linearisation,
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in [25,42,43]. Evolution equations governed by a maximal monotone operator have
been studied in [27–29,47]. A posteriori error estimates can be found in [4,39,40].

Regarding the discontinuous Galerkin method, we refer, e.g., to [32] and [33,
41] for the study of the spatial semidiscretisation of a semilinear and quasilinear
parabolic problem, respectively. A space-time finite element method with basis func-
tions that are discontinuous in time has been analysed in [23]. In [45], the discontin-
uous Galerkin method is employed for the spatial and theϑ -scheme for the temporal
approximation of a quasilinear parabolic problem, see also[20] for the discontinu-
ous Galerkin method in time with polynomial order zero (reducing then to the back-
ward Euler method) and [21] for a discontinuous Galerkin approximation in time
and a standard finite element approximation in space. The spatial semidiscretisation
of semilinear parabolic convection-diffusion equations by means of the discontinu-
ous Galerkin method has been studied, e.g., in [9,11–14,52], its combination with
the backward Euler method in [10]. The quasilinear problemsconsidered so far can
be described by an evolution equation that is governed by a strongly monotone Lip-
schitz continuous operator. The quasilinear problems studied in [3] can be described
by a time-independent bounded strongly positive operator perturbed by a locally Lip-
schitz continuous operator. Besides well-posedness of theh-version of the discon-
tinuous Galerkin method in time (again employing the concept of strongly monotone
Lipschitz continuous operators which corresponds to the special casep= 2 in our set-
ting), error estimates are derived for sufficiently regularexact solutions. An essential
aspect in [3] is the control over theL2(0,T;H)-norm of the time discrete solution.

The main focus in all the aforementioned work is on error estimates (thus requir-
ing smoothness of the exact solution) rather than on convergence only. In this paper,
however, we study the convergence for a class of discontinuous Galerkin methods
covering theh- as well ashp-version for the time discretisation of the more general
class of evolution problems

u′ +Au= f in (0,T) , u(0) = u0 , (1.1)

governed by a time-dependent monotone operatorA. More precisely, the operatorA is
supposed to be the Nemytskii operator corresponding to a family of hemicontinuous
operatorsA(t) : V →V∗ (t ∈ [0,T]) acting on a Gelfand tripleV ⊆ H ⊆V∗ such that
A(t)+ κ I : V → V∗ (with I being the identity) is coercive and monotone for some
κ ≥ 0, uniformly int ∈ [0,T]. Moreover,A(t) : V →V∗ is supposed to fulfill a certain
growth condition. This framework allows to consider partial differential equations
with more involved nonlinearities compared to the results known so far.

The case of a non-monotone perturbation of the principle part requires more in-
trigued compactness arguments and will be left for future work.

With the variable time grid
{

I : 0 = t0 < t1 < · · · < tN = T (N ∈ N) with In := (tn−1,tn) ,

τn := tn− tn−1 (n = 1,2, . . . ,N) , τmax := max
n=1,2,...,N

τn , (1.2)

we associate the vectorqqq= [q1,q2, . . .qN]T ∈N
N of polynomial degrees and the linear

space
WI :=

{
v : (0,T) →V : v|In ∈ P

qn(In;V) , n = 1,2, . . . ,N
}

,
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wherePq(I ;V) denotes the space of polynomials of highest degreeq on the interval
I taking values inV. We setqmin := minn=1,2,...,N qn, qmax := maxn=1,2,...,N qn and, for
vI ∈ WI andn = 0,1, . . . ,N−1

vI(t
+
n ) := lim

t→tn
t>tn

vI(t) , vI(t
−
n ) := lim

t→tn
t<tn

vI(t) , [[vI(tn)]] := vI(t
+
n )−vI(t

−
n ) ,

wherevI(0−) is prescribed, as well asvI(t
−
N ) := lim t→T

t<T
vI(t). Occasionally, we write,

e.g.,τmax(I) in order to emphasise the dependence of a quantity onI.
The numerical method under consideration then reads as follows:For given f and

u0
I
, find uI ∈ WI such that for all vI ∈ WI

N

∑
n=1

∫

In
(u′I(t),vI(t))dt+

N

∑
n=1

(
[[uI(tn−1)]],vI(t

+
n−1)

)

+
∫ T

0
〈A(t)uI(t),vI(t)〉dt =

∫ T

0
〈 f (t),vI(t)〉dt with uI(0

−) := u0
I
.

(1.3)

In practice, a suitable quadrature will be employed on the subintervallsIn in order
to approximate the terms

∫ T

0
〈A(t)uI(t),vI(t)〉dt =

N

∑
n=1

∫

In
〈A(t)uI(t),vI(t)〉dt ,

∫ T

0
〈 f (t),vI(t)〉dt =

N

∑
n=1

∫

In
〈 f (t),vI(t)〉dt .

Taking into account this quadrature requires only technical modifications of the proof
of convergence and shall thus be omitted.

To some extent, the discontinuous Galerkin method in time can be seen as a gen-
eralisation of the Rothe method (i.e., the backward Euler method combined with
piecewise constant interpolation of the time discrete solution).

We prove the convergence of the sequence of numerical solutions to (1.3), cor-
responding to an appropriate sequence of time grids and associated degree vectors,
towards the weak solution to (1.1). The advantage of this convergence result lies in the
fact that it does not require any additional regularity of the weak solution. Remem-
ber that results on higher regularity of solutions to nonlinear evolution problems are
very rare and always restricted to special situations. The convergence result is com-
plementary to error estimates that are of importance for situations where a smooth
solution is at hand. Note that, without additional assumptions such as the smoothness
of the exact solution, one cannot expect convergence “better” than the weak conver-
gence provided here. We also remark that the consideration of variable time grids as
studied here is a prerequisite for any analysis of adaptive methods. It turns out that,
in opposite to other methods (see, e.g., [17,18]), there areno severe restrictions on
the sequence of variable time grids.

Moreover, we present results on the existence, uniqueness,and stability of the
numerical solution as well as a priori error estimates in thecase of a sufficiently
regular exact solution. These error estimates rely on estimates of the approximation



4 Etienne Emmrich

error in appropriate norms of Bochner–Lebesgue spaces for abstract functions taking
values in a Banach space. To our best knowledge, also these error estimates are new.

The proof of convergence essentially relies upon a priori estimates, which fol-
low from the coercivity assumption, as well as upon compactness arguments and the
theory of monotone operators. We shall remark that our approach is different from
the one in [25,42,43] as we do not consider a linearisation and thus do not need to
assume differentiability of the underlying nonlinear operator. However, our assump-
tions imply global existence of solutions to the original problem.

Convergence results analogous to those obtained here can befound, e.g., in [46,
Ch. 8.2] for the backward Euler method. For other time discretisation methods, we
have recently been able to prove similar results (see [15,16] for the two-step back-
ward differentiation formula (BDF) on an equidistant grid,[17] for the two-step BDF
on a variable time grid, [18] for theϑ -scheme on a variable time grid, and [19] for a
class of stiffly accurate Runge–Kutta methods) although theassumptions on the un-
derlying operator as well as the convergence results themselves differ from method
to method. Moreover, in opposite to the techniques used there, the analysis of the
discontinuous Galerkin method is indeed more involved and requires additional tech-
niques due to their non-conforming character and the external approximation of the
standard solution space for (1.1) byWI.

