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Abstract

Upper bounds are obtained for the heat content of an open set D in a geodesically
complete Riemannian manifold M with Dirichlet boundary condition on 0D, and non-

negative initial condition. We show that these upper bounds are close to being sharp
if (i) the Dirichlet-Laplace-Beltrami operator acting in L?(D) satisfies a strong Hardy
inequality with weight 62, (ii) the initial temperature distribution, and the specific
heat of D are given by 6~ and 67 respectively, where § is the distance to 0D, and
l<a< 2,1<pB< 2.
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1 Introduction

Let D be a smooth, connected, m- dimensional Riemannian manifold and let A be the
Laplace-Beltrami operator on D. It is well known (see [11], [14]) that the heat equation
ou
Auza, zeD, t>0, (1)
has a unique minimal positive fundamental solution p(z,y;t) where x € D, y € D, t > 0.
This solution, the Dirichlet heat kernel for D, is symmetric in z, y, strictly positive, jointly
smooth in z,y € D and t > 0, and it satisfies the semigroup property

p(z,y;s +1) :/D p(x, 2; 8)p(2, y; 1)dz, (2)
for all z,y € D and t,s > 0, where dz is the Riemannian measure on D. Equation (1)
with the initial condition

u(z;07) =¢(z), =z €D, (3)

has a solution

uy(z;t) = /D p(z,y;t)Y(y)dy, (4)

for any function ¢ on D from a variety of function spaces like Cy (D) or LP (D), 1 < p < o0.
Note that uy, € Cy (D) if ¢ € Cy (D) or that uy € LP (D) if ¢ € LP (D). Initial condition
(3) is understood in the sense that uy (;t) — 9 (-) as ¢ — 0" where the convergence is
appropriate for the function space of initial conditions. For example, if ¢ € Cj, (D) then
the convergence is locally uniform, or if ¢p € LP (D), 1 < p < oo then the convergence is
in the norm of L? (D). In general, (4) is not the unique solution of (1)-( 3). However, it
has the following distinguished property: if 1) > 0 then u, is the minimal non-negative
solution of that problem (and if 1 is signed then wuy = uy, —uy_). If D is an open subset
of another Riemannian manifold M and if the boundary 0D of D in M is smooth then
the minimality property of uy implies that, for any ¢ > 0,

iy (3 ) = 0. )
If 0D is non-smooth then (5) can still be understood in a weak sense. Expression (4)
makes sense for any non-negative measurable function ¥ on D, provided the value +oo
is allowed for uy. It is known that if uy € L} (D x Ry) then uy is a smooth function
in D x Ry and it solves (1) (see p. 201 in [14]. For any two non-negative measurable
functions 1, Y9 on D, we define for £ > 0

Qur (1) = / /D XDdwdyp(w,y;t)wl(w)ibz(y)- (6)

Using the properties of the Dirichlet heat kernel we have for 0 < s < ¢t
Qi (1) = /D Uy (25 8) U, (258 — 8)d. (7)
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Assuming that D is an open subset of a complete Riemannian manifold M, Qy, ,(t) has
the following physical interpretation: it is the amount of heat in D at time ¢ if D has
initial temperature distribution 11, and a specific heat 1y, while the 9D is kept at fixed
temperature 0.

This function has been subject of a thorough investigation. Its asymptotic behavior for
small t is well understood if D has compact closure with C*° boundary, and both ; and
o are C™ on the closure D of D. In that case Qy, 4, (t) has an asymptotic series in /2,
and its coefficients are computable in terms of local geometric invariants [2, 12]. No such
series are known if D is unbounded, or if either the initial data or D are non-smooth.

In this paper we will obtain upper bounds for the heat content Q, ., (t) under quite
general assumptions on D and on ; and 1.

We are particularly interested in the situation where D is a open subset of another
manifold M, and where v () and ¢ (x) blow up as © — 9D. In order to guarantee
finite heat content for ¢ > 0, sufficient cooling at 9D needs to take place. This will be
guaranteed by a condition on D, that is formulated in terms of a Hardy inequality. Note
that in this setting Qu, 4, (t) may be unbounded as t — 07, and one of the interesting
points of this study is to obtain the rate of convergence of Qy, v, (t) to +oo as t — 0.

