LIMIT AND EXTENDED LIMIT SETS OF MATRICES
IN JORDAN NORMAL FORM

GEORGE COSTAKIS AND ANTONIOS MANOUSSOS

ABSTRACT. In this note we describe the limit and the extended
limit sets of every vector for a single matrix in Jordan normal form.

1. PRELIMINARIES AND BASIC NOTIONS

Limit and extended limit sets are in the center of interest in the
study of dynamics of linear operators. To find them, even in relatively
easy cases of operators, it is a difficult task. In this note we describe
the limit and the extended limit sets for the simplest case which is
the case of a single matrix in Jordan normal form. We use a method
similar to the one used by N. H. Kuiper and J. W. Robbin in [6]. In
this work Kuiper and Robbin dealt with the problem of the topological
classification of linear endomorphisms and the main tool they used was
the extended mixing limit sets of the exponential of the nilpotent part
of a Jordan block. In the following we introduce the basic notions we
use in the present work.

Let X be a complex Banach space and let T : X — X be a bounded
linear operator.
Definition 1.1. For every z € X the sets

L(z) ={y € X : there exists a strictly increasing sequence

of positive integers {k,} such that T* z — y}

J(z) = {y € X : there exist a strictly increasing sequence of positive
integers { k, } and a sequence {z,} C X such that z,, — xand
Trr g, — y}
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and
J" () = {y € X : there exists a sequence {x,} C X such that
z, — z and T"z, — y}

denote the limit set, the extended (prolongational) and the extended
mixing limit set of x under T respectively.

The notions of the limit and extended limit sets are well known in
the theory of topological dynamics, see [2]. Roughly speaking, we can
say that the limit set of a vector x describes the limiting behavior of
its orbit and the corresponding extended limit set J(x) describes the
asymptotic behavior of all vectors nearby x. Let us see how these
notions are connected, at a very first, naive level. To explain, we recall
the following definition. A bounded linear operator T': X — X acting
on a complex separable Banach space X is called hypercyclic if there
exists a vector x € X so that the orbit of x under T, i.e. the set
{x,Tz,T?z,...}, is dense in X. A little thought shows that the orbit
of z under T is dense if and only if L(x) = X and that T is hypercyclic
if and only if J(x) = X for every x € X see [3]. For several examples
of hypercyclic operators and an in depth study of several aspects of
the notion of hypercyclicity we refer to the recent books [1], [5]. In
3], we localized the notion of hypercyclicity through the use of J-sets.
To recall briefly, we say that a bounded linear operator T" acting on
a Banach space (not necessarily separable) X is locally hypercyclic or
J-class if there exists a non-zero vector € X so that J(z) = X.
Among other things we showed that there are locally hypercyclic, non-
hypercyclic operators and that finite dimensional Banach spaces do not
admit locally hypercyclic operators. The next proposition, which also
appears in [4], gives a description of J-sets through the use of open
sets. To keep the paper shelf contained we present the proof.

Proposition 1.2. An equivalent definition for the sets J(z), J™*(x)
1s the following.
J(z) ={y € X : for every pair of neighborhoods U,V of z,y
respectively, there exists a positive integer n,
such that T"U NV # 0}.
and
J" () = {y € X : for every pair of neighborhoods U,V of x,y
respectively, there exists a positive integer N,
such that T"U NV # 0 for every n > N}.



LIMIT AND EXTENDED LIMIT SETS OF MATRICES 3

Proof. We give the proof for the J™%-sets, the proof for the J-sets is
similar.
Let us prove that

J™(2) D {y € X : for every pair of neighborhoods U,V of z,y
respectively, there exists a positive integer N,
such that T"U NV # () for every n > N}.

since the converse inclusion is obvious. Fix a vector

y € {y € X : for every pair of neighborhoods U,V of z,y
respectively, there exists a positive integer NV,
such that T"U NV # () for every n > N}.