The paper is organised as follows: In Section 2, we introducethe necessary no-
tation and recapitulate the functional analytical framework. The solvability of the
numerical scheme (1.3) and a priori estimates for its solution are studied in Section 3.
The main convergence result is then formulated and proven inSection 4. In Sec-
tion 5, we finally present results on the stability of (1.3) and a priori error estimates
for smooth exact solutions together with estimates of the approximation error.

2 Notation and time continuous problem

Let V ⊆ H ⊆ V∗ be a Gelfand triple with(V,‖ · ‖) being a reflexive, separable,
real Banach space that is dense and continuously embedded inthe Hilbert space
(H,(·, ·), | · |). The dualV∗ ofV is equipped with the norm‖ f‖∗ := supv∈V\{0}〈 f ,v〉/‖v‖,
where〈·, ·〉 denotes the duality pairing.

For a Banach spaceX and the time interval[0,T], let Lr(0,T;X) (r ∈ [1,∞]) de-
note the Banach space of Bochner integrable (forr = ∞ Bochner measurable and
essentially bounded) abstract functions equipped with thestandard norm denoted by
‖ · ‖Lr(0,T;X). Let p∈ (1,∞) and setp∗ := p/(p−1). The function space

X := Lp(0,T;V)∩L2(0,T;H) , ‖v‖X := ‖v‖Lp(0,T;V) +‖v‖L2(0,T;H) ,

is a reflexive, separable Banach space. Its dualX ∗ = Lp∗(0,T;V∗)+ L2(0,T;H) is
equipped with the norm

‖ f‖X ∗ := inf
f1∈Lp∗ (0,T;V∗), f2∈L2(0,T;H)

f= f1+ f2

max
(
‖ f1‖Lp∗(0,T;V∗),‖ f2‖L2(0,T;H)

)
.
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If f allows the representationf = f1 + f2 with f1 ∈ Lp∗(0,T;V∗), f2 ∈ L2(0,T;H)
then the duality pairing betweenf ∈ X ∗ andv∈ X is given by

〈 f ,v〉X ∗×X =

∫ T

0
(〈 f1(t),v(t)〉V∗×V +( f2(t),v(t)))dt =

∫ T

0
〈 f (t),v(t)〉V∗×Vdt ,

see, e.g., [24] for more details. Note thatX ⊆ L2(0,T;H) ⊆ X
∗ is again a Gelfand

triple. In the casep≥ 2, we can just takeX = Lp(0,T;V).
The solution to (1.1) will be sought in the Banach space

W := {v∈ X : v′ ∈ X
∗} , ‖v‖W := ‖v‖X +‖v′‖X ∗ ,

which is continuously embedded in the spaceC ([0,T];H) of uniformly continuous
functions with values inH. Here,v′ denotes the distributional time derivative ofv.

The structural properties we always assume forA read as follows:

Assumption A. {A(t)}t∈[0,T] is a family of hemicontinuous operators A(t) : V →
V∗, such that for all v∈V the mapping t7→ A(t)v : [0,T]→V∗ is Bochner integrable
on (0,T). There is a constantκ ≥ 0 such that A(t)+κ I : V →V∗ is monotone. For a
suitable p∈ (1,∞), there are constantsµ > 0, λ ≥ 0 such that for all t∈ [0,T] and
v∈V

〈(A(t)+ κ I)v,v〉 ≥ µ‖v‖p−λ .

There existsα > 0 such that for all t∈ [0,T] and v∈V

‖A(t)v‖∗ ≤ α
(
1+‖v‖p−1) .

With {A(t)}t∈[0,T], we associate the Nemytskii operatorA that is defined by(Av)(t) :=
A(t)v(t) (t ∈ [0,T]) for a functionv : [0,T] →V.

Under Assumption A, the Nemytskii operatorAmapsLp(0,T;V) into (Lp(0,T;V))∗ =
Lp∗(0,T;V∗) and is hemicontinuous and bounded. Moreover,A+ κ I : X → X ∗ is
monotone and satisfies for allv∈ X

〈(A+ κ I)v,v〉 ≥ µ‖v‖p
Lp(0,T;V)

−λT .

Problem (1.1) then possesses for anyu0 ∈H and f ∈X ∗ a unique solutionu∈W

such that the evolution equation holds inX ∗ (see, e.g., [46, Thm. 8.28], [5, Thm. 4.2
on p. 167], [54, Thm. 30.A], [24, Satz 1.1 on p. 201, Bem. 1.5 onp. 210]).

Examples for operators possessing the above properties canbe found, e.g., in [24,
pp. 68 ff., 215 ff.], [35], [46, pp. 232 ff.], and [54, pp. 567 ff., 590 ff., 779 ff.]). A
standard example is thep-Laplacian in a bounded domain supplemented by homo-
geneous Dirichlet boundary conditions. Another example isthe fluid flow through a
porous medium when working with the Sobolev spaceH−1 as the pivot spaceH in
the underlying Gelfand triple (see [35, pp. 191 ff.], [24, pp. 72 f.]).

In what follows, we restrict our considerations to the caseκ = 0. This is always
possible by a suitable transformation (see [18, Remark 1], [24, Satz 1.3 on p. 211]).
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3 Solvability and a priori estimates for the time discrete problem

We commence with a statement on the solvability of the time discrete problem.

Theorem 3.1 Let Assumption A be fulfilled. For given f∈ L1(0,T;V∗) and u0
I
∈ H,

problem (1.3) possesses a solution uI ∈WI. If qmax≤ 1 or if A(t) : V →V∗ (t ∈ [0,T])
is strictly monotone then the solution is unique.

Proof We first observe that (1.3) is equivalent to then = 1, . . . ,N problemsFor
given f|In ∈ L1(In;V∗) and uI(t

−
n−1) ∈ H, find uI|In ∈ P

qn(In;V) such that for all
v∈ Pqn(In;V)

∫

In
(uI

′
|In(t),v(t))dt+

(
uI(t

+
n−1),v(t

+
n−1)

)
+
∫

In
〈A(t)uI|In(t),v(t)〉dt

=
∫

In
〈 f|In(t),v(t)〉dt +

(
uI(t

−
n−1),v(t

+
n−1)

)
. (3.1)

This can be seen from testing (1.3) by functionsvI ∈ WI that vanish in all but one
subinterval.