Given a positive measurable function A on a manifold D, we say that the Dirichlet
Laplacian acting in L?(D) satisfies a strong Hardy inequality with weight h if, for all

w € CX(D), )
[ver= [ 5 (®)

Here, and in what follows, we put | pf= i) p f(x)dz if this does not cause confusion. We

also put |D| = [, 1, and ||f]l, = ([, |fIP) YP A typical example of a Hardy inequality is
when D is an open subset of another manifold M, and

h(z) = *6(z)?, (9)
where ¢ > 2 is a constant, ¢ is the distance to the boundary,
d(xz) = min{d(z,y) : y € 0D},

and d(z,y) is the geodesic distance from x to y on M. Both the validity and applications
of Hardy inequalities with weight (9) have been investigated extensively [1], [7], [9], [10],
[11], [4]. For example, inequality (8) holds with weight (9) with ¢ = 4 if D is simply
connected with non-empty boundary in R?, with ¢ = 2 if D is convex in R™, and for some
¢ > 2 if D is bounded with smooth boundary in R™.

In [3] it was shown that if D has finite measure and satisfies the Hardy inequality with
weight h, and if ¢ is a non-negative measurable function on D, such that, for some ¢ > 1,

[9hY 9 /g1y < 00, (10)
then, for all ¢ > 0,

2 1/q
Qua(t) < (ﬁ) 1R/ (ID] — Qua ()2t~ 1/5,

where Q1,1 is defined by (6) for ¢; = 12 = 1, that is,

Qu1(t) = /Du1 (z;t) do = //DXDdxdyp(:c,y; t).



A similar estimate holds for arbitrary open sets D C R™, satisfying the Hardy inequal-
ity with weight h. If ¥ is a non-negative measurable function on D such that, for some
q>1,

Hmax{@/), 1}h1/qH < o0, (11)
a/(g—1)

then, for all ¢t > 0,
Qu(t) < a(@)[[bh! ] g g ||h"/ @D |z~ =D, (12)

where

(2¢-1)/(a(q—1))
) . (13)

— 41/ q
olg) = 4o (2

Below we give a sufficient condition for the finiteness of Qy, 4, (t) for all ¢ > 0, and
reduce the problem of finding upper bounds for Q, ,(t) to the case 11 = 1s.

Theorem 1. Let ¥ and s be non-negative and Borel measurable on a manifold D.

(i) If Q. (t) < 00,i=1,2, for allt > 0, then Qy, 4, (t) < oo for allt >0, and
Q1 (1) < (Qua s (D Qu ()2, £> 0. (14)

(i) If Qu,1(t) < 00,i=1,2, for allt >0, and if

¢t :=sup p(z,x;t) < oo, t >0,
zeD

then
leﬂh (t) < Ct/3Q¢1,1(t/3)Q¢2,1(t/3) < oo, t>0.

Our main results are the following three theorems, in which we assume that D is a
Riemannian manifold that satisfies the Hardy inequality with some weight h, and % is a
non-negative measurable function on D.

Theorem 2. If |D| < oo, and if there exists 1 < g < 2 such that
b9 g g1y < 00, (15)

then, for all t > 0,
(4—a)/q
q 2— -
Quas®) < ey I ey It = w GO0 (16)

Theorem 3. Suppose there exists 1 < q < 2 such that (15) holds and that
1R2/]lg(q-1) < 0.
Then, for all t > 0,
2— -1),-1/(g—
Quyp(t) < bla) [WhM2,,yy [WH4) 5 00 V=2, (17)

where

b(g) = 2(4-30)/(a(a-1) (L (18)

(®—4q+2)/(q(1—q))
q-— 1) '



Theorem 4. Suppose there exist 0 <r <2, and 1 < q < 2 such that
[[9"]|g < o0

and
192 "R (4_1y/q < 00

Then, for allt > 0,

1/q
Qualt) < (ﬁ) 17 >Ryt (19)

In Theorem 5 in Section 3 we use the bounds of Theorems 2 and 4 together with (14)
to obtain an upper bound for the heat content of D, when D satisfies a Hardy inequality
with weight (9), and 91(z) = 6(x)~* and ¥s(z) = §(z)~?, where o, 3 € (1,2). Even
though the bounds in e.g. 2 and 4 look very different, both of them are needed to cover
the maximal range of a and § in Theorem 5.

