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Abstract. As a generalization of a Calabi-Yau category, we will say a k-linear Hom-finite
triangulated category is fractionally Calabi-Yau if it admits a Serre functor S and there is an

n > 0 with Sn ∼= [m]. An abelian category will be called fractionally Calabi-Yau is its bounded
derived category is. We provide a classification up to derived equivalence of abelian hereditary
fractionally Calabi-Yau categories (for algebraically closed k). They are:

• the category of finite dimensional representations of a Dynkin quiver,
• the category of finite dimensional nilpotent representations of a cycle,
• the category of coherent sheaves on an elliptic curve or a weighted projective line of tubular

type.

To obtain this classification, we introduce generalized 1-spherical objects and use them to obtain
results about tubes in hereditary categories (which are not necessarily Calabi-Yau).
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1. Introduction

As a generalization of Calabi-Yau categories, one can define fractionally Calabi-Yau categories as
triangulated k-linear categories with a Serre functor S where Sn ∼= [m] for some n > 0 (as triangle
functors). An abelian category A is fractionally Calabi-Yau if its bounded derived category is
fractionally Calabi-Yau.

The main result of this paper is the following classification result (Theorem 6.17 in the text).
We will assume A is k-linear over an algebraically closed field k.
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Theorem 1.1. Let A be an indecomposable abelian hereditary category which is fractionally
Calabi-Yau, then A is derived equivalent to either

(1) the category of finite dimensional representations repQ over a Dynkin quiver Q, or

(2) the category of finite dimensional nilpotent representations nilp Ãn where Ãn (n ≥ 0) has
cyclic orientation, or

(3) the category of coherent sheaves cohX where X is either an elliptic curve or a weighted
projective line of tubular type.

The proof of this theorem resembles the proof of the classification of abelian 1-Calabi-Yau
categories in [32], but the results we need to complete this classification are valid in greater
generality. We briefly outline some steps.

One of our main tools will be the twist functors TE and T ∗
E introduced in [31]. In §3 we

generalize the notion of an n-spherical object. Roughly speaking, if A is an Ext-finite abelian
category with Serre duality, then a generalized 1-spherical object in DbA is an object E such
that End(E) is semi-simple and SE ∼= E[n]. We show that the associated twist functors are
equivalences. These twist functors correspond to tubular mutations and shrinking functors in the
cases where the latter ones are defined.

Using these twist functors, we will prove some general facts about tubes (Auslander-Reiten
components of the form ZA∞/〈τn〉, where τ is the Auslander-Reiten translate) in a hereditary
category A with Serre duality. Most notably, every indecomposable object X in DbA with τ rX ∼=
X lies in a tube (Theorem 4.1) and tubes are convex (Theorem 4.2) in the sense that if there is
a path X0 → · · · → Xn in DbA with X0, Xn lying in the tube, then Xi lies in the tube for all i.
Moreover, every tube contains a 1-spherical object.

Fix an abelian hereditary category A which is fractionally Calabi-Yau of dimension 1 (as the
other dimensions are easily dealt with). In this case, there are no nonzero projective or injective
objects and we have τn ∼= 1 for some n > 0, where τ is the Auslander-Reiten translate. In this
case, there will be generalized 1-spherical objects in DbA.

We may assume that A has at least two tubes and a nonzero map between them, as the other
cases are again easy to deal with. Furthermore, since the 1-Calabi-Yau case has already been
classified in [32], we may assume τ 6∼= 1. This implies there is always an exceptional object (thus
an object L with Ext(L,L) = 0). We will start from such an exceptional object to construct a
tilting object in DbA using twist functors as done in [23].

Thus let L be an exceptional object and let E be a generalized 1-spherical object lying in a
different tube, but with Hom(L,E) 6= 0. The Hom- and Ext-spaces between the objects L and E
we chose should satisfy properties mimicking those of a line bundle and a generalized (semi-simple)
1-spherical object in a weighted projective line.

In DbA we then find a sequence E = (T i
E(L))i∈Z and an associated t-structure with heart H

such that H is derived equivalent with A, and the entire sequence E lies in H. There, the sequence
E is a coherent sequence in the sense of [27]. Furthermore, we will show that this sequence gives
a Serre subcategory H0 of H such that H/H0

∼= cohP1.
We can use this last result to obtain information about the subcategory of all objects of finite

length in H and use this to construct a tilting object in H. We then use a well-known result by
Happel where all hereditary categories with a tilting object are classified to conclude the proof of
Theorem 1.1.

As in [32], it is not hard to describe all hereditary categories which are derived equivalent to
the categories in Theorem 1.1. We will do so in Theorem 7.4 using split torsion theories.

Acknowledgments The author wishes to thank Michel Van den Bergh for meaningful discus-
sions.

2. Preliminaries

2.1. Notations and conventions. Throughout, let k be an algebraically closed field. We will
assume that all categories are k-linear and all algebras are k-algebras.

We will fix a Grothendieck universe U and assume that all categories are U -categories i.e. all
Hom-sets lie in U . A category is called U -small if the set of objects is a set in U .
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A Hom-finite additive category A is Krull-Schmidt. A path in A is a sequence of indecom-
posable objects X1, X2, . . . , Xn with Hom(X1, X2) 6= 0. We will denote by indA a set of chosen
representatives of isomorphism classes of indecomposable objects. If A′ is an additive subcategory
of A, then we will choose indA′ ⊆ indA. If K is an Auslander-Reiten component of A, then indK
refers to all indecomposables of indA lying in K.

A nonzero abelian category A will be called indecomposable if it is not the coproduct of two
nonzero categories.

If Q is a quiver, then we denote by repQ the category of finite dimensional representations.
The category nilpQ will be the full subcategory of (finite dimensional) nilpotent representations.

2.2. Hereditary categories. Let A be an abelian category. We will say that A is Ext-finite if
dimExti(X,Y ) < ∞ for all X,Y ∈ ObA and all i ≥ 0. This implies that dimHom(X,Y ) < ∞.
We will say that A is hereditary if and only if Ext2(X,Y ) = 0 for all X,Y ∈ ObA.

For an abelian category A, we denote by DbA its bounded derived category. The suspension or
shift of X will be denoted by X[1]. There is a fully faithful functor A → DbA mapping an object
X to the complex X• such that Xi is X for i = 0, and 0 otherwise. We will sometimes write A[0]
to refer to this full subcategory of DbA.

If A is a hereditary category, then we have the following description of the objects in the
bounded derived category: X ∼= ⊕i∈ZH

i(X)[−i], thus every object is isomorphic to the direct sum
of its homologies.

2.3. Serre duality. Let C be a Hom-finite triangulated k-linear category. A Serre functor [8] on
C is an auto-equivalence S : C → C such that for every X,Y ∈ Ob C there are isomorphisms

Hom(X,Y ) ∼= Hom(Y, SX)∗

natural in X and Y , and where (−)∗ is the vector-space dual.
We will say C has Serre duality if C admits a Serre functor. An Ext-finite abelian category A

is said to satisfy Serre duality when the bounded derived category DbA admits a Serre functor.
It has been shown in [28] that C has Serre duality if and only if C has Auslander-Reiten triangles.

If we denote the Auslander-Reiten shift by τ , then S ∼= τ [1].

2.4. Paths and split t-structures. Let A be an abelian Ext-finite category (thusDbA is a Krull-
Schmidt category). A suspended path in DbA is a sequence X0, X1, . . . , Xn of indecomposable
objects such that for all i = 0, 1, . . . , n − 1 we have Hom(Xi, Xi+1) 6= 0 or Xi+1

∼= Xi[1]. If A
is indecomposable and not semi-simple, then it follows from [30] that there is a suspended path
from X to Y in DbA if and only if there is a path from X to Y . More generally [30, Lemma 5],
A is indecomposable if and only if for every X,Y ∈ indDbA there is an n ∈ Z and a suspended
path from X to Y [n]. In this case, DbA is also called a block.

We will say a full additive Krull-Schmidt subcategory U of DbA is closed under successors if
and only if the following condition holds: if there is a suspended path from an indecomposable
X ∈ ObU to an indecomposable Y ∈ ObDbA, then Y ∈ ObU .

We will use the following result from [6].

Theorem 2.1. Let A be an indecomposable abelian Ext-finite category and let U be full nonzero
subcategory which is closed under successors. If U⊥ is nonzero, then there is a bounded t-structure
on DbA given by D≤0 = U and D≥0 = U⊥[1] and the heart of this t-structure H is hereditary and
derived equivalent to A.

Following [19] we will say that a full additive subcategory U of DbA is an aisle if and only if

(1) U [1] ⊂ U ,
(2) U is closed under extensions; i.e. for each triangle X → Y → Z → X[1] we have Y ∈ U if

X,Z ∈ U
(3) the inclusion U → DbA admits a right adjoint.

A full additive Krull-Schmidt subcategory U of DbA closed under successors is an aisle. The
first two conditions are clear and the action of the right adjoint on objects is given as follows:
X ∈ ObDbA get mapped to the largest direct summand of X lying in U .
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It was shown in [19] that there is a bijection between the aisles and the t-structures, given by
D≥0 = U and D≤0 = U [1]⊥.

If DbA has Auslander-Reiten sequences, we will say that an aisle U is τ -invariant if τU ∼= U as
subcategories of DbA.