Consider the open balls B(z,1/n), B(y,1/n) for n = 1,2,.... Then
there exists a strictly increasing sequence {k,} of positive integers such
that T™B(xz,1/n)(B(y,1/n) # 0 for every m > k,, n = 1,2,....
Therefore there exist zx,, Tk, 41, . - ., Try—1 € B(x, 1) such that | T"x,, —
yl| < 1 for every m = ki, k1 +1,..., ke — 1. In a similar fashion we
may find xp,, Tryt1, - - -, Thy—1 € Bz, 1/2) such that || Tz, —y| < 1/2
for every m = ko, ko + 1,...,k3 — 1. Proceeding inductively we find
a sequence {z,}, n > k; such that x, — x and T"z, — y. This
completes the proof. O

The above proposition will not be used in the sequel. The reason
we included is that it gives a better understanding of how the .J-sets
behave. Limit sets, extended limit sets and extended mixing limit sets
are closed and invariant [4]. Next proposition will be used later to
simplify proofs.

Proposition 1.3. Let T : X — X be a bounded linear operator. Then
Jar(0) = Jr(0) for every |A| = 1.

Proof. Let y € Jyr(0). Then there exist a strictly increasing sequence
of positive integers {k,} and a sequence {x,} C X such that x, —
0 and \T*nz, — y. Since |A\| = 1 then Mz, — 0 and since
T (A z,) — y it follows that y € Jr(0). Take now a vector y € Jr(0).
Then there exist a strictly increasing sequence of positive integers {k, }
and a sequence {r,} C X such that z, — 0 and T*z, — y. Since
IA| = 1, without loss of generality we may assume that A — p
for some || = 1. Hence )\k”Tk”%" — y and since *= — 0 then

Y < J)\T(O) ]
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2. LIMIT AND EXTENDED LIMIT SETS OF A MATRIX IN JORDAN
NORMAL FORM

We mainly focus in the case A is a [ x [ Jordan block over C. This
means that the main diagonal consists of \’s, for some A\ € C, the
diagonal above the main diagonal consists of 1’s and all the other entries
of the matrix are filled with zeros. We shall then describe the limit and
extended limit sets of every x € C! under A. The general case of a
matrix in a Jordan canonical form follows easily from the latter case,
since we can “glue” the limit and extended limit sets of separate Jordan
blocks. Finally, since every complex matrix B is similar to a matrix in
Jordan canonical form, we are able to determine the limit and extended
limit sets of every x € C! under B. For the rest of this section A will
be a | x [ Jordan block over C.

Proposition 2.1.

(i) If A is a Jordan block with an eigenvalue |A| = 1 then L(z) # ()
if and only if xo,...,x; = 0. In this case L(x) = {Dz1} x 0,
where D is the closure of the set {\"}.

(ii) If A is a Jordan block with an eigenvalue |\| > 1 then L(x) = ()
for every non-zero vector x € C'.

(iii) If A is a Jordan block with an eigenvalue |A| < 1 then L(z) =
{0} for every x € C.

Proof. (i) We give the proof for the case | = 3. The general case
follows easily. Let x = (z1,z9,23) and y = (y1,y2,y3) € L(z). Then
there exists a strictly increasing sequence of positive integers {k, } such
that A*x — y. Setting ¥, = (Yn1, Yn2, Yns) = AFnz we get

Yn1 = Nay + kANl + —k"(kg_l))\"’"_%g
Yna = Ny + kNl
Yn3s = )\knl'g.

Using the second equation we conclude that x3 = y3 = 0 since the
sequences {yn2} and {\*"z,} are bounded. So we have the following
system of linear equations.

Yn1 = Ny + kg Ay
Yna = Ay,
Using the same argument for zo we have o = y5 = 0. Hence, the only
remaining equation is y,; = Az, and the proof of the proposition is
completed.
The proof of items (i) and (ii) follows easily and is omitted. O

In the following we describe the extended limit sets of the zero-vector.
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Theorem 2.2. Let A be a Jordan block with an eigenvalue || = 1.
(i) Ifl =1 then J(0) = {0}. Ifl > 1 and l is of the form | = 2r
orl=2r—1 then J(0) =C" x 0.
(i) A pointy € J(0) if and only if there exists a sequence {x,,} C C!
such that A"z, — vy, hence J(0) = J™=(0).
(iii) For every linear map B : C' — C! with eigenvalues of modulus
1 the set J(0) is a proper linear subspace of C!.

