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DISTRIBUTION OF VALUES OF QUADRATIC FORMS AT
INTEGRAL POINTS *

FRIEDRICH GOTZE AND GREGORY MARGULIS

ABSTRACT. The number of lattice points in d-dimensional hyperbolic or elliptic shells
{m; a < Q[m] < b} which are restricted to rescaled and growing domains r €2 is ap-
proximated by the volume. An effective error bound of order o(r?~2) for this approx-
imation is proved based on Diophantine approximation properties of the quadratic
form @. These results allow to show effective variants of previous non-effective re-
sults in the quantitative Oppenheim problem and extend known effective results in
dimension d > 9 to dimension d > 5. They apply to wide shells when b —a is growing
with 7 and to positive forms ). For indefinite forms they provide explicit bounds for
the norm of non-zero integral points m in dimension d > 5 solving the Diophantine
inequality |Q[m]| < e.

1. INTRODUCTION AND RESULTS

Let Q[x] denote an indefinite quadratic form in d variables. We say, that the form @
is rational, if it is proportional to a form with integer coefficients; otherwise it is called
irrational. The Oppenheim conjecture, proved by G. Margulis 1986, stated,
that if d > 3 and @ is irrational, then Q[Z9] is dense in R. The proof given in 1986
uses a connection, noticed by M. S. Raghunathan between the Oppenheim conjecture
and questions concerning closures in SL(3,R)/SL(3,Z) of orbits of certain subgroups
of SL(3,R). It is based on the study of minimal invariant sets and the limits of orbits

of sequences of points tending to a minimal invariant set.

For a (measurable) set B C R? vol B denotes the Lebesgue measure of B and vol; B o

#(B N Z%) denotes the number of integer points on B. We define for a,b € R, with
a < b the hyperbolic shell

def

E.p, = {z€R%a < Qz] <b}.

The Oppenheim conjecture is equivalent to the statement, that if () is irrational and
d > 3, then voly E,, = 0o, whenever a < b. The study of the distribution of values of
() at integer points, often referred to as "quantitative Oppenheim conjecture” was the
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subject of several papers.

Let p be a continuous positive function on the sphere {v € R? : ||v|| = 1} and let
Q= {veR: ||v]| < pl/llv])}. We denote by rQ the dilate of Q by r > 1.
In [DM93] S.G. Dani and G. Margulis obtained the following asymptotic exact lower
bound under the same assumptions that () is irrational and d > 3 :

.. volg (Eup NrQY)
1 f ’ > 1. 1.1
mm vol (B, N1r§2) — (1.1)

Remark 1.1. Tt is not difficult to prove (see Lemma 3.8 in [EMMO98|) that as r — oo,
vol (Eap N7Q) ~ Ag.alb —a)r®2,

dA
oo M / i 1.2
o0 = | TVQI (12)

L is the light cone () = 0 and dA is the area element on L.

where

The situation with asymptotics and upper bounds is more subtle. It was proved
in [EMMOS]| that if @ is an irrational indefinite quadratic form of signature (p,q),
p+q=d, with p>3and g > 1, then for any a < b

volz (B, Nr2)

li =1 1.
b vol (B, N72) (1.3)

or, equivalently, as r — oo,
VOIZ (Ea,b N TQ) ~ )\Qﬂ(b - CL)’/’d_2, (14)

where \g ¢ is as in (L.2).

If the signature of @ is (2,1) or (2,2) then no universal formula like (L4) holds. In
fact, it is proved in [EMMO98| that if € is the unit ball and ¢ = 1 or 2, then for every
e > 0 and every a < b there exist an irrational quadratic form @ of signature (2, ¢) and
a constant ¢ > 0 such that for an infinite sequence r; — oo

voly (Eap N1Q) > cri(log i)t E

While the asymptotics as in (L4) does not hold in the case of signatures (2,1) and
(2,2), it is shown in [EMMO8] that in this case there is an upper bound of the form
r7logr. This upper bound is effective and it is uniform over compact sets in the space
of quadratic forms. It is also shown in [EMMO98| that there is an effective uniform
upper bound of the form cr?=2 for the case p > 3, ¢ > 1.

The examples in [EMMO8] for the case of signatures (2, 1) and (2, 2) are obtained by
considerations of irrational forms which are very well approximated by split rational
forms. More precisely, a quadratic form @ is called extremely well approzimable by
split rational forms (EWAS) if for any N > 0 there exists a split integral form @)’ and
2 < k € R such that .

Q- Q1 < .
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where || - || denotes a norm on the linear space of quadratic forms. It is shown in
[EMMO98| that if @ is an indefinite quadratic form of signature (2,2) which is not
EWAS then for any interval (a,b), as r — oo,

Noa(a,b,r) ~ Ag.alb— a)r?, (1.5)

where A\g o is the same as in ([.2) and NQJ}(CL, b,r) counts all the integral points in
E,» NrQ not contained in rational subspaces isotropic with respect to ). It should be
noted that

(i) an irrational quadratic form of signature (2,2) may have at most four rational
isotropic subspaces

(i) if 0 & (a,b), then Ng g(a,b,r) = voly (E., N7rQ).

The above mentioned results have analogs for inhomogeneous quadratic forms

Qelz] = Qz +¢], €eR?
We define for a,b € R with a < b the shifted hyperbolic shell

Eupe & {2 €R?: a < Qlz] < b}.

We say that Q¢ is rational if there exists ¢ > 0 such that the coefficients of t() and the
coordinates of t§ are integers; otherwise Q)¢ is irrational. Then, under the assumptions
that Q¢ is irrational and d > 3, we have that (see [MMI0])

lim inf VOIZ (Ea,b,§ N TQ)
r—oo Vol (Egpe NTw)

The proof of (L6 is similar to the proof of (LLTl).
Let (p,q) be the signature of Q. If p > 3, ¢ > 1, and Q) is irrational then (see

[MMTO])

> 1. (1.6)

. VOIZ (Eabgm’/’Q)
1 — =1 1.
TLIEO vol (Ea,b,§ N ’/’Q) ( 7>

or, equivalently, as r — oo,
voly (Eupe N7TQ) ~ Agalb — a)r®2. (1.8)

The proof of (L7) is similar to the proof of (L3). The paper [MMIQ] also contains
an analog of (LX) for inhomogeneous forms in the case of signature (2,2). One should
also mention related results of Marklof [Mark02] [Mark03].

Remark 1.2. The proofs of the above mentioned results use such notions as a minimal
invariant set (in the case of the Oppenheim conjecture) and an ergodic invariant mea-
sure. These notions do not have in general effective analogs. Because of that it is very
difficult to get "good" estimates for the size of the smallest nontrivial integral solution
of the inequality |Q[m]| < e and "good" error terms in the quantitative Oppenheim
conjecture by applying dynamical and ergodic methods.
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1.1. Diophantine inequalities. In the next sections we shall develop effective analogs
of the results above which are needed to show that for irrational Q) , |Q[m]| < € admits
a nontrivial integral solution m with size measured in terms of e~'. For rational Q
recall the following results for integer valued quadratic forms from reduction theory
and the geometry of numbers. Let A[m] denote an integer valued indefinite quadratic
form on a d-dimensional lattice A in R?. Meyer (1884), [Mey84], showed that such
a form has a non-trivial zero on A if d > 5. Moreover, Birch and Davenport (1958),

, showed that

Theorem 1.3. If A[m| admits a nontrivial zero on A then there exist an m € A with
FEuclidean norm
0 < |lm|| < 74(2Tr A%)@=D/2(detA)?, (1.9)

where vy denotes Hermite’s constant.

We shall use these results together with effective errors bounds for lattice point
approximations to describe solutions of the Diophantine inequality |Q[m]| < 1 on Z4
for all indefinite forms.

Let @ denote as well the symmetric matrix in GL(d,R) associated with the form

Qlz] oo (x,Qx), where (-,-) is the standard Euclidean scalar product on R?. Let

@+ denote the unique positive symmetric matrix such that Q3 = @Q* and let Q. [z] =
(z, Q4 x) denote the associated positive form with eigenvalues being the absolute eigen-
values of (). Let ¢, resp. gy denote the largest resp. smallest of these absolute eigen-
values of () and assume ¢y > 1.

Theorem 1.4. For all indefinite forms nondegenerate forms of dimension d > 5 there
exists an constant cq,, depending on d and n > 0 only, such that there is nontrivial
integral solution of |Q[m]| < 1 with

0 < Q4 [m] < capldet Qg1+, (1.10)
for arbitrary small n > 0.

Note that for a compact set of forms @, such that 1 < ¢y < ¢ < C(d), for some
constant C'(d) depending on d only, we obtain nontrivial integral solutions of |Q[m]| < ¢

(via rescaling |(Q/e)[m|| < 1) with norms bounded by |m| < cdme_dﬂ_f_il_" for
n > 0 abitrary small. Embedding Z° C Z9 for dimensions d > 5 (i.e. choosing d — 5
coordinates to be zero), solutions of |Q[mg]| < 1 for the case of 5 dimensions provide
solutions of this Diophantine inequality for d > 5. Thus the case of d = 5 is of particular
importance. Here Theorem [[4yields a nontrivial integral solution of |Q[m]| < & of size
0 < |m| < ¢q, e 127" For the special case of diagonal indefinite forms Q[z] = Z?=1 q]aﬁ
with min|g;| > 1 Birch and Davenport (1958), [BD58al, obtained a sharper bound.
They showed for arbitrary small 7 > 0 that there exists an m € Z°\ 0 with |Q[m]| < 1
and Q+[m] <4, (det Q4 )'™. This implies (as above) for that compact set of forms Q
that there exists an integral vector m with ||m|| < ¢z, e 72" and 0 < |Q[m]| < e.
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For irrational indefinite quadratic forms we may quantify the density of values Q[m)]
m € rQNZ% as follows. Let ¢y > 0 denote a positive constant. Consider the set

V(r) def {Q[m] :m € Crygy N Zd} N [—cor?, cor?]

of values of Q[z] lying in the interval [—cor?, cor?], for z € C,),,. We define the
maximal gap between successive values as

d(r) L sup inf{fv—u : v>uveV(r)} (1.11)

ueV(r)

As a consequence of our quantitative bounds in Theorems 2.1] below we obtain

Corollary 1.5. Let @) denote a non-degenerate d-dimensional indefinite form, which
satisfies a Diophantine condition of type (k,A) in (LIB) below for k > 0 sufficiently
small. Then for a fized sufficiently small constant cy > 0, there exists a constant ¢, 4.0.4
(explicitly depending on k, A, Q and d) such that the maximal gap is bounded from
above by

d(’f’) S Cd7,§7A7Q’r’_VO, (112)

for sufficiently large v, where vy = (1-r)(1—(446)/d) and 0 < 6 < 1/10 is defined
in Theorem 2.

For positive definite quadratic forms, Davenport and Lewis [DL72] conjectured in
1972, that the distance between successive values v, of the quadratic form Q[x] on Z¢
converges to zero as n — oo, provided that the dimension d is at least five and @ is
irrational. This conjecture was proved in Gotze [Got04].

The conjecture follows by the techniques of the present paper as well which provides
error bounds for the lattice point counting problem for the indefinite case as well as
the positive definite case.

The proof is similar as in the case of positive forms solved in [G6t04]: For any € > 0
and any interval [b,b+ €], we find at least two lattice points in the shell Ep; . (and
the box of size r = 2v/b), by Corollary 23 provided that b is larger than a threshold
b(e). Here b(e) and consequently the distance between successive values (as a function
of b) depends on the rate of convergence of the Diophantine characteristic p(r), (in the
bound of Corollary 2.3), towards zero.

1.2. Discussion of Effective Bounds and Outline of Proofs. In order to prove an
effective result like Theorem [[L4 we need an explicit bound for the error, say 6(rQ2NE, ),
of approximating the number of integral points m € E,; in a bounded domain r {2 by
the volume in (L2). Since the description of these error bounds is more involved for
general domains €2, we simplify the problem and first replace the weights 1 of integral
points m € r{) by suitable smoothly changing weights w(m), which tend to zero as
m/r tends to infinity.

Smooth weights in R?. Using the weights w(x) o exp{—Q[z]/r*} our techniques
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yield effective bounds for the approximation of a weighted count of lattice points m
with Q[m] € [a, b] by a corresponding integral with an error

5 Fap) 1Y w /E w(z)da]. (1.13)
a,b

mGEa b

The following bounds for §(r, E, ;) are identical for the case of positive and indefinite
d-dimensional forms @), provided that d > 5. Using Vinogradov’s notation A <5 C,
(meaning that A < c¢g C with a constant ¢ > 0 depending on B), we have

apb—a

5(T7 Ea,b) <Q,d T (b_CL)pr a( )_'_T (114>

,
provided that b —a <r. (If r <b—a < r2 the second term in the bound has to be
replaced by 7%2logr). The function pg,_.(r) tends to zero for r tending to infinity if
@ is irrational. Moreover, assume that () is Diophantine in the sense that there exist
constants (k, A), k € (0,1) and A > 0, such that for every integer matrix M and
integer ¢ # 0 we have

inf [|[Mq™' —tQ| > Aqg ", (1.15)
te(1,2]
Then we conclude that pg(r,b—a) <ga.a r " (b—a)'™2, where vy, vy € (0,1) depend
on d, k and A (see Corollary 2.7)).
Constant weights in Q2. Consider now regions €2 introduced in (II]) above.
Introduce a w-smoothed indicator function, say I, (Q[z]), for E,; and an e-smoothed
indicator function, say I5,(x) for rQ2. These smoothing procedures interpolate weights
from 1 to 0 in the w- resp. the e-boundaries of [a, b] resp. r{). Provided that we can

control both errors by estimating the volumes of e-boundaries, (compare Lemma B3]
Corollary B2 (319))), we then have to estimate

5 wlm) Q) Ea(m) ~ [ w() Qe En(o)ds £V, =W, say, (116)

meZzZd

in order to bound the lattice point counting error 6(r2N E,;). Rewrite the weights in

V. (which are 1 in the interior of Q2 N E,;) as product of the three bounded weights

w(m),(introduced above), wi(m) < 1¥,(Q[m]) and ws(m) € exp{Q. [m]/r*} I (m).

Using inverse Fourier transforms we may express these weights as

wilm) = [ exp=itQUnl s, wa(m) = [ exp{=i{o.m) o o)

with respect to some finite (signed) measures ia,b)w and fig ..
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Combining the factors exp{—itQ[m]}, exp{—(v,m)} in (I.16) and w(m) into terms
of the generalized theta series

0,(t) = > exp{—i(v,m) — itQlm] — Q4 [m]/r*}

mezZd

one arrives at an expression for V. by the following integral (in ¢ and v) over 6,(¢):

Vi [ dvnac(o) [ din et (0 (117

The approximating integral W, to this sum V,. can be rewritten in exactly the same way
by means of a theta integral, say O, (), replacing the theta sum 6,(¢). Thus, in order to
estimate the error |V, — W, |, the integral over ¢ and v of |0, (¢) — O, (t)||4(a,p],0 (1) 10, (V)]
has to be estimated.

For |t| < 77! and ||z]| < r the functions z — exp{itQ[z]} are sufficiently smooth,
so that the sum 6,(t) is well approximable by the first term of its Poisson series, that
is the corresponding integral ©,(t), (see Lemma [I3]). The error of this approximation,
after integration over v, yields the second error term in ((LT4]), which does not depend
on the Diophantine properties of ). The remaining error term we have to consider (for
an appropriate choice of T~ w™1) is

1= [t [l e (1.18)
T>[t|>r—1 R4

which is estimated as follows for x € (0, 1)

I'<|lpoely  sup |9v(t)l“/ dt sup|f, (6)]" =" | ga.0 (£)], (1.19)
T>|t|>r—1 v

T>[t|>r—1

where ||poclli = [|pac|dv depends on the shape of the region 2 and grows with the
reciprocal of the e-smoothing of the region. The second factor in the bound of I in
(LI9) encodes the Diophantine behavior of @ as described above. The third factor
is crucial. For some sufficiently small £ (depending on d) this average over ¢ is of
order 7?2, provided that d > 4, see Lemma [ZIl The resulting bound, (when choosing
w ~ T~" as order of the smoothing parameter for the region E,;), is an error bound
of the form (compare Theorem 2.T])

S(rQN Eyy) <ao (b —a)yr™ 4+ |luacllip(r,b — a)r®™2 + rd/QbTa, (1.20)
which has to be optimized in the smoothing size ¢ restricted to € >4 7~ *(logr)?. The
first term is due to the intersection of £,; with the boundary of r{2. In the case of
positive definite forms () this intersection is empty for sufficiently large r, say r = 2v/b,
when E,;, C r/29Q. Hence we may drop this term and fix €, say at 1/16. (Compare
Theorem 2.3)).
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The Diophantine factor p(r,b — a). In order to describe the second term in (L.20),
we show that (uniformly in v (see Lemma [£.4))

0, <> exp{~v]*} € I, (1.21)

vEA:

where Ay € SL(2d,R)/SL(2d,Z) is a family of 2d-dimensional lattices generated by
orbits of one-parameter-subgroups of SL(2d,R) indexed by ¢ and r.

