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ABSTRACT. We prove that weakly differentiable weights w which, together
with their reciprocals, satisfy certain local integrability conditions, admit a
unique associated first-order p-Sobolev space, that is
HY? (R, wdz) = VVP(RY, wdz) = WHP(RE, wdz),

where d € N and p € [1,00). If w admits a (weak) logarithmic gradient Vw/w
which is in L;IOC (wdz;R%), ¢ = p/(p— 1), we propose an alternative definition
of the weighted p-Sobolev space based on an integration by parts formula
involving Vw/w. We prove that weights of the form exp(—p3|-|? — W — V) are
p-admissible, in particular, satisfy a Poincaré inequality, where 8 € (0, 00), W,
V are convex and bounded below such that |VW]| satisfies a growth condition
(depending on 3 and ¢) and V is bounded. We apply the uniqueness result to
weights of this type. The associated nonlinear degenerate evolution equation
is also discussed.

1. INTRODUCTION

Consider the following quasi-linear PDE in R? (in the weak sense)
(1.1) — div [w|VulP?*Vu] = fw,

(here 1 < p < 00) where w > 0 is a locally integrable function, the weight and f is
sufficiently regular (e.g f € L(w dz), see below). Let p(dx) := wdx, ¢ :=p/(p—1).
The nonlinear weighted p-Laplace operator involved in can be identified with
the Gateaux derivative of the convex functional

1
(1.2) El cu— ];/|Vu|p dp.

By methods well known in calculus of variations, solutions to (1.1 are characterized
by minimizers of the convex functional

(1.3) Ef tu By (u) — /fudu.

Of course, the minimizer obtained depends on the energy space chosen for the
functional (1.2)). It is natural to demand that the space of test functions C§° is
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2 J.M. TOLLE

included in this energy space (where we take the subscript zero to denote functions
with compact support rather than functions vanishing at infinity).
Therefore, let H'P(11) be the completion of C§° w.r.t. the Sobolev norm

1/p
e = (I iy + ) -

HYP (1) is referred to as the so-called strong weighted Sobolev space. Of course, in
order to guarantee that H?(x) will be a space of functions we need a “closability
condition”, see equation below.

Let V' be a weighted Sobolev space such that

e V C L?(u) densely and continuously,
e V admits a linear gradient-operator VV : V. — LP (u;]Rd) that respects
p-classes,
e V is complete w.r.t. the Sobolev norm,
e C5° C V and Vu = VVu p-ace. for u € C§° and hence Hy () C V.
In the case that
H'Y(4) S V.

the so-called Lavrent’ev phenomenon, first described in [31], occurs if

min F¢(u) < min  FEr(u).

ueV f( ) uEHLP (1) f( )
This leads to different variational solutions to equation (1.1f), as discussed in detail
in [3§]. In order to prevent this possibility, we are concerned with the problem

H"P () =V,

which is equivalent to the density of C§° in V and therefore is called “smooth
approximation”. Classically, if w = 1, the solution to this problem is known as the
Meyers-Serrin theorem [34] and briefly denoted by H = W. If p = 2, the problem
is also known as “Markov uniqueness”, see [5,6,/13,40,41].

H =W for weighted Sobolev spaces (p # 2) has been studied e.g. in [12,/25,46].
H =W is in particular useful for identifying a Mosco limit [27}/44]

We are going to investigate two types of weighted Sobolev spaces substituting
V.

Let ¢ := w'/P. Consider following condition for p € [1, 00)

loc loc

\Y
(Diff) p e WEP(dx), B:= p%’ € LY (1 RY)
Assuming (Diff), we shall define the Sobolev space V1'?(11) (which extends H? (1))
by saying that f € VIP(u) if f € LP(u) and there is a gradient
VHf = (O f, ..., 040 f) € LP(u; RY)

such that the integration by parts formula
(1.4) /@”fndu = f/famdu* /fnﬁi du

holds for all n € C§°(RY) and all i € {1,...,d}. We point out that, in general,
we do not expect f € L (dz)! Therefore we cannot use distributional derivatives
here. Formula is based on the weak derivative of fw rather than on that of
f, see Section [2.1] for details.
For p = 2, this framework has been carried out by Albeverio et al. in [2-4./6].
Assuming (Diff), equation has the following heuristic reformulation

—div [|Vu|p_2Vu] - <\Vu|p_zvu,ﬁ> = f,
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which suggests that can be regarded as a first-order perturbation of the un-
weighted p-Laplace equation. In these terms, mimics a nonlinear Kolmogorov
operator.

Let us state our main result.

Theorem 1.1. Assume (Diff). If p = 1, assume additionally that
(1.5) Ve € LS. (dz; RY).
Then C§°(R?) is dense in VP (u), and, in particular,

HYP () = VIP(p).

For p = 2, Theorem Was proved by Rockner and Zhang [40,41] using methods
from the theory of Dirichlet forms depending strongly on the L2-framework. For
weights of the type pu(dz) = Z~te V@ dz, Z .= [e~V® dz, Lorenzi and Bertoldi
proved Theorem under much stronger differentiability assumptions, see |32}
Theorem 8.1.26]. We also refer to Chapter 2.6 of Bogachev’s book [10] for related
results.

Our proof is carried out in Section[3|and inspired by the work of Patrick Cattiaux
and Myriam Fradon [11]. In contrary to their proof, in which Fourier transforms
are used (relying on the L2-framework), we shall use maximal functions in order to
obtain the fundamental uniform estimate. Of course, formula provides highly
useful for the proof.

Consider the following well known condition for p € [1, 00)

™" € Lig(da), forpe (Loo)}

Re
(Reg) ot e Lg(dx), forp=1

Condition (Reg) (“regular”) implies that each Sobolev function is a regular
(Schwartz) distribution, see Section

Let D be the gradient in the sense of Schwartz distributions. Assuming (Reg),
we define

WP (p) := {u € L”(n) | Du € LP(1;RY) }

see e.g. [29]. We shall refer to WP (u) as the so-called Kufner-Sobolev space, due to
[26], and remark that its definition is the standard one in the literature of weighted
Sobolev spaces. It is well known that HYP(u) = WP (u) is implied by the famous
p-Muckenhoupt condition, due to [36], in symbols w € A,, 1 < p < oo, where A,
is defined as follows: w = ¢P € A, if and only if there is a global constant K > 0
such that

(1.6) (£oae)- (£ cp_qu)p_l <K,

for all balls B C R?. See Proposition below for the proof. We refer to the
lecture notes by Bengt Ove Turesson [45] for a detailed discussion of the class A,.
See also |23, Ch. 15].