Proposition 2.2. Let A be an indecomposable Ext-finite abelian category with Serre duality.
Let U be a τ -invariant aisle on DbA such that both U and U⊥ are nonzero. The heart H of
the corresponding t-structure is hereditary and derived equivalent to A. Furthermore, H has no
projective objects.

Proof. For any X ∈ DbA, there is a triangle U → X → V → U [1] where U ∈ U and V ∈ U⊥.
We have Hom(V,U [1]) ∼= Hom(τ−1U, V )∗ = 0 since τ−1U ∈ U . This shows that U induces a split
t-structure on DbA. The rest follows easily from Theorem 2.1 and the fact that H is closed under
τ . �

2.5. Ample sequences. For the benefit of the reader, we will recall some definitions and results
from [27]. Throughout, let H be a Hom-finite abelian category.

We begin with the definition of an ample sequence.

(1) A sequence E = (Li)i∈Z is called projective if for every epimorphism X → Y in H there is
an n ∈ Z such that Hom(Li, X) → Hom(Li, Y ) is surjective for i < n.

(2) A projective sequence E = (Li)i∈Z is called coherent if for every X ∈ ObH and n ∈ Z,
there are integers i1, . . . , is ≤ n such that the canonical map

s
⊕

j=1

Hom(Lij , X)⊗Hom(Li, Lij ) −→ Hom(Li, X)

is surjective for i ≪ 0.
(3) A coherent sequence E = (Li)i∈Z is ample if for all X ∈ H, we have Hom(Li, X) 6= 0 for

i ≪ 0.

Let Aij = Hom(Li, Lj) for i < j, Aii = k. We may define an algebra A = A(E) = ⊕i≤jAij in a
natural way. If E is a coherent sequence, then A is a coherent Z-algebra in the sense of [27] (see
[27, Proposition 2.3]).

As usual, a graded right A-module M is called coherent if it is finitely generated and the kernel
of any morphism P → M is finitely generated where P is a finitely generated projective. These
modules form an abelian category cohA and the coherent modules which are bounded in grading
form a Serre subcategory denoted by cohb A. We define the quotient

cohprojA ∼= cohA/cohbA.

Finally, let E = (Li)i∈Z be a sequence. We will denote by H0 the full subcategory of H spanned
by the objects X ∈ ObH with the property that Hom(Li, X) = 0 for i ≪ 0. If E is projective,
then H0 is a Serre subcategory of H; if E is ample then H0 = 0.

We have the following general result.

Theorem 2.3. [27, Theorem 2.4] Let E = (Li) be a coherent sequence, A = A(E) the corresponding
Z-algebra, then there is a equivalence of categories H/H0

∼= cohprojA.

We will be interested in the special case where there is an automorphism t : DbH −→ DbH
such that Li

∼= tiL. We let R = R(E) = ⊕i∈NRi where Ri = Hom(L, tiL) and make it into a
Z-graded algebra in an obvious way.

If R is noetherian then the coherent R-modules correspond to the finitely generated ones and
cohprojR corresponds to qgrR, the category of finitely generated modules modulo the finite
dimensional ones considered in [1].

We will use following corollary of Theorem 2.3.

Corollary 2.4. Let A be a Hom-finite abelian category, t be an autoequivalence of A, and L an
object of A. If E = (tiL) is a coherent sequence and the corresponding graded algebra R = R(E)
is noetherian, then H/H0

∼= qgrR.
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2.6. n-Kronecker quivers. Let A be a finite dimensional algebra. We will denote by modA the
category of finite dimensional right A-modules. For a finite acyclic quiver Q, we will denote its
path algebra by kQ.

An n-Kronecker quiver Kn (n ≥ 1) is a quiver with two vertices {x, y} and n arrows x → y.
The path algebra kKn is hereditary, and is of finite representation type if n = 1, is of tame type
if n = 2, and is of wild type is n ≥ 3. The 2-Kronecker quiver is also called the Kronecker quiver
and its path algebra is called the Kronecker algebra.

The following result is standard ([5]). The functor F below is given by −
L
⊗A (OP1 ⊕ OP1(1))

where A ∼= End(OP1 ⊕OP1(1)) is the Kronecker algebra.

Theorem 2.5. There is an exact equivalence F : Db modA → Db cohP1 where A is the Kronecker
algebra and F (A) ∼= OP1 ⊕OP1(1).

The category mod kK2 is well understood (see for example [4]). We will use the following.
Let Px, Py ∈ mod kK2 be indecomposable projective objects associated with the vertices x, y
of K2. Then dimHom(Px, Py) = 2, every nonzero f : Py → Px is a monomorphism and the
cokernel Rf is a regular module with dimHom(Px, Rf ) = dimHom(Py, Rf ) = 1. Moreover,
Hom(Rf , Rg) = Ext(Rf , Rg) = 0 when f, g ∈ Hom(Px, Py) are linearly independent.

The algebra kK2 is of tame type. For algebras of wild type, we have the following proposition
(see for example [4]).

Proposition 2.6. A finite dimensional hereditary algebra A is of wild type if and only if there is
an indecomposable module Z ∈ modA such that

χ(Z,Z) = dimHom(Z,Z)− dimExt(Z,Z) < 0.

3. Twist functors

Twist functors have appeared in the literature under different names, for example tubular
mutations [25], shrinking functors [29], and twist functors [31]. Similar ideas were the mutations
used in [16] in the context of exceptional bundles on projective spaces and, more generally, in [7].

In this section, we will follow the general approach twist functors from [31], but introduce a
small generalization. If an object E is endo-simple (i.e. dimHom(E,E) = 1), then our definition
of an associated twist functor coincides with that of [31].

Throughout, let A be any abelian category.

3.1. Definitions. We start by introducing some notations. Let C(A) be the category of cochain
complexes. For C,D ∈ C(A), let hom(C,D) be the complex in C(Mod k) given by

homi(C,D) =
∏

j∈Z
HomA(C

j , Di+j) with di
hom(C,D)(φ) = dD ◦ φ− (−1)iφ ◦ dC .

Note that the bi-functors Hom and hom are not naturally isomorphic. We do however have
Homi(C,D) = Hi hom(C,D), where Homi(C,D) = Hom(C,D[i]).

Let A = End(E) for an E ∈ C(A), and let V and W be complexes of right and left A-modules,
respectively. Denote by DA the functor HomA−Mod(−, A).

We define the tensor product V ⊗AE and the complex of A-linear maps linA(W,E) in the usual
way, i.e. such that (V ⊗AE)i =

∐

k+l=i V
k⊗AEl and (linA(W,E))i =

∏

k+l=i(DAW
k)⊗AEl (we

will assume these objects exist in A). The differentials are given by combining the differentials of
V and E in such a way as to agree on an evaluation W ⊗k linA(W,E) → A. We refer to [31] for
details.

If C → D is a map of complexes, then we denote by {C → D} the associated total complex,
obtained by collapsing the bigrading.

Let A be a U -small abelian category where U is a Grothendieck universe (given the category
A, we may choose U such that A is U -small). There is a fully faithful embedding A → IndA
where IndA is the Grothendieck category of left exact functors A → Mod k (see [13]) which lifts
to a fully faithful embedding DbA → Db IndA (see [24]). The category IndA is a U -category and
is closed under (U -indexed) products and coproducts. The category IndA is not to be confused
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with the set indA of chosen representatives of isomorphism classes of indecomposable objects of
A.

Definition 3.1. The category K ⊆ K+(IndA) is defined to be the full subcategory whose objects
are the bounded below cochain complexes C of IndA-injectives which satisfy Hi(C) ∈ A for all i,
and Hi(C) = 0 for i ≫ 0.

The following result is an analogue of [31, Proposition 2.4]. We will follow its proof.

Proposition 3.2. There is an exact equivalence (canonical up to natural isomorphism) DbA ∼= K.

Proof. Since IndA has enough injectives, it is clear that K ∼= D where D ⊂ D+(indA) is the
full subcategory of objects whose homologies satisfy the conditions of Definition 3.1. Again, D
is equivalent to Db

A(IndA), the full subcategory of D+(indA) consisting of these objects whose
complexes are bounded and whose homologies lie in A. The last equivalence DbA → Db

A(IndA)
follows from [18, Theorem 15.3.1] �

3.2. Twist functors on K.

Definition 3.3. Let E ∈ ObK be an object satisfying the following conditions

(S1) E is a bounded complex,
(S2) for any F ∈ K, both Hom•

K(E,F ) and Hom•
K(F,E) have finite (total) dimension over k.

We will denote Hom(E,E) by A. With E we associate the twist functor TE : K → K defined by

TEF = {hom(E,F )⊗A E
ǫ
→ F}

where ǫ is the canonical map, and the dual twist functor T ∗
E : K → K defined by

T ∗
EF = {F

ǫ∗
→ linA(hom(F,E), E)}

where ǫ∗ is the canonical map.

Remark 3.4. If direct sums of injectives in IndA are again injectives, then TEF and T ∗
EF lie again

in K. In general, TEF and T ∗
EF might not lie in K+(IndA) but will satisfy the other conditions

of Definition 3.1. We will fix an equivalence Db(A) → K to resolve this.