The average of I, over t is derived in Lemmas B.II7.1] and [7.2] using an involved
recursion in the size of  and building on a method developed in [EMMO98| about upper
estimates of averages of certain functions on the space of lattices along translates of
orbits of compact subgroups. At this point the current approach is fundamentally
different to the approach of previous effective bounds for §(r2 N E,;) by Bentkus and
Gotze [BG99), see also [BGIT], valid for d > 9 and positive as well as indefinite forms.
The reduction to I, and p(r,b— a) follows the approach used in Gétze, [G6t04], where
I;, has been estimated for d > 5 by methods from Geometry of Numbers, which
essentially required positive definite forms. A variant of that method has been applied
to split indefinite forms in a PhD thesis by Elsner [EIs09].

In order to study the existence of solutions to the Diophantine inequalities in Theo-
rem [[L4] with explicit dependence on the eigenvalues of (), we have restricted ourselves
to consider special regions €2 which are transformed cubes. This choice is motivated
by the fact that in this case the first factor ||pqc[[1 in the error bound (ILI9) has an
almost minimal growth (loge™!)? in 7!, see Lemma A1l

The paper is organized as follows. In the following Section 2 we describe the explicit
technical estimates of lattice point remainders. In Section 3 we transfer the problem
to Fourier space starting with a smoothing step and rewriting it in terms of integrals
over d-dimensional theta sums. Section 4 provides a reformulation of the problem via
upper bounds in terms of integrals over the absolute value of other theta sums with
symplectic structure on R??. These in turn are estimated using basic arguments from
Geometry of Numbers, (Section 5) and in Section 6 based on crucial estimates for
averages of functions on the space of lattices. Finally, in Section 7 all these results are
combined to conclude the results of Section 2.

Acknowledgments
The authors are indebted to A. Zaitsev and G. Chistyakov for discussions and sugges-
tions concerning earlier versions of this paper.

2. EFFECTIVE ESTIMATES

We consider the quadratic form

Q[z] o (Qu,z), for zeR%
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where (-, -) denotes the standard Euclidean scalar product and @ : RY — R denotes a

symmetric linear operator in GL(d, R) with eigenvalues, say, q1, ..., qq. Write
def . def
= ; = 1’ 2.1
g = min g, ¢ = max g (2.1)

In what follows we shall always assume that the form is non-degenerate, that is, that
qo > 0.
Using the matrix ()4 defined in the introduction let L oo i/ ? € GL(d,R) denote

the positive definite symmetric matrix with L2 = Q..

. . . def def
For r > 0 we consider as a special class of regions {2 the 'rescaled” boxes rQ2 = C, =

{Lor € R? : |z|oe < 1}, where || denotes the maximum norm on R?, and

def

H & B € E,nC,. (2.2)

We want to investigate the approximation of the lattice volume of H, by the Lebesgue
volume. Hence we estimate the following relative lattice point remainder of hyperbolic
(or elliptic) shells in C, for r large. Define

voly H, — vol H,

def
Alr) = vol H,

(2.3)

In order to describe the explicit bounds we need to introduce some more notations.
Let 3 > 2/d such that 0 < 1/2 — 8 < 1/2 —2/d for d > 4. For a lattice A C R??, with
dimA =2d and 1 <[ < d we define its a;-characteristic by

def

a(A) = sup{ | de’c(/\')‘_1 : A" C A, I-dimensional sublattice of A}. (2.4)

Here, det(A’) = det(AT A)Y/2, where A’ = AZ? and A denotes a (2d) x d-matrix.
Introduce

. B 1/2-8
Yrmpr) & s { (rlaa(A)) s TS < T, (2.5)

where A; = d,u;Aq denotes a 2d-dimensional lattice obtained by the diagonal action
of d,,u; € SL(2,R) on (R?)? defined in (EI9) and Ag denotes a fixed 2d-dimensional
lattice depending on @ introduced in (B.I8]).

With these notations we state a result providing quantitative bounds for the differ-
ence between the volume and the lattice point volume of a hyperbolic shell.

Theorem 2.1. Let () denote a non-degenerate d-dimensional indefinite form, d > 5,

with qo > 1. Choose = 2/d + d/d for some arbitrary small § € (0,1/10) and let

¢ d(1/2 = pB) =dJ/2 —2 — . Then there exist constants ¢y > 0and a(d) depending

on d only such that, for anyr > q > qo > 1, b > a and |a| + |b| < cor?, we have with
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(b—a)* o min(b — a, 1) and for any r~ (logr)? <ze <1/9, 0 <w < (b—a)*/8

def | vOlz H(r)
A = vol H(r) |
PQp-aw(T) |
< a(d){a + % + (loge™)4 <AQQ7Zf7a() +r~2e(r, b — a)) }, where
* er . b—a)" *
o) 2 inf {10g( L= )y o) 4 cqb—a) T T € 1/ 1])
b—a
r? log(1 + ) 2
E(rb—a) Tt Tyxge (log(T g ) (b—a)") |

Ao & |det QY482 and co & |det Q|M/4=P/? as well. Here we denote by A =<4 B
quantities of equivalent size (up to constants depending on d only),
ie. ALKy B <y A.

Remark 2.2. The bound in Theorem 2] holds for inhomogeneous quadratic forms
Qlz + &] uniformly in ||, < 1 as well.

Our techniques apply, using the vz 1) g-characteristic of irrationality used above,
for positive forms as well. Simplifications arise from the fact that only the w-smoothing
of E,; has to be calibrated with other parameters of the error bound. Here we shall
choose a special region 7{2 = C, in such a way that the lattice points in E,; are
contained in C, and will be counted with weights 1 using the e-smoothing of the
indicator of C,., in (LI6]) with ¢ = 1/16.

Corollary 2.3. Let () denote a non-degenerate d-dimensional positive definite form
with d > 5, and qo > 1. For any b > q > qo > 1 and r = 2b"/? we have

[voly H, — vol H,| <4 1972 po(r) + |det Q|~Yr%?1ogr, (2.6)
where ot
pa(r) 2 int {loa(T=g) e rys(r) 4o - Toe )}, (@)

where T}, = BoT_“h(1_), Bg = |det Q|—(1/2—5) q—3/2 and

2
h(T-) & (log(T_ q_1/2)<q1/2> . Furthermore, lim,_,, p(r) = 0, as r (and b) tend to

infinity, provided that Q) is irrational. This bound is related to the bound obtained in
[C5t04].

In the following we shall simplify the rather implicit bound of Theorem 2.1l for various
choices of the interval length b — a > 0 and (smoothing) parameters e, w and 7" which
will be optimized depending on r.

Remark 2.4. Note that in Theorem [2.1] we have

r2

b—a

Erb—a)<r, if b—a<r, &rb—a) <K log(r), if b—a>r (2.8)
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Corollary 2.5. With the assumptions of Theorem [21 we have for b —a <1

(r,b—a)

AT <<d AQ pr_ +7‘_d/2£(r,b—a),

with Ty =<4 h(T_)T=* and

*

P0.b—a(T) L inf {\log T_|d<fy[T7,T+]75(r) log (b;if) +co(b— a)*TE) :
TLev*+m*&u}. (2.9)
For any fixed T'> 1 > T_ and irrational @) it is shown in Lemma [5.T1] that
Tli_)rrolo Y- 1,8(r) = 0, (2.10)

with a speed depending on the Diophantine properties of (). This implies for fixed
b —a > 0 that

lim pgp—q(r) = 0. (2.11)

r—00

and hence lim A, = 0.
r—00

In order to get an effective bound we consider the following class of Diophantine Q).

Definition 2.6. We call ) Diophantine of type (x,A) if there exists a number 0 < £ < 1
and a constant 0 < A < oo such that for any m € Z there exists an M € M (d,Z) with

inf || M — mtQ)|| > Al|m|™". (2.12)

te(1,2]

Corollary 2.7. Consider quadratic forms Q[x] with matriz Q which is Diophantine of
type (k,A). Choosing 5 such that Bd =2+ ¢ for some sufficiently small 0 < n < 1/10,

we have with % 1/2—-p=1/2—-(2+0)/d and (b— a)* = min(b —a, 1)
PQb-a(r) Karagq (0gr)*r=((b—a)*)' ™, (2.13)

where v = 2(1 — k)/(d+ 1+ k), and v, = 1/(d+ 1+ K)/u, provided that r > 1 is
sufficiently large and k > 0 is sufficiently small (dending on d). Thus we conclude
for sufficiently small and fized § and ’good’ Diophantine types (A, k) (with sufficiently
small fized Kk > 0)

A(r) <aarg (logr)*r=1((b—a)) ™2 +r~¥%¢(r,b — a) (2.14)
ot r? log(1 + b—a )
&(r,b—a) = T " | where the implied constant in (ZI4) can be explicitly

determined.
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3. FOURIER ANALYSIS

3.1. Smoothing. The first step in the proof of Theorem 2.1]is the rewriting of lattice
point counting errors ‘VOIZ H, —vol Hr‘ in terms of integrals over appropriate smooth
functions.

To this end we introduce a continuous approximation of the indicator function of
H,=E,; NC,.

Denote by k a positive measure with compact support satisfying the assumptions
([-1,1]) =1 and |E(t)| < exp{—c|t|'/?} for all t € R and a positive constant ¢, where
(t) is the characteristic function of the measure k (see [BRS6]).

def

Let 1/9 > e > 0 and w > 0. Let k. and k,, denote the rescaled measures k.(A) =

k(e'A) and ky(A) & k(w'A) for A € B We write 54 & (c,...,2) € RY,

T Y (chw) € R and let ky % kg x ky. Here kg 2 ke x o x ke, d
times, denotes the product measure on R? x R. For = (x1,...,7441) € R let
Br(x) € {y e R . |(y—2);| < e,j=1,...,d|(y — 2)ar| < w} denote a box
centered at z. We need the following lemma (which follows from [BRS6]).

k
k

Lemma 3.1. Let j and v be (positive) measures on R4 and let e, w denote two posi-

tive constants as above. Then for every bounded real-valued, Borel-measurable function
f on R™ we have

| [ fdn=v)| < [ - vy kel + [ fdan @
where
f(@) = sup{f(y) : y € B-(2)} and f7(x) = (—f)i(x). (3.2)
Specializing 3.1 to f = Ic, {4, @ < b, and 0 < 2w < b —a, € < 1/9 we obtain

def def def

Corollary 3.2. Introduce I7,.. = Ii_(4e)14ed * keg and g, = Ifg’b} = ljap) * k-
Then we have
[volza(Cy N Eyp) — volga(Cr N Eqp)| (3.3)
< sup'| Y FaclLam/n) g @Qiml) = [ FeLow/n) Q) do] + R
mezZd Rd

where sup® denotes the supremum over the choices +e and a’ € [a — w,a + w], V' €
[b—w,b+ w]. Furthermore we introduced

Rew, /I<LQ zfr € [1 = 26,1+ 22], Qla] € [a— 2w, b+ 2u]) do + (3.4)

Rd
/I(LQx/r € 10,1+ 2¢], Q[z] € [a — 2w, a+ 2w]U [b—2w,b+2w]> dx.

Rd
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Proof. Let A? denote the counting measure on Z? and A? denote the Lebesgue measure
on R%. Consider the map T(z) ¥ (Ti(2), Ty(z)) & (Lo(z),Qlz]) for x € R
Denote by A% and A4 the induced measures on R given by Ad(A) & Ad(T-14)

and \4(A) o N(T7LA) for A € B!, Using change of variables in the Lebesgue

integral we obtain,
volza(Cr N Eqp) — volra(Cr N Eyp)
= D Iaae(Lom/r) 1y (Qm]) — /[[—1,l]d(LQ /1) a (Q[2]) d

mEZd Rd

- / £(s,1) (A% — ALY, (3.5)

where f(s,t) Lf Iy qa(s/r) Ty (t), s € R t € R. Using Lemma B.I] we obtain the
estimate

)/f(s,t)d(AdT—AdT)\ < mfx’/fi(s,t)d(A%—A%)*kT

+ | [ Dorf(s,t) dAT|,

where f+(57 t) = [[—1—5,1+e]d(S)I[a—w,ber} (t),
Ft) E Treamgo(s) im0
and Ay, f(s,t) ¥ 10,1124 (8) [ja—2w,a+ 20 Up—2w,b+20] () +
+110, 1425\ [0,1—2¢]4 () [[a—20] b+ 2] (1) (3.6)
The assertion of Corollary now follows from ([B.3]) and (B.6]). U

Lemma 3.3. The following bounds hold for any ¢ € (0,1/9) and |a| + |b] < cor?, r >
q'? (with a constant 0 < ¢y = co(d) < 1/8 depending on the dimension only)

Rew, <a |detQ|7Y2(e(b—a)+ w)ri=2 (3.7)
vol H, >4 |det Q7Y% (b —a)ri=2. (3.8)

For a related bound to [B8) see (IBG99|, p. 1023, Lemma 8.2 or [EMMOIS|, Lemma
3.8). Here we need an effective version in terms of Q.

Proof. Assume that W < ¢y, Where ¢y is an absolute constant to be determined

later. Let J; < I x [a, b]. For the bound (B.7) choose I o [1—2e,14 2¢] oo I 5. with
0 < e < 5. whereas for the bound (B8] choose I o [0,1] % [a, b].

Consider the region V; & vol{z € R : (||Lgx||e/r, Qlz]) € Ji}. Let U denote a
rotation in R? such that UQU ! and hence ULgU ! are diagonal. Changing variables
via y = U 'Loz/r in R? with y € R? x Ry, d = p+ q,y = (y1,92) and Sply] =
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17 |? we may rewrite the region V; as

vl = llye

Vi = r?|detQ|7Y?V,, where (3.9)
Vi ¥ vol{y € RY: (||JUy]|oo, r2Soly]) € J1}
= {yeR’: |Uyllw € Lo, Soly] € [a/r? b/r?]}.

Write y = (y1,y2) = (1111, 72m2) With m € SP, 1o € S, [|m|| = [|na|| = 1 and 71,75 > 0.
By Fubini’s theorem, we have

ZZ (2 =12 e [a/r2 b/rY)e(r, ro) drydrs,

where

o(rrs) = / 11U (s, ram)l oo € To) disdie.
SPxSa

def def
Note that, for [v| < cp,v = 7?2 — 72, u = 7, we have r? + 72 = 2u? + v. In order
to estimate V1 rewrite ro = v/u? — v in terms of v. We have by change of variables

b/r2 , c(d)

Vi =y / ( / I(u? > v)uP~Lo(u, Vu2 — v)(u? — )42/ du) dv, (3.10)

a/r? 0

Proof of ([B.8). Since here Iy = [0,1], |v] < ¢y and u < ¢(d) we conclude that
Vl >>d (b — CL)’/’_2,

which proves (3.8)).
Proof of [B1). Let (e,,m = 1,...,d) denote the standard orthonormal basis in R?

and let (f,,m=1,...,d), fr = U 'e,,, be the transformed basis. Since
LU ylloo € T122) < ey 11y, fin)] € L) we get

def

d
@(r1,72) Z (ri,m2),  where @n(r, ) = /I<|<(7“1771,7’2772),fm>|611,2e>d771d772-

m=1 SPx Sa

Recall [v| < cp,v = 72 —r2,u = r; and 75 = Vu2 —v. Then the norm inequalities
between || - ||o and || - || imply d(1 + 2€)? > r? +r2 = 2u? + v > (1 — 2¢)?. Thus

: 1—2¢ det (14 2¢e)d
u,Vur—v)=0 if 0<u< or u>c(d = ———.
Pl V) <usi @ & 52
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Since (1 —2¢)/v/2 > 1/2 we have as in (310)

b/r? , c(d)
Vi < / ( / uPLo(u, Vu2 — o) (u? — v)a=/2 du)dv
a/r2 M2
g b, e
< Z / (/up Lom(u, Vu2 —v)(u* — v)4 2)/2du> dv (3.11)
m=l 2 N2
Since vVu? — v < Vu2 + ¢y <4 1, we see that
¢(d) c(d)
/ uP(u? — 0) D20 (u, VU2 —v) du <4 R, o / P~ o (u, Vu2 — v) du.
1/2 1/2
We claim that
Vi < |detQ| ™% (b — a)r®? (3.12)

holds. In view of ([B.9), (B10) and BII), the estimates R, <4 forallm=1,...,d
together will prove the bound ([312)).