As a consequence of Theorem [1.1] we obtain the following result:

Corollary 1.2. Assume (Reg), (Diff), and if p =1 assume also that (1.5)) holds.
Then
HYP () = VIP () = WP (p).

We shall give a precise proof in Section As an application, we investigate
the evolution problem related to PDE (|1.1) in Section |5l In particular, we provide
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existence and uniqueness of the following (global) evolution equation in L?(p),
p=2,
1
Opu = —div [w|VulP7>Vu], in (0,7) x R,
(1.7) w
u(-,0) = up € L*(), in R%

See [7] for an example of the (local and nonlocal) weighted evolution problem
with Muckenhoupt weights. We also refer the work by Hauer and Rhandi [20], who
prove a non-existence result for the global weighted evolution problem.

An application related to nonlinear potential theory and the elliptic equation
is given by the notion of p-admissibility, as introduced by Heinonen, Kilpeliinen
and Martio in [23] (see Deﬁnition below).

We say that a function F' : R* — R has property (D), if there are constants
¢1 > 1, ca € R such that F(2z) < e1F(x) + co. If F is concave, it has property
(D) with ¢; = 2 and ¢o = F(0). With the help of the ideas of Hebisch and
Zegarlinski |21] we are able to prove:

Theorem 1.3. Let 1 < p < oo, q:=p/(p—1). Let B € (0,00), let W € C(R?) be
bounded below and suppose that
VW (2)] < 827"+

for some § < Bq and v € (0,00). Suppose also that —W has property (D). Let
V :R% = R be a measurable function such that oscV :=supV —infV < oo and
=V has property (D).
Then
x> exp(—plz|? = W(z) - V(z))
is a p-admissible weight. If, additionally, V € W’licoo(dx), this weight satisfies the
conditions of Corollary[1.3

Remark 1.4. IfV is convex, then V is locally Lipschitz by [39, Theorem 10.4] and
hence V € Wlicoo(dx) by [14, §4.2.3, Theorem 5].

Remark 1.5. IfoscV < oo, then the weight exp(—V') obviously satisfies Mucken-
houpt’s condition (L.6)) for all 1 < p < oo.

As an application of the main result the weighted Poincaré inequality

[|s- e

_fwdsc

for the weight w := exp(—p3|-|]2 — W — V) also holds for f € V'P(wdx) and for
f € WhP(wdz). We also point out, that by Kinderlehrer and Stampacchia [26] the
stationary problem can be solved for p-admissible weights, see [23, Ch. 17,
Appendix IJ.

P
wdx§0/|Vf|pwdx,

Notation. Equip R? with the Euclidean norm |-| and the Euclidean scalar product
(-,-). For i € {1,...,d}, denote by e; the i-th unit vector in R¢. For R?valued
functions v we indicate the projection on the i-th coordinate by v;. We denote the
(weak or strong) partial derivative 8%“ by 9;. Also V := (04,...,04). Denote by
C>® = C®(RY), C5° = C5°(R?) resp., the spaces of infinitely often continuously
differentiable functions on R, with compact support resp. We denote the standard
Sobolev spaces (local Sobolev spaces resp.) on R? by WP (dx) and Wli)’cp(dx), with
1<p<oo
For z € RY, let

T iz 40,
sign(z) := { 2|
0, if z=0.
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Denote by D the gradient in the sense of Schwartz distributions. For z € R? and
p>0,set B(z,p):={y€R?||z—y| <p}and B(z,p) :={y e R | |z —y| < p}.
With a standard mollifier we mean a family of functions {7 }e>o such that

Ne(z) :== Eidn (g) :

where n € C§°(R%) with > 0, n(z) = n(|z|), suppn C B(0,1) and [ndz = 1.

2. WEIGHTED SOBOLEV SPACES

For all what follows, fix 1 <p < oo and d € {1,2,...}. Set ¢:=p/(p—1).

Definition 2.1. For an a.e.-nonnegative measurable function f on R?, we define
the regular set

R(f) = {y e R

1
/ ——dx < oo for somee >0,
B(y,e) f(.’E)

where we adopt the convention that 1/0 := +o0 and 1/ + oo := 0.
Define also

R(f) = {y € R

1
esssup —— < 0o for somee >0, .
z€B(y,e) f(x)

Obviously, R(f) is the largest open set O C R%, such that 1/f € L _(O). Also,

loc
N

it always holds that f > 0 dz-a.e. on R(f). R(f) is the largest open set O C R?

~

such that 1/f € L (0). By abuse of notation, we denote the regular set for

loc

functions ¥ : R — R by the same symbol.

Fix a weight w, that is a measurable function w € L] (R%), w > 0 a.e. Set

p(dz) := wdz. Following the notation of [40], we set ¢ := w'/P.
Definition 2.2. Consider the following conditions:
(Ham1l) For each i € {1,...,d} and for ((d — 1)-dimensional) Lebesgue a.a. y €
{ei}* it holds that the map by : t — (y+te;) satisfies Y2 (t) = 0 for dt-a.e.
t € R\ R(¥]) if p € (1,00) and satisfies Y, (t) = 0 for dt-a.e. t € R\ff(i@)
ifp=1.
(Ham2) ¢P(z) = 0 for dv-a.e. # € RY\ R(¢?) if p € (1,00) and ¢(x) = 0 for dz-a.e.
z € R\ R(p) ifp=1.
Both (Ham1), (Ham2) are called Hamza’s condition (“on rays” resp. “on R9"),

due to [19].
It is straightforward that the following implications hold

(Reg) =— (Ham2) — (Haml).
Also, if (Reg) holds, u and dx are equivalent measures.
Remark 2.3. Suppose that for dz-a.a. x € {©P > 0},

ss inf P (y) >0
S5

for some 6 = 6(x) > 0. Then (Ham2) holds (and is indeed equivalent to (Ham?2)
forp=1). In particular, (Ham?2) holds whenever ©P > 0 is lower semi-continuous.

The following lemma is analogous to |3, Lemma 2.1].
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Lemma 2.4. Assume that (Ham2) holds. Then for p € (1,00),
LP(R?, j1) C Lioo(R(¢?), dz)
continuously and for p =1
LY R, ) C Liye(R(p), du),
continuously.