Theorem 2 has a curious consequence. We claim that if a manifold D has finite
measure |D|, and is stochastically complete then no Hardy inequality holds on D (which
confirms the philosophy that the Hardy inequality corresponds to cooling that comes
from the boundary). Indeed, stochastic completeness means that u; = 1. In this case,
|1 —ui(-;t)|; = 0 so that we obtain from (16) that Q4 (t) = 0 whenever function v
satisfies the condition (15) for some ¢ € (1,2). However, if h is finite then it is easy to
construct a non-trivial function ¢ that satisfies (15): choose any measurable set S with
finite positive measure such that h is bounded on S, and let ¢ = 1g. Then (15) holds
with any ¢ > 1 while Qy 4 (t) > 0 so that we obtain contradiction. Of course, without the
finiteness of |D|, the Hardy inequality may hold on stochastically complete manifolds like
R™\ {0}.

This paper is organized as follows. In Section 2 we will prove Theorems 1, 2, 3 and 4. In
Section 3 we will state and prove Theorem 5. Finally in Section 4 we obtain very refined
asymptotics in the special case of the ball in R? with ¢1(z) = 6(z)™% a < 2,¢s(x) =
§(x)™P,8 < 2, and a + B3 > 3 (Theorem 7). This special case shows that the bound
obtained in Theorem 5 is close to being sharp. Moreover it suggests formulae for the first
few terms in the asymptotic series of a compact Riemannian manifold D with the singular
data above.

2 Proofs of Theorems 1, 2, 3 and 4

Proof of Theorem 1. In both parts, it suffices to prove the claims for non-negative func-
tions 11,%2 from L2 (D). Arbitrary non-negative measurable functions 1,1 can be
approximated by monotone increasing sequences of non-negative functions from L? (D),
whence the both claims follow by the monotone convergence theorem.

To prove part (i) we use symmetry and the semigroup property, and obtain by (7) for
s =t/2 that

Qusn(t) = /D g (2512 (2 /2)

< (/Duil(x;t/mdm)m (/})ui2(a:;t/2)dm)l/2

= (Qu 1 () Qu ()2



It follows from (2) that

p(z,y;t) < (p(z, 23 t)p(y, y; 1)) V? < ey (20)

To prove part (ii) we have by (20) that

payit) = [ daduap(o,nit/3)pC, 20t/ 3p(en, i3
DxD
< cyyzun(w;t/3)ur(y; t/3). (21)
This together with definition (6) completes the proof. O

For the proofs of Theorems 2, 3, 4, choose a sequence {D,,} that consists of precompact
open subsets of D with smooth boundaries such that D,, C D41 and J,, D, = D.
Obviously, Hardy inequality (8) remains true in any D,, with the same weight h, because
C° (Dy) C C° (D). Moreover, we claim that (8) holds for any function w € C (Dy) N
C' (D,,) that satisfies the boundary condition w|gp, = 0. Indeed, if fDn |Vw|? = oo then
(8) is trivially satisfied. If [}, |Vw|? < oo then w belongs to the Sobolev space W2 (D).

Extend function w to D, 11 by setting w = 0 in D, ;1\ D,. Due to the boundary condition
w|op, = 0, we obtain that w, € W12 (D,1). Since w is compactly supported in D, 1,
it follows that w € Wy® (Dpny1) where Wy () is the closure C° (Q) in W2 (Q). Since
the Hardy inequality (8) holds for functions from C2°(D,,41), passing to the limit in
W12(D,,41) and using Fatou’s lemma, we obtain that w also satisfies (8).

Assume for a moment that the statements of the theorems have been proved in each
domain D,. Then one can take the limit in (16), (17), (19) as n — oo, and obtain
the statements for D. Indeed, the left hand side of these inequalities is Qi”{/} (t) =
ffDnXDn dxdypp, (x,y; t)y(z)Y(y), where pp, is the Dirichlet heat kernel for D,,. This
converges to Qiﬂﬂ (t) as n — oo. The right hand sides of (16), (17), (19) contain various
LP? (Dy)-norms that can be estimated from above by the LP (D)-norms. The only excep-

tion is the term Hl - fDn dypp,, (-, y; t)H1 in (16) that is decreasing as n — oo. If |D| < 0o

then 1 € L' (D) so that the passage to the limit is justified by the dominated convergence
theorem.