Thus let F,(u) oo [{((un, Vu? —vng), fm)] for fixed |v| < ¢o and (1, 1m2). If
}gFm(u)‘ >c1 >0 (3.13)
ou

for all + <u < ¢(d), then
c(d)

)
/ ](Fm(U) € [1725) du < C_
1/2 !

and hence R,, <4 ¢ for all m = 1,...,d. Note that £ F,,(u) = £((n, \/%7]2), fm)-

Furthermore, the function ((v) oo = “i_” satisfies the relations ((0) = 0 and

[¢(v)] < comaxoppi<es ['(v)] Since ¢'(v) = 2=, we get

2U2 + ¢
/
< —75-
o 1W< g

Since 3 < u < ¢(d), we have

Fo(u) 1—¢ u+co/2 3 3
i > (1 —gp—102 ) > 2>

‘ u ’ )l 2 u ( CO(u2—co)3/2> ~ 8u ~ 8¢(d)’

for 0 < ¢y < § sufficiently small. Therefore (BI3) holds and the assertion (3I2) is

proved. This yields the desired bound for first integral in R, ,, , (see (8.4)). To estimate

2
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the second integral in R, , it remains to prove that

Vy &g |detQ] ™Y 2wrd 2, (3.14)

where Vo & vol{z € R? : (||Loz||s/r, Q[z]) € Jo} and Jo £ [0,1] x (Ja — 2w, a + 2w] U

[b — 2w, b+ 2w]). Using the previous arguments with some simplifications, we obtain
the estimate (3.14]) (see [BG99] as well). The statement (3.7 of the lemma then follows

from (B.I2)) and (B14). O

Introduce the functions

9(@) 2 o (Gllel) expllz?) (3.15)

Here ¢ = Ij_5 9 * k denotes a C*°-function such that ¢(u) = 1if [u| <1 and ¢(u) =0
if |u| > 3.
In order to introduce exponential convergence factors, rewrite 1§, (Lgx/r) as follows

Iio(Lou/r) = xaep(z)exp { —172Q4a]}, (3.16)

where

Xeer () & 15 (L) (L),

Furthermore, in order to simplify notations write g,, ©r (a,p and for w,e >0

Vis(ria ) 37 exp| =7 Qulel ] g0 (Qla]) xaer () (3.07)
and

VE, (ria,b) % / exp| 172 Qula]] 0u Q) Xees (@) (3.18)

Using these notations, Corollary 3.2l and Lemma B3] yield the upper bound

|VOlZd (CT N Ea,b) - VOl]Rd(CT’ N Ea,b)| < Hzltagx|vu%,:l:a(r; a, b) - VR (T, a, b)|

w,+te

+c(d) |det Q|7Y2(e(b — a) + w) 2.
(3.19)

4. ESTIMATES BY THETA-SERIES

We want to estimate the above errors by Fourier inversion and thus by integrals over
theta functions.
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For v € C? we introduce the following theta sum and theta integral

0,(2) = N exp[-Quu(t, )], (4.1)
0,(t) = /Rdexp[—Qr,v(t,x)]dx, (4.2)

where Q,(t, ) = r2Qu[z] — it - Q[a] —i- (z,2).
Note that

[ (t)] < min{[b — al, [¢| '} exp{—cltw]|"/?}. (4.3)
Now we can rewrite the right hand side of (819]) as follows

VE(ria.b) = Vi (riab)| = | 7 @m@ / Raer0) - {0u(8) = 0.(0) v dt).

Consider the segments J, < [—%;2] and J; R \ Jo. We may split the integral on

r

the right hand side as follows into terms

‘ we(Ta,b) — Vfie (r;a, b)‘ <Lg lox + Iy + 11+, say, where (4.4)
Ly < / 0 / RENORCAORAGIE dt’, (4.5)

Jo K
L, < / Gult) / Rier (V) - 0,(t)dv dt‘ and (4.6)

J1 -
n. / Gu(t) / Reerlv) - 0,(0)dv | (4.7)

R

J1

Before proceeding with the estimation of the terms /o 1, I; + we shall collect pointwise
bounds of theta series and integrals in the following Lemmas using Poisson’s Formula.
Furthermore, we need bounds for integrals of Y+.,. Starting with the latter we have

Lemma 4.1. The following estimates hold

[ Reaetollde < c@tiog ' and (4.9

[ Reldo < et plos (49)

LG vllleo>R

for arbitrary large k € N and for all R such that R(log R)™2 > c(d)k*c™ with a
sufficiently large constant ¢(d).
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Proof. We shall prove this lemma for the function X;.,. One can prove the assertion
of the lemma for Y_., in the same way. Note that by definition (3.10)

/|X£r |dv-/|[l+€ |dv—/ /]ﬁe x)d:v‘dv. (4.10)
R RY

Hence f IXer(v)|dv < ||]1€+E|| |0]|1, where | fll, denotes the p-norm, p € [1,00], of

f Wlth respect to Lebesgue-measure. Since |[D{*...Dj%)(x)| < e(d, o, ..., aq), we
easily conclude that

c(d, k)1 + ||z|>)7%, =z eR? and (4.11)
c(d). (4.12)

90(a)
191l

Thus we have

~ ~ sin2(1 + e)v
/ Tl = [ 1 aramas@ Fawldo < ([ P22 o) ) <
Rd

R

1~ d 1 1 d 1
§0d<1+ / m|k(av)|dv> §0d<1+ / —_gelel/? dv) < (log g)d. (4.13)

|v]
oi>1 o[ >1/2

We obtain the estimate (L8] from (LI2) and ([I3). Furthermore,

[ Rl

HLélvHoo>R

< [ Ree-of@idas [ Euw- ol ded
[olloc>R, ||zl|co <5 R [vlleo>R, [|z]|cc>5 R

S B O P [ P A o (4.14)
[v]|ec>5 R llzlloo>5 R

By ([@I1]), we have
[ 1i@lds < et (4.15)

lzllo>5 R
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Repeating the argument which we employed in the proof of (4I3]), we arrive at the
following bound, (for ; R > C’; and k > cd with sufficiently large ¢ > 0),

og” R
~ 1 1+ d—1 1 ~
/ Ty (0) do < c(d)(/ Sm(—g‘u{; (cv)|dv) / o el do
ol 1R R jv]>R/(2d)
1oy oaver/ 1,1
< c(d)(log—)de (DERY < o(d)(log = ) T (4.16)

The assertion ([4.9) of the lemma follows directly from (AI4]) and ([@I12]), (Z13), (@:lﬁl)
and (4.14).

Concerning estimates of 6, — 5v we have

Lemma 4.2. (Poisson’s formula) For a symmetric, d X d complex matriz 2, whose
imaginary part is positive definite the following holds:

Z exp{mﬂ[m] + 2mi(m, v)} = (det (%)>_% Z exp{—m'Q_l[n + v]} (4.17)

The term with n = 0 of the series over n € Z% is given by

/Rd exp{miQz] + 2ri(w, v) }dz = <det (%)) Cexp{omi- 0]}, (4.18)

Here s € R? and Q71 [a:] denotes the quadratic form (Q 'z, ), defined by the inverse
operator Q=1 1 C4 — C? (which exists since Q0 is an element of Siegel’s generalized
upper half plane).

Proof. See [Mum8&3|, p. 195 (5.6) and Lemma 5.8. O

Lemma 4.3. Let 0,(z) and 0,(z) denote the theta sum and the theta integral introduced
in [@I) and ([A2)) respectively, that is

0,(2) = ) exp[-Qru(z,2)]  and (4.19)
) /R e [Quu (0] do (4.20)

where Qo(z.x) = r72Qu[a] — it Qla) —i- (2, 2).
Lett € R, [t| < 1 and r > 1, then the following bound holds

(6, = 6.) (1)
<4 \r‘2+it|‘%<exp{—Re( 24 it) ™) )+ |detQ T2 Iy g1z 00y (1Q7 20 \))



QUADRATIC FORMS 20

Proof. Using Lemma 4.2 with Q = aof ’@t, where Q; = r2Q, + itQ is a selfadjoint

operator, we get by (£I7) and (4I8) that

1

(6, — gv)(t) = det(w‘1@t>_§ Z exp [—Qt_l [7n — %]] (4.21)
nezd\{0}

Note that S & Q:'Q is areflection (with eigenvalues £1) and @, Q, S commute. Thus

we obtain Q, = Q. (r=? +itS). Diagonalizing these operators, we get det <7T_1Qt) =
det(7Qy) - |2|%, with 2 %12 4 it and hence

et (1G.) T et (rQ)| V222, (4.92)

Similarly write
Re(Qr!) = Q7 Re<(r—21d + itS)‘1>.

Hence, we get an inequality for positive symmetric matrices Re(z71) Re(@[ >t
which implies

)exp{_ﬁ@;l[n = b = exo{-Re (& [ - ;7})}
< eXp{— Re(x) Q7 [rn — %] } (4.23)
Using ({.21)) and ({.23) we get
(6, = 8,) (1)] < |det@72[272 3" exp{—Re(z—l)Q;l[m— 2%] } (4.24)

neZN\{0}
For all [|Q7"?v| < 7r/q"/? and n € Z4\ {0} we obtain
Q' — —]'* = ||@—1/2<m - —>|| > 7l|Q7 || — Q3 %v|l/2r

2r

V

TiA-1/2
Thus ([{.24) yields
2

(0= 0.)(1)] <a K- |z\—d/2exp{—Re<z—1>%q},

K9 e Yoo -Re()Q ). (420)

nezd

where (4.25)

Let [d—ef[ 1,44 Then Q7'[z] <1, forz € I,q0 > 1, and

[exp(=Qzm + al/2)do > expl Q5 ml/2 - 412} [ exp{~(@3'm, ),
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where the integral on the right hand is larger than 1 by Jensen’s inequality. Thus
if Re(Z) > 1/2 (which follows from Re(1/(r~2 +it) = r2/(1 + t*r*) > 4/n% since
|t| < 1/r) we obtain

K<y |det @' / exp{—Q1'[7]/2}dx <4 1, (4.27)
nezd I4n

which proves Lemma B3 for |Q7"v|| < 7r/¢"/? . Otherwise, set v = Lar + v/, with
LeZ ||Q:rl/2v’|| < 7r/q"/?. By (@2Z1]) we obviously have 6, = 6, and therefore

(6 — 0,) ()] < | (0 — b0, ) (8)] + | (Bo.r — 00.) (2)]. (4.28)

Since by ([@22) 0o, (t)] + [00.,(t)| <a |det Q|71/2|2|~%? the Lemma is proved in view

of (@) and [@E27). O

We now return to the error integral terms in (£4)). First we shall estimate the volume
approximation term /.

Estimation of [;.: First we derive a bound for Iy . For t € J, we obtain, using

2 def ) —2 + ¢t and Lemma (.3t

O | [ Reslo) {60) = Bu(0)}do| <4 ©0s+ @1, say; where (420
Rd
O JalFep {~Re(z)} [ [Rere)ldo. and
R
def _ — ~ -
O et Qe [ Rer ) g (070
R

Since ‘Zt‘ - T_z(l + T4t2)1/2 and Re(Zt_l) = 1+7;*24t27

(1 + r**)~! and the function h(s) L g exp{—sr?}. The maximal value of h

we may rewrite ©,; via s =

on [0,00) is attained at sy = —5 and it is bounded by (r~2)#* up to a constant
depending on d only. Hence we get by Lemma [4.1]

d
sup©,; <4 r¥sup h(s /|Xar |dv<<d7“ 4/ IXer(v)| dv
teJo s>0
<q r¥*(loge 1), (4.30)

1/2

and similarly by Lemma 1] with R = 7r/q"/* we have

SU_JP O <ar (log 6_1)d|det Q\_l/z (q1/2/r)k\zt|_d/2 Lar (log 5_1)qu/2|det Q\_l/zr_k“l
teJo

Lap % |det Q7Y% (loge™h)?, (4.31)
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provided that we choose k = d and r > ¢. Thus we conclude by (£29)),([Z30) and
(E.3T)

sup O, <, ri? (log 5_1)d. (4.32)
teJo

Integrating this bound over t € Jy with weight [g,,(t)], we get

1 1

[ Io.+] < /@tdt <4 r? (loga_l)d/min{(b —a), |t\_1}dt.
1 1
Thus we conclude
[Io.1| <qlog (1+|b—alr)r¥?(loge )4 (4.33)

It is easy to see that the bound for I _ is of the same form.
Estimation of j_: By (4I8)) with {2 o LQy, where Q, = r2Q, + itQ, we conclude

s

that |6, (¢)| in (@2) may be estimated as in @23) and @22) (with n = 0)
6.(8)] < Idet Q1Y% ~/* exp{— Re(z ) Q' [-]}.

Thus we obtain using Lemma [4.1]

I < (og(e™) et Q1 [ gufe) 7.

Note that for 72s > 1 we have

o dt
/ |zt|_d/27 g i (r2s) Y2, (4.34)

s

Since |, (t)] < min{|b — al, [t| ™'} exp{—c|wt|'/?} we obtain for the case |[b —a| < r
using (£34) for s = 1/r and s = r/|b — a|, splitting the t-integral into the parts
Lt <r/lb—al and [t| > r/|b—

5+ <q (log e N min{|b — al, 7}t |det Q|7 V22972, (4.35)

provided that d > 2. Inequality (£30) holds as well in the case |b — a| > r by similar
arguments. Note that combining (£33) and (£30) we obtain in view of |det Q] > 1

|15 4| + Lo+ ] <a (log e log (1 +|b— a|r_1)rd/2. (4.36)

By means of ([B.3),[31), (£4) and (£.30) we may now summarize the results obtained
so far as follows. For any 1/9 > & >, r~!(logr)? and |a| + [b] < cor? we have

VOlz(Hr) — VOIR(HT) <y Sup*(fl,i, [07:|:7 ]g,i) + Re,w,r (437)
< sup*hi 1 + (loge )4 log (1 + |b — a|r™) + |det Q| "V/*(e (b — a) + w)r? 2,
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where sup* denotes the sup over ¢ and o’ € [a — w,a + w], b’ € [b —w, b+ w| and

ha = | / Gul?) / Qaer(0)0u(t)dv dt
Rd
J1

<o (log= )" [ (o] sup .0 . (1.39

[t[>
in view of Lemma [4.1]

Estimation of I; y: We shall estimate I; .. The bounds for /; _ have the same form
and are proved in exactly the same way. In the sequel we shall therefore [; instead
of I, +. This is the crucial error part. At first we shall bound the theta series 6,(¢)
uniformly in v by another theta series in dimension 2d in order to transform the problem
to averages over functions on the space of lattices (subject to actions of SL(2,R). We
have

Lemma 4.4. Let 0,(t) denote the theta function in [EI9) depending on Q and v € C.
For r > 1, t € R, the following bound holds

10,(8)| <a (det Q) 2 2p(r,t)'/2, where (4.39)

Y(rt) €Y exp{-H(m,n)}, and (4.40)
m,nczZd

Hi(m,n) & T2Q;1[m—%th]+7’_2Q+[n], (4.41)

and Hy(m,n) is a positive quadratic form on Z*.
Note that the right hand side of this inequality is independent of v € R?,
Proof. For any z,y € R? the equalities

2 (Q4[z] +Q4ly]) = Qilr+yl+Qylr—yl, (4.42)

(Qr+y), r—y) = Qr] - Q[y] (4.43)

hold. Rearranging 6,(z) 0,(z) and using ([£43)), we would like to use m +n and m —n
as new summation variables on a lattice. But both vectors have the same parity, i.e.,
m+n =m—n mod 2. Since they are dependent one has to consider the 2¢ sublattices
indexed by a = (a1,...,aq) with o; =0,1, for 1 <j <d:
Vi & {meZ': m=a mod 2},

where, for m = (mq,...,mg), m = o mod 2 means m; = a; mod 2, 1 < j < d.
Thus writing

v

buat) =3 exp |~ 2Qulm] — it QI i+ m. %)

mezd
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we obtain 6,(t) = > 0,..(t) and hence by the Cauchy-Schwarz inequality

0.0 < 29> [a(®)]. (4.44)

Using (443) and the absolute convergence of 6,(t), we may rewrite the quantity
Op.0(t) Oya(t) as follows:

Opa(t)Oyalt)
1 , , v
= Z exp |:_ﬁ(Q+[m] + Q+[n]) —it- (Q[m] - Q[n]) —i-(m—n, ;)]
m,neZl
2 : v
= ) exp [—ﬁ(@ M) + Q. [m)) — 2i- (2t - Qi + = n>} (4.45)
m,neZl
where m = m;n , n= % Note that the map
H:U,Z¢ x 78 — 7% x Z%, (m,n) — ( o ;_ z , o 2_ z ) is a bijection. Therefore we

get by (£44)
10,(t)]°

<4 Z Z exp {—ﬂ(@@m} +Q4m]) —2i- (2t-Qm + ;,m}

ae{0,1}4 m,neZd
2 . U _
= > exp [—ﬁ(m[m] +Q4[nl) —2i- (2t - Qm + - n>} . (4.46)
m,neZd
In this double sum fix 7 and sum over m € Z¢ first. Using Corollary for Q =
1
(iQir~2 +tQ) /7, we get for § o (det (=25 - Q+)) 2 by the symmetry of Q

0,(t,m) = Zexp{—%(QJr[m]—l-QJr[ﬁ])—2i-<2t-Qm—l—§,ﬁ>}

mezd

r? 1 o 2 . U
= Z exp [—;QJF [Tm — 2t Qn| — ﬁQJr[n] —2@(;,71)] .
meZd
Thus,
0,(t,m)| < 6 "o 2t Q] — 2 Q.7 4.47
0.(t,7)] < %exp{—gm [wm — 2t Q7] — Q- [} (447)

Hence, we obtain by ([£406) and (Z£47)

10.(5)]" <4 (det@) 727 > eXp{—Gt[m,n]},

m,nczZ4
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where  Gy[m, n] oo %Q;l[ﬂm —2tQn] + %Q[m]. Since 7?/2 > 1 we may bound
Gi[m,n] from below as follows:

Gulm, ) 2 72Q [ — 24Qn] + Q. ] = H[m, n],

which proves Lemma [4.4] 0J
Lemma 4.5. Let A be a lattice in R?. Assume that 0 < ¢ < 1. Then
exp{—c}#H < Z exp{ —¢ [|[v]* } <4 e~ Y2 4H, (4.48)
vEA

where H &< {veA: ||v|.<1}.
Proof. The lower bound for the sum is obvious by restricting summation to the set of
elements in H. As for the upper bound introduce for = (p1,...,uq) € Z¢ the sets

def 1 1 1 1
B, = [N1_§7N1+§) X X |:,ud_§7/~l/d+ 5)

such that RY = Uu B,,. For any fixed w* € H, &f {w eAN Bu} we have
w—w" e H, for any w € H,.
Hence we conclude for any p € Z4
4H, < #H.
Since = € B, implies ||z]s > ||#t]/s/2, we thus obtain

3 exp{ —¢ |lv]*} > exp{—<llvllZ}

vEA vEA

< #ty+ Y S ve B} en{-] k)

PEZINO  veEA

< #H- Y e |’}

WHEZS
<q e YP4H.
This concludes the proof of Lemma .5l O

IN

5. FUNCTIONS ON THE SPACE OF LATTICES AND GEOMETRY OF NUMBERS

Let n € NT and let ey, eq, ..., ¢ be I < n denote linearly independent vectors in R™.
Let A be the lattice of rank | generated by all integer combinations of these vectors.
Then the determinant of the lattice A, denoted by det(L), is given by det((ei, ej),i,J =

1,.. .l) 2 1t does not depend on the choice of the basis of A, .
More generally, for applications in the next section, for every [, 1 < [ < n, we fix
a quasinorm | - |; on the exterior product A'R". Let A be a lattice in R". We say
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that a subspace L of R™ is A-rational if L N A is a lattice in L. For any A-rational
subspace L, we denote by da (L) or simply by d(L) the quasinorm |u; A ... Aw; where
{uy,...,w}, 1 = dim L, is a basis of LN A over Z. If {vy,...,v;} is another basis of

LNA, then uy A... ANu; = +v; A... Av. Hence d(L) does not depend on the choice

of basis in LN A. For L = {0} we write d(K) &' 1. If the quasinorms | - |; are norms

on A'R™ induced from the Euclidean norm on R™, then d(L) is equal to det(L), that is
to the volume of L/(L N A). In particular, in this case the lattice A is unimodular iff
da(R™) = 1. Also in this case d(L)d(M) > d(L N M)d(L + M) for any two A-rational
subspaces L and M (see Lemma 5.6 in [EMMO98]). But any two quasinorms on A'R"
are equivalent. This proves the following:

Lemma 5.1. There is a constant C' > 1 depending only on the quasinorm |-|; and not
depending on A such that

C?*d(L)d(M) > d(L N M)d(L + M) (5.1)
for any two A-rational subspaces L and M.

Let us introduce the following notations for 0 <1 < n,

a;(A) Lf sup{ﬁ : L is a A — rational subspace of dimension [},  (5.2)

def
alA) = max a(A). (5.3)
This extends the earlier definition of a;(A), see ([24)), of Theorem 2] to the case of
general seminorms on A'R™. In this section the functions a; and o will be based on
standard Euclidean norms though, that is, they use d(L) = det(L).

In the following we shall use some facts in the geometry of numbers (see Davenport
(1958), or Cassels (1959) and classical reduction theory for lattices in R”",
[Cash9]). They show that the number of points from A in the unit ball in R™ lies
between two positive constants, (see Corollary B.7] below).

Let F' :— [0,00] denote a norm on R™. The successive minima M; < --- < M,
of F' with respect to a lattice A in R" are defined as follows: Let M; = inf{F(m) :
m # 0,m € A} and define M; as the infimum of A > 0 such that the set {m €A
F(m) < )\} contains j linearly independent vectors. It is easy to see that these infima

are attained, that is there exist linearly independent vectors by,...,b, € A such that

Lemma 5.2. Let Fj(m), j = 1,2, be some norms in R" and M; < --- < M, and
Ny < -+ < N, be the successive minima of Fy with respect to the lattice Ay and of F,
with respect to the lattice Ay respectively. Let C' > 0. Assume that My >, C Fy(by),
k=1,2,...,n, for some linearly independent vectors by, by, ..., b, € Ay. Then
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The proof of this lemma is elementary and therefore omitted.
For a lattice A € R", dimA = n and 1 < [ < n recall the definition of ;-
characteristics by

a(A) sup{ | de’c(/\')‘_1 : A" C A, I-dimensional sublattice of A.} (5.5)
Lemma 5.3. Let F(-) be a norm in R™ such that F(-) =, ||-||. Let My < --- < M,
be the successive minima of I with respect to a lattice A C R™ of rank n. Then

a(A) =, (My - My--- M) 1=1,...,n. (5.6)
Suppose that 1 < j <n and M; < pu < Mjiq, for some pp > 0 and M, = oo. Then
#{veA: Flv)<pu} =, W (M- My---M;)~". (5.7)

For the proof of (5.6]) in Lemma we shall use the following result about reduced
lattice bases formulated in Proposition (p. 517) and Remark (p. 518) in A.K. Lenstra,
H.W. Lenstra and Lovasz (1982), [LLL82].

Lemma 5.4. Let My < --- < M, be the successive minima of the standard Euclidean
norm with respect to a lattice A C R"™. Then

Ml =4 ||61H, lzl,...,n. (58)

Moreover,
det(A) =<, []llell. (5.9)
=1

Proof of Lemma

Proof of (B.6]):. According to Lemma[5.2] we can replace the Euclidean norm ||-|| by the
norm F'(-), in the formulation of Lemma[.4l Let A’ C A be an arbitrary /-dimensional
sublattice of A and N; < --- < N, be the successive minima of the norm F(-) with
respect to A’. It is clear that M; < N;, j =1,2,... 0. If M; = F(b;) for some linearly
independent vectors by, by, ..., b € A and

A’:{injbj:njez,j:1,2,...,z},

=1
then M; = N;, j =1,2,...,1. It remains to apply Lemma 5.4

Proof of (B7). Let a; denote the elements in A corresponding to the successive minima
M;, 1=1,...,n. Forany v € A with F(v) < M, <y we have by definition

v:m1a1+...+mjaj

with some m; € Z. Since for |my| < j7'pF ()™, 1 =1,...,j we have F(v) < pu we

conclude that

N(p) € #{veA: F(v) <p} >, /(M- My--- M) (5.10)
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For the upper bound (see e.g. Davenport ). For convenience we include the
short argument here. Define positive integers vy, ..., v; such that

7

2
o=l < MM <o, (5.11)

Hence, vy > vy... > 1y. Consider another element v" € A with F(v') < p and
v’ = mjay +...mja; with some m/ € Z. Assuming for the moment that m; = m

mod 2" [ = 1,...,7, and let ¢ denote the largest index i such that m; # m.. Then

z ¥ 9w (v—1') is an element of A and linearly independent of ay, ..., a;_;. Thus we

conclude F'(x) > M;. But
F(z) =2""F(v—2") <27 (F(v) + F(v")) <27 2u < M;

by (BIl). The contradiction shows that there is at most one lattice point in A such
the coordinates my, ..., m; lie in the same residue classes to the moduli 2**, 22, ... 2%
respectively. Hence the number of lattice points N () in (5I0) is bounded from above
by the number of all residue classes, i.e. by 271272 ... 2% < (4p)?(M; ... M;)~*. This
shows the upper bound in (7). O

Lemma 5.5. (Davenport [Davh8|, Minkowski) Let A = AZ"™ and N = A'Z"™ denote
dual lattices of rank n, i.e. det(A)det(A) =1 and (Au, A'v) = (u,v) for any vectors
u,v € Z" or AAT =1,. Let M;,j=1,...d, and N;,j = 1,...n, denote the successive

minima of A resp. of N with respect to Euclidean norm ||-||. Let ¢_(n) &f (n))~12" /w,

and cy & 2" Jw,, where w, denotes the volume of the unit n-ball. Then we have

c_(n)det(A) < M;...M, <ci(n)det(A), (5.12)
c_(n)det(A) < Ny...N, <cy(n)det(A) (5.13)
1 < MjNpy1—j<ci(n), j=1,...,n (5.14)

Proof. The first two inequalities are special cases of Minkowski’s inequality for the
successive minima of arbitrary norms F' on A

n

2 2"

det(A) v <M...M, < Vdet(A), (5.15)
where V' denotes the volume of the convex body F' < 1. By the unimodularity and the
choice of F' we have V = w,,. The left hand side of (5.14]) follows by the definition of
the successive minima M; and N,,4;_; and the existence of u resp. v in sublattices of
rank j resp. n+ 1 —j of A resp. A’ such that (u,v) # 0 that is ||ul/||v|| > |{u,v)| > 1.
The right hand side follows by Minkowski’s inequalities for both successive minima.

For details, see (Davenport (1958),[Dav5g]|, Lemma 2) O
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5.1. Conjugate lattices. Now we shall apply the previous results to the special norms
H,(m,m)"? in the theta series (Z40). Here and below writing (a, b), for a € R?, b € R?,
means that (a,b) € R?*? and the coordinates of (a,b) are the coordinates of the vectors
a and b in the corresponding order, that is, (a,b) = (a1, a9, ..., aq,b1,ba,...,bg). In the
following we shall use methods from the Geometry of Numbers for lattices in R™ with
n = 2d. Recall that H, is a positive quadratic form on R? x R given by

of 2
Hym,m] = Q7 im —t'Qm] +r2Qm), ¥t teR, r>1.  (5.16)
T

def

Let {-,-); denote the associated scalarproduct (I,1); = H.(l),l € R? x R?. We shall

rewrite Hy[m,m] by means of elements of SL(2d,R) and lattices in R?? as follows.

Introduce for (m,m) € Z*, u def ;1/2m c R? and v & Q+1/2Q = SQ1/2 n € RY,

where S = QQIl is a reflection. Note that S, @) and . commute. Let T €
SL(2d,7Z) be the permutation matrix which reorders the 2d coordinates (u, v) =

(U1, ..., ug, v1,...,vq) € R?? into d pairs given by
def def .
T(u,v) = (m,...,na), where n; = (uj,v;), j=1,....d. (5.17)
Let Ag denote the lattice of rank 2d of all vectors T'(u, v), (m,m) € Z*, i
def d £ Q_l 20
Ao = TAQZ??,  where < + ‘f 2 | (5.18)
Note that det(Ag) = 1. Thus we may write Hy[m = r?||lu — t'v||* + r72|v|* =

Zj:1 |y uy 7}j||2, where

deft [ 7 0 def [ 1 =t
ey 0) ( 1). -

Here D & {dr,r > 0}, and U {ut,t € R}, are quasi-geodesic and unipotent one-
parameter subgroups of SL(2,R). We shall consider the diagonal representation of
g € SL(2,R) on (R?)? = R?? defined by

g(nlv"'7nd) — (gnla"'vgnd)7 g S SL(27R)7 (52())

Denote in particular the representation of ¢ = d, and g = u, on (R?)? by the same
symbols g, d, and u;. Thus we may rewrite (5.I0]) as follows

Hy(m,m) = r2||@;”2m—t/5@”2m||2+r 21QY*mlf? = ||dvus T Ag(m, m)T |
= |ldunl® ~ where 1% (n,...,n4) € (R?)™ (5.21)

Note that in view of (B.0]) the «-characteristic of the 2d-dimensional lattice A, oo
d,usAg may be expressed by the reciprocal of the minimal volume of a [-dimensional
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sublattice, generated by elements, say a; = d,u;TAgl;, where [; is a basis of an -
dimensional sublattice of Z??. Thus

—1/2
a(A,) = det((aj,ak>,j, k=1,.. .,d) . (5.22)

By construction (a;, ai) = (I;, li)¢-
Based on the special symplectic structure of our 2d-dimensional lattices we may sharpen
Lemma, and Lemma as follows.

Lemma 5.6. Let My, ..., My, the successive minima of Ay = d,u; A with respect to
the norm ||-||. Then we have for any t and p > 1
MjM2d+1—j =4 1, j = 1,...,d, (523)
Tl < My < < My<gl< Mg j=1,...d, (5.24)
#ve A ol < pd < UMy - My~ Mg)™' <4 p1?%ag(Ay). (5.25)
Corollary 5.7. Notice that
a(Ay) =max{a;(A;) 1 7=1,...,2d} =q aq(Ny). (5.26)

Proof. First we prove (0.23). Let J o kz/2 denote the imaginary unit in SL(2,Z).
Then we have the following obvious relations

Jky = ko, d.J=Jd,, ul J=Ju_, and

druy = up2d,. (5.27)
For B € GL(d,R) define Jg € SL(2d,R) as:
def O —B
Jg = ( Bd o, ) : (5.28)

Using the reflection S € GI(d,R) defined above define

Ay =dyuAg = dou TAGZ*  and A, % dou, T Ag Jo 724 (5.29)
Note that these lattices are adjoint with repect to the diagonal action of J on (R?)%.
To see this let for any N, N’ € Z*

w(N) L dou, TAGN € Ay, wy(N) Y Jdou, T Ag(—Js)N' € AL

Using (527) together with JT = T.J;, T € O(2d), AgJ1Ag = Js and J2 = —Id we
obtain
(w(N),w;(N")) = (N,N"), (5.30)

for any N, N’ € Z?*!. Hence A; and A, are dual in the sense of Lemma We claim
that they have identical successive minima. To this end note that with
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N = (m,m)t € 224,

lo(N)[| = Q7 *m —tQ"*Qm ., QV*m)||
= [I(Q ‘”2 —1Q'?QSm, Q2 Sm)| = |w((~Js)J; N)|
= IIw(J.rN)H, (5.31)

where we have used (—Jg)J;(m,m)” = (Sm,Sm)T and in the last equality ||Jwl| =
|w]|. Since J;Z** = 7Z*?, the equation (IBBID implies that the successive minima of A,
and A} are identical and by Lemma 0.5 we conclude M;Magi1—; <41 for j=1,...,d.
Proof of (5.24)). Since My < Mgy and 1 <q MyMgyq <4 1 we obtain M; < Md <<d
1 g Mgp1 < Mjq forall j =1,...,d. The inequality M; > ql/2 —1 immediately
follows by definition of the first successive minimum and 7’_1||Q1/ n > ql/ 2t
Proof of (5.25). Let 2d > j > 1 denote the maximal integer such that M; < b.
Then Lemma yields with g > 1
#{ve N ol <p} < @p)d(My... M)~ < p?4(My ... M),
since in the case j > d we have M; > ... > My >4 1 and in case j < d we obtain
p< Mi <...< My <4 1. The last inequality in (5.25) follows by Lemma and
the corollary is immediate by the last arguments (with g = 1). O

For arbitrary ¢ and for small ¢ the following bounds which are independent of the
Diophantine properties of ) hold.