Definition 3.5. An object E ∈ K satisfying (S1) and (S2) is called generalized n-spherical for
n > 0 if

(S3) A ∼= kr as algebras and

Homi
K(E,E) ∼=

{

A if i = 0, n
0 otherwise

as left and right A-modules.
(S4) The composition Homj

K
(F,E) × Homn−j

K
(E,F ) → Homn

K(E,E) is non-degenerate for all
j ∈ Z and F ∈ K, i.e. if (f,−) or (−, g) are zero maps then f = 0 or g = 0, respectively.

In case r = 1, we recover the definition of n-spherical object as in [31].

Remark 3.6. As posed here, there is some redundancy in condition (S3). It is sufficient that the
isomorphisms for Homn

K(E,E) hold not as left and right A-modules, but as vector spaces. That
this induces isomorphisms as left and right A-modules then follows from (S4).

Lemma 3.7. Let E be a generalized n-spherical object, and let A = End(E,E), then

H•linA(hom(F,E), hom(E,E)⊗A E) ∼= DA Hom•(F,E)⊗A Hom•(E,E)⊗A H•E

where DA is the dual with respect to A.

Proof. Since A is semi-simple, we may write hom(F,E) ∼= H• hom(F,E) ⊕ C as left A-modules,
where C is contractible. We then find

H•linA(hom(F,E), hom(E,E)⊗A E) ∼= H•linA(Hom
•(F,E)⊕ C, hom(E,E)⊗A E)

∼= DA Hom•(F,E)⊗A H•(hom(E,E)⊗A E)
∼= DA Hom•(F,E)⊗A Hom•(E,E)⊗A H•E
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�

We have the following generalization of [31, Proposition 2.10]

Proposition 3.8. Let E be a generalized n-spherical object for some n > 0, then the functors
T ∗
ETE and TET

∗
E are both naturally isomorphic to the identity functor on K.

Proof. The proof is identical to the proof in [31, Proposition 2.10] using Lemma 3.7 to calculate
the homologies. �

3.3. Twist functors on derived categories. We will now translate the previous result to the
setting we will be using in this article. Let A be an Ext-finite abelian category.

Definition 3.9. An object E ∈ ObDbA is called generalized n-spherical for some n > 0 if it
satisfies the following properties

(S1) E has a finite resolution by IndA-injectives,
(S2) Hom•(E,F ) and Hom•(F,E) have finite total dimension for all F ∈ DbA,
(S3) A ∼= kr as algebras and

Homi
DbA(E,E) ∼=

{

A if i = 0, n
0 otherwise

as left and right A-modules,
(S4) the composition Homj(F,E) × Homn−j(E,F ) → Homn(E,E) is non-degenerate for all

j ∈ Z and F ∈ DbA.

where A = Hom(E,E).

The third condition implies that E ∼= ⊕r
i=1Ei where Hom(Ei, Ej) ∼= k if i = j and 0 otherwise,

and that for every i there is a unique j such that Extn(Ei, Ej) ∼= k. Thus there is a permutation
σ of {1, 2 . . . , r} defined by Extn(Ei, Eσ(i)) ∼= k.

Lemma 3.10. Let A be an Ext-finite abelian category, and E ∈ ObDbA satisfying (S1), (S2),
and (S3). Then (S4) is equivalent to:

(S4’) there is a permutation σ of {1, 2 . . . , r} such that Hom(Ei, F ) ∼= Hom(F,Eσ(i)[n])
∗, natural

in F ∈ DbA.

Proof. First assume that (S4) holds. As above, this yields a non-degenerate pairing

⊕i Hom(Ei, F )×⊕i Hom(F,Eσ(i)[n]) → ⊕i Hom(Ei, Eσ(i)[n]).

From this it easily follows that the pairing

Hom(Ei, F )×Hom(F,Eσ(i)[n]) → Hom(Ei, Eσ(i)[n]) ∼= k.

is nondegenerate as well. This shows that Hom(F,Eσ(i)[n]) ∼= Hom(Ei, F )∗. The naturality is
easily checked.

For the other direction, we see that the pairing

⊕i Hom(Ei, F )×⊕i Hom(F,Eσ(i)[n]) → ⊕i Hom(Ei, Eσ(i)[n])

obtained from (S4’) is the one required in (S4). �

We now come to the main theorem of this section.

Theorem 3.11. Let A be an Ext-finite abelian category, and let E ∈ ObA be a generalized
n-spherical object, then the twist functors TE and T ∗

E are quasi-inverses.

Proof. This is just a reformulation of Proposition 3.8. �

Note that DA RHom(X,E) ∼= RHom(X,E)∗ as right A-modules. Writing E ∼= ⊕r
i=1Ei as above

gives

RHom(E,X)⊗A E ∼= ⊕r
i=1 RHom(Ei, X)⊗k Ei

RHom(X,E)∗ ⊗A E ∼= ⊕r
i=1 RHom(X,Ei)

∗ ⊗k Ei.
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In the rest of this article, we will be interested only in the case where A is an Ext-finite abelian
hereditary category with Serre duality. In this case, the conditions (S1) and (S2) are automatic
and the map σ from Lemma 3.10 is induced by the Auslander-Reiten translate, i.e. τEi

∼= Eσ(i).
The conditions (S3) and (S4’) then are equivalent to Hom(E,E) ∼= kr as algebras and SE ∼= E[1].
An example is given by E ∼= ⊕r

i=1τ
iE0 where τ rE0

∼= E0, and Hom(τ iE0, τ
jE0) ∼= k if and only

if i ≡ j (mod r) and 0 otherwise (in particular Hom(E0, E0) ∼= k). Every generalized 1-spherical
object is a direct sum of objects of this form.

These conditions are satisfied, for example, when E0 is a peripheral object of a generalized
standard tube (see §4), thus an Auslander-Reiten component of the form ZA∞/〈τ r〉 for r > 0. It
will follow from Theorem 4.1 that every direct summand of a generalized 1-spherical object in a
hereditary category with Serre duality lies in a tube.

Remark 3.12. A generalized 1-spherical object in DbA is an example of a Calabi-Yau object in
the sense of [12].

Remark 3.13. Let A be a hereditary Ext-finite category. Let X,Y ∈ DbA and write A = End(X).
There are triangles

TXY [−1] → RHom(X,Y )⊗A X → Y → TXY

and

T ∗
XY → Y → DA RHom(Y,X)⊗A X → T ∗

XY [1].

Example 3.14. Let A = nilp Ã1 where Ã1 has cyclic orientation, and denote by S1 and S2 the
two simple objects in indA. An object E ∼= S1 ⊕S2 is a generalized 1-spherical object. Note that
A = Hom(E,E) ∼= k2 as algebras and Ext1(E,E) ∼= A as a left and right A-module, but not as
an A-bimodule.

4. Tubes

Throughout, let A be an indecomposable Ext-finite hereditary abelian category with Serre
duality. In this section, we will be interested in the stable components K of the Auslander-Reiten
quiver of A or DbA of the form ZA∞/〈τ r〉, called a tube and we will refer to r as the rank of the
tube. If r = 1, then K is called a homogeneous tube.

An indecomposable object X ∈ indA is called peripheral if the middle term M in the almost
split sequence 0 → τX → M → X → 0 is indecomposable. The number of isomorphism classes of
peripheral objects in a tube is given by the rank.

As usual, we will say a component is generalized standard if rad∞(X,Y ) = 0, for all X,Y ∈
indK. The generalized standard tubes occur, for example, in the category of finite dimensional
representations of tame algebras and in the category of coherent sheaves on a smooth projective
curve.

Recall that we will say that a t-structure on DbA is τ -invariant if the heart H[0] ⊂ DbA is
invariant under τ . If H is hereditary, then the standard t-structure is τ -invariant if and only if H
does not have nonzero projective or injective objects.

The following two theorems are the main results of this section.

Theorem 4.1. Let A be a hereditary abelian category with Serre duality. An Auslander-Reiten
component in DbA is a tube if and only if it contains an indecomposable object X such that
τ rX ∼= X, for r ≥ 1.

Theorem 4.2. Let A be a hereditary abelian category with Serre duality and let K be a tube in
DbA. Then

(1) K is generalized standard,
(2) K is convex in the sense that if there is a path X0 → · · · → Xn in DbA with X0, Xn ∈ K,

then Xi ∈ K for all i.
(3) There exists a τ -invariant t-structure on DbA with hereditary heart H ⊇ K such that the

peripheral objects of K are simple in H.
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A tube in a hereditary abelian category where the peripheral objects are all simple (as in
Theorem 4.2(3)) will be called a simple tube. Note that a simple tube is generalized standard
(This follows from Proposition 4.4; alternatively this can easily be shown using the additivity of
rad∞(X,−) and rad∞(−, Y ) on Auslander-Reiten sequences together with rad∞(Si, Sj) = 0 for
all simple objects).

For the proof of Theorem 4.2 we will first show that both (2) and (3) hold under the assumption
that K is standard, and conclude by proving (1).

Lemma 4.3. Let E be a generalized 1-spherical object in A. There is a τ -invariant t-structure
on DbA such that E is a semi-simple object in the heart H.

Proof. Consider the τ -invariant aisle U given by

indU = {X ∈ indDbA | There is a path from E to X}.