Let {ϕ j} j=0,1,...,qn be a basis of the finite dimensional spacePqn(In;R). Then
each elementv = v(t) ∈ Pqn(In;V) can be represented as

v(t) =
qn

∑
j=0

v jϕ j(t) , t ∈ In , (3.2a)

wherev j ∈V ( j = 0,1, . . . ,qn), and we havePqn(In;V) ∼= Vqn+1 via the mapping

P
qn(In;V) ∋ v 7→ vvv = [v0,v1, . . . ,vqn]

T ∈Vqn+1 . (3.2b)

Moreover,

‖vvv‖Vqn+1 :=

(∫

In
‖v(t)‖pdt

)1/p

then defines a norm onVqn+1.
Let nows : Vqn+1×Vqn+1 → R be defined by

s(uuu,vvv) :=
∫

In
(u′(t),v(t))dt +

(
u(t+n−1),v(t

+
n−1)

)
+

∫

In
〈A(t)u(t),v(t)〉dt ,

where againu andv corresponds touuu andvvv, respectively, via (3.2). One may show
that, for fixeduuu∈Vqn+1, the mappingvvv 7→ s(uuu,vvv) ,Vqn+1 → R is linear and contin-
uous. For doing so, we employ an inverse inequality combinedwith the continuous
embedding ofV into H,

|v(t+n−1)| ≤ ‖v‖L∞(In;H) ≤ τ−1/p
n ‖v‖Lp(In;H) ≤ cτ−1/p

n ‖v‖Lp(In;V) = cτ−1/p
n ‖vvv‖Vqn+1 ,

(3.3)
which can be derived from the transformation ofIn onto[0,1], the equivalence of the
norms‖ ·‖L∞(0,1;H) and‖ ·‖Lp(0,1;H) onPqn(0,1;H), and the inverse transformation.
This gives rise to the definition of the associated operatorS: Vqn+1 → (Vqn+1)∗ via
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〈Suuu,vvv〉= s(uuu,vvv). Since alsoggg : vvv 7→ ∫
In〈 f|In(t),v(t)〉dt+

(
uI(t

−
n−1),v(t

+
n−1)

)
,Vqn+1 →

R is an element of(Vqn+1)∗ (use again (3.3)), we can rewrite (3) as the operator
equation

Suuu = ggg in (Vqn+1)∗ .

We now wish to apply the Browder–Minty theorem (see, e.g., [54, Thm. 26.A])
in order to prove existence. We thus have to show thatS : Vqn+1 → (Vqn+1)∗ is co-
ercive, monotone and hemicontinuous. Uniqueness will thenfollow from the strict
monotonicity ofS.

Regarding the coercivity, we observe (employing integration by parts and the
coercivity of A(t)) that for anyvvv ∈ Vqn+1 with the by (3.2) corresponding function
v∈ Pqn(In;V)

〈Svvv,vvv〉 =

∫

In
(v′(t),v(t))dt+ |v(t+n−1)|2 +

∫

In
〈A(t)v(t),v(t)〉dt

≥ 1
2
|v(t−n )|2 +

1
2
|v(t+n−1)|2 + µ

∫

In
‖v(t)‖pdt−λ τn

≥ µ‖vvv‖p
Vqn+1 −λ τn ,

which shows indeed the coercivity ofS: Vqn+1 → (Vqn+1)∗.
With respect to the monotonicity, we similarly find (employing again integration

by parts and the monotonicity ofA(t)) for anyvvv,www∈Vqn+1 with the by (3.2) corre-
sponding functionsv,w∈ Pqn(In;V)

〈Svvv−Swww,vvv−www〉 ≥ 1
2
|v(t−n )−w(t−n )|2 +

1
2
|v(t+n−1)−w(t+n−1)|2 .

This shows the monotonicity ofS: Vqn+1 → (Vqn+1)∗. If qn ≤ 1 (n= 1,2, . . . ,N) then
vvv 6= www impliesv(t−n ) 6= w(t−n ) or v(t+n ) 6= w(t+n ), andS : Vqn+1 → (Vqn+1)∗ becomes
strictly monotone. Moreover,S: Vqn+1 → (Vqn+1)∗ is strictly monotone ifA(t) : V →
V∗ (t ∈ [0,T]) does so. In both cases, uniqueness of a solution to the time discrete
problem follows.

The hemicontinuity ofS : Vqn+1 → (Vqn+1)∗ can easily be derived from the bi-
linearity and boundedness of the first two terms insss together with (3.3), and the hemi-
continuity ofA(t) (t ∈ [0,T]) together with the growth condition (applying Lebesgue’s
theorem of dominated convergence). ⊓⊔

We shall remark that the foregoing result covers the existence and uniqueness
result given in [3] for theh-version in the situation of a strongly monotone Lip-
schitz continuous operatorA(t) (t ∈ [0,T]), which corresponds top= 2 and a stronger
monotonicity assumption.

An essential prerequisite for proving convergence is an appropriate a priori esti-
mate for the numerical solution. This is provided by the following theorem.
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Theorem 3.2 Let Assumption A be fulfilled. Let u0
I
∈ H and f ∈ Lp∗(0,T;V∗). Any

solution uI ∈ WI to (1.3) then satisfies the a priori estimate

max
n=1,2,...,N

|uI(t
−
n )|2 + max

n=1,2,...,N
|uI(t

+
n−1)|2 +

N

∑
n=1

|[[uI(tn−1)]]|2 +‖uI‖p
Lp(0,T;V)

≤ c
(
|u0

I
|2 +‖ f‖p∗

Lp∗(0,T;V∗)
+ λT

)
,

where c> 0 only depends onµ and p.

Proof TakingvI = uIχ[0,tk] (k = 1,2, . . . ,N; χI denotes the characteristic function on
the intervalI ) in (1.3) leads to

k

∑
n=1

∫

In
(u′I(t),uI(t))dt+

k

∑
n=1

(
[[uI(tn−1)]],uI(t

+
n−1)

)
+

∫ tk

0
〈A(t)uI(t),uI(t)〉dt

=
∫ tk

0
〈 f (t),uI(t)〉dt .

From integration by parts, we find forn = 1,2, . . . ,k

∫

In
(u′

I
(t),uI(t))dt =

1
2

(
|uI(t

−
n )|2−|uI(t

+
n−1)|2

)
. (3.4)

Moreover, the binomic formula shows that

(
[[uI(tn−1)]],uI(t

+
n−1)

)
=

1
2

(
|uI(t

+
n−1)|2−|uI(t

−
n−1)|2 + |[[uI(tn−1)]]|2

)
. (3.5)

This, together with the coercivity ofA(t) (t ∈ [0,T]) and Young’s inequality, shows
that

1
2
|uI(t

−
k )|2 +

1
2

k

∑
n=1

|[[uI(tn−1)]]|2 +
µ
2

∫ tk

0
‖uI(t)‖pdt

≤ 1
2
|uI(t

−
0 )|2 +c

∫ tk

0
‖ f (t)‖p∗

∗ dt+ λ tk ,

wherec > 0 only depends onµ andp. Finally, we observe that for alln = 1,2, . . . ,N

|uI(t
+
n−1)|2 ≤ 2

(
|uI(t

−
n−1)|2 + |[[uI(tn−1)]]|2

)
.

This immediately proves the assertion. ⊓⊔

It should be noted that we have noL∞(0,T;H)-bound on the solution at hand
unless the polynomial degree is less or equal 1. Furthermore, we have no bound on
the discrete counterpart of the time derivative (that wouldbe analogous tou′ ∈ X ∗

for the continuous problem).
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4 Convergence towards a weak solution

From now on, we consider a sequence{Iℓ}ℓ∈N of time grids (1.2) with corresponding
degree vectorsqqq(Iℓ) such that

τmax(Iℓ) → 0 asℓ → ∞ , qmin(Iℓ) ≥ 1 and WIℓ
⊆ WIℓ+1 , ℓ ∈ N . (4.1)

The last condition is fulfilled if the time grid at levelℓ+ 1 contains all abscissae of
the time grid at levelℓ (i.e., the time grid at levelℓ + 1 is not a coarsening of the
foregoing one) and if the polynomial degree on a subintervalis not decreasing.

The main result of the paper now reads as follows.