Lemma 5.8. Let qO/ < Ng1 < Ng2<...Ngqa< q'/? denote the successive minima
of the lattice A = o Qiﬂ Z%. We have
sup ag(dsurAg) <a po(s), where (5.32)
t
def g 1/ Noj)?
wo(s) = s%det Q] H (—) , §>0. Note that
Jj:No, j>s 5
0o(s) <q s ldetQ|Y2, if |s| < q1/2, and (5.33)
<q sdet Q72 if [s| > ¢V
For small t we get
ag(douhg) <q |det QIY2(r + |tr))h if @ Ptr] > 1, (5.35)
aa(drugAg) g |det QY3 r|™4, if ¢Y?tr] < 1. (5.36)
Proof. By Lemma 5.5 relations (5.7) and (5.25]) with p = 1/2 we conclude that
ag(Ny) =g (My ... My)™' =g #{v e A, : |Jv]|* < 1/4). (5.37)

Recall that [|v]|? < 1/4 with v € A; (see (EI6)) may be written as
Hylm, m) = Q3 m — £'Qm) + r~2Q. [m] < 1/4. (5.38)
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Proof of (532)). Assume that s € (qé/z,ql/z]. Then (B.38)) implies ||Q1+/2m|| <
s/2 which by Lemma B3, inequality (5.7), has at most ¢q [];. v, < <ﬁ> solutions.
: > 2

Similarly (5.38)) implies by triangle inequality that for fixed m (in (5:38)) the number
of pairs (m,m) for which (B38]) holds is bounded by the number of elements v in the
dual lattice A’ = Q/?Z% to A such that s|jv|| < 1. Since the successive minima for
this dual lattice are determined by Lemma [0 we may use Lemma B3] (inequality

f?f ) for this number as well.

(5.7)), again to determine the upper bound ¢ []; . y,, >, <

The product of both numbers yields the desired bound for the number of solutions of
(538). Finally, using (5.37) and Minkowskis Theorem B3] ( inequality (B.13]) for non
unimodular lattices), i.e. []; Ng; =a [det Q|71/2, shows the desired bound pg(s) in

(E32) of Lemma The inequalities (533), (:34) for s > ¢/2 and s < ¢/* are
immediate by these arguments.
Proof of (B.34). Assume qé/2|t’r| > 1and gg > 1. If m = 0 we conclude that

ao|ml|? < [t r[2|QY*ml? < 1/4. Hence i = 0. For any fixed m # 0 and r2||Q"/*m —

t il/ > Sin? < 1/4 the triangle inequality implies that there is at most one element
m € Z4 with r||Q7"*m — QT Sm|| < 1/2. Furthermore, we get |[|Q7"*m] —

1/@2r) < ||t 11/27’71” for that pair (m,m). This implies
2
1/4 > Hy(m,m) > (| QT ml* > [1Q3*m| = 1/@r)| /Irt'?
and hence |[|Q7"*m| — 1/(2r)| < |r#/|/2. Thus

#{ve A |o]]? < 1/4) <q (F7H+ et det Q2.
Proof of (530]). Similarly, the equation (5.38]) implies by triangle inequality that
Q5 *ml| — It QY Sml| < (2r) 7" < (2¢"%) 7" (5.39)

Again (B.38) implies |t/r|r_1||Qi/2m|| < |t'r|1/2 < (4¢"/?)7" using 2¢*/?|t' 7| < 1. This
leads to a contradiction unless m = 0. Hence, the possible solutions for m in (5.39)) sat-
isfy ||Qi/2m|| < |2¢'7|~" which as in the proof of (5.32)) has at most cg|det Q|~'/2|2¢'r| ¢
solutions which completes the proof of (£.36) in view of (B.37]).

O

5.2. Approximation by compact subgroups. Later on we need to average over
powers of the ag4-characteristic of 2d-dimensional lattices A; in Section [6l In order to
use harmonic analysis tools we shall approximate the subgroup U of SL(2,R) in (5.20)
locally by a compact subgroup K = SO(2) = {kf : 0 € [0,27]} with elements

ko def ( cos@ sinf ) ' (5.40)

—sinf cos®
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Lemma 5.9. We have fort € [—2,2], r > 1 and any 2d-dimensional lattice A in (R?)?
with diagonal action of d,., us and ky

a;(duN) g aj(dykgA), j=1,...,2d, where (5.41)
0 = arcsin(t(l +t2)_1/2), or, equivalently, t = tan6.
Proof. Let m,m € R. Note that m +tm = (1+t?)m+t (m —tm), which implies that
(m+tm)* < 2(1+t*)*(m)*+2t* (m —tm)?, and
r’(m—tm)?+r2m+tm)® < 21+ (r*(m—tm)>+r°m*), (5.42)
for r > 1. By definition of ¢ in (5.42]) we have
0] < ¢ < arcsin(2/v5), cosf = (1+13)"2, sinf=t(1+¢)" 2 (5.43)

Dividing (5.42) by 2 (1 + ¢*)?, using (5.40) and (5.42), we get with 7 & (m,m)
ldywenl* = lld: Konl* (1 +¢*)7"/2 = ||d, kon]|*/10,

for any n € A. Applying Lemma to the norms Fi(n) = ||d,u;n|| and Fy(n) =

\|d, ke n|| and using Lemma we conclude the proof of Lemma O

5.3. Irrational and Diophantine lattices. We consider Diophantine approxima-
tions of A & t () by integral matrices using, see (2.12)), with approximation error
P mm{“M —mA|| : meZ0<|ml <R Me M(d,Z)}, R>1. (5.44)

Note that by Lemma[5.§ the quantity /., o ag(Ay)r~%det@|"/? is uniformly bounded
(in t), that is £, <4 1 for r > q'/?. Larger values of B enforce smaller values of the
rational approximation error d;g.p.

Lemma 5.10. Assume that qo > 1. Then we have for all t and r > 1, writing
R & ;)

S10:r, < Ryr2d*? (5.45)
Note that this bound is nontrivial for By, >4 r=2 only.

Before proving (5.47), we shall state some important consequences.

Corollary 5.11. Consider any interval [T, T| with T_ € (0,1) and T > 2.
i) If Q is irrational then

lim  sup ag(A)r~¢=0. (5.46)

r—00 T_<t<T

it) If Q is Diophantine of type (k, A), where 1 >k >0, A >0, that is,
inf d,or >AR", forall R>1, (5.47)

te(1,2]
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then
sup  ag(Ay)r~4det@Q|™Y? < A7 max {Tf+1,T“}r_2+2“. (5.48)

T_<i<T

Proof. i) Assume that there is an € > 0 and sequence r;,¢; such that lim; r; = co and

Bi,; > €. Passing to a subsequence we may assume that lim;t; = ¢, ¢ € [ o [1_,T].

Thus (E.47) yields lim; 175,z = 0, R} oo Biiw, < &', or limy|| My — t;m;Q| = 0 for

some M; € M(d,Z) and m; € Z with |m;| < ~'. Obviously both, ||M;|| and |m;|
are bounded. Hence there exist integral elements M, m and an infinite subsequence
j' of j with M; = M, mj = m and by construction lim; t; = ¢t. These limit values
satisfy |[M — mtQ| = 0, that is @ is rational. The last arguments are similar to
those in [G6t04], p. 224, Lemma 3.11, which yields an alternative proof of (5.40) when
combined with (5.0)).

ii) Write Sr., oo sup,e; Bir- Since R — (Jy0.r) " is nondecreasing, we obtain for
every t € I = [T_,T] with B, > r~2 using (547) that

B <172 (00gur,) " S (G1gp2) T < AT (5.49)
In case that ;. < r~2 this bound obviously hold. Hence we conclude (£.48) as claimed.
O

Proof. of Lemma [B.10l For fixed t we rewrite the ay-characteristic using the quadratic

~1/2
form H; as in (5.22)) as follows. Let D,q o (TQ(J]’ _1(221/2> and Uy o
r +

o

( %l i.Q ) denote elements of SL(2d,R), where ¢/ oo 2t Write D, for D, with
d

Q = I;. Then Hy(l) = ||DoD,Ul|]* = ||d,u;T Agl||* using the notations of (EI7) —

(521). Introduce the 2d-dimensional lattice 2 < p, UigZ*. The a-characteristic

of the lattices Ay = d,u;Ag, where Ag = TAgZ?*, may be rewritten in view of (5.22)

as ag(Ay) = ag(DoQ) = [|[wy A ... A wyl|, by means of d-vectors w; € Dg$;. Here we

used the standard Euclidean norm on the exterior product Fy L \dR2d, Tt qo > 1 the

minimal eigenvalue of the dth exterior power A?Dg of Dy on Ey is given by |detQ| /2.
Thus for any w € E; we have [|A?Dow|| > |detQ|~'/?||w]|| and we obtain

aa(Ar) = aa(Doh) < [detQ] (). (5.50)

Write aq() = ||D,Ugly A ... A D Uglal| ™!, where I; = (mj,n;)T € Z*® is a basis
of a d-dimensional sublattice of Z*?. Let L denote the d-dimensional subspace of R??
generated by D,Uyql;, 7 = 1,...,d. Introduce the d x d integer matrices IV, and M,
with columns nq,...,ng resp. mq,...,my. We claim that

@=2 " implies 72 > |det(Ny)| > 0. (5.51)

Assuming this fact for the moment, we may parametrize the subspace L as follows. Let
W denote the linear map v — (M N~'v,v)T from R? to R?*!. Then L = D, U W R%.

ag(y) > r-
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def

The form (v,v); = ||D,UioWwvl|]? is positive definite and defines a scalar product
on RY, (similar to H; in (&I6)). Choosing an orthonormal basis vy, ..., v of R? with
respect to (-, -) which diagonalizes (v, v); we may write n; = Av;,j =1,...,d, for some
element A € GL(d,R) such that detA = detN;. By definition we have
1/2
() = |IDUoWni A ... A DUgWny|| = det((nj, e g k=1,..., d)
1/2
_ \detA\det((vj,vk>t, k= 1,...,d>
d
= |detNy| [JID:UqW ;. (5.52)
j=1

By assumption Ry = ;' < r? Since aq(A;)~' = [detQ[~/?*r~94;}, this means that
by (E50) that ag(Q;)~! < r~¢R;. Furthermore, by (5.52)

ag(Q)71 > |det NV, | m§1x||DTUtQWUj||T_(d_1), (5.53)

since || D, UigW,|| > 7=t for all j. Using || D, Uig Wuy|| > r|[(M; N; ' —tQ)v,]|| for all
J, we conclude that

IR, > ()7t > |det Ny|r~ 2 a2 (M, N7 — Q). (5.54)
Since (detN;) N; ! is an integral matrix, (5.53) and (5.54) together imply
min{||M —mtQ|| : 0 < |m| < Ry, m, M integral} < d"/*>Ryr=2,

which proves (5.45)).
It remains to show (E.51)). Assume that rank(N;) = d—k. Let accordingly ny, ..., ng,

say, denote k vectors which are linearly dependent of the independent vectors ng,q,...,ng.

Let w; def D,Uygl;. We may rewrite 3 def lwy A ... A wyl| replacing wy, ..., wy by

linear combinations with w1, ..., wq such that the new first k vectors w; are of the
form w; = (rm;,0)T, j = 1,...,k, where m; € Z%. Let l; denote the corresponding
vectors in Z** such that w; = D,Uygl;. Combine the column vectors I;,j = 1,...d into
d x d matrices M and N (for the first and second coordinates) as above. Express 32

as a sum of squares of the (2dd) coordinates of wy A ... Awg, say Bk, indexed by pairs
of subsets J C {1,...,d} and K C {d+1,...,2d} with |J| +|K| = d. Then

\Brk| = ‘det(r(M _tQN)J)‘ _ ‘det (rMJ,k r(M —t_QN)M_k)

T_lNK 0 ’f’_l NK,d_k y (555)

where M, resp. Mp denotes the submatrix of M with row numbers J resp. K.
Similarly, let M resp. Mjg_ denote the submatrix of M; with column numbers
1,...,k, respectively k+ 1,...,d. Similar notations are used for the other occurring
block matrices. Note that by the rank assumption §;x = 0 unless |K| < d — k. Thus
we may choose a subset K with |K| = d — k such that detNg 4, # 0. Similarly
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we may choose a subset J as well with [J| = k& and det My # 0. Since the k x k-
matrix M, thus obtained is invertible we may evaluate the determinant |5, x| via

|B7x| = |r* (det Mj,k)r_(d_k)(det NK,d_k)L Hence by (5.53])
B> 1Brk| =1~ (det Ny a—i,) (det Myy) > r= (42, (5.56)

which yields a contradiction to ay(€2,)~! = f < 7972, unless k = 0, thus proving the
claim in (5.51)).

Thus we may assume k = 0 or det N; # 0 and here (5.56) implies 3 > r~?detN;.
Furthermore, by definition 3 < r~?R;, which finally yields |detN;| < R;, thus proving
the remaining upper bound for |detV;| in (B.51]). O

6. AVERAGES ALONG ALONG TRANSLATES OF ORBITS OF K

6.1. Application of Geometry of Numbers. In order to estimate the error terms
I 4 in (Z4) we need in view of Lemma LTl and Lemma 4 and ([39) an estimate of

/ B 1) g, (1)t
[t|>1/r

where g, denotes the smoothed indicator function of [a, b], see (B.I8]), which is bounded
from above by exp{—c;|wt|*},[t| > 1 with 0 < k < 1 and 0 < w < 1, see (L3)), and
denotes the theta-series of (AL40). We shall start with bounds of this integral over an

interval T % [to — 2,t0 + 2], o € R of fixed length.

The results obtained by geometry of numbers in Lemma and (5.25]) in Lemma
will be used to bound this integral. Introduce the maximum value over I of the ay-
characteristic for the lattices Ay = d, u;Ag, (using the notations in (5.18)) and (5.19))),

as well as for the lattices A, dof dryui Ag, where rq dof q'/?, via

1

v1,8(r) dof sup{ (r‘dad(drut/\@)> O cte I}. (6.1)

Here ~; 5(r) depends on the Diophantine properties of an irrational () and tends to
zero for growing r by Lemma [B.11l Using the notations of section the following
Lemma holds.

Lemma 6.1. Let [ = [ty —2,t9+2|, r > rg and choose 0 < < 1/2 such that fd > 2,
f < 1/2 and let d > 5. Then we have with gy o max{|g,(t)| : t € [}

sup /
veERL JT

< §I|detQ|_1/4rd_Bd71ﬁ(r) meaj(/
j

ev(t)ﬁw(t)‘dt

T do
Oéd(dro kgAQ,Sj)ﬁ%, (62)

where rg o é and J denotes set of points s; o to — 2 +j% el,j=12...
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Proof. Estimate |g,| by its maximum g; on I and use Lemma [£.4] to bound 6,(t) by
Y(r, )2, In view of Lemma [5.5 with ¢ = 1 together with ([5:28) for u = d*/2, we have

Y(r,t) < #Hweh : |wleo <1} <H#{we A : || <dV?}
<y d2d0éd(At) <y ’l“d/2_6d’y]75(7’) ad(At)B. (63)
Similarly, estimating |g,| by its maximum g; on I and using Lemma [£.4] to bound 6, ()

by |detQ| =47 24)(r, t)Y/2, we get

R s [ 16,050t <0 31t e 50) [aubdn (64
veRd J T

I
Using (5.27), we have d, u; = d,u;—s; us, = dp,dsdy, us;, where s aof (t—sj)r%. Changing
variables from ¢ to s we obtain in terms of the lattices Ag s

/ ag(A)Pdt <4 Z / a(dpy s drg, us, Ao)P dt
I [tj—1,t5]

jeJ

2
<4 max/ aq(dryusAgs,)’ ds. (6.5)

SjEJ _92

Finally, we estimate the last average, using Lemma [5.9, by the average over the group
K. Change variables 6(s) = arcsin(s/(1 + s?)'/2), s € [-2,2]. Note that || < ¢* =

arcsin(2/v5) < 1.2. With ds = /1 + s2 ' df we get (see (B.42))) by completing the

integration over # from the subinterval [—c*, ¢*] to the arc [—7, 7]

2 2 ™
do
/ Oéd(dmusAQ’sj)ﬁdS < / Oéd(drkg(s)AQ’sj)ﬁdS < / Oéd(drkgAQ’sj)B%.
-2 -2 —
This together with inequalities (6.4]) and (6.3) completes the proof. O

In the following paragraphs we shall develop explicit bounds for averages over the
group K of type [, aq(d,kN)Pdk.