Proof. Let u € LP(R%, i) and let B € R(¢?) be a ball. By Holder’s inequality, if

p e (1,00),
p 1/q
/ lu| dx < </ |ulP P dm) - (/ p ¢ dx) .
B R(p) B

Jg ¢~ ?dx is finite by (Ham2). For p = 1, just observe that for balls B € R(p)
1
/ lu| dz < / |u| @ dx | - <ess sup > .
B R(p) zeB  P(r)

Definition 2.5. Let
00 d P p 1/p
X i={we Y | llully, = (VU oy + [ulg) < o0f-
Let HYP (1) := X be the abstract completion of X w.r.t. the pre-norm (RIE
Lemma 2.6. Suppose that (Ham1) holds. Then for all sequences {un} C C* the

following condition holds:

liTILn lunllpo(y = 0 and {un} is |V:|| 1o (,may -Cauchy

(2.1) always imply

liTan IVun|l Lo (umay =0
Condition ([2.1]) is referred to as closability.

Proof. We shall consider partial derivatives first. Fix ¢ € {1,...,d}.

Let {u,} € C* such that |up|[;,,) — 0 and such that {u,} is [|0i[| s,
Cauchy. By the Riesz-Fischer theorem, {O;u,} converges to some v € LP(u). Fix
y € {e;}t. Set ¢, : t— p(y + te;). By (Haml) and Lemma [2.4] for d = 1, setting
I, :== R(yg), if p € (1,00) and [, := }A%(dzy) if p =1, we conclude that the sequence
of maps {t — du,(y+te;)} converges to t — v(y+te;) in Li (I,). Let n € C§°(1,),

loc

0= lim/ un(y + tei)din(s) dt = —lim (Osun) (y + tei)n(t) dt
n I, S n

s=t supp nNIy
= —/ v(y + te;)n(t) dt.
supp nNiy

We conclude that v(y—+te;) = 0 for dy-a.e. y € {e;}* and dt-a.e t € I,,. By (Ham1)
it follows that v = 0 p-a.e. on R%.
Assume now that {u,} € C* such that [lun| ;) — 0 and such that {u,} is

V[l 1o (i;ra)-Cauchy. Clearly each {Oju,} is a Cauchy-sequence in LP(x). There-
fore, for some constant C' = C(p,d) > 0,

d
/Rd|Vun|pd,u§C’Z/}Rd\&uﬂpduﬁo,
i=1

as n — oo by the arguments above. (I
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Proposition 2.7. Assume (Ham1). Then HYP(u) is a space of u-classes of func-
tions and is continuously embedded into LP(u). Also, HYP(u) is separable and
reflexive whenever p € (1,00).

Proof. The proof works by similar arguments as in the unweighted case. O
Denote the (class of the) gradient of an element u € H'P(u) by VAu.

Proposition 2.8. Assume (Haml). The u-classes of C§°(RY) functions are dense
in HYP ().

Proof. The proof is a standard localization argument using partition of unity, see
e.g. |23, Theorem 1.27]. O

2.1. Integration by parts. We follow the approach of Albeverio, Kusuoka and
Rockner [2], which is to define a weighted Sobolev space via an integration by parts
formula. Recall that w = ¢P. A function f € LP(u) might fail to be a Schwartz
distribution. Instead, consider foP = (f¢)pP~!, which is in L{ (dz) by Holder’s

inequality and therefore D(f¢P) is well defined. For f € C§°, the Leibniz formula
yields

Dy

(22) (V)e" =D(f¢") - pf?wp7
which motivates the definition of the logarithmic derivative of u:
D
ﬁ = pja
¥

where we set 8 =0 on {¢ = 0}. The name arises from the (solely formal) identity

8 = V(log(¢?))-
Lemma 2.9. Condition (Diff) implies ¢P € Wlicl (dz) and

Vo _ V(e?)
2.3 g=pa? V&)
23 ® P
where V denotes the usual weak gradient.
Moreover, 3 € L (u;RY) and, if p € (1,00), |Vo|eP~2 € L

loc loc*

Proof. For p = 1, the claim follows from (Diff). Assume (Diff) and that p € (1, 00).
P € L _is clear. We claim that

loc
(2.4) V(gP) = peP~'Ve.

Let ¢, := 1. * @, where {n.} is a standard mollifier. It follows from the classical
chain rule that for all e > 0

V(o)) = pp? ™ V..
Since P~ € L{ and Vo € LV | we can pass to the limit in L{  and get that

loc loc? loc

@" € W,b!(dz). ([24) follows now from the uniqueness of the gradient in W\'! (dx).

loc
The first equality in (2-3) is clear. The second follows from [2:4). 8 € LY (u;R9)
is clear. The last equality follows from (Diff) by

Vel

e (N

(]
Lemma 2.10. Assume (Diff) and that p € (1,00). Then ¢P~' € W,24(dx). Also,

V(P = (p— 1" *Ve.
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Proof. Fix 1 < i < d. For N € N, define ¢y : R — R by ¥n(t) := (|t| V
N=Y A N)P~L. Clearly, 1y is a Lipschitz function. By the chain rule for Sobolev
functions [47, Theorem 2.1.11],

p—1

0PN (p) = (p— 1)1{N*1§¢§N}¢7ai§0~

We have that ¥y (@) — P! dr-a.s. as N — co. Also,
[N ()|? < [ VNTHP| < ClolP + C € Ly

Furthermore, by Lemma [2.9
! —2
1{N—1§w§N}75i<P < |pP0ip| € Li,.

Hence by Lebesgue’s dominated convergence theorem, ¥y (@) — @P~1 in L and

0N (p) — (p — 1)@P~20;¢ in L . The claim is proved. O

loc®

Lemma 2.11. Fiz 1 <i < d. Suppose that (Diff) holds. Then there is a version
©P of @P, such that for y € {e;}* the map 125 ct o oP(y + te;) is absolutely
continuous for almost ally € {e;}*. Furthermore, for almost all y € {e;}*, setting
Yy 1t oy + tei),

R\ R(¢9) O {t € R|¢5(¢) = 0},
if p€ (1,00) and N
R\ R(y,) D {t € R|¥}(t) = 0}

if p = 1. Recall that in both cases the dt-almost sure inclusion “C 7 holds automat-
ically.

Proof. Note that ¢P € VV&)C1 (dz) by Lemma Then the first part follows from
a well known theorem due to Nikodym, cf. [35, Theorem 2.7]. The second part
follows from absolute continuity and Remark [2.3]for d = 1. a

We immediately get that:
Corollary 2.12. [t holds that
(Diff) = (Haml).
Motivated by (2.2)), we shall define the weighted Sobolev space V1% (y).