We denote H = U ∩ U [1]⊥ the heart of the corresponding t-structure. Proposition 2.2 shows that
H is hereditary, derived equivalent with A, and has no nonzero projective objects.

There is a twist functor TE : DbA −→ DbA with

TE(X) ∼= cone(RHom(E,X)⊗A E −→ X)

where A = End(E). Since E is 1-spherical, this functor is an autoequivalence of DbA (see theorem
3.11).

To prove that E is semi-simple in H, we shall show that the canonical map ǫ : Hom(E,X)⊗A

E −→ X in H is a monomorphism for every indecomposable X ∈ ObH. Consider the following
exact sequence in H

0 −→ H−1TE(X) −→ Hom(E,X)⊗A E
ǫ

−→ X −→ H0TE(X) −→ Ext(E,X)⊗A E −→ 0

where TE : DbA → DbA is the twist functor associated with E. SinceH is hereditary and TE(X) is
indecomposable, either H−1TE(X) or H0TE(X) is zero. Seeking a contradiction, we shall assume
that ǫ is not a monomorphism and hence H−1TE(X) ∈ H is nonzero. In particular, there is a
path from E to H−1TE(X).

Since TE is an autoequivalence of DbA and there is a path from E to TE(X)[−1], there must
also be a path from T−1

E (E) ∼= E to X[−1], a contradiction. �

Proof of Theorem 4.2(3) (assuming K is generalized standard). Let r denote the rank of the gen-
eralized standard tube K. Let E0 be a peripheral object and denote E = ⊕r

i=1τ
iE0. Since K is

generalized standard, E is a generalized 1-spherical object. The requested property now follows
from Lemma 4.3. �

Proposition 4.4. Let E be a generalized 1-spherical object, then E is the direct sum of a set
of representatives of peripheral objects of generalized standard tubes. The additive closure of all
objects in a generalized standard tube in A is equivalent to the category of nilpotent representations
of an Ãn-quiver with cyclic orientation.

Proof. Without loss of generality, we may assume that E has no nontrivial direct summands which
are generalized 1-spherical.

As in Lemma 4.3, we will consider a t-structure such that E is semi-simple in the heart H.
The full, exact, and extension-closed abelian category AE generated by E is a hereditary length
category with Serre duality and it follows from [11, Proposition 1.8.2] (see also [14, Proposition

8.3]) that AE is derived equivalent to the category of nilpotent representations of an Ãn-quiver
with cyclic orientation.

The τ -action on AE corresponds to the τ -action on A and hence the Auslander-Reiten quiver
of AE is a component of the Auslander-Reiten quiver of A. We see that E lies in a generalized
standard tube of A and that the additive closure of all objects in this tube is equivalent to the
category of nilpotent representations of an Ãn-quiver with cyclic orientation. �

Let K be a generalized standard tube. Every A in indK is a finite number of extensions of the
peripheral objects and the number of peripheral objects occurring in such a composition series of
A will be denoted lKA; this corresponds to the normal length of A in nilp Ãr.
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Lemma 4.5. Let K be a simple tube and write E for the direct sum of all the peripheral (simple)
objects in K. Let X be an indecomposable object of A that does not lie in K. If Hom(E,X) 6= 0
for a peripheral object E of K, then for any l ∈ N, X has a subobject Y with lKY = l.

Proof. Applying the twist functor TE to X gives an exact sequence

0 −→ Hom(E,X)⊗A E −→ X −→ TE(X) −→ Ext(E,X)⊗A E −→ 0

which we can shorten to 0 → Hom(E,X)⊗A E → X → X1 → 0 where X1 = im(X → TE(X)).
Note thatX1 is non-zero becauseX does not lie in the standard tube K. SinceX is indecomposable
it follows readily from the last exact sequence that Ext(X1, E) 6= 0 and thus Hom(E,X1) 6= 0.

Iteration shows we may find a subobject Y of X with lKY = l for any l ∈ N. �

Lemma 4.6. Let K be a standard tube of rank r, and let A,B ∈ indK. If l = min{lKA, lKB},
then there is a k ∈ N such that dimHom(τkA,B) ≥ l

r .

Proof. Recall from Proposition 4.4 that K corresponds to the category of nilpotent representations
of the quiver Ãn with cyclic orientation. We will work in this last category.

If lKA ≤ lKB, we will choose k such that the simple socle of τkA is isomorphic to the simple
socle of B, thus τkA is a subobject of B. In this case, dimHom(τkA,B) = dimEnd(τkA) ≥ l

r .
If lKA > lKB, then we choose k such that the simple top of A is isomorphic to the simple top

of B, thus B is a quotient object of τkA. We find that dimHom(τkA,B) = dimEnd(B) ≥ l
r . �

Proposition 4.7. Let K be a standard tube. If there are Auslander-Reiten components K1 and
K2 different from K with maps from K1 to K and from K to K2, then K is not a simple tube.

Proof. Seeking a contradiction, assume that K contains a simple object.
Let X1 ∈ K1 and X2 ∈ K2 be objects mapping nonzero to and from an object Y ∈ K,

respectively. We obtain from Lemma 4.5 and its dual that for every l ∈ N, there is a quotient
object Y1 of X1 and a subobject Y2 of X2, both lying in K, with lKY1 = lKY2 = l.

If we write r for the rank of K, then Lemma 4.6 yields dimHom(τkY1, Y2) ≥
l
r , for a certain k ∈

Z. Since l may be chosen arbitrarily large, and since dimHom(τkX1, X2) ≥ dimHom(τkY1, Y2),
we find the required contradiction. �

Proof of Theorem 4.2(2) (assuming K is standard). We choose a tilt H of A as in Theorem 4.2(3),
thus K corresponds to a simple tube in H. It is clear that, if X0 → X1 → · · · → Xn is a path in
the original abelian category, then it is a path in the tilted category H.

It follows from Proposition 4.7 that every object in this path lies in K. �

This final result states that an Auslander-Reiten component is a standard tube if and only it
contains a finite τ -orbit, and finishes the proof of both Theorems 4.2 and 4.1.

Lemma 4.8. Let K be a component of the Auslander-Reiten quiver such that there is an X ∈ indK
with τ rX ∼= X for r > 0, then K is a standard tube.

Proof. First, we use X to define a τ -invariant aisle U in DbA in the usual way:

indU = {Y ∈ indDbA | there is a path from τnX to Y , for a certain n ∈ N}

and we denote the heart of the corresponding t-structure by H. The translation τ thus defines
an exact autoequivalence H

∼
→ H. We may assume r is the smallest natural number such that

τ rX ∼= X.
We claim that there is a peripheral object S lying in a standard tube such that there is a path

from X to S and vice versa. It will then follow from Theorem 4.2(2) that X lies in the same
Auslander-Reiten component as S and hence that K is a standard tube.

To show that S is such an object, Proposition 4.4 asserts we need only to verify that the τ -
period of S is finite and that

∑s−1
i=0 dimHom(S, τ iS) = 1 where s > 0 is the smallest natural

number such that S ∼= τsS so that ⊕s−1
i=0 τ

iS is a 1-spherical object. We will prove the existence

of such an object S by induction on d =
∑r−1

i=0 dimHom(X, τ iX).
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The case d = 1 is trivial, thus assume d > 1. In this case, there is a j with 0 ≤ j < r such that
rad(X, τ jX) 6= 0. Fixing isomorphisms X ∼= τ rX and τ jX ∼= τ r+jX, the functor τ r induces an
automorphism of Hom(X, τ jX).

Let f ∈ rad(X, τ jX) be an eigenvector of this automorphism and denote X1 = im f . Note
that τ rX1

∼= X1. Furthermore, since X1 is a quotient object of X and a subobject of τ jX, there
are paths from X to X1 and vice versa. Furthermore, as τ is an autoequivalence of H, there are
monomorphisms

Hom(X1, τ
iX1) →֒ Hom(X, τ i+jX) for 0 ≤ i < r,

such that, using that f is a radical map, we find

r−1
∑

i=0

dimHom(X1, τ
iX1) ≤

r−1
∑

i=0

dimHom(X, τ i+jX)− 1,

as 1X ∈ Hom(X,X) is easily seen to not factor through X1.
Changing r in the left hand side to the smallest r1 > 0 such that X1

∼= τ r1X1, we can use
iteration to conclude the proof. �

The following corollary is our main application of Theorem 4.2.

Corollary 4.9. Let A be a hereditary category with Serre duality. Let X,Y ∈ indA and assume
that X or Y lie in a tube of A, but X and Y do not lie in the same tube. If Hom(X,Y ) 6= 0, then
Ext(X,Y ) = 0.

Proof. Assume that Ext(X,Y ) 6= 0, then there is a short exact sequence 0 → Y → M → X → 0.
It follows from [30] that this gives a path from Y to X, contradicting Theorem 4.2. �

5. Hereditary fractionally Calabi-Yau categories

Let A be an Ext-finite abelian category. We will say that A is Calabi-Yau of dimension m (or
m-Calabi-Yau) if DbA has a Serre functor S : DbA → DbA, and S ∼= [m] as triangle functors.

By extension, if Sn ∼= [m] for some n > 0, then we will say A is fractionally Calabi-Yau of
dimension m

n or m
n -Calabi-Yau. We will write CYdimA = m

n .