6.2. Operators A, and functions 7, on SL(2,R). Let G = SL(2,R). We consider
two subgroups of G:

K = SO(2) = {k(@) _ (COSH —sme) L 0<0< 27?}

sinf cosf

T:{G)L aﬁ) :a>0,beR}.

According to the Iwasawa decomposition, any g € G can be uniquely represented as a
product of elements from K and 7T, that is

g="k(9)t(g), ki(g) € K,t(g) €T

and
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Now let
do & {(8 a91) :“>O} and D* = {d, : a > 1}.

According to the Cartan decomposition,
G=KD'K, g=Fki(g)d(g)kg), g € G,ki(g),k2(g) € K, d(g) € D™

In this decomposition d(g) is determined by ¢, and if g ¢ K then k;(g) and ko(g) are
also determined by g¢. It is clear that ||g|| = ||d(g)||. Since d, is the conjugate of d -1
by k(m/2), we have that g~! € KgK or equivalently, d(g) = d(g~!) for any g € G.
Therefore, |lg|| = [|lg7"|l,9 € G.

We say that a function f on G is left K-invariant (resp. right K-invariant, resp.

bi-K -invariant if f(Kg) = f(g) (vesp. f(gK) = f(g), resp. f(KgK) = f(g)). Any
bi- K-invariant function on G is completely determined by its restriction to D*. Hence
for any bi- K-invariant function f on G, one can find a function f on [1,00) such that

fg) = flgll), g € G.
For any A € R we define a character x, of T' by

a b Y
XA (O a—l) =a ,

and the function ¢, : G — R by
palg) = xaltlg), g€,
The function ¢, has the property
palkgt) = xa(Hea(t), geG ke K teT, (6.6)

and it is completely determined by this property and by the condition ¢,(1) = 1.
For ¢ € G and a continuous action of G on a topological space X, we define the
operator A, on the space of continuous functions on X by

(A, f) () = / f(ghe)do(k), z € X, (6.7)

where ¢ denotes the normalized Haar measure on K or, using the parametrization of
K, by

AN = 5 [ k@), o x.

The operator A, is a linear map into the space of K-invariant function on X. If X = &
and G acts on itself by left translations, then A, commutes with right translations.
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From these two remarks, or using a direct computation, we get that A,p, has the
property (6.6). Hence ¢, is an eigenfunction for A, with the eigenvalue

n(9) & (A1) = / oalgk)do(k) = / yalt(g(k))do(k). (6.8)

K K

We see from (6.8) that 7, is obtained from ¢, by averaging over right translations by
elements of K. But ¢, is left K-invariant and A, commutes with right translations.
Hence this function 7, is bi-K-invariant and it is an eigenfunction for A, with the
eigenvalue 7,(g), that is

Ay =7a(g)Ta or  (Ayma)(h) = Ta(g9)TA(h), h € G. (6.9)
We have that
oa(g) = llgedl ™, g € G,er = (1,0), (6.10)
where || - || denotes the usual Euclidean norm on R?. Indeed

ealg) = xa(t(9)) = lt(g)eal| ™ = lk(g)t(g)erl| ™ = llger] ™.
From (68) and (EI0) we get

/ lgher||do(k / gk (0)er[|*do (6.11)

:—/Hg (cos@,sind)|| )‘dé’—/||gu|| )‘dﬁ (u),

where S! is the unit circle in R? and ¢ denotes the normalized rotation invariant measure
on S1. One can easily see that ||gu||~2,¢g € G,u € S, is equal to the Jacobian at u of
the diffeomorphism v — gv/||v|| of S* onto S'. On the other hand, it follows from the
change of variables formula that

1-\
/@—/@1, R,
where f: M — M is a diffeomorphism of a compact differentiable manifold M and J¢

(resp. Jy-1) denotes the Jacobian of f (resp. f~'). Now using (G.II) we get
™(9) = 2-al97") = 2-a(9), g € GLAER. (6.12)

The second equality in ([6I12)) is true because 7y is bi-K-invariant and ¢g~! € KgK.
Since, obviously, 79(g) = 1, it follows that

72(9) = m0(g) = 1. (6.13)



QUADRATIC FORMS 40

Since ¢~ is a strictly convex function of A for any ¢ > 0,¢ # 1, it follows from (G.11])
that 7, (g) is a strictly convex function of A for any ¢ € K. From this, (6.12]) and (6.13))
we deduce that

T,(9) < Ta(g) forany ¢g¢ K and1<n<A,
T,(9) <land 7\(g) >1 forany g¢ K, 0 <n <2,A> 2, (6.14)
and
T,(9) < Ta(g) forany g¢ K,A>2,0<n<A (6.15)

Since the function 7,(g) is bi- K-invariant, it depends only on the norm ||g|| of g. We
can write

nlg) =lllgl), g€, (6.16)
where
A@) E (d) = / daker || do (k) (6.17)
K
2m
= i/ 40 a>1
21 ) (a?cos?f+a Zsin?9)M2 T
0
It follows from (6.9) and the definition of A, that
[ Allgkdul) doth) = (o)), g€ Goa=1. (6.18)

K

Since [|g|| = [[g7*| for all g € G,

a
— < |lgkda|l < allg]]

gl

for all k € K and g € G. From this, (6.14) and (6.I8) we deduce that, for any A > 2,

the continuous function 7y(a),a > 1, does not have a local maximum. Hence 7 is
strictly increasing for all A > 2 or, equivalently,

™ (g) <7ma(h) if|lgll <|hll, g, h € G, A > 2. (6.19)
It follows from (6.12)) and (6I7)) that
2r
(a) =T \(a) = % / (a® cos® O + a~%sin? 9)%_1619. (6.20)

0
Since a2 cos?§ < a®cos? 6 + a~?sin?§ < a?, we deduce from (6.20) the following esti-
mates

cN)a* 2 < y(a) a2 a>1, A>2, (6.21)
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where
27

1 (2A —3)
A) = — 7?2 = s
) 27r/(cos ) 2-20(\ — 1)?
0
It also follows from (G20) that, for any A > 2, the ratio Zﬁ(f”g) is a strictly decreasing

function of ¢ > 1 and

Lemma 6.2. Let g € G,g ¢ K,A>2,0<n < \b>0,Q > 1, and let f be a left
K-invariant positive continuous function on G. Assume that

Agf <alg)f + by (6.22)

and that
flyh) <Qf(h) if heG,yeG and|y| < gl (6.23)

Then for all h € G,
(Anf)(1) = / F(hk) do (k) < sma(h),

K
where
b

=7 024

s=Q [f(l) i
Proof. Let
fre(h) & /f(hk) do(k), heGQG.
K

Since A, commutes with right translations, and 7, is right K-invariant, it follows from

622) that A, fx < 7a(9)fx + b7,). If h and y are as in (6.23)), then f(yhk) < Qf(hk)
for every k € K and therefore fx(yh) < Qfx(h). On the other hand, it is clear that

fre(h) = (Anfi)(1) = (Anf)(1).

Thus we can replace f by fx and assume that f is bi- K-invariant. Then we have to
prove that f < s7\. Assume the contrary. Then f(h) > s'7\(h) for some h € G and

s' > s. In view of (6I3) and ([€24), s’ > s > Qf(1). From this, (619) and (6.23) we

get that ||h]| > ||g|| and

Sl

f(yh) > 0 ma(yh) it |yl < llgll and [lyh]l < |[A]]. (6.25)

O



QUADRATIC FORMS

42

Using the Cartan decomposition, we see that any z € G with Ll < ||z]| < ||4]|

llgll

can be written as x = kyyhks where ki, ko € K, ||y|| < ||g|| and ||yh|| < ||h||. But the

functions f and 7, are bi-K-invariant. Therefore we can get from (6.25]) that

f($)>—7() o ||<|| z|| < [|R].
Let
def b def S’ b
= - - = — 1 d
T e 7 M o R AN e o
w = f—axm\+ayTy,.

Then, in view of (6.9) and ([622),

Agw — 1 (g)w = Ay(f — axta + ay1;) — 7a(9)(f — armo + ay7)
=[A(g)f —n(9)f] — aA[AgT)\ —7alg)m] + an [Ang - T,\(Q)Tn]
< b, + ay [1,(9)T) — Ta(9)7y] = 0.

Since 7\(1) = 7,,(1) = 1, we have
w(l) = f(1) —ar+a, <O0.
It follows from (6.I5]) that a, > 0. From this, (6.24]) and (6.26) we get that
wz) = [f(@) = (@) + am(e) 2 f(2) —an()

>>(g m)<> OfHH<mwsmw

(6.26)

(6.27)

(6.28)

(6.29)

Let v € G,||v] < |||, be a point where the continuous function w attains its
minimum on the set {x € G : ||z|| < ||h]|}. It follows from (628) and ([629) that

il
llgll’

Then, since 7\(¢g) > 1 and [|gkv|| < ||g||||v] for all & € K,

mWww=/@@MMdmzww>n@wwy

K

We get a contradiction with (E.27).
As a special case (n = 2 and b = 0) of Lemma [6.2] we have the following

w(v) < 0 and [jv]| <

Lemma 6.3. Let g € G,g ¢ K, A > 2,Q > 1, and let f be a left K-invariant positive

continuous function on G satisfying the inequality (6.23). Assume that
Agf <malg)f



QUADRATIC FORMS 43

Then for all h € G,
(Anf)(1) = / F(hk)do(k) < QF(L)ma(h).

Lemma 6.4. Let g€ G,g ¢ K,2 <A< p,Q >1,M > 1,n € N*, and let f;,0 <i <
n, be left K-invariant positive continuous functions on G. We denote min{i,n —i} by
i and Y. fi by f. Assume that

0<i<n

filyh) < Qfi(h) if0<i<nheGyecGand|yl <lgll,
Agfi S T)\(g)fl + M ma YV fi—jfi+j7 0 S 7 S n, (630)

0<j<
m particular,

Ang < TA(g)fO and Agfn < TA(Q)fn-
Then there is a constant B = B(g, A\, p, Q, M,n) such that for all h € G,

(Anf)(1) = / J(hk)do(k) < BF(L)r(h). (6.31)

Proof. For any 0 < e <1 and 0 <17 <n we define
fie =D f; where q(i) oo i(n —1).
It follows from (€.30) that for all i,0 <1i < n,
Agfie=c"A f; <®1\(g)f;
+e99 M max \/g_q(i_j)fi_j755_q(i+j)fi+j,€

0<j<i

= (9) i+ M max VO Hat it

Direct computation shows that
N L o .
q(i) = 5lali = j) +a(i + 7)) = 5.
Hence for all 7,0 < i <n,

Agfie < (9)fie +eM max VFjefirie (6.32)
Let f. o Z fie. Summing (6.32) over all 7,0 < ¢ < n, and using the inequalities
fe > fi—j,zag}gizj,s, 1<i<n-—1,0<j<i, we get
Agfe = 3" Agfie <Ta(9)fe +eM(n —1)f. (6.33)
0<i<n

= [m(9) +eM(n = 1) [..
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£o = min {1, —7“5\94)(;?1(9 )} .

Let

Then it follows from (6.33) that

AQfEO S Tu(g)fa)'
Now we apply Lemma [6.3to f., and get that for all h € G,

(A1) < eg™ (Anfer) (1) € 5™ foo(1)Tu(B)
< 5" QIW)T(h).
Hence (6.31]) is true with B = 55"262. O

Proposition 6.5. Let g€ G,g¢ K,de N",Q > 1,M > 1. For every 0 <i < 2d, let
Ai > 2 and let f; be a left K-invariant positive continuous function on G. We denote
min{i,2d — i} by i and > f; by f. Assume that

0<i<2d
Aa >N forany i #d.
filyh) < Qfi(h) if0<i<2d,he G yeGand |yl <9l (6.34)
Ay fi <\ (9)fi + M(l]filaii V ficjfivj, 0<1<2d, (6.35)
15t

i particular,

Agfo < ma(9)fo and Ay foa < 7r,,(9) faa-
Then, using the notation < (which until the end of the proof of this proposition means
that the left hand side is bounded from above by the right hand side multiplied by a
constant which depends on g, A, . . ., Aag, Q and M, and does not depend on fo, ..., faq),

we have that
(a) For allh € G and 0 < i < 2d,i # d,

AWV = [ £(bR)o(h) < F)r0),
where
n=X—3""VNg—n) <Ay and 1 =max{)\ :0<i<2d,i#d}. (6.36)
(b) For all h € G,
(g (1) = [ falhk)do(h) < £, (1)

K

(c) For all h € G,

(Auf)(1 /fhk@- ) < F()[[R]Pa2,
K
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Proof. (a) Let
fix(h) & / fi(hk)do(k), h € G.

It follows from the Cauchy—Schwartz inequality that

[ sth) ) ot

\/ / fiej(hk)o \/ / Fivs(hE)do (k)

= \/fi—j,K(h)fi-l-ij(h)'

Hence

max \/ fi s (hk) fis (hk) dor()

0<j<i

<3 / JFims (1) s () dor(h)

0<j<i

< Z \/fi—j,K(h)fi-i-j,K( < d max \/fz _jx () firjr(h).

- 0<y<e
0<5<i

On the other hand,
i) = [ (Agf (k) do(h)
K
and, according to (6.35]),
(Ag£:) (k) < 72,(9) Fi(hk) + M max \/ fi_;(hk) fis; (h).

0<j<i

Therefore

Agfix < (9)fix +dM gg% \ fizjfitj-
But )
fir(h) = (Anfix)(1) = (Anfi)(1)
and, as easily follows from (G34)),
fir(yh) < Qfir(yh)

if h € G,y € G and |y|| < ||g|- Thus, replacing f; by f; x and M by dM, we can
assume that the functions f; are bi- K-invariant. Then we have to prove that

i< f()r, forall 0<i<2d,i#d. (6.37)
0
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Let, as in ([6.36]), " = max{\; : 0 < i < 2d,7 # d}. We define 1;,0 < i < 2d, by

fa = Mg+ 37N, — ) and (6.38)

i =pta — 3" Mg —1),0<i<2d, i #d. (6.39)
Since, in view of ([GI3)), 7, (g9) < 7,,(g), it follows from (6.I5]) and Lemma [6.4] that
fi < f(Dr, 0<i<2d. (6.40)

One can easily check that n > u; > A; > 2 and therefore 7,, > 7, for all 0 < i <
2d,i # d. Thus, to prove (6.37), it is enough to show that

fi < f(1)7,, forall 0 <i<2d,i#d. (6.41)

We will prove (6.41)) for ¢ < d — 1 using induction in ¢; the proof in the case i > d+1 is
similar. In view of (EI8), 7,,(9) > 7\,(¢). Then for ¢ = 0 it is enough to use Lemma
B3 Let 1 <m < d—1 and assume that (6.41]) is proved for all i« < m Then, in view

of ([E40), for 0 < 7 < m,

V fm—jfmt; < f(1>\/THmijHd (6.42)
< f(l)\/ Tpim—1 Tpg << f(l)T(Mm—1+Md)/2'

(The second inequality in (6.42) follows from (G.I5) and (6.39), and the third one

follows from (G10]) and (G21]).)
Combining (6.35) and (637) we get

Ag.fm S T)\m (g)fm + C.f(]‘)T(Nm—l"Fﬂd)/z’

where

C <1

On the other hand, as follows from (6.:38) and ([639), A, < i and (pm—1-+4a)/2 < fim-
Now, to prove that f,, < f(1)7,,, it remains to apply Lemma (and use again

(G.13))-

(b) As in the proof of (a), we can assume that the functions f; are bi-K-invariant.
Then we get from ([6.35]) and (6.37)) that

Agfd < T)\dfd + Df(l)Tm

where D < 1. But n < A\;. Therefore, Lemma implies that f; < f(1)7,, which
proves (b).

(c) Follows from (a), (b), (€I15), (€16) and (G.21]).
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6.3. Quasinorms and representations of SL(2,R). We say that a continuous func-
tion v — |v| on a real topological vector space V' is a quasinorm if it has the properties:

(i) |v| > 0 and |v| = 0 if and only if v = 0;
(ii) [Av| = |A|jv| for all A € R and v € V.
If V is finite dimensional, then any two quasinorms on V' are equivalent in the sense

that their ratio lies between two positive constants.