Definition 2.13. If (Diff) holds, we define the space VP (u) to be the set of all
p-classes of functions f € LP(u) such that there exists a gradient

VEf = (0'f,...,04f) € LP(;RY)

which satisfies
(2.5) / O f? d = — / fomg? de - / g do

foralli € {1,...,d} and all n € C§°(R?).
Define also V;2P(u) by replacing LP(u) and LP(u; RY) above by LY (1) and
LY (1 RY) resp.

The first two integrals in ([2.5)) are obviously well defined. The third integral is
finite by (Diff). It follows immediately that the gradient V# is unique. Also, if
f € CYR?), then f € Vlcl)’cp(u) and Vf =V*f p-as.
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Proposition 2.14. Assume (Diff). Then V'P(u) is a Banach space with the
obvious choice of a norm

1/p
e 1= (197 1y + 1) -

Moreover, HVP(u) C VIP(pu) and their gradients coincide p-a.e.

Proof. Let {f,} C V1P(u) be a [[[l;,,,,~Cauchy sequence. By the Riesz-Fischer
theorem, {f,} converges to some f € LP(u) and {V*f,} converges to some g €
LP(p;RY). Let i € {1,...,d} and n € C§°(RY). Passing on to the limit in
yields that

/gm@p dr = —/famwp dr — /fnﬁiw” dx.

Therefore g = V" f and || fn — fll,,, = 0.

Let us prove the second part. Note that by Corollary 2.12] and the discussion
above, HYP(p) is a well defined set of elements in LP(u).

Let f € C°(RY) € HYP(u). By (Diff) and the Leibniz formula for unweighted
Sobolev spaces, is satisfied. By classical integration by parts, f satisfies
with VA f = Vf. We extend to all of H?(u) by Propositionusing that V1P (u)
is complete. O

For our main result further below, we need to be able to truncate V1P (u)-
functions. Therefore, we need to verify absolute continuity on lines parallel to the
coordinate axes in V1P (u):

Proposition 2.15. Suppose that (Diff) holds. Fix 1 <i < d. Then f € VYP(u)
has a representative fl such that t — fi(y+te¢) is absolutely continuous for ((d—1)-
dim.) Lebesgue almost all y € {e;} on any compact subinterval of R(¢4(y + -€;))
if p € (1,00), on any compact subinterval of ﬁ(@(y + -e;)) resp. if p=1. In that
case, for dy-a.a. y € {e;}*, dt-a.a. t € R(¢(y+-€;)) (if p € (1,00)), R(o(y+-€;))
(if p=1) resp. setting x := y + te;, it holds that

;' f(x) = %f’(y + te;).

Proof. The claim can be proved arguing similar to [6, Proof of Lemma 2.2]. Com-
pare also with [14] §4.9.2]. O

Picking appropriate absolutely continuous versions, one immediately obtains the
following Leibniz formulas:

Corollary 2.16. Suppose that (Diff) holds. If f,g € VYP(n) and if fg, fO!'g and
gol'f are in LP(u) for all 1 < i < d, then fg € VYP(u) and 8! (fg) = fol'g+ gd!' f
for all1 <i<d. Then also, V*(fg) = fVHg+ gVHf.

The following lemma guarantees that we can truncate Sobolev functions.

Lemma 2.17. Suppose that (Diff) holds. Suppose that f € VVP(u) and that
F:R — R is Lipschitz. Then F o f € VYP(u) with

VEFof)=(F'of) - V*f p-as.
In particular, when F(t) := N AtV —N, N € N is a cut-off function,
(2.6) IVE(F o /)l < VS| p-as.
Proof. The claim can be proved arguing similar to [47, Theorem 2.1.11]. 0

Lemma 2.18. Suppose that (Diff) holds. The set of bounded and compactly sup-
ported functions in VVP(u) is dense in VIP(u).
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Proof. The claim follows by a truncation argument from Corollary and Lemma
We shall omit the proof. O

Note that the last two statements also hold for H'?(u). Anyhow, the proof
of Lemma for HYP (1) needs some caution, we refer to [33, Proposition 1.4.7,
Example 11.2.¢)].

3. PROOF OF THEOREM [L.1]

We arrive at our main result. Our proof is inspired by that of Patrick Cattiaux
and Myriam Fradon in [11]. See also [15]. However, our method in estimating
is different from theirs, as we use maximal function-estimates instead of
Fourier transforms.

For all of this section, assume (Diff). By Lemma bounded and compactly
supported functions in V1P(u) are dense. We will show that a subsequence of a
standard mollifier of such a function f converges in [|-[|, , -norm to f. The claim
will then follow from Lemma 2.8

First, we need to collect some facts about the so-called centered Hardy—Littlewood
mazimal function defined for g € L (dx) by

loc
Mg(z) := Sup][ l9(y)| dy.
p>0J B(z,p)

We shall need the useful inequality
(3.1) lu(z) —u(y)| < clz —y| [M[Vu|(z) + M|Vu|(y)]

for any u € WHP(dz), for all z,y € R?\ N, where N is a set of Lebesgue measure
zero and c is a positive constant depending only on d and p. For a proof see
e.g. |1, Corollary 4.3]. The inequality is credited to L. I. Hedberg [22].

Also for all u € LP(dx), p € (1, 0],

(3-2) [Mull L, < ¢ ull,

by the maximal function theorem [42, Theorem I.1 (c), p. 5] and ¢’ > 0 depends
only on d and p.

For the approximation, we shall prove the following key-lemma. Compare with
[11, Lemma 2.9].

Lemma 3.1. Suppose that (Diff) holds. Let f € VYP(u) such that f is bounded.
Then for every ¢ € C°(R?) and every 1 <i <d

(3.3) /@”f(godx—k/f@ngpdm+/fC8i<pdx:O.