Remark 5.1. When we say A is m
n -Calabi-Yau, we will mean that Sn ∼= [m]. In other words, we

do not simplify the fraction.
It will however be convenient to interpret the fractional Calabi-Yau dimension CYdimA as a

rational number and thus when we refer to the fractional Calabi-Yau dimension CYdimA we will
simplify the fraction.

Thus a category which is fractionally Calabi-Yau of dimension 1 is not necessarily a 1-Calabi-
Yau category. An n-Calabi-Yau category is the same as a fractionally n

1 -Calabi-Yau category. Also,

a fractionally m
n -Calabi-Yau category is a fractionally km

kn -Calabi-Yau category for any k > 0; the
converse does not hold (see Example 5.3).

Example 5.2. [20] Let Q be a Dynkin quiver, and let h be its Coxeter number. In Db repQ we
find

Sh = (τ [1])h = τh[h] = [h− 2]

and hence Db repQ is Calabi-Yau of fractional Calabi-Yau dimension h−2
h .

Example 5.3. Let Q be the quiver Ãn with cyclic orientation. In the category Db nilpQ, we have
Sn+1 = [n+ 1], hence nilpQ is n+1

n+1 -Calabi-Yau. It will only be 1-Calabi-Yau if Q is the one-loop
quiver.

5.1. Calabi-Yau dimensions. When A is a Calabi-Yau category, it is well-known that the
Calabi-Yau dimension coincides with the global dimension. As Example 5.2 shows, we cannot
expect an equally strong result in the case of fractionally Calabi-Yau categories. The following ex-
ample shows that the global dimension of a fractionally Calabi-Yau category might be arbitrarily
high, even if the fractional Calabi-Yau dimension is not larger than one.
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Figure 1. Auslander-Reiten quiver of nilp Ã4

Example 5.4. Let Q be the quiver An (n ≥ 3) with zero relations on the composition of every
two arrows, then repQ has global dimension n− 1, yet it is derived equivalent to repAn (without
relations), and as such is Calabi-Yau of fractional dimension n−1

n+1 .

The following proposition shows that in our case the fractional Calabi-Yau dimensions all lie
between 0 and 1.

Proposition 5.5. Let A be a hereditary abelian category which is fractionally Calabi-Yau of
dimension d, then 0 ≤ d ≤ 1.

Proof. Let Sn ∼= [m] for some n > 0, thus d = m
n . We find τn ∼= [m − n]. Since for every

X ∈ indDbA there is a path from τnX ∼= X[m − n] to X and thus (using that A is hereditary)
we have m− n ≤ 0, and hence d ≤ 1.

For the lower bound of d, let X ∈ indA[0]. If X is projective in A[0] then SX is an injective
in A[0] and hence τX ∈ indA[−1], otherwise τX ∈ indA[0]. It now follows from iteration that
τaX ∈ A[−b] where a ≥ b, hence n ≥ n−m and thus d ≥ 0. �

5.2. Weighted projective lines. Weighted projective lines were first introduced in [15] as lines
in a weighted projective plane. They can be seen as generalizations of projective lines where
finitely many points x have been given a weight p(x) ∈ N strictly larger than 1.

Following more recent treatments, we will define a weighted projective line X through the
attached abelian category of coherent sheaves cohX.

Definition 5.6. [22, Theorem 1] A connected Ext-finite abelian hereditary noetherian category
A with a tilting complex and no nonzero projectives is said to be a category of coherent sheaves
cohX over a weighted projective line X.

In our classification of fractionally Calabi-Yau categories, we will use following well-known
characterization of hereditary categories with a tilting object.

Theorem 5.7. [17] Let H be an indecomposable Ext-finite abelian hereditary category which admits
a tilting object. Then A is derived equivalent to either
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Figure 2. The tilting complex of a weighted projective line.

(1) modA, where A is a finite dimensional hereditary algebra, or
(2) cohX where X is a weighted projective line.

In the case of a weighted projective line, this tilting object can be chosen to be a canonical
algebra introduced by Ringel in [29]. Such an algebra can be described as the path algebra of a
quiver as in Figure 2 where t ≥ 2 and with relations fpi

i = fp2

2 − λif
p1

1 , for all 2 ≤ i ≤ t, where
λi 6= λj for i 6= j.

The canonical algebra Λ given by a t-tuple of weights p = (p1, p2, . . . , pt), and a (t − 2)-tuple
λ = (λ3, . . . , λt) of pairwise distinct elements of k, will be denoted by Λ(p, λ). We will call p the
weight type of Λ and of the weighted projective line X.

Let X be a weighted projective line of weight type p = (p1, p2, . . . , pt). We will call

χH = 2−

t
∑

i=1

(

1−
1

pi

)

the Euler characteristic of H = cohX. We will only be interested in the case where χH = 0. Such
a category H will be called tubular ; every Auslander-Reiten component is a tube and the category
H is fractionally Calabi-Yau of dimension one ([21]).

Note that χH = 0 implies that the weight type of X can only be one of the following:
(2, 2, 2, 2), (3, 3, 3), (2, 4, 4), or (2, 3, 6), thus the corresponding canonical algebra is as in Figure
3. By removing the final vertex from any of these quivers, one obtains an extended Dynkin quiver.

If χH < 0, then H is derived equivalent to the category of finitely presented modules over a
tame hereditary algebra. If χH > 0, then H is wild. In neither of these two cases, H is fractionally
Calabi-Yau.

Let Hf and H+ denote the full subcategories of H consisting of objects of finite length and
those of all objects without simple subobjects, respectively. Every object of H is a direct sum of
an object in H+ and of an object in Hf . There are no nonzero morphisms from objects of Hf to
objects of H+. The category Hf is an infinite coproduct of tubes.

Let χ(X,Y ) = dimHom(X,Y ) − dimExt(X,Y ) be the usual Euler form. Define the average
Euler form

χ(X,Y ) =
1

p

p−1
∑

j=0

χ(τ jX,Y )

where p = lcm{p1, p2, . . . , pt} having values in 1
pZ. For every X ∈ ObH, define the rank and

degree as

rkX = χ(X,E)

degX = χ(L,X)− χ(L,L) rkX
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Figure 3. Canonical algebras with weight type (2, 2, 2, 2), (3, 3, 3), (2, 4, 4), and
(2, 3, 6), respectively.

where E is a (generalized) 1-spherical object in Hf and L is an exceptional vector bundle with

rkL = 1. Note that rkX ≥ 0. The slope of a nonzero X is defined as µ(X) = degX
rkX ∈ Q ∪ {∞}.

The indecomposables X with µ(X) = ∞ are exactly the ones of finite length.
A nonzero object X is called semi-stable if and only if µX ′ ≤ µX for every nonzero subobject

X ′ of X. From this follows that µX ≤ µX ′′ for every nonzero quotient object of X ′′. In particular,
if there is a nonzero map X → Y between semistable objects then then µX ≤ µY .

All semi-stable objects of the same slope q together with the zero object form an exact abelian
hereditary category. We denote this category by H(q). When χH = 0 (thus X is tubular),
then every indecomposable object is semi-stable. For q, q′ ∈ Q ∪ {∞}, there is an equivalence

H(q) ∼= H(q′), and we have that H(∞) ∼= Hf as subcategories of H.
We have the following formula for weighted projective lines of tubular type

χ(X,Y ) = rkX deg Y − degX rkY.

Note that this implies that ⊕p−1
j=0 Hom(τ jX,Y ) 6= 0 when µX < µY . Thus there is a morphism

from every tube in H(q) to every tube in H(q′) when q < q′.
For a more comprehensive treatment of weighted projective lines, we refer to [23] and the

references therein.

6. Classification of hereditary fractionally Calabi-Yau categories

The proof of the classification of hereditary fractionally Calabi-Yau categories splits in two
cases: one where the fractional Calabi-Yau dimension is strictly smaller than 1, and one where
the fractional Calabi-Yau dimension is equal to 1. The former case will be easily shown to be
equivalent to modQ where Q is a Dynkin quiver. We thus start by discussion the latter case.
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6.1. Categories with fractional Calabi-Yau dimension 1. Let A be an indecomposable
hereditary category with fractionally Calabi-Yau dimension 1. Thus there is an n ∈ N such that
τn is isomorphic to the identity functor on A. Theorems 4.1 and 4.2 imply that every Auslander-
Reiten component is a generalized standard tube. If there is only one such tube, then A is
equivalent to the category of finite dimensional nilpotent representations of an Ãn-quiver with
linear orientation (Proposition 4.4). Thus we may assume there are at least two tubes in A.

We will furthermore assume thatA is not 1-Calabi-Yau. The main reason for this last restriction
is given in Proposition 6.2 below: such categories will always have an exceptional object. We start
with an observation.

Corollary 6.1. Let A be an abelian category which is not 1-Calabi-Yau, then there is an inde-
composable object X ∈ indDbA such that τX 6∼= X.

Proof. The proof of the classification of abelian 1-Calabi-Yau categories in [32] does not use that
S ∼= [1], but only that SX ∼= X[1] for all X ∈ ObDbA. In particular, if SX ∼= X[1] for all
X ∈ ObDbA then A is 1-Calabi-Yau. If we assume that A is not 1-Calabi-Yau, then there is an
object X ∈ DbA such that τX 6∼= X. �

6.1.1. Choosing L and S. If the Auslander-Reiten component of A has only one tube, then the
classification follows easily from Proposition 4.4. In case there is more than one tube, we will need
to choose two elements as in the following proposition.