Proof. We give the proof for the cases [ = 3 and [ = 4. For the general
case we may use the same technics as in [6]. Since, by Proposition 1.3,
Jxa(0) = J4(0) for every A of modulus 1 we may assume that A = 1.

Case | = 3: Let 2, = (Tn1,Tno, Tn3) — (0,0,0) and Arrz, — y =
(y17y27y3>' If Yn = (ynlaynQ;ynB) = Akn'rnv then

Ken (K —1
Yn1l = Tp1 + knn2 + T)an

Yn2 = Tp2 + knxni’»
Yn3 = Tp3-
Since x,3 — 0 it follows that y,3 — 0, hence y3 = 0. Using the second
equation we have x,3 = W Therefore dividing the first equation
by k, and substitute z,3 we have
@ . Tnl kn —1

k& + Tno + W(ym — Tp2)

Since ng"l, 32"1 and x,9 have limit 0 and k _1 1 then ypo — 2,2 — 0.

Since x,o — 0 it follows that y,, — 0, therefore 1o = 0. Till now we
have proved that J(0) C C x 0. Next we show the inverse inclusion.
Let y = (y1,0,0). We put 2,1 = 0, 2,0 = 0, Y1 = y1 and then we solve
the system of the linear equations. So, we have

2y1
n(n—1)

Ynl = Y1, Yn2 = ny17 yn3:ﬁ-

Tn1 = Oa Tn2 = O Tn3z =

Now it is easy to check that x,, — 0 and y,, — y. Note that we have
also proved (ii).

Case | = 4: Let x, = (Tp1, Tn2, Tnz, Tna) — (0,0,0) and APz, — y.
Setting y = (y1, 42, Y3, ¥a) and Y = (Un1, Yn2, Yn3, Yna) = A¥ 2, we get
kn(kn—1) kn (kn—1)(kn—2)

Ynl = Tp1 + kn$n2 + Tpg + %xfﬂ
Yn2 = Tp2 + k nTn3 + Mxrﬂ

Yn3 = Tnz + k nLnd

Yna = Tn4-

Observe that the last three equations are exactly the same as in the
case where | = 3 hence y3 = y4 = 0. Therefore J(0) C C* x 0. Next
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we show the inverse inclusion. Let y = (y1,%2,0,0). We put x,; = 0,
Tn2 = 0, Yn1 = Y1, Yn2 = y2 and then we solve the system of the linear
equations. So, we have

Tn1 = O, Tp2 = 0
_ 2By1—(n—2)y2) _ 23(n—1)y2—6y1)
Tn3 y;(n—&-l) “ ) Tn4 71(71—1)3(/721—5—12,)11
2(3y1—(n—2 2(3(n—1)y2—6 2(3(n—1)y2—6
Ynz = y;(n+1) “ k“ n(nfl):léiwrlg)/l v Yna = n(nfl)g(/fwrll)ll

Now it is easy to check that z, — 0 and y,, — y. Again we have proved
simultaneously (ii). Item (iii) is obtained by (i) and (ii), since we can
glue the J(0)-sets of the Jordan blocks of B. O

Theorem 2.3. Let A be a Jordan block with an eigenvalue |\ > 1.
Then the following hold.
(i) J(0)=C".
(ii) For every point y € C' there exists a sequence {x,} C C' such
that A"z,, — vy, hence J(0) = J™=(0).
(iii) For every linear map B : C' — C' with eigenvalues of modulus
greater than 1 it holds that J(0) = C'.

Proof. We prove the theorem for the case | = 3. Let y = (y1,¥2,93)
and Yn = (Yn1, Yn2, Yn3) = A"Tn. We DUt Y1 = Y1, Yn2 = Y2, Yn3 = Y3
and we solve again the corresponding system of the linear equations:

Yn1 = /\n«rnl + n)\n_lan + @An_zxn?)

Ynz = A Tng + nA" 2,3

Yn3 = /\nxn?)'

Hence, we have
222y —n2Xy2+n(n+1)ys

x’l’Ll - 2>\n+2
_ Aye—nys

Tn2 = An+1
— Yn3

Tnz = )\Ln

Now it is trivial to check that x,, — 0 and y,, — y. Note that item (iii)
follows by (i) and (ii). O

Proposition 2.4. Let A be a Jordan block with an eigenvalue |A| = 1.
Then the following hold.