In particular, fo € W,-!(dz) and 8;(fp) = QO f + fOip.

loc

Proof. For all of the proof fix 1 < ¢ < d. For p = 1, the formula follows from ([2.5)).
So, let p € (1,00). Let us first assure ourselves that all three integrals in ([3.3)) are
well defined. Clearly,

10F FCelP < NICIZ 10} fIPeP Lsupp ¢ € L (da),
and hence,
|0} fCpl € LY (dw).
A similar argument works for the second integral. The third integral is well defined

because by ¢ € W,.”(dx) we have that

|f¢Oipl? < ||f§||€o 10ip|P Lsupp ¢ € Ll(da:)

and hence,
|[fCoip| € L' (du).
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Let M € N and V) € C§°(R) with
I (t) =tfort € [—M,M], [9p| < M+1, |9y, <1

and
supp(dyr) C [-3M,3M].
Define

1
PM = 19M ((pp_l> 1{¢>0}.
Furthermore, define
1 814,0
Dy = (1= p)dly (Sopl) o Lip>o03-

Since ¥),(1/¢P~1) =0 on {pP~! <1/(3M)} and

Clearly, oy € LY

loc*

050 |0
[Pum| < (p—1) oo Her >y = (p—1) o b

hence ®,; € L
and define

We claim that oy, € W1 P(dx) and that d;pop = ®py. Let € >0

M”M(W)’

Clearly, ¢5; — ¢ in Li, . as € \, 0. Also, by the chain rule for Sobolev functions
(see e.g. |47, Theorem 2.1.11]),

1 0;
Oy = (1 —p)Vy <( ) ) ( @)p1{50+6>(3M)*1/(p71)}

loc*

p+e)pl) (p+e
and 2 |
i P
10| < (p— Um {(pte)r>(1/(3M))a} € Liye.

Hence ¢5; € Wlo’f(dx) and 9;¢5; — @y in LY as e \ 0.
Since ¢ € I/V1 P(dx) and since ¢y is bounded, we have that 0,0 € L},

wdionm € LY, ., since

Also,

loc®

Oip
B ledionl < 60— D2 < (- 1310

Now by the usual Leibniz rule for weak derivatives
1 Oip
pon € Wil (dz) and  0i(pen) = emdip + (1 — p)iy (sﬂp_1> o1
where by definition 9;¢/p?~! = 0 on {¢ = 0}. Consider the term apMapp Recall
that P € I/Vl1 1(da:) by Lemma As already seen, ppn € VV1 P(dx). By

Lemma [2 P~ € Whi(dz) and 9;(¢P~Y) = (p — 1)¢P 2dip € LY . Hence
wM(@i(wP‘lh € Li,. and 9;(ppar) " € Li,.. It follows that pare? € Wy (do)
and by the Leibniz rule for weak derivatives

1
Oi(pare”) = pone? 0o + (1 — p)iy <<pp—1) Bip € Lige-

Let ¢ € C§°(R%). Applying integration by parts, we see that

1
(3.5) /8C<pM<p”dfc——p/C<pr<ppdx+ -1 /C i, (¢p1>s0”d:v-

Moreover, by ([3.4), dipn € LY (¢Pdx). @ € LY (¢Pdzx) is clear. Therefore

YMm € Vloc (1) and
0;p 1
8f80M=(1—)<Pp19/ (W)
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The Leibniz rule in Corollary also holds in V' (1), and so we would like to

loc
give sense to the expression 9 (foar) = @m0 f + fOl'om. But oy € Vl(l)f(u),
f € VYP(u) and f is bounded, f0!¢pn € LV (p) since f is bounded and finally

loc

o0 f € LP (u) since gy is bounded. Hence fou € ViiP(u) and the Leibniz

loc

rule holds (locally). By definition of 9} for ¢ € Cg°(RY)

[ ot sconerda =) [ 1220, (@,}_1) o da

0;
- /f&-(cpM@p dw—p/szoM%sﬂpdx
Now let M — oo in (3.6). Note that
o — (1/97 D 1ips0y

(3.6)

dz-a.s. and
Dy (171 1
dz-a.s. In order to apply Lebesgue’s dominated convergence theorem, we verify
107 FConre?] < 210 Fol €]l oo Loupp ¢ € L' (da),
where we have used that
|90M90p71‘ S ]-7
because ¥y is Lipschitz and 9,,(0) = 0. Furthermore,
|f<(91§0’l%\/[ (1/@p71)| < |f61§0‘ HCHOO 1supp( € Ll(dx)a
| £0iCone?| < 2| f ol 10iC ]l o Lsuppc € Ll(dx)7
and
[F¢omdioe?™ ! < 21 f0ip (1< o Lsupp ¢ € L (d).
The formula obtained, when passing on to the limit M — oo in (3.6)), is exactly the
desired statement. O

Below, we shall need a lemma on difference quotients. Compare with [17, Proof
of Lemma 7.23] and [47, Theorem 2.1.6].

Lemma 3.2. Let z € B(0,1) C R and u € W™P(dx). Set for e >0

u(x —ez) — u(x)

Acu(z) == 5

for some representative of u. Then

[Acu+ (Vu, 2) [ 1o gy = O

as € N\ 0.
Proof. Start with u € C* N WP (dz). By the fundamental theorem of calculus
1 g
Acu(z) = —g/ (Vu(z — s2),2) ds.
0

Use Fubini’s theorem to get

(3.7)
/|A5u(x) + (Vu(z), ) dx = i/o / (Vu(x — s2),2) — (Vu(z), 2)|” d ds.
By a well known property of LP-norms [42, p. 63] the map
5 / [(Vu(z — sz2), z) — (Vu(z), 2)|" dx

is continuous in zero. Hence s = 0 is a Lebesgue point of this map. Therefore
the right-hand side of (3.7)) tends to zero as € N\, 0. The claim can be extended
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to functions in WP (dz) by an approximation by smooth functions as e.g. in [47,
Theorem 2.3.2]. O

Proof of Theorem[1.1] Let f € V'?(u) be (a class of) a function which is bounded
and compactly supported. By Lemma [2.18] we are done if we can approximate f
by Cg°-functions. Let {n:}.>0 be a standard mollifier. Since f is bounded and
compactly supported, 7. * f € C§°(R?) with supp(n. * f) C supp f + €B(0,1)
and |ne * f| < ||fll.o- We claim that there exists a sequence &, \, 0 such that
Ne, * f converges to f in V1P(u). The LP(u)-part is easy. Since n.  f, f € L(dx),
limes o [ * f = fll 21 (4x) = 0. Therefore we can extract a subsequence {e,,} such
that ., * f = f dz-a.s. For e, <1

(e, = £ = fol? < 22| FII% 1elPLsupp s+ B0,1) € L' (d).

By Lebesgue’s dominated convergence theorem, limy, [|7e,, * f = f|l 15,y = 0.
Fix 1 < i < d. We are left to prove 9;(n., * f) — 0! f in L?(u) for some sequence
en \y 0. Or equivalently,

©0;(ne,, * f) — @0}’ f in LP(dx).