Theorem 4.1 Let Assumption A be fulfilled. Let u0 ∈ H and f ∈ Lp∗(0,T;V∗) be
given. Let{Iℓ}ℓ∈N be a sequence of time grids (1.2) with a corresponding sequence
of degree vectors such that (4.1) is fulfilled. Moreover, let{u0

Iℓ
}ℓ∈N ⊆ H be such that

u0
Iℓ
→ u0 in H asℓ → ∞. (4.2)

The sequence{uIℓ
}ℓ∈N of solutions to the discontinuous Galerkin method (1.3) then

converges weakly in Lp(0,T;V) towards the exact solution u∈ W to (1.1).

Proof Theorem 3.2, together with the growth condition forA(t) (t ∈ [0,T]) and stan-
dard compactness arguments, immediately shows the existence of a subsequence (de-
noted byℓ′) and elementsξ ∈ H, u∈ Lp(0,T;V), a∈ Lp∗(0,T;V∗) such that

uIℓ′ (T
−) ⇀ ξ in H , uIℓ′ ⇀ u in Lp(0,T;V) , AuIℓ′ ⇀ a in Lp∗(0,T;V∗) asℓ′ → ∞ .

(4.3)
We will show thatu is indeed inW and solves the original problem (i.e., fulfills
the differential equation and the initial condition in (1.1)). Moreover,a = Au and
ξ = u(T).

Let m∈ N be arbitrary but fixed. Because of (4.1), we then find from (1.3) for all
vIm ∈ WIm ∩W ⊆ C ([0,T];H) with vIm(0) = vIm(T) = 0 and allℓ′ ≥ m

∫ T

0
〈 f (t),vIm(t)〉dt =

N(Iℓ′ )

∑
n=1

∫

In(Iℓ′ )
(u′

Iℓ′
(t),vIm(t))dt

+
N(Iℓ′ )

∑
n=1

(
[[uIℓ′ (tn−1(Iℓ′))]],vIm(tn−1(Iℓ′))

)

+

∫ T

0
〈A(t)uIℓ′ (t),vIm(t)〉dt

= (with integration by parts andvIm(0) = vIm(T) = 0)

= −
∫ T

0
〈v′Im

(t),uIℓ′ (t)〉dt+
∫ T

0
〈A(t)uIℓ′ (t),vIm(t)〉dt

→−
∫ T

0
〈v′

Im
(t),u(t)〉dt+

∫ T

0
〈a(t),vIm(t)〉dt asℓ′ → ∞ .

(4.4)
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Let ε > 0. Then for eachv ∈ C 1([0,T];V) there is a sufficiently fine partition
Im(ε) (m(ε) ∈ N) such that the corresponding piecewise linear interpolantπ1

Im(ε)
v of

v, which is an element ofWIm(ε)
∩W if qmin(Im(ε)) ≥ 1, fulfills

‖v−π1
Im(ε)

v‖W < ε .

Therefore, we conclude from (4.4) that for allv∈C 1([0,T];V) with compact support

−
∫ T

0
〈v′(t),u(t)〉dt =

∫ T

0
〈 f (t)−a(t),v(t)〉dt . (4.5)

This, however, shows that the distributional time derivative ofu∈ Lp(0,T;V) equals
f −a∈ Lp∗(0,T;V∗) and thus we haveu∈ W . Moreover, from integration by parts
(which is now allowed because ofu∈ W ) and by density, we find from (4.5) that

u′ +a = f in Lp∗(0,T;V∗) . (4.6)

We now prove thatu(0) = u0 andu(T) = ξ . Let v∈V andϕ be a linear polyno-
mial on[0,T]. Thenvϕ ∈W ∩WIℓ

for all ℓ∈N. For readability, we omit denoting the
subsequence byℓ′ for a moment. From integration by parts, inserting (4.6) and(1.3),
and employing again integration by parts, we find

(u(T),vϕ(T))− (u(0),vϕ(0)) =

∫ T

0

(
〈u′(t),vϕ(t)〉+ 〈vϕ ′(t),u(t)〉

)
dt

=

∫ T

0

(
〈 f (t)−a(t),vϕ(t)〉+ 〈vϕ ′(t),u(t)〉

)
dt

=
N

∑
n=1

∫

In

(
u′

I
(t),vϕ(t)

)
dt+

N

∑
n=1

([[uI(tn−1)]],vϕ(tn−1))

+

∫ T

0
〈A(t)uI(t)−a(t),vϕ(t)〉dt+

∫ T

0
〈vϕ ′(t),u(t)〉dt

=
N

∑
n=1

(
(uI(t

−
n ),vϕ(tn))− (uI(t

+
n−1),vϕ(tn−1))

)
+

N

∑
n=1

([[uI(tn−1)]],vϕ(tn−1))

+

∫ T

0
〈A(t)uI(t)−a(t),vϕ(t)〉dt+

∫ T

0
〈vϕ ′(t),u(t)−uI(t)〉dt

= (uI(T
−),vϕ(T))− (u0

I
,vϕ(0))

+

∫ T

0
〈A(t)uI(t)−a(t),vϕ(t)〉dt+

∫ T

0
〈vϕ ′(t),u(t)−uI(t)〉dt .

Taking the limit then leads, because of (4.2) and (4.3), to

(u(T),vϕ(T))− (u(0),vϕ(0)) = (ξ ,vϕ(T))− (u0,vϕ(0)) .

Choosing nowϕ(T) = 0 andϕ(0) = 0 provesu(0) = u0 andu(T) = ξ , respectively.
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For provinga = Au, we employ the monotonicity ofA(t) (t ∈ [0,T]). We again
omit denoting the subsequence byℓ′. TakingvI = uI in (1.3) and integrating by parts
employing (3.4) and (3.5) yields for arbitraryw∈ Lp(0,T;V)

1
2
|uI(T

−)|2− 1
2
|u0

I
|2 +

1
2

N

∑
n=1

|[[uI(tn−1)]]|2

=
N

∑
n=1

∫

In
(u′I(t),uI(t))dt +

N

∑
n=1

(
[[uI(tn−1)]],uI(t

+
n−1)

)

=

∫ T

0
〈 f (t)−A(t)uI(t),uI(t)〉dt

≤
∫ T

0
〈 f (t)−A(t)uI(t),uI(t)〉dt +

∫ T

0
〈A(t)uI(t)−A(t)w(t),uI(t)−w(t)〉dt

=

∫ T

0
〈 f (t),uI(t)〉dt−

∫ T

0
〈A(t)uI(t),w(t)〉dt−

∫ T

0
〈A(t)w(t),uI(t)−w(t)〉dt .

Taking the limit on both sides of the foregoing inequality and taking into account
(4.2), (4.3) andξ = u(T), the weak lower semicontinuity of the norm inH as well as
(4.6) then shows for allw∈ Lp(0,T;V)

∫ T

0
〈u′(t),u(t)〉dt =

1
2
|u(T)|2− 1

2
|u0|2

≤
∫ T

0
〈 f (t),u(t)〉dt−

∫ T

0
〈a(t),w(t)〉dt−

∫ T

0
〈A(t)w(t),u(t)−w(t)〉dt

=
∫ T

0
〈u′(t),u(t)〉dt+

∫ T

0
〈a(t),u(t)−w(t)〉dt−

∫ T

0
〈A(t)w(t),u(t)−w(t)〉dt .