(i) J(0) = {0}.
(ii) For every linear map B : C' — C! with eigenvalues of modulus
less than 1 it holds that J(0) = {0}.
Proof. The proof is trivial and it is omitted. O

Below we treat the general case.
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Theorem 2.5. Let A be a Jordan block with an eigenvalue || = 1.

(i) If L = 2r then J(x) # 0 if and only if v,01 = ... =2, =0. In
this case J(z) = C" x 0.
(i) If l = 2r — 1 then J(z) # 0 if and only if x,11 = ... =z, = 0.

In this case J(x) = C"=' x {Dxy} x 0, where D is the closure
of the set {\"}. In case where l =1, J(x) = {Dz}.

Proof. We only consider the case | = 3. Let x = (z1,%2,23), 2, =
(1, Tnoy Tnz) — (21,79, 23) and Akrz, — y. Setting v = (y1, yo, y3)
and Y = (Yn1, Y2, Ynz) = Az, we get

Yn1 = )\knxnl + knAkn_leﬂ + kn(kgil) )\kn_gxn3
Yn2 = Aknxn2 + kn)\kn_lxn?)
Yn3z = )\knxn&
Using the second equation we conclude that x,3 — 0 since the se-

quences {y,2} and {\*"z,,} are bounded. The last implies that z3 = 0.
Since

n )\knxn — kn - 1 —
% = k—l + Nen 1513712 + %/\k" 2$n3
and 42+ — 0, ’\ICZ—:“ — 0 we obtain the following
k, —1
Nen Lo o+ g)\k”_%n?, — 0.

2

Solving the second equation with respect to x,3 and substitute above,
we arrive at

kn—2
Yn2 — )\ R )

Nty o+ (ky — 1 -0,
Tn2 + ( ) )\kn
or equivalently
k,—1 k,—1
N g e — Nl o 0.
Tpo + N, Yn2 ko Tn2

. Ep—1
Since ST

Nen =L — 1y for some p of modulus 1. Then every y = (y1, 92, y3) € J()
satisfies the following

Yna — 1Yo, without loss of generality we may assume that

Yo + Auxs = 0.

That is y2 € {Dxs}. Hence, J(x) C C x {Dx3} x 0. Next we show the
inverse inclusion. Let y = (y1,y2,0) where yo € {Dx2}. Hence there
exists a sequence of the form {\*»} such that A\*»~* — —y for some u
of modulus 1 and Mrzy — 35, Hence, y, + Apxy = 0. Setting 4,1 = y1,
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Tpl = T1, Tpo = To We solve again the corresponding system of the
linear equations. Therefore

oz = (Y1 = Nrwy = kN ) g —tyms — 0
Yna = Ay + %(yl — M) — %)\k"_li@ — —AuT2 = Yo

k
Ynz = /\knxnfﬂ — 0
since x,3 — r3 = 0 and this finishes the proof of the theorem. O

Proposition 2.6. Let A be a Jordan block with an eigenvalue |A| > 1.
(i) If x # 0 then J(x) = 0.
(i) If z = 0 then J(0) = C.

Proof. We give the proof for the case | = 3. Since 3,3 = \nx,3 — y3
then ky,(k, — 1)z,3 — 0. From y,2 — y2 we get

Yn2 AP kn—1

k‘_n = ﬁkn.xng + A Tnp3z — 0.

n

Using the fact that A\¥»z,,5 — y3 it follows that the sequence {%kna:m}

converges to a finite complex number, hence k,z,» — 0. The last
implies x,5 — 0, therefore x5 = 0. We have

_ Yn1 1 1 2

Observing that each one term on the right hand side in the previous

equality goes to 0 (y,3 — y3) we arrive at z; = 0. Therefore z = 0.
Hence by Theorem 2.3, J(0) = C3. O

Tnl

Proposition 2.7. If A is a Jordan block with an eigenvalue |\ < 1
then J(z) = {0} for every xz € C.

Proof. This is clear from the form of the equations

Yni = Nnap + kNl + —k"(kg’l))\kn—%m
Yn2 = )\knxn2 + kjn)\kn_lxn?)
Yn3z = )‘knxnii-
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