Write

(3.8)
/|806i("78  f) — ol fIP da
<2r! [/Waz'”f— (e * (Wff))lpdwr/l(ns *(90;' f)) — 00;(n= = f)IF dm} :

The first term tends to zero as € N\, 0 by a well known fact |42, Theorem III.2 (c),
p. 62]. We continue with studying the second term. Recall that 7.(z) = n.(|z|).

j/mxzok>kf>—<n5*<¢aff>npdx

p

dx

:/Fm/@%@_wﬂw@—/mu—m¢wWﬂm@
/‘/&ns(xy)f(y)[so(x) —¢(y)ldy

p

dx

+ [ omta = ) f W)  1elo — D)2 (0) dy
apply Lemma with ((y) :=n.(x — y)

and noting that 9;n.(z — y) = %ns(m —y) = —gyng(z —y)

p

:/ ‘/ame(w—y)f(y)[@(x) — ¢(y)] dy+/ne(w -y f(W)oip(y)dy| dx

sw1L/V@m@—wﬂmwm—wwmﬁﬁmy/m*U@@PM}

<or-! / ’/%Em — 9 fWle@) — o) dy| dz+ 22|00l (g -

We would like to control the first term. Replace ¢ by @ € W1P(dx) defined by:

$ = ¢¢ with £ € C3°(R?) and Tsupp £+ B(0,2) < & < Lsupp £4B(0,3)-
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Let h. : R = R, h.(z) := —ez. Then upon substituting y = = + £z (which leads
to dy = % dz)

/ ’/ Ome(x —y) f(y) lp(x) — ¢(y)] dy

- / / O (—e2) f(z + e2) [B(x) — Bla + e2)] e dx
B(0,1)

By the chain rule —(9;n.)(—¢z) = 9;(n- o he)(z) = (1/e%)0;(n)(z) and hence the
latter is equal to

p

dxr

p
dzx

/ / Oin(2) f(x +e2) Pz) — Gz +e2) dz| dz
B(0,1) €
P
<or-! / / Oin(2)f(x +e2) (—Vo(x +e2),2) dz| dz
B(0,1)

+2v07!

x/ /B(Oyl)@n(z)f(m—&-sz

By Jensen’s inequality and Fubini’s theorem, the first term is bounded by

p
dzx

) [@(fv) — Pz +e2)

- +(V@(z + e2), z)] dz

d) 0., anajsoumdx),

where C(p,d) is a positive constant dependlng only on p and d.

Concerning the second term, we use again Jensen’s inequality and Fubini’s the-
orem to see that it is bounded by
(3.9)

C’(p,d) 105, 1£115

p

oz + 52) dr .

+{(Vp(x +€2),2)

where C’(p, d) is a posmve constant depending only on p and d. Let us investigate
the inner integral.
By variable substitution, we get that the inner integral in (3.9) is equal to

(3.10) / Pl =e2) Z 20 4 (), 2)

€
By Lemma the term converges to zero pointwise as ¢ \, 0 for each fixed
z € B(0,1).
By inequality (3.1)), for dz-a.a. z € B(0,1)

[[Pe=e2=80) 5500,

p

dx.

p

dx

< C(p, d) [MIVEIL 0 a0y 127101 (2

(2),
where M denotes the centered Hardy-Littlewood maximal function. If p € (1, 00),
then » € W1P(dx) and the right-hand side is in L!(dz) by estimate (3.2)). If p = 1,
then Vi € L*(dx) by (1.5) and

o(r —ez) — px -
[P 0.
< C(d,supp f) [MIVP|[l o (az) 121" 1B0,1)(2)
and the right-hand side is again in L!(dz) by estimate (3.2)).

dx
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The desired convergence to zero as € \, 0 follows now by the preceding discussion
and Lebesgue’s dominated convergence theorem.
We have proved that

/|(pai(7]e * f) — (e * (@aff)”p dx

(3.11) p

<C(d,p,supp £.1) | Y 1105010 a) + 1115 0(c)
=1

with 6(g) — 0 as € \, 0, and 6 depends only on supp f.

We shall go back to the right-hand side of . Let fs :=ns x f for 6 > 0.
By Lebesgue’s dominated convergence theorem again, we can prove that there is a
subnet (also denoted by {fs}), such that

d
(3.12) D = )05l (awy = O

j=1
as § (0. Taking into account, (f replaced by f — fs therein), we get that
00 (n- * f) = (- (‘Pafbf))nip(dm)
<2 @0h e+ (F = F)) — (e + (904 (F = S B
+ 2P |pdi(ne * f5) — (e % (00f f) I ()

d

<C(d,p,suwpp f) | D II(F = £5)0501 5 oy + I1f = 5112 6()

j=1
+ 271|005 (ne * f5) — (1 * (9O} )] () -

The use of is justified, since ¢ = ¢ on supp f + B(0,2), thus on supp(f —
f5)+B(0,1). Taking into account, by choosing first 4 and then letting ¢ \, 0,
the first term above can be controlled (since || f — fs||.. < 2||f]l.)- If we can prove
for any ¢ € C§°

(3.13) 105 (1e % €) = (e * (PO O o () = O
as € \y 0, we can control the second term above and hence are done. But

10i (0= * €) — (ne * (PO Lo (42
/’/mw— )0 (y) [p(w) — p(y)] dy| de.

Substituting y = z + ez (dy = £?dz) and using Jensen’s inequality and Fubini’s
theorem again, the latter is dominated by

C(d,p) [Inll5 110:C 1% /B( )H(wéd() — (P€) (- + €270 (any 425

)

where & € C§°(R?) with & =1 on supp ¢ + B(0,1).
1(2E) () = (€ + e2) I any

tends to zero as € N\, 0 again by [42, p. 63]. By inequalities (3.1) and (3.2) for
dz-a.a. z € B(0,1)

1(0€) () = (9€) (- + €)1 n 4wy < (D) IV (PENT () 121 LB0,1) € L (d2),
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for p € (1,00), and together with (1.5)), for p = 1,

1) () = (€ + €2l 1 ay
< o(d, p,supp f) [ V(0N Lo (4 l£2[1B(0,1) € L (d2).
Thus we can apply Lebesgue’s dominated convergence theorem.

The proof is complete. O

4. THE KUFNER-SOBOLEV SPACE W1P (1)
We shall briefly deal with the Kufner-Sobolev space WP (u) first introduced
in [28] and studied e.g. in [29,30}37].
Definition 4.1. Assume (Reg). Let
WP () i= {u € LP(u), | Du € LP(; R)} .
Note that in the above definition, by (Reg) and Lemma [2.4] v € L] _ and hence
Du is well defined.

Proposition 4.2. Assume (Reg). Then WYP(u) is a Banach space with the ob-
vious choice of a norm. Also, by definition HVP () C WYP(u). Moreover, for all
u € HYP (), VAu = Du dz-a.s.