We, hence, come up with
∫ T

0
〈A(t)w(t)−a(t),w(t)−u(t)〉dt ≥ 0.

With w = u± sv (v ∈ Lp(0,T;V), s∈ (0,1]), the hemicontinuity ofA implies the
assertiona = Au.

After all, we have shown the convergence asserted at least for a subsequence.
Since the solutionu∈ W to (1.1) is unique, the whole sequence{uIℓ

}ℓ∈N converges
weakly inLp(0,T;V) towardsu. This is proven by contradiction ⊓⊔

We shall emphasise here that we have noL∞(0,T;H)-bound on the sequence of
numerical solutions and, in particular, no control over thetime derivative of the nu-
merical solutions (which, in general, does not exist in the weak sense). We, therefore,
cannot make any statement about strong convergence due to the lack of compactness.

5 Stability and smooth-data error estimates

In addition to Assumption A, let us suppose that the operators A(t) : V → V∗ (t ∈
[0,T]) are uniformly monotone in the sense that there is a constantµ0 > 0 such that
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for all t ∈ [0,T] andv,w∈V

〈A(t)v−A(t)w,v−w〉 ≥ µ0‖v−w‖p. (5.1)

Note that this restricts the range for the Lebesgue exponentp to the interval[2,∞) as
there is no nontrivial monotone operator fulfilling (5.1) with 1< p < 2. Furthermore,
uniform monotonicity implies the coercivity condition as well as strict monotonicity
(and thus uniqueness of a solution to the time discrete problem). We could also allow
uniform monotonicity up to a shift+κ I . However, the problem can then again be
transformed into a problem withκ = 0.

For deriving error estimates, we will also require the following Hölder-like con-
dition on bounded subsets: there areβ > 0, γ ∈ (0,1] such that for allt ∈ [0,T] and
v,w∈V

‖A(t)v−A(t)w‖∗ ≤ β (1+‖v‖+‖w‖)p−1−γ‖v−w‖γ . (5.2)

Both the conditions (5.1) and (5.2) are, e.g., fulfilled for the p-Laplacian (with
γ = 1).

We are now in the position to prove the continuous dependenceof the numerical
solution on the problem’s data.

Theorem 5.1 Let Assumption A be fulfilled with p≥ 2 and assume (5.1). Let uI ∈WI

and vI ∈ WI be the solution to (1.3) corresponding to u0
I
∈ H, f ∈ Lp∗(0,T;V∗) and

v0
I
∈ H, g∈ Lp∗(0,T;V∗), respectively. Then

max
n=1,2,...,N

|(uI −vI)(t
−
n )|2 + max

n=1,2,...,N
|(uI −vI)(t

+
n−1)|2 +

N

∑
n=1

|[[(uI −vI)(tn−1)]]|2

+‖uI−vI‖p
Lp(0,T;V)

≤ c
(
|u0

I
−v0

I
|2 +‖ f −g‖p∗

Lp∗(0,T;V∗)

)
,

where c> 0 only depends onµ0 and p.

Proof We subtract the two equations (1.3) corresponding touI andvI, test with(uI−
vI)χ[0,tk] (k = 1,2, . . . ,N) and employ the uniform monotonicity ofA(t) (t ∈ [0,T]).
The rest of the proof follows the same arguments as that of Theorem 3.2. ⊓⊔

Unfortunately, we cannot derive a priori error estimates (in the case of sufficiently
regular exact solutions) directly from the foregoing stability estimate, since we cannot
test (1.3) byu−uI as the discretisation error is not an element ofWI. We, therefore,
introduce the interpolationπqqq

I
u ∈ WI of u ∈ W (see also [48, p. 842], [53, p. 207])

defined by

(πqqq
I
u)(t−n ) = u(tn) in H for n = 1,2, . . . ,N ,

∫

In
(πqqq

I
u)(t)ϕ(t)dt =

∫

In
u(t)ϕ(t)dt in V for all ϕ ∈ P

qn−1(In;R) , n = 1,2, . . . ,N .

(5.3)

Remember here thatW →֒ C ([0,T];H) and note that the number of degrees of free-
dom forπqqq

I
u∈WI coincides with the number of conditions above, namely∑N

n=1(qn +1).
Relying on a Hilbert space theory, existence and uniquenessof πqqq

I
u∈ WI is shown in
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[48,53] (for slightly different definitions). For completeness, we show in the sequel
existence and uniqueness also for our setting.

The determination ofπqqq
I
u∈WI can be split into that of(πqqq

I
u)|In ∈Pqn(In;V) (n=

1,2, . . . ,N) fulfilling the conditions of (5.3) for the currentn. We may now transform
In on (−1,1) and may introduce the local interpolation operatorπ̂q defined by

(π̂qû)(1)= û(1) ,

∫ 1

−1
(π̂qû)(t)ϕ(t)dt =

∫ 1

−1
û(t)ϕ(t)dt for all ϕ ∈P

q−1(−1,1;R) ,

whereû denotes the transform of the restrictionu|In on the interval[−1,1] andq= qn.

Note thatπ̂qû = π̂qqq
I
u.

Denoting by

Li(t) :=
(−1)i

2i i!
di

dti
(1− t2)i ∈ P

i(−1,1;R) , i = 0,1, . . . ,q,

the Legendre polynomials, which form a basis inPq(−1,1;R), we can make the
ansatz

(π̂qû)(t) =
q

∑
i=0

ûiLi(t) (5.4)

and have to determine the coefficients ˆui ∈V. Employing the relations

Li(1) = 1,
∫ 1

−1
Li(t)L j(t)dt =

2
2i +1

δi j ,

there is obviously a unique solution to the corresponding linear system of equations,
which is given by

ûi =
2i +1

2

∫ 1

−1
û(t)Li(t)dt (i = 0,1, . . . ,q−1) , ûq = û(1)−

q−1

∑
i=0

ûi , (5.5)

which proves the existence and uniqueness of the local interpolant and thus also of
the interpolantπqqq

I
u.

Unfortunately, the results in [49] on the interpolation error cannot be applied here
as these results rely upon a setting inL2(0,T;V) with V being a separable Hilbert
space. We, therefore, provide in the following an estimate of the approximation and
interpolation error. The dependence on the polynomial degree and order of regularity
in our estimate is, however, not as optimal as in [49, Prop. 3.9]. Nevertheless, we
obtain the same order of convergence.

We commence by proving an approximation result.

Lemma 5.1 Let (X,‖ ·‖X) be a real Banach space and let v: [−1,1]→ X be a given
function with v,v′, . . . ,v(q+1) ∈ Lr(−1,1;X), where q∈ N and r∈ [1,∞]. Then there
is a polynomial Qv∈ Pq(−1,1;X) such that for all s∈ [1,∞]

‖v−Qv‖Ls(−1,1;X) ≤C( j, r,s)‖v( j+1)‖Lr (−1,1;X) , j = 0,1, . . . ,q,

‖v′− (Qv)′‖Ls(−1,1;X) ≤C( j −1, r,s)‖v( j+1)‖Lr (−1,1;X) , j = 1,2, . . . ,q,
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where (with the convention1/0 := ∞, 1/∞ := 0, ∞0 := 1)

C( j, r,s) =
2 j+1+1/s−1/r

j!( j +1+ j/(r −1))1−1/r( j +1+1/s−1/r)1/ss1/s
. (5.6)

Proof The proof employs, as in the classical setting for deriving estimates of the
approximation error in Sobolev spaces, an averaged Taylor expansion.