Lemma 6.6. Let p be a (continuous) representation of G = SL(2,R) in a real topo-
logical vector space V', let | - | be a K-invariant quasinorm on V', and let v € V,v # 0,
be an eigenvector for T corresponding to the character x_.,r € R, that is

a b v —d"
Plo )" 72"

Then for any g € G and B € R,
|p(g)v] ™ = wpe(g)Iv] ™7 (6.43)

and

do(k)

oGk Tar(9)/ 0" (6.44)

Proof. Using the K-invariance of | - | we get that

p(g)ol ™ = |p(k(9))p(t(g))v]™
= lp(t(g))v]™
= Ix=r(t(@))l™ = xar () W™ = wpr(g)v] 7.
The equality (6.44]) follows from (6.43) and from the definition of 73,(g). O

Let ||z]| denote the norm of z € C? corresponding to the standard Hermitian inner
product on C?, that is

2l = [[«]* + [lylI*  where z =z + iy, z,y € R”.
Lemma 6.7. For any 2 € C?,2# 0,9 € G and 3 > 0,

def do(k
27 [ -dok)

F(z)=Fyp(z) = Tgk=I? < 75(9).

Proof. Since the measure ¢ on K is translation invariant,
F(kz) = F(z) for any k € K. (6.45)
Also, for all A\ € C, A # 0, and z € C?,2 # 0,
F(\z) = F(z) (6.46)
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because ||Av]| = |A|[|v]|,v € C%, and because G = SL(2,R) acts linearly on C?. Any
nonzero vector x € R? can be represented as z = \key, A € R,k € K,e; = (1,0). Then,
using (G.I0]) from section [6.2] we get from (6.45) and (6.46]) that

F(z) = F(e1) = 13(g) for all x € R* z # 0. (6.47)

Let now 2 = x + iy, 2,y € R%, 2 # 0. We write ez = xy + iy, 29, yp € R%. Then |w"”

is a continuous function of # with values in R U {oo}. But ™2z = iz = —y + iz and

-1
therefore Hz”g” = (HZE”) . Hence there exists 6 such that ||z]| = ||ye||. Replacing

then z by €z and using (6.46) we can assume that ||z4]| = |lysl|. Now using the
convexity of the function t — ¢=%/2 ¢ > 0, and the equality (6.47) we get that

do(k) / do(k)
(

lgk=117 ) (lgkz|? + [lgky|[*)?/>
K K
< 92 1 / do(k) N do(k)
B 21J llgkz[|? lgkyll?

K

sz 1 [78(9) | 78(9) 1

—9 6/2._{5 + = 278274(g)
Ilzlls  Nyll® [ [|?
1

—9-B/2, (g) . _ Tﬁ(g)

2|7 - 27672 ||2]|#
Clearly (6.48) implies (6.43). O

Let P,, denote the (m+1)-dimensional space of real homogeneous polynomials in two
variables of degree m, and let 1, denote the regular representation of G = SL(2,R)
in P, : (Yn(9)P)(z) = P(¢g7'x),9 € G,z € R?, P € P,,. Tt is well known that, the
representation p,, is irreducible for any m and that any irreducible finite dimensional
representation of G is isomorphic to v, for some m. Recall that all finite dimensional
representations p of G are fully reducible, i.e. p can be decomposed into the direct sum
of irreducible representations. We define

I(p) = {m € NT : 4, is isomorphic to a subrepresentation of p}.

Proposition 6.8. Let p be a representation of G = SL(2,R) in a finite dimensional
space W. Then there exists a K-invariant quasinorm |- | =|-|, on W such that for
anwaW,w#O,gEGandﬁ>0,

1
/|p Gkl = < max {Tﬁm(g)}—|w|5-
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Proof. Let W = @ W, be the decomposition of W into the direct sum of p(G) -

=1
irreducible subspaces, and let w; : W — W, denote the natural projection. Suppose

that we constructed for each i a K-invariant quasinorm |- |; = |- |,, on W, such that
for any w € W, w # 0,9 € G, and 8 > 0,
do (k) 1
A0 o (g) ——, 6.48
J Ttk =m0 o

where p; denotes the restriction of p to W; and m(i) € I(p) is defined by the condition
that ;) is isomorphic to p;. Then we define |w| = |w|, by

|w| = max |m;(w)];, we W. (6.49)

1<i<n

Clearly | - |, is a K-invariant quasinorm. Let us fix now w € W, w # 0, and choose i
such that |w| = |7r2(w)|Z Then

<
/Ip (gh)wl? — /|m \B

/ ) (g) =
= < Tom@)(9) = ——3
i gk mi(w)|; B |mi(w)|}
1
TBml(3) (Q)W < n?el?x {78n(9 )}W.

Thus it is enough to prove the proposition for representations ,,. ]

Let P € P,,, P # 0. We consider P as a polynomial on C? and decompose P into
the product of m linear forms

P=1t... by, li(z1,22) = a;z1 + bz, a;,b;21, 20 € C.
There is a natural K-invariant norm on the space of linear forms on C?:
1€112 = |a|® + |b]%, €(21,22) = az + bz.
Now we define a quasinorm on P,, by the equality
[Pl =[Gl (]l (6.50)

This definition is correct because the factorization (6.50) is unique up to the order of
factors and the multiplication of ¢;, 1 < i < n, by constants. We denote by t; the
extension of ¢, to the space of linear forms on G. It is isomorphic to the standard rep-
resentation of G on C?. Then using Lemma [6.7 and the generalized Holder inequality,
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we get that

1/m

’:]3

do(k) _ / do (k) <
UnlBPE S oy

1/m
TBm Tﬁm(g)
= . (6.51
pl<me) R

1 / [ ( gk‘ f (L

Since (1) = {m}, [@5]) implies (648) for p = 1.

We remember (see (6.14) and (615]) from sectionG.2that 7,(¢g) < 1 and 7,(g) < 7A(9)
foranyg ¢ K,0 < pu <2, A>2and0 <n < \. Using this, we deduce from Proposition
the following corollary.

Corollary 6.9. Let p be a representation of G = SL(2,R) in a finite dimensional
space W, and let m be the largest number in I(p). Then there exists a K-invariant
quasinorm | -| = |- |, on W such that

(i) if B >0 and fm > 2 thenforanwaW w#0, and g € G,

mgkww I[P

(ii)ifﬁ>0andﬁm<2thenforanwaWw;«éO, and g € G,g ¢ K,

1
I,O gk wlﬁ lw|?

6.4. Functions «; on the space of lattices and estimates for A,q;. For a lattice
A in R" recall the notations d(L) and ay(L) in section [{ for arithmetic subspaces of R™
which satisfy the basic inequalities (5.1)) of Lemma 511 for two A-rational subspaces L
and M. Choosing quasinorms ||-||; on A'R™ we consider the functions a;(L) and a(L),
see (0.2) and (B.3]), on the space of lattices.

Let p be a representation of G = SL(2,R) in R™, and let A’p,1 < i < n, denote the
i-th exterior product of p. We assume that the quasinorms | - |; are K-invariant or,
more precisely, (A'p)(K)-invariant.

We fix g € G, g ¢ K. Since

Aip)(h)vl; .
sup{%:heA,vENR",v#O}

= sup{|(A"p)(h)v|; : h € A,v € AN'R", |v|; = 1}

is finite for every 7,1 < i < n, and every compact subset A C GG, one can find ) > 1
such that for any 4,1 <i < n, and v € A'R", v # 0,
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Nep)(h)v); .
@t < R < ity e Gand [y < ol (652
Ul
where, as in section B2 ||h|| = ||h™!|] denotes the norm of the linear transformation

h € G = SL(2,R) with respect to the standard Euclidean norm on R?. From (6.52)
and the definition of da(L) we get that, for any lattice A in R™ and any A-rational
subspace L,

_ d L .
Q@< B < ity e 6 and Jy] < ol (6.59)

Hence for any 7,0 <1 < n,
a;(yA) < Qoy(A) ify € G and [[y[| < lg]|- (6.54)
Let 8 > 0. We define functions F; 5, 1 <i < n, on A'R™ — {0} by

s(w) = —|w|l o(k),w R™, w
Figlw) K/|<Np><gk>w|id (), w € R, w 70

It is clear that the functions F; are continuous and that F; s(A\w) = F; g(w), A € R, X #
def
0. Let cpg = 1 and

= sup{Fis(w):we AR" w# 0} (6.55)
= sup{Fis(w):we AR |w|;=1},1<i<n.

Ci7B

We note that ¢, 3 = 1.

Lemma 6.10. For any 1,0 <1i < n,

Agaf < Ci,gaf + CﬁQB max A /af_jafﬂ-, (6.56)

0<j<i

where i = min{i,n — i}, the constant C > 1 is from Lemmal5d, and the operator A,

is defined by ([61) from G2
Proof. Let A be a lattice in R™. We have to prove that

/ ai(gkA)Pdo(k) < cigai(A)° (6.57)

+ C7Q max \Jay;(A)Pa; (M)

0<j<i

There exists a A-rational subspace L of dimension i such that

= oy (). (6.58)
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Let us denote the set of A-rational subspaces M of dimension i with da (M) < Q*da(L)
by ¥;. We get from (6.53) that

dgra(ghM) > dgra(gkL)

for a A-rational i-dimensional subspace M ¢ ;. It follows from this and the definitions
of a; and ¢; g that

/ ai(ghA)Pdo(k) < cisas(A)P it W, = {L}. (6.59)

Assume now that ¥; # {L}. Let M € ¥;, M # L. Then dim(M+L) =i+j,0 < j <.
Now by ([€.53), (6.58) and Lemma [5.1] for any k € K,

__@ ©
ulgkB) = Quuld) = Gy < =
cQ

= VAda(L N M)da(L+ M)
< CQ\/ai—j(A)ai—i—j(A)'
Hence, if W; # {L},

/ ai(ghA) do(k) < CPQ° max \Ja_;(A)ha(A)?. (6.60)
0<5<e
K
Combining (6.59) and ([6.60]), we get ([6.57). O

Theorem 6.11. Let d € NT, and let pgy denote the direct sum of d copies of the
standard 2-dimensional representation of G = SL(2,R). Let 8 be a positive number
such that fd > 2. Then there is a constant R, depending only on 3 and the choice of
the K-invariant quasinorms | - |; involved in the definition of oy, such that for h € G
and a lattice A in R*?

(Apa®)(A) = / a(hkA)do(k) < Ra(A)P||h||P42.

Proof. As in section [6.3] for a finite dimensional representation p of G, we define
I(p) = {m € NT : 4, is isomorphic to a subrepresentation of p},

where 1, denotes the regular representation of G in the space of real homogeneous
polynomials of degree m. Let m; be the largest number in I(A’py), 1 < i < 2d. It is

well known that

—m =1 < min{i,2d — i}, (6.61)
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We fix g € G,g ¢ K. It follows from (6.61]) and from the Corollary of Proposition
that we can choose quasi-norms |- |; on A‘R?? in such a way that for w € ATR?? w # 0,

leﬁ -
|N w|ﬁ do(k) < 715(g), if Bi>2

and
B
/ _Wle__y irgi<a
J (nipa) (ool
Hence
cip < Tgi(g) i f1>2, and (6.62)
cip <1 if Bi <2, (6.63)
where ¢; 5,1 < i < 2d, is defined by (6.53) and co3 = 1. As a remark, we notice that
cip = Tgi(g) if B1 > 2). M

According to Lemma [B.I0, the functions o), 0 < i < 2d, satisfy the following system
of inequalities

Ajal < ¢ pal +CPQP max ol ]afﬂ (6.64)
<j<i
Let
A max{2, B}, 0<i<2d (6.65)
Since 72(g) = 1 (see (6.I3)) from section [6.2), it follows from (6.62)-(6.65) that
Agal <7y (9)af +CPQP max fof ol 0<i<2d (6.66)

Now we fix a lattice A in R?*? and define functions f;, 0 <1 < 2d, on G by
Then it follows from (6.60) that
Agfi < (9) fi+ CPQ7 max \/fi_j fivj, 0<i<2d.
0<j<i
On the other hand, in view of (6.54)),

filyh) <Q°fi(h) if0<i<2d,he G, yeGand |yl <9l
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Since fd > 2, we have that fd — 2 = Ay > \; for any i # d. Now we can apply
Proposition (c) and get that

(Ana”)(B) < (An D al)(A) = (A Y f)(1)

0<i<2d 0<i<2d
< () fi)r)e
0<i<2d
= (Y (AR < 2da(A)|[n) . (6.67)
0<i<2d

The inequality (6.67) proves the theorem for our specific choice of the quasinorms | - |;.
Now it remains to notice that any two quasinorms on A'R™ are equivalent.

7. CONCLUSION OF THE PROOFS
We shall apply Theorem [6.11] combined with Lemma as follows.

Corollary 7.1. Let |to] > 2, r > rg, I = [to — 2,ty + 2| and fd > 2 and
Y max{|g.(t)| : t € I}. With the notations of LemmalG1 we have

sup /
veRL J [

where Cg def 74 |det Q|~YA=PI2,

0,(0)Fu(t)|dt < G Cormalr)r™ (7.1)

Proof. Note that a4(A) < a(A) holds for any lattice A. Since d,u;Ag s = drousAg,
(compare (6.1))), is self-dual, (5.26) applies and we obtain a(d, u;Ag s) <a aq(d,uAg s).
Now choosing h = d,,, ro = r/rg, rq = ¢'/? and the lattices A = Ag,s; defined in in
Theorem we arrive at the bound

i do _ _ -
miwx [ audny hao.)* 57 o 0o, ) dn P47 a7 (v fder Q| 7),
using ||d,, || = ro and by (534),

Oz(AQS) <y Oéd(AQ,S) <y |detQ|_1/2rg2. (72)
In view of Lemma [6.] this concludes the proof of (7.1)). O

In the intervals {r~' < || < 1} the integrand g,,(¢), w < 1 in (E2) is bounded from

above by, (see (d3))),

19w (t)| < min{|b —al, 1/]¢]} (7.3)
and thus is of size b — a for |[t| < 1/(b — a). It changes rapidly if |b — a] > 1 grows
with 7. In order to adapt the averaging result, Lemma [[.1] to this case we need the
following Lemma.
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Lemma 7.2. Recall rg = ¢*?. Forr >rg, b—a >rg, Bd>2 and 0 < w < 1 we
have with [ < [1/r,1/rg]
—1

(&) TQ o~ —
I(v) & / 16,(8)Fu(8)] dt < Corralr)r®?, (7.4)

—1

with Cq as defined in Corollary 71 .

Proof. If |b — a| > r,', using (Z4) and Lemma (@) we have with d3 > 2, Aq as
defined in (5.I8) and (€3] with tg =0

1(0) <€ 05(r) P29 et Q| VA, (75)
where
rél p
J— /  (aaldyw AQ) a0 dt < 37 I, (7.6)
r J=jo
with
def G-~ ~ ) L def
fj:/ aa(drs A [ dts 5= jordo+ 1, p 1 +1. (77)
j 1

. def
and jo = [rg].
Changing variables via t = vj~2 and v = s + j in I; and using the group properties

of d, and u;, we have with |g,,(¢)] < [¢t|~! for |¢| < 7’{21 and [; < I7
G-»~*
«  def dt
Iy = (cva(druy AQ))BT
-1
G-t dv
= (aaldr -2 Ag))” =~
J+2 do

(a(dyuy—2 Ag))” -

2

AN

ds
= (O{d(drusj72 Ujfl AQ))B S +] . (78)
By G.21),
drusjf2 = drjfl djusj72 = drjfl Usdj. (79)
According to ([C8) and (T3],
2
0

where A; o dju;-1Ag. By Lemma 5.6, (5.34)) we have for j > jy and
Oéd(Aj) <y \det Q|_1/2Té. (711)
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By Lemma B9 (with ¢ty = 0), (62), we have

Oéd(drjflut/\j) <y Oéd(drjfl ]{ZgAj), (712)

for [t| < 1, r > 1, where ky is defined in [€2). Recall that agq(A) < a(A) for any
2d-dimensional lattice A. Choosing = j and ¢ = 57!, note that A, = A; and (5.26)
yields

Oéd(Aj) =4 Oé(Aj). (713)
Thus Theorem 611 with A = A; and r replaced by 757!, together with (ZI3) yields

2T
/ (Ozd(drjﬂ ko Aj)>6 df <y ||drj71||5d_2oz(/\j)6 <y ||drj71||6d_2ad(/\j)6. (7.14)
0
Using (543)), (CI2) and (ZI4) we have
2 c*
/ (aa(dyruA)) dt < / (aldyj ko A;))”
0 0

2w
< / (aa(d;1 kg M) d6
0

<a |1 [P 2ea(A)P, (7.15)
if d >5, 8 >2/d. It is clear that ||d,;-1|| = rj~'. Therefore, according to (Z.I0) and

df
cos2 6

Y

X N 1 1 pa- .