Proof. See |29, Theorem 1.11] and |23, §1.9]. O

The following well known result demonstrates the power of maximal functions.
We include its proof for the sake of completeness.

Proposition 4.3. Assume 1 < p < co. Assume that there is a global constant
K > 0 such that

(4.1) (fea)(f wdgc)p_l <K,

for all balls B C R%. Then HYP (1) = WP (p).

Proof. Let f € WYP(u), f bounded and compactly supported. Let {n.}c~o be a
standard mollifier. ¢ satisfying condition is equivalent in saying that ¢P =
w € Ap, where Ay is the so-called p-Muckenhoupt class. Note that this implies
(Reg). Let

>0
be the centered Hardy-Littlewood mafximal function of f. By [43 Ch. II, §2, p. 57]
we have the pointwise estimate
|[f*n | < Mf Ve>0.
Also, by [43, Ch. V, §2, p. 198], and the sublinearity of M it is easy to prove that
IV(f*n)| < MIDf| Ve>D0.

By [43 Ch. V, §3, p. 201, Theorem 1], w € A, implies that there exists a constant
C > 0 such that

/ (M ()P w(x) dx < C / @ Pw()de Ve IP(u).

Since f was assumed bounded and compactly supported, by (Reg), f € L'(dx)
and {f x .} converges to f in L'(dx) as e | 0. A similar statement holds for |Df|.
Hence a subsequence converges dz-a.e. Taking the above estimates into account,
we see that a subsequence of {f * 1.} converges in WP(u) to f by Lebesgue’s
dominated convergence theorem. U

M(z) := sup ]i L
z,p
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We arrive at our major contribution to the study of the “classical” weighted
Sobolev space W1P(u). For p = 2 it was proved in [4].

Proposition 4.4. Assume (Reg), (Diff), and if p = 1, assume also that
holds. Then

HYP(p) = VIP () = WHP(p).
Proof. The first equality follows from Theorem [I.I] Therefore by Proposition [£.2]
VIP(pn) € WHP(u) and for u € V1P (i), VAu = Du both p-a.e. and dr-a.e. (recall
that (Reg) implies that dx and p are equivalent measures).

Conversely, let f € WP () N L>(u). Since by Lemma P e Wlicl (dz), we
have for each i € {1,...,d} and each n € C§°(R?) that

/Difmp” do = —/fai(nwp) dz,

where 0; is the usual weak derivative in Wlf)’cl (dz). But, again by Lemma the
right-hand side is equal to

—/ff)mso”dx—/fnﬁiso”dx.

Therefore f € V1P(u) and Df = V*f both p-a.e. and dr-a.e. It is well known
that, given (Reg), bounded functions in WP (u) are dense in W1 (1) and hence
WP () C VP (p). O

5. THE WEIGHTED p-LAPLACIAN EVOLUTION PROBLEM

Main result can be used to investigate the evolution problem related to the
weighted p-Laplacian equation. We shall briefly illustrate the procedure for the
so-called degenerate case, that is, p € [2,00). With a weak solution to equation
(1.7), we mean a variational solution in the sense of [8, Ch. 4.1, Theorem 4.10].

Theorem 5.1. Let p € [2,00). Suppose also that p is a finite measure, so that
LP(u) C L*(p) densely and continuously. Suppose that (Diff) holds for P = w >
0. Then the evolution problem (1.7)) admits a unique (weak) solution.

Proof. We represent the monotone operator
AVIP(0) = (VI ()",
oy A0y = [V (970, 900) w d,
as the Gateaux derivative of
1
Eff(u) := ;/|V“u|pwda@

in the triple of dense and continuous embeddings V1P(u) C L?(u) € (VIP(u))*.
Since p > 2, the operator is demicontinuous, compare with [8, Ch. 2.4, Theorem
2.5]. Boundedness of the operator A follows straightforwardly. See [8 Ch. 4.1,
Theorem 4.10] for details and the terminology. Existence follows now from |9,
Theorem 4.4]. Uniqueness follows from monotonicity. (]

For p € (2,00), consider the following additional condition on w:
(5.1) w=VP=2 ¢ LMdx)

Lemma 5.2. Letp € (2,00). Assume that condition (5.1) is satisfied for w. Then
LP(u) C L?(dx) continuously and (Reg) is satisfied.
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Proof. Let u € LP(RY, 11). By Holder’s inequality,

1/2 1/p 1\?/(P—2) (p—2)/(2p)
(/Iul%lx) < (/mwwx) . /() » |
¥

which is finite by (5.1)).
Since for any ball B C R, it holds that

1pw /=D < (1Bw_1/(p_2) + 13) € L (dx),
we see that (Reg) is satisfied. O
Consider the following evolution equation in L?(dx)
(5.2) dyu = div [w|Vul[P>Vu], in (0,7) x Rd,}
u(-,0) = ug € L?*(dx), in RY.

The above equation differs in a “weight term” due to the dualization in L?(dx)
rather than in L2(u).

Theorem 5.3. Let p € (2,00). Assume that condition (5.1)) is satisfied for w.
Assume (Diff). Then (5.2)) admits a unique (weak) solution.

Proof. By Lemma LP(u) C L?(dx) continuously. Hence the proof follows again
from [9, Theorem 4.4] and monotonicity. d

6. A NEW CLASS OF p-ADMISSIBLE WEIGHTS

We shall recall the definition of p-admissible weights from [23] by Heinonen,
Kilpeldilen and Martio. Note the similarities between (6.2)) and (2.1 above.

Definition 6.1. A weight w € L{ (R?), w > 0 is called p-admissible if the follow-

loc
ing four conditions are satisfied.

e 0 < w < oo dx-a.e. and the weight is doubling, i.e. there is a constant
C1 > 0 such that

(6.1) / wdr < C’l/ wdxr Y balls B C RY.
2B B
o IfQ C RY is open and {n} C C>(R) is a sequence of functions such that
(6.2) /\nk|pwd:v%0 and /\Vnk —vlPwdr — 0
Q Q

for some v € LP(Q,wdx; R?Y), then v =0 € RY.
e There are constants k > 1 and C3 > 0 such that
1/p

1 1/(xp) 1
. _— Py d, < di Bl -—+—— Pwd
(6.3) (Idex/Bm w x) < C3diam <wadx/B|Vn| w l’) ,

whenever B C R® is a ball and n € C§°(B).
o There is a constant Cy > 0 such that

(6.4) / |n — np|Pwdz < Cy(diam B)p/ [VnPw dz,
B B

whenever B C R® is a ball and n € C°(B). Here

71 / dx
= w dx.
B fB wdx B n

The next results were basically proved by Hebisch and Zegarliniski in [21, Section
2]. We include the proofs in order to make this paper self-contained and obtain
concrete bounds due to a more specific situation.
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Lemma 6.2. Let 1 < ¢ < oo, § € (0,00). Let p(dx) := exp(—p|z|?) dx. Then for
any C > (Bq)~ Y, anye >0 and any D > (1+¢)9 L + (e 1 +d—1)C, we have that

(6.5) / et p(dz) < © / IV f| p(de) + D / npen)

for all f € C(RY).