Proposition 6.2. Let A be an indecomposable fractionally Calabi-Yau category with CYdimA =
1, then every Auslander-Reiten component is a generalized standard tube. If A is not equivalent to
mod Ãn, then there are two peripheral objects L, S ∈ indDbA lying in different Auslander-Reiten
components with

(1) Ext(L,L) = 0,
(2) Hom(L, S) ∼= k,
(3) Hom(L, τ−iS) = 0 for 0 < i < s,

where s is the rank of the Auslander-Reiten component containing S.

Proof. Since A is fractionally Calabi-Yau of dimension 1, there is an n ∈ N such that Sn ∼= [n],
and hence τn ∼= 1A. It follows from Theorem 4.1 that every Auslander-Reiten component is a
generalized standard tube of rank at most n.

As stated in Corollary 6.1, we may assume that τ is not the identity on objects, hence there is
a peripheral object with L 6∼= τL. In particular, dimExt(L,L) = 0.

If A is indecomposable and all objects lie in the same Auslander-Reiten component, then A
is equivalent to nilp Ãn (see Proposition 4.4). We will therefore assume that not all objects lie
in the same Auslander-Reiten component, hence there is another peripheral object X ∈ indDbA
such that Hom(L,X) 6= 0 or Hom(X,L) 6= 0, and L and X[n] lie in different tubes for all n ∈ Z.
Possibly by replacing X by SX, we find that Hom(L,X) 6= 0.

Let E ∼= ⊕r
i=1τ

iX where r is the rank of the tube containing X and consider the object
Y = T ∗

EL, thus there is an exact triangle

Y → L → RHom(L,E)∗ ⊗ E → Y [1].

Since E is generalized 1-spherical, we know that T ∗
E : DbA → DbA is an autoequivalence and

hence Y is also a peripheral and exceptional object. Furthermore, L and Y lie in different tubes
so that Ext(Y, L) = 0 by Corollary 4.9.

We may assume that Hom(Y, τ iL) = 0 when 0 < i < l where l is the rank of the tube containing
L. Indeed, Let 0 < i < l be the smallest integer such that Hom(Y, τ iL) 6= 0. It follows readily
from applying the functor Hom(−, τ jL) to the triangle

T ∗
τ iLY → Y → Hom(Y, τ iL)∗ ⊗k τ iL → T ∗

τ iLY [1]

that Hom(T ∗
τ iLY, τ

jL) = 0 when 0 < j ≤ i, and that Hom(T ∗
τ iLY, L) 6= 0. Also if Y does not have

any indecomposable objects lying in the tube containing L, then neither does T ∗
τ iLY . Iteration

shows that there is an object Y ′ such that Y ′ maps nonzero to L, but admits no nonzero maps to
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τ -shifts of L which are not isomorphic to L. Moreover, no indecomposable direct summand of Y ′

lies in the tube containing L.
Furthermore, since L is exceptional and thus lies in a nonhomogeneous tube, we infer that there

is an indecomposable direct summand M of Y ′ which does not lie in a homogeneous tube and
such that Hom(M,L) 6= 0. Note that M and L lie in different tubes so that Corollary 4.9 shows
that Ext(M,L) = 0. By possibly replacing M by a peripheral object in the same tube, we may
assume that the following conditions hold:

• Hom(M,L) 6= 0,
• Ext(M,L) = Ext(L,M) = 0 (since Ext(L,M) ∼= Hom(M, τL)∗ = 0),
• M and L are exceptional (since both are peripheral objects in nonhomogeneous tubes).

Hence M ⊕ L is a partial tilting complex in DbA and there is a fully faithful and exact functor
Db modA → DbA where A = End(M ⊕ L). Note that M ⊕ L is a finite dimensional heredi-
tary algebra. Since every object Z ∈ indDbA lies in a tube, we know that dimHom(Z,Z) −
dimHom(Z,Z) ≥ 0. The same thus holds for every indecomposable in Db modA, and hence A is
not a wild hereditary algebra. We infer that dimHom(M,L) ≤ 2.

If dimHom(M,L) = 1, then we choose L = L and S = SM .
If dimHom(M,L) = 2, then A is the path algebra of the Kronecker quiver. The category

modA is well-known and there is an (indecomposable) regular module S′ ∈ modA such that
dimExt(S′, S′) = dimHom(S′, S′) = dimHom(L, S′) = 1. The image of S′ under the functor
Db modA → DbA satisfies the same properties. Thus there is a peripheral object S in the tube
containing this image such that L and S satisfy the required properties. �

We will assume L and S have been chosen as in Proposition 6.2 above. We will denote by s the
rank of the tube containing S, and will write E = ⊕s

i=1τ
−iS and A = EndE.

6.1.2. The autoequivalence t : DbA → DbA. Let L, S, and E be as above. As in the 1-Calabi-Yau
case [32], we will consider the autoequivalence t = TE : DbA → DbA. Note that since L is a
peripheral object not lying in the same tube as S, we know that tL will lie in a different tube as
L.

For every i ∈ Z, we have following triangle

(1) tiL → ti+1L → Ext(E, tiL)⊗A E → tiL[1].

In general, the A-modules Ext(E, tiL) and Ext(E, tjL) will not be isomorphic. However, since
tS ∼= τ−1S, we have Ext(E, tiL) ∼= Ext(E, tjL) as A-modules when i − j is a multiple of s. We
also note that tE ∼= E.

The triangles in (1) for different i’s are thus related by applying a certain power of the autoe-
quivalence t.

Remark 6.3. Proposition 6.2 yields that Ext(E, tiL)⊗A E ∼= Hom(tiL,E)∗ ⊗A E ∼= τ−iS.

6.1.3. The sequence E and a t-structure in DbA. We will consider the sequence E = (Li)i∈Z where
Li = tisL. Theorem 2.1 shows the aisle U given by

indU = {X ∈ indDbA | There is a path from Li to X, for an i ∈ Z}.

defines a t-structure with a hereditary heart H. This does indeed define a bounded t-structure,
as there are paths from E[−1] to Li and thus by Theorem 4.2, we see that no direct summand of
E[−1] lies in indD≤0. It is now easy to see that E ∈ H and Li ∈ H, for all i ∈ Z.

The functor t : DbA → DbA restricts to an autoequivalence on H which we will also denote
by t. By the choice of this t-structure, the triangles (1) correspond to short exact sequences (see
Remark 6.3)

0 → tiL → ti+1L → τ−i−1S → 0.

We find the following relations in H between Li and Li+1, for all i ∈ Z

0 → Li → Li+1 → B → 0

where B is given as an extension between the objects (τ−iS)0≤i<s.
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Lemma 6.4. The object B as above is indecomposable and lies in TE, the tube containing every
indecomposable direct summand of E. Furthermore, if X ∈ ObH such that no direct summand of
X lies in TE, then dimHom(X,B) = dimHom(X,E).

Proof. As in Proposition 4.4, the additive closure of the objects in TE is equivalent to the category
of finite dimensional nilpotent representations of a cyclic Ãn-quiver. Since B has a composition
series by elements of (τ−iS)0≤i<s, we know that B lies in this subcategory. Moreover, as noted
above, every such object occurs exactly once in the composition series of B. Applying the functor
Hom(−, τ−iS) to the short exact sequence

0 → L−1 → L0 → B → 0

shows that Hom(B, τ−iS) = 0 when i 6= 0. This shows that B is indecomposable.
Let X be an indecomposable object in H which does not lie in TE . Corollary 4.9 shows that

either Ext(X,Y ) = 0 or Hom(X,Y ) = 0, for all Y in TE . We thus find that dimHom(X,B) =
∑s

i=1 dimHom(X, τ−iS) = dimHom(X,E) = dimHom(X,E). �

Lemma 6.5. Let E = (Li)i∈Z and E as above, then

(1) Hom(Li, Lj) = 0 for i > j,
(2) Ext(Lj , Li) = 0 for all i+ 1 ≥ j,
(3) Hom(E,Li) = Ext(Li, E) = 0 for all i ∈ Z.

Proof. The only equality that does not follow directly from Theorem 4.2 is Ext(Lj , Li) = 0 for
i+ 1 = j. To proof this last equality, apply Hom(Li,−) to short exact sequence

0 → Li−1 → Li → B → 0.

We find, by using that dimHom(Li, Li) = 1 = dimHom(Li, B) (see Lemma 6.4), that indeed
Ext(Li, Li−1) = 0 as required. �

We will also use following lemma.

Lemma 6.6. If Hom(Li, X) 6= 0, then Hom(Lj , X) 6= 0 for all j ≤ i.

Proof. As in the proof of [32, Lemma 4.2]. �

Proposition 6.7. The sequence E is coherent in H, and for any X ∈ indH, there is an n such
that Hom(τnLi, X) 6= 0, for i ≪ 0.

Proof. The proof that E is projective and coherent is analogous to the proof of [32, Proposition
4.3].

To prove the last claim, we note that for all 0 ≤ n < r the sequences τnE = (τnLi)i∈Z are

projective and coherent. For any X ∈ indH, let i
(n)
1 , . . . , i

(n)
mn be as in the definition of coherence.