Hence, it suffices to prove each of the statements for D,, instead of D. Renaming D,
back to D, we assume in all three proofs that D is a precompact open domain with smooth
boundary in another manifold.

Another observation is that all inequalities (16), (17), (19) survive the increasing mono-
tone limits in 1. So it suffices to prove them when 1) is bounded and has a compact support
in D, which will be assumed below. Furthermore, since all the statements of Theorems 2,
3, 4 are homogeneous with respect to 1, we can assume that 0 < ¢ < 1. If ¢ = 0 then
there is nothing to prove; hence, we assume that v is non-trivial. Then uy, (x;t) is smooth
and bounded in D x (0, +00) and positive in D x (0, +0c0).

Proof of Theorem 2. Let v be the outwards normal vector field on dD. Using the Green’s



formula, we obtain

d q . q,lauw
at Jp, " T q/D% ot

= q(q—l)/Duf’jz\VUwIQ, (22)

where we have used that ¢ > 1 and, hence ufp_l = 0 on 0D. Observing that ufp/ 2 e
¢ (D)nct (D),

2 2
Vull?| = Lt 2V
and applying the Hardy inequality (8) to u%/2, we obtain that
d 4(g—1 Alg—1) [ ug
—— | uf = a1 / IV (u?)? > 1) / = (23)
dt Jp q D q p h

By Holder’s inequality we have that

Qualt) = /D gt

O Goa)) ™ (f y)

ul 1/q
B </D%) 190 g g1y (24)

By (23) and (24) we conclude that

d 4(q—1 B
_a/puz’ > (Qq )"¢hl/q||q/fl(q_1) (Qup(®))?. (25)

Note that the function t — Qy (t) = |luy (+;t/2) Hg is decreasing in ¢, which, for example,
follows from (22) with ¢ = 2. Integrating differential inequality (25) with respect to ¢ over
the interval [t, 2t] gives that

q
U
IRE

On the other hand, using 1 < ¢ < 2 and the Holder inequality, we obtain
2—q 2g—2 2 -t
uq:/u_quq_§</u) (/ug)
/D ¥ p v Y D v D ¢

/D Wl < (Qut (677 (Quu(2))7. (27)

Y

4(g — 1 _
M= i, (Quat2o) (26)

that is,
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Combining (26) and (27) yields

Qu,yp(2t) <

q — —_
4(g—1) PG gy (Quia ()77 (28)

Estimating Q. 1 by (1), we obtain

(4—q)/q
q - p—
W“lﬁhl/ Hq/q 1) ”1_U1(-;t)||§2 q)/qt z/q,

which completes the proof. O

Quy(2t) <

Proof of Theorem 3. Since ¢ < 1, the condition (11) is satisfied, and we obtain by (12)
and (28) that

q —
Qup(2t) < -1 a(g)® [ h M2,y ||h1/q||q2/ o /1(q D-1/(g-1)

This completes the proof of Theorem 3 since, by (13) and (18),

ol/(a=1)___ L 4(4)279 = b(q).

4(g—1)
O
Proof of Theorem 4. By the arithmetic-geometric mean inequality, we have
1 T 2—r 2—r r
P(@)(y) < 5 (V@) e + 9@ TY)") .
By non-negativity and symmetry of the Dirichlet heat kernel
Quw (< [ wpr?. (29)
Next, Holder’s inequality yields
2 1\ 2-ry1
[uor < ([ag) 1wy, (30)
D D
By (23) we have
d q 4(qg—1) g 1
-, T > 7. 1
i/, Ufyr > . /D Uy (31)

Combining (29), (30), (31) we obtain that

@ )" < =g Ly (38 ) 192

Since the function ¢ — Qy 4 (t) is decreasing in t, we obtain by integrating the differential
inequality (31) with respect to ¢ over the interval [0, ¢] that

q T —r
@y ()" < 7y (/ ‘“) 277 40 gy
and (19) follows. O




3 Singular initial temperature and singular specific heat

Below we make some further hypothesis on the geometry of D, and obtain an upper bound
for the heat content for a wide class of geometries using Theorems 2 and 4, and (14), if
the initial temperature distribution and specific heat are given by § %, 1 < a < 2, and
6 P,1 < B < 2 respectively.