Proof. Let f € C3(RY) such that f > 0 and f is equal to zero on the unit ball. By
the Leibniz rule we get that

(Ve M = (feP17) + Baf |1 sign()e 1",
Plugging into the functional g — [ (g(x),sign(z)) dz yields
[ sien(@). V@) e s
- o Y s
Clearly, for the left-hand side,

o7 [ @), Vi@ e e < 195w

Recall that

(6.6)

200, if d=1,
6.8 div(si = —
(6.8) iv(sign(x)) { d 1, it d>2

]

(in the sense of distributions), where dg denotes the Dirac measure in 0. Hence
after an approximation by mollifiers, for d = 1, we get the formula

(6.9) /<sign(az), \Y (fe*ﬂl"’”‘q)> dx = 72/fe*5‘x|q do(dx) = —2f(0) = 0.

For d > 2, we get that

/<Sign(x),v (fe_mmlq>> dx
=(1—d) / ‘%'fe—ﬁ'x“’ dz > (1—d) / fe Pl dg,
Gathering (6.6), (6.7), and gives
©11)  8a [ flal ) < [195]ud) +@-1) [ fatan),
Replacing f by |f| and noting that V(| f|) = sign(f)V f, we can extend to arbitrary
[ € C} such that f =0 on B(0,1).

Now, let f € C} be arbitrary. Let e > 0. Let ¢(z) :== 1A (e 1((1+¢) — |z]) VO).
Then f =g+ h, where g := ¢f and h:= (1 — ¢)f. Also, h =0 on B(0,1). Now,

q—1 — q—1 q—1
/Ifl\wl u(dz) /|$|<1+€|f||x u(dz) + / Fllal o pu(d)

|z|>1+e

(6.10)

(6.12) < (14e)! /| . Ma) + / ol )

< (1+e)i! / |l uldz) + / (][] 9 ().
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Note that |[Vh| < |Vf| +e7L|f] dz-a.s. Let C > (B¢q)~!. By an approximation in
W1 norm, we see that (6.11)) is also valid for h and hence

/ (B[] u(de) < © / V] () + C(d — 1) / s
< / IV f| plde) + (4 +d - 1)C / |l ulde),

which, combined with (6.12)), yields inequality (6.5]) with D > (1 +¢&)9=1 + (7! +
d—1)C. O

Lemma 6.3. Let 1 < p < o0, ¢ := p/(p—1), 8 € (0,00). Let p(dr) =
exp(—B|z|?) dx. Let C > (Bq)~'. Let W € CY*(R?) be a differentiable potential
(in particular, is bounded below) such that

(6.13) YW (@)] < dfalt" + 4
with some constants 0 < § < C~1, v € (0,00). Let V be measurable such that
oscV :=supV —inf V < oo. Let dv := exp(—W — V) du. Then for any ey > 0,
any
C/ > (1 o 05)—150100620ch7

any €1 > 0 and any

D' = (1= Co) eV ((142)17 4+ (7 +d = 1)C + (e0p) /*Cpg " +7)
it holds that
@10 [l v < 0 [1Vipvide) + D [ 157 ),
for any f € C}.
Proof. Plug |f|[Pe=" into (6.5). By Leibniz’s rule we get that

/ Pl e W pu(d)
<Cp / P fleW u(de)

+C [19Wle Y utdo) + D [ 11176 (o).

For the first term,

Cp / P fleW u(de)

<Cp( [195re uias) " (e wia) v

<eopC / IV PeW u(dz) + (0p)~"/PCpg~! / FPeW pu(de),

by the Holder and Young inequalities resp. Since oscV < oo, the claim follows by
an easy perturbation argument, see e.g. [16, preuve du théoréme 3.4.1]. O

Usually, one would set g9 := p~! and ¢; := 1.

Theorem 6.4. Let 1 < p < oo and let w be a weight such that w satisfies a local
p-Poincaré inequality with constant Cy > 0. Let 3, W, V,C' >0, D' >0 be
as in Lemmal6.3

Let L > D’. Let

a = B9 — W - V].

= osc
B(0,LP—1)
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Let
2a —1 c’
o€ Lo, LPr—1) 4 &

D/
L

Suppose that dvy, := exp(—8|-|[1=W =V ) wdx is a finite measure. Then v, satisfies
the Poincaré inequality

[ fdvy
[T
for all f € Cg°(RY).

Proof. By the results of Lemma we can apply [21, Theorem 3.1]. (]

c>

P
dv, < c/|Vf|pd1/w7

Before we prove Theorem[I1.3] let us note that, under our assumptions, the results
of Hebisch and Zegarlifiski (in this particular case) extend to V1P (u) = WhP(pu).
Of course, other Poincaré and Sobolev type inequalities for smooth functions extend
similarly to V1'P(u) if the weight satisfies (Diff).

Proof of Theorem[I.3 Let us prove that exp(—f|-|?* — W — V) is doubling. Let
Vel > 1, eV, cY € R be the constants from property (D). Let a := inf W,

b:=infV. Let B C R be any ball. Then

/ e Bzl =W(2)=V(2) 1, — 2/ e—2Blz| =W (22)=V (22) 4.
2B B
< 9e— (el ~Datelf (e} ~1)ptey / o—BlalT =W (@)=V(2) g,
— B b
which proves the doubling property.

By similar arguments as in the proof of Lemma condition is implied con-
dition (Reg) which is obviously satisfied, since 8]-|7, W and V are locally bounded.
However, by a general result due to Semmes, is implied by and ,
see |24, Lemma 5.6].

The weighted Poincaré inequality follows from Theorem by noting that
exp(—f|z|9 — W — V) dz is a finite measure.

The weighted Sobolev inequality follows from and by a general
result of Hajtasz and Koskela [18].

Suppose now that V € W, °(dz). Since W € C', also W € W >®(dz). A
similar statement holds for —p|-|9. Therefore, it is an easy exercise to check that
the conditions (Reg) and (Diff) are satisfied. O
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