The assumption onv implies thatv,v′, . . . ,v(q) : [−1,1] → X are absolutely con-
tinuous. We, therefore, have for allt,y∈ [−1,1] the Taylor expansion

v(t) =
j

∑
k=0

(t −y)k

k!
v(k)(y)+

∫ t

y

(t −z) j

j!
v( j+1)(z)dz.

Let ϕ ∈ C ∞
0 (−1,1) be nonnegative with

∫ 1
−1 ϕ(y)dy= 1 and define

(Qv)(t) :=
∫ 1

−1

(
j

∑
k=0

(t −y)k

k!
v(k)(y)

)
ϕ(y)dy.

It is clear thatQv∈ P j(−1,1;X)⊂ Pq(−1,1;X). We then find

v(t)− (Qv)(t) =
∫ 1

−1

(∫ t

y

(t −z) j

j!
v( j+1)(z)dz

)
ϕ(y)dy

=

∫ t

−1

(∫ z

−1
ϕ(y)dy

)
(t −z) j

j!
v( j+1)(z)dz.

Let r∗ = r/(r −1) be the exponent conjugated tor > 1 with r∗ := 1 for r = ∞. With
the properties ofϕ and Hölder’s inequality, we obtain

‖v(t)− (Qv)(t)‖X ≤
∫ t

−1

(t −z) j

j!
‖v( j+1)(z)‖Xdz

≤
(∫ t

−1

[
(t −z) j

j!

]r∗

dz

)1/r∗

‖v( j+1)‖Lr (−1,1;X) ,

where
∫ t

−1

[
(t −z) j

j!

]r∗

dz=
(t +1) jr ∗+1

( j!)r∗( jr ∗ +1)
.

If r = 1, we have analogously

‖v(t)− (Qv)(t)‖X ≤ (t +1) j

j!
‖v( j+1)‖L1(−1,1;X) .

We thus come up with

‖v−Qv‖Ls(−1,1;X) ≤C( j, r,s)‖v( j+1)‖Lr (−1,1;X) ,
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where forr > 1 ands< ∞

C( j, r,s) =



∫ 1

−1

[
(t +1) jr ∗+1

( j!)r∗ ( jr ∗ +1)

]s/r∗

dt




1/s

=
2 j+1/r∗+1/s

j!( jr ∗ +1)1/r∗( js+s/r∗ +1)1/s
,

and

C( j,1,s)=
2 j+1/s

j!( js+1)1/s
(s< ∞) , C( j,1,∞)=

2 j

j!
, C( j, r,∞)=

2 j+1/r∗

j!( jr ∗ +1)1/r∗ (r > 1) .

This, together with some elementary calculations, proves the first assertion.
For the second estimate, we observe that

v′(t)− (Qv)′(t) =

∫ t

−1

(∫ z

−1
ϕ(y)dy

)
(t −z)( j−1)

( j −1)!
v( j+1)(z)dz.

The rest of the proof follows the same arguments as before butwith j being replaced
by j −1. ⊓⊔

Note that we have, in particular,

C( j,2,2) =
2 j+1

j!
√

2(2 j +1)( j +1)
≤ 2 j+1

( j +1)!
= C( j,∞,∞) . (5.7)

The following result provides the boundedness of the local interpolation operator.

Lemma 5.2 Let (X,‖ ·‖X) be a real Banach space and let v: [−1,1]→ X be a given
function with v,v′ ∈ Ls(−1,1;X) (s∈ [1,∞]). Then (with the convention(2q−1) := 0
for q = 0 and denoting by s∗ the exponent conjugated to s)

‖π̂qv‖Ls(−1,1;X) ≤
(
(2q−1)3/2−1/max(s,s∗) +(2q+1)−1/max(2,s)

)
‖v‖Ls(−1,1;X)

+ 2(2q+1)−1/max(2,s)‖v′‖Ls(−1,1;X) .

Proof We restrict our considerations to the caseq≥ 1; the proof forq = 0 immedi-
ately follows from (5.8) below. As in (5.4) and (5.5), we have

(π̂qv)(t) =
q−1

∑
i=0

vi (Li(t)−Lq(t))+v(1)Lq(t) ,

vi =
2i +1

2

∫ 1

−1
v(t)Li(t)dt (i = 0,1, . . . ,q−1) .

We, therefore, find

‖π̂qv‖Ls(−1,1;X) ≤
q−1

∑
i=0

‖vi‖X‖Li −Lq‖Ls(−1,1) +‖v(1)‖X‖Lq‖Ls(−1,1) ,

where fori = 0,1, . . . ,q−1

‖vi‖X ≤ 2i +1
2

‖v‖Ls(−1,1;X)‖Li‖Ls∗ (−1,1) .
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Because of the continuous embedding of the spaceW1,s(0,T;X) := {v∈Ls(−1,1;X) :
v′ ∈ Ls(−1,1;X)} into C ([−1,1];X), there holds

‖v(1)‖X ≤ 2−1/s‖v‖Ls(−1,1;X) +21/s∗‖v′‖Ls(−1,1;X) . (5.8)

The assertion follows with

‖Li‖Ls(−1,1) ≤ 21/s(2i +1)−1/max(2,s) (i = 0,1, . . . ,q) ,

which can be shown by employing the properties of the Legendre polynomials (in
particular,‖Li‖L∞(−1,1) = 1, ‖Li‖2

L2(−1,1)
= 2/(2i +1)), and

q−1

∑
i=0

(2i +1)1/2−1/max(s,s∗) ≤ (2q−1)3/2−1/max(s,s∗) .

⊓⊔

An immediate consequence is the following stability of the interpolation operator.

Lemma 5.3 Let (X,‖ · ‖X) be a real Banach space and let v: [0,T] → X be a given
function with v,v′ ∈ Lr(In;X) (n = 1,2, . . . ,N), where qmin ≥ 1 and r∈ [1,∞]. Then
for all s∈ [1,∞] and jn = 1,2, . . . ,qn (n = 1,2, . . . ,N)

‖πqqq
I
v‖Ls(0,T;X) ≤

(
(2qmax−1)3/2−1/max(s,s∗) +(2qmin+1)−1/max(2,s)

)
‖v‖Ls(0,T;X)

+ 2(2qmin+1)−1/max(2,s)τmax‖v′‖Ls(0,T;X) .

Proof Since

‖πqqq
I
v‖s

Ls(0,T;X) =
N

∑
n=1

‖πqqq
I
v‖s

Ls(In;X) ,

the assertion follows immediately from a transformation ofIn onto(−1,1), estimat-
ing the local interpolation on(−1,1), and an inverse transformation. Remember here

thatπ̂qv̂ = π̂qqq
I
v (with ˆ denoting the transformation). We only have to employthat

max
n=1,...,N

(
(2q−1)3/2−1/max(s,s∗) +(2q+1)−1/max(2,s)

)

≤ (2qmax−1)3/2−1/max(s,s∗) +(2qmin+1)−1/max(2,s)

and

max
n=1,...,N

2(2q+1)−1/max(2,s) ≤ 2(2qmin+1)−1/max(2,s) .