I; <4 7(7”] NP2 (ay(A))? <4 7(7“] 15472 det Q| B/Qng. (7.16)
By (6]), (1) and (7I6), we obtain, for d >5, 8> 2/d, w < 1,

p
1
J <y Z n (rj=1)P2 | det Q\_B/zrgd <q 72| det Q|_ﬁ/2r22. (7.17)
J=Jo

Collecting the bounds (TH)-(7.6) and (ZIT), we get the bound for I;(v). O

7.1. Proof of Theorem [2.1. We now collect all error bounds to prove Theorem 2.1
using the constants Cg and r¢g = ¢"/? introduced in Corollary [l
Estimate of I; & I+ in (A4) and (A37).

With K, & [r=1, 1] and K; o (7,7 + 1], 7 > 1, we have

I Sll,O‘l‘ZIl,ja (7.18)
=1

where

h, / dv/ difo()3u0)], i>0. (7.19)
Re  JK,
Write
wdef 1.

(b—a)" = = min(rg,b — a). (7.20)

2
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Estimate of [, . Using (£.38) we consider the case b — a < 1 first. Here we use
Corollary [TI] to bound the integral over Ky using gk, < b—a = (b—a)*. For the case
b—a > 1 we use Lemma for t € Ko, |t| < 7’{21 and Corollary [Z1] for the other ¢ in
Ky together with g, 1 ;) < (b—a)*. The result is

Lo <q (b—a) Co(loge ™) vk, s(r)ri 2. (7.21)
Estimate of [, ;, j > 1.
Using Corollary [Z.1] we get
]1,]‘ <y ng (log 8_1)dCQ’}/Kj7g(’/’) Td_2 (722)

Choice of parameters:
For fixed r > ¢ and |a| + |b| < co7?, 0<b—a <cyr
and prescribe limits for 77> 2 and 1 > 7_ > 1/r:

rtlogr)? <46, O<w< (b—a)*/4, T >;w 'h(T.), (7.23)

2 we may choose w < (b — a)/4

2
where ¢q is defined in Lemma B3 and h(T_) & c_1<log(T_ gV (b - a)*) :
Recall that

90 (1)] < min{|b — al, [t| 7'} exp{—c|tw|"/*}. (7.24)
Thus for the choices of 7" and w in ([Z.23]) we have for sufficiently small w,
> Gk, < exp{—c|Tw['/?}. (7.25)
j=T

e 1/2-p8
Using Corollary [ Tland Lemmal5.8] (5.34)), we conclude with ¢ o (|det Q=12 ré) ,
; 1. <q (loge )% r®™ Co expr1—c|d'w . Furthermore, for b —a > rg an
r Ty <a (loge)ird=2Cyig Tw[V2}. Furth for b o and
j > 1 we have [g,| < j~' exp{—c|jw|"/?} whereas for b —a < rgand 1 < j < w™!

we obtain [gx,| < min{b —a,j~'} . Thus with (b —a)* defined in (Z20) we get

- (b a)
> gk, < log . (7.26)

J=1

Hence, in view of ((I8), (Z19), (2I)) and (.22 we obtain (using the notation in
6.1))

b _ *
I <4 (log 5_1)drd_2 Co ((b — a) " Vio5(r) + yu1,8(1) log ( wa) (7.27)

+ gt ep{—e(Tw)'}).
def

Split Ky = Koy U Ko1, where K aof [r~1,T_] and Ko = (T, 1]. Then (5.33)) yields
Vicoo5(r) <a (Jdet Q2T >~ <« T |det Q|/21/25). (7.28)
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Write cq def det Q['/477/2 > 1 and note that v, 5(r) <a Y 11,5(r)
Thus, we finally get

I <4 (loge™)4ri2Cy <Xw7b_a’}/[TﬂTLﬁ(T> +(b—a) cgT: +
+eg exp{—c(Tw)1/2}) . (7.29)

Together with the inequalities (33) and ([E33)), (£34), [E38) we conclude, for T' >
wth(T),

|volz H(r) — vol H(r)| (7.30)
<4 (loge ™) r™2Co (b — a)* <log ( Y- 1,8(r) + cQT* + ¢g exp{—c(Tw)1/2})
+((b—a)e +w)|det Q7?42 4 (loge™1)¢|det Q|2+ Y2 log (1 + |b — a|r™1).

Since by [B8), vol H(r) >4 (b — a)|det Q|71/2r9=2 and since ¢g exp{—c(Tw)/?} <
coT* (b—a)* for T chosen in (Z.23)), we conclude for the relative lattice point deficiency
in Theorem [2.1]

*

def | vOlz H(r)
A, = |7V01H(7‘) 1] (7.31)
c —a,w T
g €+ - fa + (loge™)4 <|det Q\m Co 7/)62’2 — a( ) + r‘d/zg(r, b— a)),
where

* def . - (b — CL)* AT S

Pos-aw(r) = Inf 3 ms(r)log +(b—a) et y,
ot r? log(1 + b—a )

E(r,b—a) = - r. (7.32)

and inf7, ;. denotes the infimum over all 7_ € [r~',1] and T > h(T_)/w.

Fixed parameters ¢ and w:
When 0 < b — a < rg, we may rewrite (.31)) and (T.32)) as follows:

A, gzt oo+ (loge!)! <|det QY2 Co popan(r) + r_d/2+l), (7.33)

where

def . f{ log(w™' (b—a))

P01-aw(r) = in i myp(r) + TS - T € [r 1), T > h(T_)/w}.

(7.34)
When r > b —a > rg we get a similar bound

A, <ge+ l)iu—a + (loge™1)?Cyp |det Q|2 <%? + r‘d/2+1>, (7.35)
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with
Po.w(T) L inf {(log W)Y mp(r)+egreTe + T- € [r 1], T >y h(T_)/w} (7.36)

whereas for cor? > b —a > r we get for 0 < w < 1 in view of (7.23)

2
A, <4 ¢+ (log 6_1)d(CQ |det Q|2 pz?%(;ﬁ) + /2 br——a log(r)>. (7.37)

Variable parameters ¢ and w:
Finally, we may choose w = T (b—a)* and ¢ = T* subject to the restrictions in (7.23)).
Using |det Q| > 1 this results in the following bound:

(r,b—a)

Ay g |det Q2Cq PLEZ—20 4772 (rb — a),

with T’y =<4 h(T-)T-° and
def . d (b — CL)* NETS ) . -1 —1/s
pop—a(r) = inf 3 |log T_|“( iz 7,7,8(7) log T (b—a)*Tc ) - T_ € [r—4r /1] ¢,
(7.38)
where £(r,b—a) < rifb—a < rand (r,b—a) < r*(b—a) log(r) if b—a > r. Since
Yir_ 1,1,8(r) = 0 for r — oo (and any fixed 7_) when @ is irrational, we conclude that
po(r,b—a,w) — 0 for r — oo, which proves Theorem 211

Proof of Corollary 2.3l Choose r = 2v/b. Then Eop C Crpo def {x e R : Lgrw €
[—1,1]9}. Choosing ¢ = 1/16 in Lemma B3] we get R 2, <4 |det Q72w rd=2 for
smoothing regions since the boundary of £, ; does not intersect the 3e-boundary of C,.
Furthermore, in Lemma note that with these choices vol H(r) = vol C, N E,p) =4
|det Q|~1/274, see [BG99]. Moreover, by the choice of € and r all lattice points in F,
will receive the weight 1. Accordingly we set the terms estimating the intersection with

the 3e-boundary of C, to zero, i.e. drop the terms (b — a)e in (B.19), (£37), and the
summands ¢ in (30) and (Z31)). Note that apart from Lemma B3] the property that
@ is indefinite has not been used in all the subsequent arguments(!). Thus ([Z30) leads
to the following bound using 0 < w < 1

|voly, H, — vol H,| (7.39)
< 12 (Jdet Q2w + Coa? (Tog(w™ )y r,15(r) + g T2 ))
+|det Q|72 r 42 1og 7.
Thus, choosing w < 1 such that |det Q| /2w = ¢*/?Cqoco TS we get with
T. = BoT=h(T_), Bg = |det Q|~1/2-8¢=%?2 where h(T_) =4 (1og(T_ q—1/2)<ql/2)2

and
po(r) defnf { log(leq)v[T,7T+},g(r) +coTt  T_ € [r‘l, 1]}, (7.40)

[voly, H, — vol H,| <4 7% 2 pg(r) + |det Q|72+ log 1. (7.41)
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Note that as in the indefinite case lim, ,, p(r) = 0 if @ is irrational. This proves
Corollary 2.3
Proof of Corollary 2.7l Using Corollary E.11] we may estimate pgp—(r) and A,

n
in (Z38). By (548) and (1)), vz 7,5(r) < |detQ|*/?r~" max (T__(HH),Tf) , where

1 & 1/2—p,v oo 2(1—r)p, T = h(T_)T=*, the evaluation of pg . (r) in (.38)) leads

to the minimization of p
s — |log s|d(cQ,(b_a)*r‘” max {s‘l_“, s~%|log s|2“} +co(b— a)*sg) for1>s>r"t+

r=1/s, where ¢ (p—q)+ is a polynomial in |log(b—a)*| and ¢ = ud, (see Theorem 2.)). For
sufficiently small £ > 0 (depending on d), s™*~! dominates s~*|log s|**. Minimizing the
resulting function of s, we obtain for r sufficiently large pg o (r) <a.q (logr)?dr=1((b—
a)*)'=2 where vy = v/((1 + k)p+¢) and vy = 1/((1 + k)p +<). Thus (Z38) implies

A, Lgarar ((b—a) )™+ r_d/zg(r, b—a), (7.42)

which proves Corollary 2.7 when rewriting 1 = 2(1 — k)/(d+ 1+ k) and v, = 1/(d +
1+ k)/p.

Proof of Corollary [I.5l It suffices to prove that volz(C, N E,;) > 0 for any
a,b € [—cor?, cor?]. and CapAQT " < b— a with a sufficiently large constant cq . 0.
Assuming that b—a > r~! and r is sufficiently large, (3.8) shows that vol(C, NE, ;) >4
|det Q|72 (b — a)r™? > 2 by B8). By Corollary 27 denoting the implied constant
in (2.14) by aq.p kg, say, we have to show that for large r a4 a.0(r " ((b —a)*)™"* +
r=42¢(r,b—a)) < 1/2. For b—a < r/2 we obtain ag. 107 Y2¢(r,b—a) < 1/4. Hence
we should choose b — a large enough, such that a4 p .or " ((b —a)*)™"* < 1/4 holds.
This holds (and is compatible with the asumption b —a > r~! above), once we require
that b—a > (agx .40 rv)/ve > d.kA4.Q r~¥1/v2 Thus the result of Corollary [L5] follows
with an exponent vy = vy /vy = (1 — k) /(1 — (4 +0)/d).

Proof of Theorem 1.4l For d > 5and ¢o > 1 and f =2/d+46/d, ¢=d(1/2—p5)=
d/2 — 2 — ¢ for an arbitrary small 6 > 0 and € = gy < 1/9, such that a(d)sy = 1/16
we shall choose the other parameters r = Rg, T = Ty, 1 = Tp—, and the interval

la,b] = [—1,1] and w = wy such that a(d)% = 1/16 (subject to restrictions). Then
we split the error terms of Theorem 2.1] see (L31]), as follows
voly H(r)

|TH(T)_1| < 1/16+1/16 + J1 + Jo + J3 + Jy,  say, where

J1 = EgcTy_, Js def Egéeg exp{—c(Tow)?}), Js def Fo Réd/2+1’
def _ B
Ji = EQYimg mos Eq = ald)(logeg!)|det Q\l/“(\det Q| ’ch).

In the following ¢(d) denotes a generic constant depending on d only which may change
from one occurrence to the next. Choose

r= Rg & c(d)|det Q|2 ¢ V2P (log ¢) 4= Y/2. (7.43)
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Then J3 < 1/8, since Rg >4 (|det Q|Y/4~5/2¢)*/(@=2) Furthermore, choosing T =

To- = c(d)|det Q|7Y4¢~1/< we obtain J; < 1/8since (|det Q|2 Cqeg)/< = |det Q|4 q/.

Similarly choosing T = Tg = c(d)wy " log ¢ we obtain J, < 1/8, since |det Q|/2Cpeg =
1+¢/2

q .

With these choices we shall distinguish now the following
Case 1. Assume that for the above choices, J; < 1/8, that is

a(d)(log e ) |det Q|'* Co iz 11.6(Ra) < 1/8. (7.44)

Then (BJ) implies voly H(r) > 2vol H(r) >4 R&?/|det Q|** > 2 provided that
Rg >4 |det Q|44 which holds for our choice of Rg. Hence there exist a nontrivial
solution m € Z? of |Q[m]| < 1 in the support of the smooth box which is contained
in the set of 2 with HQ},’_MSL’HOO < Ro(1 + 3gp). Thus Q4[m] <4 |det Q|, which proves
Theorem [[.4] in this case.

Case 2. Assume that for the choices above J; > 1/8, that is

—(1/2-p)
) < 8a(d) (log £5 1) |det Q|2 Cy.

(7.45)

Thus there exists a t = ty € [Th—,Tp| such that the reciprocal ag4-characteristic

satisfies, see (2.4 and (2.3,
RY inf { vol(Laq/LaNAy,) + Ly C R* dim Ly = d} < D, (7.46)

V[TQﬂTQLﬁ(RQ)_l = inf (Rédozd(/\t)

te[To-,1q]

where D & (8a(d) (logey M) |det QY2 Co)Y/ /28 Here the infimum is taken over
all linear subpaces Ly of dimension d and A;, = Vg, (Z% x Z%) is the 2d-dimensional
lattice in R?? induced by the linear map

(RQ Q72 m —1,5QYn), Ry QY2 n) (7.47)

such that @) = Qi/ ’9 Qi/ ®. compare (BI6). Let Ly denote the subspace in ([7.46) such

that R$ vol(Lg/La N Ayy) < Dg and let A o Rg(Lq N Ay,)) denote a corresponding

rescaled d-dimensional sublattice of Ly. Then

d

deth< 2@ _p (7.48)
(S . .
N ad(Ato) N

Any element N of the lattice A may be written as

def
VQvtO (m’ n) é

(N1, No) & (B3 Q5 *m = 108 QY*n), @Y% n),  (m,m) € (2 xZ%).  (7.49)
Define an endomorphism A on R? x R? by A(Ny, Ny) = (0, R;* Ny + tgSNy). Then
we obtain for the standard Euclidean scalar product, say (-,-), on R? x R?, writing
N = (N1, Ny),

R52<N1,N2> - <AN,N> —t0<SN2,N2>. (750)
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Note that for (Ny, Ny) of (L49), we have (S Ny, Na) = Q[m] and A[N] oo (AN, N) =

(m,n). Furthermore, note that the Euclidean norm on R? x R? induces a norm on the
space Ly by restriction and that L, is isometric to R? (with the Euclidean norm) under
an appropriately chosen isomorphism.

Meyer (1884), [Mey84], showed that there always exists for d > 5 a solution N, €
A\ {0} of A[Ny] = 0, see Theorem [[.3 By the above mentioned isometry, the result
of (Birch and Davenport (1958a)), [BD58b]|, see Theorem [[3] applies to the integer

valued quadratic form A on the lattice A oo Rg(LaNAy) C Ly Hence there exist a
solution N € A\ {0} of A[Ny] = 0 such that for an absolute constant ¢; depending on
the dimension d only

(d-1)/2
IN|? < cd<TrA2) det (A)2. (7.51)

In view of (Z50) and (Z5I) we obtain for this element N = (N3, Ny) € A (of type
(49)) by Cauchy-Schwartz and (51 together with (7.48)

2 2 2) [@-1)/2 2
o REQM < NIV < V]2 < o TrA2) " det ()

2\ V2, d—1|; |d—1 )2
< cd<TrA ) D2 < cqd™ 1o D2, (7.52)
since Tr A% = ¢2Tr S? = t2d. Thus |Q[m]| < 1, provided that
to R3] > cqd® ! |to|? D3, (7.53)
Q Q

Since [tg] < Ty <4 logg, this requires Rg > ¢(d) (log q)¥*~! Dg, which holds by our
choice (TA3) of R, since Dy = c(d)|det Q|*/?¢"/1/2=A) Furthermore, by (Z48), (Z49),
(51 and (C53) we conclude that

Q+[n] < [IN]? <q [det Q¢*/ /2P (log )", (7.54)

thus proving the bound (ILI0) in Theorem [[L4l Although N # 0, we still have to check
that its component Ny, = Qi/ ’n is nonzero. Assume that n = 0 and hence m # 0.
Then (49) implies that Ny = R%Qimm. Hence by (Z54), R3qllm|* < [[N]?* <4
D3 (log q)?~", which results in a contradiction for Ry = ¢(d)(log q)*V/2Dg. This
conludes the proof of Theorem [L.4l
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