We will show that, if Hom(τnLi, X) 6= 0 for i ≪ 0 and some n, the canonical map

(2) θ :
r

⊕

n=1

mn
⊕

j=1

Hom(τnL
i
(n)
j

, X)⊗ τnL
i
(n)
j

−→ X,

is an epimorphism.
To ease notation, let C = coker θ and write M =

⊕r
n=1

⊕mn

j=1 Hom(τnL
i
(n)
j

, X)⊗ τnL
i
(n)
j

.

There is a nonsplit exact sequence 0 → im θ → X → C → 0 and thus, since im θ is a quotient
object of M , we have Ext(C,M) 6= 0. We find Hom(M, τC) 6= 0.

In particular, there are n, k ∈ Z such that Hom(τnL
i
(n)
k

, C) 6= 0. Using the projectivity of

τnE and Lemma 6.6 we know there is an l ≪ 0 such that Hom(τnLl, C) 6= 0 and every map in
Hom(τnLl, C) lifts to a map in Hom(τnLl, X). Again using coherence, such a map should factor
through M . We may conclude C = 0, and hence θ is an epimorphism.

�

In general, the sequence E will not be ample. We will write H0 for the full subcategory of H
spanned by all objects X such that Hom(Li, X) = 0 for i ≪ 0. It follows from Lemma 6.6 that
Hom(Li, X) = 0 for all i ∈ Z. Recall that, since E is projective, H0 is a Serre subcategory.
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6.1.4. Description of H/H0. We will now prove that the category H/H0 is equivalent to the
category cohP1 of coherent sheaves on P1. To do this we will show that R = R(E) ∼= k[x, y], and
then apply Corollary 2.4.

Lemma 6.8. Let E = (Li)i∈I and E = ⊕s
i=1τ

iS be as before. If j ≥ i, then

dimHom(Li, Lj) = 1 + (j − i).

Proof. It follows from Lemma 6.4 that dimHom(Li, B) = 1. The rest follows from Lemma 6.5
and the short exact sequence

0 −→ Li −→ Li+1 −→ B −→ 0.

�

Proposition 6.9. There is a fully faithful and exact functor F : Db cohP1 → DbA such that
F (OP1(n)) ∼= Ln for all n ∈ Z.

Proof. It follows from Lemma 6.5 that Ext(L0 ⊕ L1, L0 ⊕ L1) = 0. There is thus a fully faithful
functor F1 : Db modA → DbH such that F1(A) ∼= L0 ⊕ L1 and where A = End(L0 ⊕ L1). By
Lemma 6.8 we know that dimHom(L0, L1) = 2 so that A ∼= kQ where Q is the Kronecker quiver.

Likewise there is an equivalence F2 : Db modA → Db cohP1 such that F2(A) ∼= OP ⊕ OP(1).
Combining gives a fully faithful and exact functor F : Db cohP1 → DbH such that F (OP1) ∼= L0

and F (OP1(1)) ∼= L1. Note that exactness shows that B ∼= k(P ) for some P ∈ P1. Again using
exactness, it follows from

OP1(n) → OP1(n+ 1) → k(P ) → OP1(n)[1]

that F (OP1(n)) ∼= Ln for all n ∈ Z. �

Corollary 6.10. We have H/H0
∼= cohP1.

Proof. It follows from Proposition 6.9 that R(E) ∼= k[x, y] as graded rings (with the usual grading),
so that Theorem 2.4 yields H/H0

∼= cohP1. �

6.1.5. Objects of finite length. In order to construct a tilting object in H, we will need more
information about the simple tubes in H. To do this, we will discuss the subcategory Hf of H
consisting of all objects of finite length, thus Hf is the full subcategory of H consisting of all
simple tubes of H (see Lemma 4.5).

Denote by π : H → H/H0 be the usual quotient functor.

Lemma 6.11. For all X ∈ ObH and all i ∈ Z, we have

dimHomH(Li, X) ≤ dimHomH/H0
(π(Li), π(X)).

Proof. We know that HomH/H0
(π(Li), π(X)) = lim

→
(HomH(L′

i, X/X ′)) where the direct limit is

taken over all subobjects L′
i of Li and all subobjects X ′ of X such that Li/L

′
i, X

′ ∈ H0. By the
definition of H0, we have L′

i = Li. From X ′ ∈ H0 follows that HomH(Li, X) is always a subspace
of HomH(Li, X/X ′). The required inequality follows easily. �

Proposition 6.12. Every nonzero object X ∈ ObH maps nonzero to a simple object of H.

Proof. If X has finite length, then the statement is trivial. So assume X has infinite length, so
that there is a sequence of epimorphisms

X = X0 → X1 → X2 → · · · → Xk → · · ·

where the kernels Kk = ker(Xk → Xk+1) are nonzero. By Proposition 6.7, there is an n ∈ N such
that the sequence (τnLi)i∈Z maps nonzero to Kk for an infinite number of k’s. We may choose
notations such that this sequence is (Li)i∈Z.

Thus in H/H0, there is an infinite sequence of epimorphisms

πX = πX0 → πX1 → πX2 → · · · → πXk → · · ·

where infinitely many morphisms are not invertible. Indeed, the functor π is exact and infinitely
many kernels are nonzero. This shows π(X) has infinite length.
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Since every short exact sequence in H/H0 is induced from a short exact sequence in H ([13,
Corollaire III.1]) and E semi-simple, we know that πE is semi-simple in H/H0 as well. In H/H0

∼=
cohP1 (see Corollary 6.10) every indecomposable object of infinite length maps nonzero to every
simple object. We find that HomH/H0

(πX, πE) 6= 0 and claim this implies HomH(X,E) 6= 0.
By the definition of a quotient category, we find a subobject X ′ of X such that HomH(X ′, E) 6=

0, thus either HomH(X,E) 6= 0, and we are done, or HomH(E,X/X ′) ∼= ExtH(X/X ′, E)∗ 6= 0. In
the latter case, since E is semi-simple and thus lies in a simple tube, it follows from Proposition
4.7 that X/X ′ also has an indecomposable direct summand in the same simple tube. Thus
HomH(X/X ′, E) 6= 0 and hence also HomH(X,E) 6= 0. �

Proposition 6.13. In every simple tube of H there is exactly one peripheral object T such that
Hom(L, T ) 6= 0.

Proof. Let K be a simple tube in H. It follows from Proposition 6.7 that there is at least one
peripheral, and hence simple, object T such that πT 6∼= 0. In this case, πT is also simple, hence it
is a peripheral object in a simple tube in H/H0

∼= cohP1.
Next, we show K has only one such peripheral object. Let T ′ ∈ indH be a peripheral object of

K with T 6∼= T ′ and πT ′ 6∼= 0. Since K corresponds to an abelian subcategory of H equivalent with
mod Ãn where Ãn has cyclic orientation, there is an object X ∈ indH with simple top T , simple
socle T ′, and dimEnd(X) = 1. Note that Hom(L, T ′) 6= 0 implies that Hom(L,X) 6= 0 so that
πX 6∼= 0.

We now readily verify that Hom(πX, πT ) 6= 0, Hom(πT ′, πX) 6= 0, and dimEnd(πX) = 1.
The last statement shows πX is indecomposable. We have shown there is a path from πT ′ to
πT , and thus πT ′ and πT lie in the same simple tube of H/H0, hence πT ∼= πT ′. This implies
Hom(T, T ′) 6= 0 and hence T ∼= T ′. �

6.1.6. A tilting object. In this final step in the classification of indecomposable abelian hereditary
categories which are fractionally Calabi-Yau of dimension 1 but not 1-Calabi-Yau, we will use the
previous results to construct a tilting complex in the derived category.

Let A be such a category. We may choose objects L and S as in Proposition 6.2 and use these
to find a hereditary category H derived equivalent to A as in §6.1.3. This object L is exceptional,
it will be our starting point of the tilting object.

Let X be a set parameterizing the simple tubes of H, thus with every x ∈ X, there corresponds
a unique Tx. Proposition 6.13 yields that such a tube has a unique simple object Sx such that
Hom(L, Sx) 6= 0. Denote by sx the rank of the tube Tx and write Ex = ⊕sx

i=1τ
−iSx.

With every simple tube Tx, there corresponds a twist functor TEx
: DbH → DbH, which restricts

to an autoequivalence H → H, also denoted by TEx
. We will write T i

Ex
L as L

(x)
i .

Lemma 6.14. The set L = {L
(x)
i | x ∈ X, 0 ≤ i ≤ sx} forms a partial tilting set, i.e.

Hom(A,B[n]) = 0 for all A,B ∈ L and n 6= 0. Moreover, for all X ∈ H, there is an A ∈ L
such that Hom(A,X) 6= 0 or Ext(A,X) 6= 0.