⊓⊔

We are now in the position to prove an estimate for the interpolation error.
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Lemma 5.4 Let (X,‖ · ‖X) be a real Banach space and let v: [0,T] → X be a given
function with v,v′, . . . ,v(qn+1) ∈ Lr(In;X) (n = 1,2, . . . ,N), where qmin ≥ 1 and r∈
[1,∞]. Then for all s∈ [1,∞] and jn = 1,2, . . . ,qn (n = 1,2, . . . ,N)

‖v−πqqq
I
v‖Ls(0,T;X) ≤

(
N

∑
n=1

τ( jn+1)s
n Dn( jn, r,s)

s‖v( jn+1)‖s
Lr (In;X)

)1/s

,

where (see (5.6))

Dn( jn, r,s) :=
(

1+(2qn−1)3/2−1/max(s,s∗) +(2qn+1)−1/max(2,s)
)

C( jn, r,s)

+ 2(2qn+1)−1/max(2,s)C( jn−1, r,s) .

Proof Since

‖v−πqqq
I
v‖s

Ls(0,T;X) =
N

∑
n=1

‖v−πqqq
I
v‖s

Ls(In;X) ,

the assertion will follow again from a transformation ofIn onto (−1,1), estimating
the local interpolation error on(−1,1), and an inverse transformation. Remember

thatπ̂qv̂ = π̂qqq
I
v (with ˆ denoting the transformation).

For the local interpolation error (withq = qn when transformingIn on (−1,1)),
we have

v̂− π̂qv̂ = v̂− π̂qQv̂+ π̂qQv̂− π̂qv̂ = v̂−Qv̂− π̂q(v̂−Qv̂) ,

and thus with Lemma 5.2

‖v̂− π̂qv̂‖Ls(−1,1;X)

≤
(

1+(2q−1)3/2−1/max(s,s∗) +(2q+1)−1/max(2,s)
)
‖v̂−Qv̂‖Ls(−1,1;X)

+ 2(2q+1)−1/max(2,s)‖v̂′− (Qv̂)′‖Ls(−1,1;X) .

Lemma 5.1 now yields

‖v̂− π̂qv̂‖Ls(−1,1;X) ≤ Dn( j, r,s)‖v̂( j+1)‖Lr (−1,1;X) ,

from which the assertion follows. ⊓⊔

With (5.7), we find in particular

Dn( j,2,2) =
2 j+1

j!
√

2

(
2qn+(2qn+1)−1/2
√

(2 j +1)( j +1)
+

(2qn +1)−1/2
√

(2 j −1) j

)

D( j,∞,∞) =
2 j+1

( j +1)!

(
j +2+(2qn−1)3/2

)
.

The error estimate now reads as follows.
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Theorem 5.2 Let Assumption A be fulfilled with p≥ 2 and assume (5.1) as well as
(5.2). Moreover, let u∈ W →֒ C ([0,T];H) be the solution to (1.1) with u0 ∈ H and
f ∈C ([0,T];V∗). If u′ ∈ Lp(0,T;V) and u(r) ∈ Lp∗(In;V∗) (r = 2, . . . , jn+1, 1≤ jn ≤
qn, jmin := minn=1,...,N jn) then the solution uI ∈ WI to (1.3) fulfills for k= 1,2, . . . ,N
the error estimate

|u(tk)−uI(t
−
k )|2 +

∣∣u0−uI(0
+)
∣∣2 + µ

∫ tk

0
‖u(t)−uI(t)‖pdt

≤ c
∣∣u0−u0

I

∣∣2 +cD1( j1, p∗, p)τ2+ j1
1 ‖u′‖

C (I1;V∗)‖u( j1+1)‖Lp∗(I1;V∗)

+ c
(

1+
(

1+(2qmax−1)3/2−1/p
)
‖u‖Lp(0,tk;V) +‖u′‖Lp(0,tk;V)

)p(p−1−γ)/(p−1)
×

×
(

k

∑
n=1

τ( jn+1)p
n Dn( jn, p∗, p)‖u( jn+1)‖Lp∗ (0,tk;V∗)

)γ/(p−1)

≤ c
∣∣u0−u0

I

∣∣2 + c̄τ( jmin+1)γ/(p−1)
max ,

where c> 0 is independent of u and qqq butc̄ may depend on qqq as well as on‖u‖Lp(0,T;V),

‖u′‖Lp(0,T;V) ‖u′‖
C (I1;V∗), ‖u( jmin+1)‖Lp∗ (0,T;V∗).

Proof We test (1.1) as well as (1.3) by an arbitrary functionvI ∈ WI ⊆ X and sub-
tract the two equations. This gives (with the conventionu(0−) := u0, (πqqq

I
u)(0−) :=

(πqqq
I
u)(0+)) the relation

N

∑
n=1

∫

In

(
u′(t)−u′I(t),vI(t)

)
dt+

N

∑
n=1

(
[[u(tn−1)−uI(tn−1)]],vI(t

+
n−1)

)

+
∫ T

0
〈A(t)u(t)−A(t)uI(t),vI(t)〉dt = 0, (5.9)

which resembles the classical Galerkin orthogonality. (Remember[[u(tn−1)]]≡ 0 since
u is continuous.)

With (5.1), integration by parts (employing (3.4), (3.5)),takingvI = (uI−πqqq
I
u)χ[0,tk]

(k = 1,2, . . . ,N) in (5.9) and integration by parts again, we find

1
2
|uI(t

−
k )− (πqqq

I
u)(t−k )|2− 1

2
|uI(0

−)− (πqqq
I
u)(0−)|2

+
1
2

k

∑
n=1

∣∣[[uI(tn−1)− (πqqq
I
u)(tn−1)]]

∣∣2 + µ
∫ tk

0
‖uI(t)− (πqqq

I
u)(t)‖pdt

≤
k

∑
n=1

∫

In

(
u′

I
(t)− (πqqq

I
u)′(t),uI(t)− (πqqq

I
u)(t)

)
dt

+
k

∑
n=1

(
[[uI(tn−1)− (πqqq

I
u)(tn−1)]],uI(t

+
n−1)− (πqqq

I
u)(t+n−1)

)

+
∫ tk

0

〈
A(t)uI(t)−A(t)(πqqq

I
u)(t),uI(t)− (πqqq

I
u)(t)

〉
dt
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=
k

∑
n=1

∫

In

(
u′(t)− (πqqq

I
u)′(t),uI(t)− (πqqq

I
u)(t)

)
dt

+
k

∑
n=1

(
[[u(tn−1)− (πqqq

I
u)(tn−1)]],uI(t

+
n−1)− (πqqq

I
u)(t+n−1)

)

+

∫ tk

0

〈
A(t)u(t)−A(t)(πqqq

I
u)(t),uI(t)− (πqqq

I
u)(t)

〉
dt

= −
k

∑
n=1

∫

In

(
u(t)− (πqqq

I
u)(t),u′I(t)− (πqqq

I
u)′(t)

)
dt

−
k

∑
n=1

(
u(t−n−1)− (πqqq

I
u)(t−n−1), [[uI(tn−1)− (πqqq

I
u)(tn−1)]]

)

+
(
u(t−k )− (πqqq

I
u)(t−k ),uI(t

−
k )− (πqqq

I
u)(t−k )

)

−
(
u(0−)− (πqqq

I
u)(0−),uI(0

−)− (πqqq
I
u)(0−)

)

+

∫ tk

0

〈
A(t)u(t)−A(t)(πqqq

I
u)(t),uI(t)− (πqqq

I
u)(t)

〉
dt .