Theorem 5. Let D be an open set in a smooth complete m-dimensional Riemannian
manifold M, and suppose that

i. The Ricct curvature on M is non-negative.

1. Forxz e D,

iti. There ezist constants kp < oo and d € [m — 1,m) such that
/ 1<kpe™? 0<e<pp, (32)
{zeD:é(z)<e}

where pp = sup{d(x) : x € D} is the inradius of D.
iv. The strong Hardy inequality (8) holds with (9) for some ¢ > 2.

Ifl<a<2,1<p<2, and if € > 0 is sufficiently small then
Qs (1) = Ot AT m=d=a=B)/2) 1y, (33)

Proof. By (14) it suffices to prove (33) in the special case =  with 1 < a < 2. In
order to estimate ||1 —ui(-;¢)||1 in Theorem 2 we rely on the following lower bound for u;
(Lemma 5 in [5]).

Lemma 6. Let M be a smooth, geodesically complete Riemannian manifold with non-
negative Ricci curvature, and let D be an open subset of M with boundary 0D. Then for
zeD,t>0

wp(z;t) > 1 — 2@ +m)/2g=0(2)*/(81),
To prove (33) we first consider the case

2+m-—-d)2<a<?2. (34)

This set of ’s is non-empty since d € [m — 1,m). By (9) we have that

(¢-1)/q
ol g1y =/t ([ s ), )
D

Denote the left hand side of (32) by wp(e). Then we can write the right hand side of (35)

* (a-1)/a
2l </ u)D(de)6(2—qa)/(t;{—1)) ) (36)

R+
An integration by parts, using (34) shows that (36) is finite for
2—-m+d

= 37
7= a—m+d (37)
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Because of (34) the right hand side of (37) is in (1,2]. We now choose € > 0 such that

2—-m+d
g=—— o —ec(12] (38)

By Lemma 6 and (32) we have that for t — 0
11— wi(0) = O™ D7) (39)

By Theorem 2 and (35)-(39) we find that for all « satisfying (34) and all € > 0 satisfying
(38)
Qua o (t) = O AHM720/2) 4 5 0, (40)
Next consider the case
l<a<(2+m-—d)/2. (41)

This set of a’s is again non-empty since d € [m — 1, m). By (32) we have that

1/q
ol = ( / w(de)e—mq) < oo (42)
R+
for
arqg <m —d, (43)
and
- RPN
e ) T
for @ -
aq(2—r)—
1 <m—d. (45)

The optimal choice for r is henceforth given by
r=2(aqg—1)a g2 (46)

By (41) we also have that o > 1. Hence r € (0,2). The requirements under (43) and (45)
become with this choice of r that

q<22a+d—-m)L. (47)

Because of (41) the right hand side of (47) is in (1,2). We now choose € > 0 such that
g=22a+d—m)"t —e>1. (48)
By Theorem 4 and (42)-(47) we find that for all « satisfying (41) and all € > 0 satisfying

(48)
mewa (t) _ O(t726+(ﬂ%*d72a)/2), t— 0.

To prove (33) for the limiting case a = 8 = (2 +m — d)/2 := a. we note that Qy 4(t)
is bilinear and monotone on the positive cone of non-negative and measurable ¢ and ¢.
Moreover for any n € (0,1/2) we have that a. +n < 2, and

1/1% S wac+17 + 1.
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Hence for any n € (0,1/2)

leacﬂpag (t) S Qwac+n+ly¢ac+n+1(t)
S Qwac+ny¢ac+n (t) + 2Q¢a6+7]71(t) + Qlyl (t) (49)

The last term in the right hand side of (49) is bounded by the measure of D, and hence
O(1). Furthermore by (14)

Qi1 (®) < (Quyibonsn Q11(8) 2. (50)

For the first term in the right hand side of (49) we use (40) to obtain that for all € € (0,1/2)
satisfying
q=22a+2n+d—-—m)t —e>1,

and all n € (0,1/2)

Qwac+nﬂ/}ac+n (t) _ O(t—4e+(m—d—2ac—2n)/2) _ O(t_46_77_1).
By (50), Qyq, ;01 (t) = 0(Quyq, i tbauiy(t)) as t — 0. This completes the proof of (40) in
the critical case a = a., since both 17 and € were positive, small, and arbitrary. ]
4 The special case calculation for a ball in R?