Proof. This follows easily from the exact sequences

0 → L
(x)
i → L

(x)
i+1 → Ext(Ex, L

(x)
i )⊗Ax

Ex → 0,

where Ax = End(Ex), together with Proposition 6.12. �

Since there are nonzero maps from L
(x)
sx to L

(y)
sy for all x, y ∈ X, we see that L

(x)
sx

∼= L
(y)
sy . We

may sketch the partial tilting set as in Figure 4 where dimHom(L,L1) = 2.
In order to show this is a tilting object in DbA, we need to show L has only finitely many

elements, or equivalently, that H has only finitely many nonhomogeneous simple tubes (each non-
homogeneous tube gives an “arm” in L). Let a be the preadditive subcategory of DbA generated
by L. Following [33, Theorem 5.1], there is a fully faithful functor Db mod a → DbA where mod a
is the category of finitely presented contravariant functors a → mod k. Denote by a

′ the full
additive subcategory of a generated by the set L′ = L \ {L1}.

Proposition 6.15. The category H has only finitely many nonhomogeneous simple tubes.
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Figure 4. The partial tilting set L

Proof. Consider the full additive subcategory a
′ ⊂ H generated by the objects L and L

(x)
1 , for

each nonhomogeneous simple tube x. Following [3, Theorem 1.6] (see also [33, Proposition 4.2])
we know that a′ is semi-hereditary (i.e. mod a′ is abelian and hereditary) if and only EndA is a
hereditary algebra for all objects A ∈ Ob a′. This last statement is true since each such algebra is
either semi-simple (if L is not a direct summand of A) or Morita equivalent to the path algebra
of a quiver

•

•

66mmmmmm

((QQ
QQQ

Q
...

•

This last algebra is of wild type if Q has at least 6 vertices, and thus there is an indecomposable
object Z ∈ modA with χ(Z,Z) = dimHom(Z,Z)−dimExt(Z,Z) < 0 and the existence of a fully
faithful functor Db mod(EndA) → DbH shows that DbH also has such an object. However, every
object of H lies in a generalized standard tube, and thus χ(X,X) ≥ 0 for all indecomposables X
in DbH.

We see that Q cannot have more than 5 vertices, and hence H cannot have more than 4
nonhomogeneous simple tubes. �

Denote by SL the simple representation L(−, L)/ rad(−, L) associated to L and by SL1
the

simple representation L(−, L1)/ rad(−, L1) associated to L1. If L has infinitely many arms, then
dimExt2(SL1

, SL) = ∞, contradicting the Hom-finiteness of DbA.
We will gather these results in following proposition.

Proposition 6.16. Let A be an indecomposable abelian hereditary category which is fractionally
Calabi-Yau of dimension 1 but not 1-Calabi-Yau. If the Auslander-Reiten quiver of A consists of
more than one tube, then DbA admits a tilting object.

6.2. Proof of classification.

Theorem 6.17. Let A be an indecomposable abelian hereditary category which is fractionally
Calabi-Yau of dimension d, but not 1-Calabi-Yau then A is derived equivalent to either

(1) the category of finite dimensional modules modQ over a Dynkin quiver Q, or

(2) the category of nilpotent representations nilp Ãn where Ãn has cyclic orientation and n ≥ 1,
or

(3) the category of coherent sheaves cohX over a weighted projective line of tubular type.
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Proof. By Proposition 5.5, we know that d ≤ 1. If d 6= 1, then τn ∼= [m − n] where n > 0
and m − n < 0. Thus for every indecomposable X ∈ ObA, there is a k < n such that τkX is
a projective object. As such, X is a preprojective object and in particular it is directing. Such
categories in which every object is directing have been classified in [33]. We see that A is equivalent
to the category of finite dimensional representations modQ over a Dynkin quiver Q.

We are left with the case where d = 1. In this case, every Auslander-Reiten component of A is
a standard tube (see Proposition 6.2). If there is only one such tube, A is equivalent to category of

nilpotent representations nilp Ãn where Ãn has cyclic orientation. This category is 1-Calabi-Yau
if and only if n = 0.

In case there is more than one tube, Proposition 6.16 shows that A admits a tilting object.
Invoking Theorem 5.7 shows that A is either derived equivalent to modA for a finite dimensional

algebra A, or to cohX for a weighted projective line X. Since every Auslander-Reiten component
of A is a standard tube, we are in the latter case where X is of tubular type. �

Remark 6.18. In the same spirit as Corollary 6.1, we note that we do not use Sn ∼= [m], but only
SnX ∼= X[m], for all X ∈ ObDbA, thus that A satisfies a fractionally Calabi-Yau property on
objects alone. From Theorem 6.17 we infer that A is fractionally Calabi-Yau.

Remark 6.19. By combining Theorem 6.17 with the classification of hereditary Calabi-Yau cate-
gories in [32] we obtain Theorem 1.1.

7. Derived equivalences

Although the classification in Theorem 6.17 is up to derived equivalence, we may as in [32] give
a classification of all hereditary fractionally Calabi-Yau categories up to equivalence.

If A is a hereditary fractionally Calabi-Yau category of fractional dimension less than 1, then
A ∼= repQ for a Dynkin quiver Q. Every hereditary category derived equivalent to A is of the
same form ([33]).

When A is a hereditary fractionally Calabi-Yau category of fractional dimension 1, then it
suffices to give all aisles U in DbA which are closed under successors. By the fractionally Calabi-
Yau property, such aisles are τ -invariant.

Since we are interested in bounded t-structures, we may assume there in an n ∈ Z such that
U contains a nonzero object of A[n] ⊆ DbA but no nonzero objects of A[n− 1]. Up to shifts, we
may assume n = 0.

Such a τ -invariant aisle can be described by a split torsion theory on A. A torsion theory on
A, (F , T ), is a pair of full additive subcategories of A, such that Hom(T ,F) = 0 and having the
additional property that for every X ∈ ObA there is a short exact sequence

0 −→ T −→ X −→ F −→ 0

with F ∈ F and T ∈ T .
We will say the torsion theory (F , T ) is split if Ext(F , T ) = 0. In case of a split torsion theory

we obtain, by tilting, a hereditary category H derived equivalent to A with an induced split torsion
theory (T ,F [1]).

When A ∼= nilp Ãn, the only split torsion theories are those with either T = 0 or F = 0.

Proposition 7.1. Let X be a weighted projective line of tubular type or an elliptic curve. All
split torsion theories may be described as follows. Let θ ∈ R ∪ {∞}. Denote by A>θ and A≥θ the
full additive subcategory of A generated by all indecomposables E with µ(E) > θ and µ(E) ≥ θ,
respectively. All full exact extension-closed subcategories T of A with A≥θ ⊆ T ⊆ A>θ ⊆ A give
rise to a torsion theory (F , T ), with F the full subcategory given by all objects F ∈ A such that
HomA(T , F ) = 0.

Proof. It follows from the description of cohX given in §5 that if an indecomposable object X ∈
Ob cohX lies in F , that all indecomposable Y with µY > µX also lies in F . The case of an elliptic
curve can be found in [10, 32]. �
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Remark 7.2. The category T from Proposition 7.1 is thus completely determined by a subset of
tubes with objects of slope θ.

Example 7.3. We give some examples of torsion theories. In here H always stands for the
category tilted with respect to the described torsion theory. We will assume A = cohX where X is
a weighted projective line of tubular weight; similar torsion theories for the category of coherent
sheaves on an elliptic curve have been considered in [32, Example 4.9].

(1) If θ ∈ Q ∪ {∞} and T = A>θ, then it follows from [23, Proposition 10.8] that the tilted
category H is equivalent to cohX.

(2) If θ ∈ R \Q and T = A>θ = A≥θ then H does not have noetherian objects. Indeed, one
can use either a proof similar to [26, Proposition 3.1] or use Proposition 4.7 to see that H
does not have any simple objects (since every noetherian object must map nonzero to a
simple object, this is a contradiction).

(3) If θ ∈ Q ∪ {∞} and T = A≥θ, then H is dual to A. One can see this by considering a
tilting object in H.

In the following theorem, we will use an explicit description of the category cohX where X is
a weighted projective line of tubular type or an elliptic curve. For a weighted projective line, the
description can be found in §5.2. For an elliptic curve, we refer to [2] or for a more recent account
to [9].

Theorem 7.4. Let A be a connected hereditary fractionally Calabi-Yau category. Then A is
equivalent to either

• the category of finite dimensional representations of a Dynkin quiver, or
• the category of finite dimensional nilpotent representations of an Ãn-quiver with cyclic
orientation, or

• a category obtained from tilting cohX with a split torsion theory described in Proposition
7.1 where X is a weighted projective line of tubular type or an elliptic curve.

Proof. We only need to consider the last case, namely where A is derived equivalent to cohX
where X is a weighted projective line of tubular type or an elliptic curve, thus A is the heart of a
split t-structure (D≤0,D≥0) on Db cohX.

Let X ∈ indDb cohX. Since the t-structure is bounded, there is an n ≫ 0 so that X[n] ∈ D≤0

and X[−n] ∈ D≥0. In particular, there is an n ∈ Z so that X[n] ∈ D≤0 but X[n− 1] 6∈ D≤0.
It follows from the description of morphisms in cohX that H[n + 1] ⊂ D≤0. Let m ∈ Z be

the smallest integer such that H[m] ⊂ D≤0, so there is an Y ∈ indH[m − 1] with Y 6∈ D≤0, and
because the t-structure is split, we have Y ∈ D≥0. Again using the description of the morphisms
we have in cohX, we know that H[m−2] ⊂ D≥0. The split t-structure is thus uniquely determined
by T = H[m− 1] ∩ D≤0, which defines a split torsion theory on H. �
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