The first term of the right-hand side of the foregoing estimate vanishes in view of
the definition ofπqqq

I
since the restriction ofu′

I
− (πqqq

I
u)′ on In is in P

qn−1(In;V). The
second (except for the initial error withn = 1) and the third term vanish also because
of the definition ofπqqq

I
. Hence, we find

1
2
|uI(t

−
k )− (πqqq

I
u)(t−k )|2− 1

2
|uI(0

−)− (πqqq
I
u)(0−)|2

+
1
2

k

∑
n=1

∣∣[[uI(tn−1)− (πqqq
I
u)(tn−1)]]

∣∣2 + µ
∫ tk

0
‖uI(t)− (πqqq

I
u)(t)‖pdt

≤−
(
u(0−)− (πqqq

I
u)(0−), [[uI(0)− (πqqq

I
u)(0)]]

)

−
(
u(0−)− (πqqq

I
u)(0−),uI(0

−)− (πqqq
I
u)(0−)

)

+
∫ tk

0

〈
A(t)u(t)−A(t)(πqqq

I
u)(t),uI(t)− (πqqq

I
u)(t)

〉
dt .

Recallingu(0−) := u0, uI(0−) := u0
I
, (πqqq

I
u)(0−) := (πqqq

I
u)(0+) and employing the

Cauchy–Schwarz and Young inequality yields

1
2
|uI(t

−
k )− (πqqq

I
u)(t−k )|2 +

1
2

∣∣uI(0
+)−u0

I

∣∣2 + µ
∫ tk

0
‖uI(t)− (πqqq

I
u)(t)‖pdt

≤ 1
2
|u0

I
− (πqqq

I
u)(0+)|2−

(
u0− (πqqq

I
u)(0+),uI(0

+)−u0
I
+u0

I
− (πqqq

I
u)(0+)

)

+

∫ tk

0

〈
A(t)u(t)−A(t)(πqqq

I
u)(t),uI(t)− (πqqq

I
u)(t)

〉
dt

≤ |u0
I
− (πqqq

I
u)(0+)|2 +

3
2

∣∣u0− (πqqq
I
u)(0+)

∣∣2 +
1
4

∣∣uI(0
+)−u0

I

∣∣2

+ c
∫ tk

0
‖A(t)u(t)−A(t)(πqqq

I
u)(t)‖p∗

∗ dt+
µ
2

∫ tk

0
‖uI(t)− (πqqq

I
u)(t)‖pdt ,
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wherec > 0 only depends onµ andp. It follows

|uI(t
−
k )− (πqqq

I
u)(t−k )|2 +

∣∣uI(0
+)−u0

I

∣∣2 + µ
∫ tk

0
‖uI(t)− (πqqq

I
u)(t)‖pdt

≤ c

(
|u0

I
− (πqqq

I
u)(0+)|2 +

∣∣u0− (πqqq
I
u)(0+)

∣∣2 +
∫ tk

0
‖A(t)u(t)−A(t)(πqqq

I
u)(t)‖p∗

∗ dt

)

≤ c

(
|u0

I
−u0|2 +

∣∣u0− (πqqq
I
u)(0+)

∣∣2 +

∫ tk

0
‖A(t)u(t)−A(t)(πqqq

I
u)(t)‖p∗

∗ dt

)
.

(5.10)

With (5.2), Hölder’s inequality and Lemma 5.2, we also have

∫ tk

0
‖A(t)u(t)−A(t)(πqqq

I
u)(t)‖p∗dt

≤ c
(
1+‖u‖Lp(0,tk;V) +‖πqqq

I
u‖Lp(0,tk;V)

)p∗(p−1−γ)‖u−πqqq
I
u‖p∗γ

Lp(0,tk;V)
. (5.11)

Recalling thatu ∈ C ([0,T];H) andu(tk) = (πqqq
I
u)(t−k ) (k = 1,2, . . . ,N), we find

with (5.10) and (5.11)

|u(tk)−uI(t
−
k )|2 +

∣∣u0−uI(0
+)
∣∣2 + µ

∫ tk

0
‖u(t)−uI(t)‖pdt

≤ c
(
|(πqqq

I
u)(t−k )−uI(t

−
k )|2 +

∣∣u0−u0
I

∣∣2 +
∣∣u0

I
−uI(0

+)
∣∣2

+µ
∫ tk

0
‖u(t)− (πqqq

I
u)(t)‖pdt+ µ

∫ tk

0
‖(πqqq

I
u)(t)−uI(t)‖pdt

)

≤ c
(∣∣u0−u0

I

∣∣2 + |u0− (πqqq
I
u)(0+)|2 +‖u−πqqq

I
u‖p

Lp(0,tk;V)

)

+ c
(
1+‖u‖Lp(0,tk;V) +‖πqqq

I
u‖Lp(0,tk;V)

)p∗(p−1−γ)‖u−πqqq
I
u‖p∗γ

Lp(0,tk;V)

The final error estimate now follows from the foregoing estimate together with Lemma 5.3
and 5.4 upon noting thatp ≥ p∗γ and that with (5.3), integration by parts, and
u′ ∈W1,p∗(0,T;V∗) →֒ C ([0,T];V∗)

|u0− (πqqq
I
u)(0+)|2 = |u0− (πqqq

I
u)(0+)|2−|u(t1)− (πqqq

I
u)(t−1 )|2

= −
∫ t1

0
〈u′(s)− (πqqq

I
u)′(s),u(s)− (πqqq

I
u)(s)〉ds

= −
∫ t1

0
〈u′(s),u(s)− (πqqq

I
u)(s)〉ds

≤ ‖u′‖Lp∗(0,t1;V∗)‖u−πqqq
I
u‖Lp(0,t1;V)

≤ τ1‖u′‖C ([0,t1];V∗)‖u−πqqq
I
u‖Lp(0,t1;V) .

Indeed, in order to get a local error estimate, we apply Lemma5.3 and 5.4 only on
the subintervalsI1 and(0, tk), which is clear from the corresponding proofs. ⊓⊔
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The above theorem provides a global error estimate of maximum order(qmin +
1)γ/2(p−1) for the left values of the numerical solution in each of the subintervals
and of order(qmin + 1)γ/p(p− 1) in the Lp(0,T;V)-norm if the initial error is of
appropriate order. The order of the error here coincides with the result known from
[3] for the special situationp = 2, γ = 1, andqn ≡ q dealt with there. We are not
going to quantify the dependence onqqq in more detail as we would do for ahp-variant
method since, in general, we cannot expect a very high accuracy of the exact solution
to the nonlinear problem.
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52. V. Sobotı́ková and M. Feistauer, Effect of numerical integration in the DGFEM for nonlinear
convection-diffusion problems,Numer. Methods Partial Differ. Equations23 (2008) 6, pp. 1368–
1395.

53. V. Thomée,Galerkin finite element methods for parabolic problems, Springer, Berlin, 2006.
54. E. Zeidler,Nonlinear functional analysis and its applications, II/A:Linear monotone operators, II/B:

Nonlinear monotone operators, Springer, New York, 1990.
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