In this section we show by means of an example that the upper bound obtained in Theorem
5 is close to being sharp for a < 2,68 < 2,0+ 3 > 3.

Theorem 7. Let B, = {r € R : |z| < a}. Ifa <2,8<2,a+ 3> 3,J €N then there
exist coefficients by, by, - -+ depending on o and 3 only such that for t — 0

Qupu oy (t) = dmeq pa®t A2 —dr(co_1 5+ capi1)at PP/

i 4wca_1?ﬂ_1t(3—a—ﬁ)/2 + XJ: bja® I P2 L O H/2) (51)
j=0
where
Cas =2 P 2D (2 — a — §)/2)
- /o1 dp(p™* + p ") (1 = p)* P72 — (1 + p)*t772), (52)
and

bo=—8n((a+B—-1)(a+3-2)(a+8-3)"1,

by =0,
by = 8maf((a+ B+ 1)(a+ B)(a+ B —1))",
bs = 0. (53)

We see that the leading term in (51) jibes with (33) since (9) holds for some ¢ > 2 and
(32) holds with d =m — 1.

11



We conjecture that for any precompact D with smooth 0D in M, and for a < 2,8 <
2,a+06>3

Qo (t) =Ca,p /

=02 — 27N ey 1 g+ Cap) / Lygt®o=0/2
oD oD

+ / (¢1LggLnn + c2Lgn Lan)tG~27A/2 1-0(1), (54)
oD

where ¢; and ¢ are constants depending on « and (8 only, and which satisfy
der + 2¢0 = ca1,6-1,

and where L4 be the trace of the second fundamental form on the boundary of 0D oriented
by an inward unit vector field. Since faBa 1 = 4ma?, faBa Lgy = 8ma and faBa (c1LggLnp +
caLgnLgn) = 16mcy + 8mey we see that (54) holds for the ball in R3.

The proof of Theorem 7 rests on the following result (pp.237, 367-368 in [8]).

Lemma 8. Let B, as in Theorem 7, and let the initial datum be radially symmetric i.e.
Y1(x) = f(r), where r = |x|. Then the solution of (1), (3), (5) is given by

w(wit) = (4mtr?)~1/2 /a dr's £ (') Z(e—(2na—r+r’)2/(4t) _ e (matrir'?/(at)).
0

nel

To prove Theorem 7 we have by Lemma 8 that

mewg =(4m/t) 1/2/ / drdr'rr’(a —r)"%(a —r')” B

> Z —(2na—r+r')?/(4t) _ (2na+r+r )2 /(4t)) (55)
nez

Substitution of a — r = p and a — ' = ¢ in (55) gives that

Q¢a,¢5(t) =Ap+ A1 + Ay + B,

where
= (4 /t)1/? 2/ / dpdgpq P (e~ = D*/(41) _ o~(+a)?/(40)),
—(4r/t)"?a / / dpdq(p + q)p~q P (e~ P9/ _ o~ (p+a)?/(4t)y
o Jo
Ay = (47 /)12 /a /a dpdgp' ¢ P (e~ (P=0)*/ (1) _ o= (+a)*/(40)y,
and o

= (47 /t) 1/2/ / dpdg(a — p)(a — q)p~ ﬂz —(2na+p—q)*/(4t)

n>1
+ e~ (nata—p)?/(41) _ o~ (natqtp)?/(41) _ o~ (2na—q-p)?/(41)) (56)

We have the following.
Lemma 9. If1<a<2,1<8<2 then fort— 0

B = —871/2371q77B43/2 L O(¢?). (57)

12



Proof. The integrand in (56) can be rewritten as

(a—p)(a—q)p g " Z o~ (2na—p—q)?/(4t)

n>1

% ((e(p—2na)q/t + e(q—2na)p/t)(1 _ e—pq/t) _ (1 _ e—2pna/t)(1 _ e—2qna/t))‘ (58)
The contribution from the terms with n > 2 in (58) is bounded in absolute value by

2a2p1—aq1—ﬁt—1 Z e—a2(n—1)2/t(1 + 2n2a2t_1).
n>2

After integrating with respect to p and ¢ we see that this term contributes at most
O(e=*/(1)) to B. Next we will show that the main contribution from the term with
n =1 in (58) comes from a neighbourhood of the point (p,q) = (a,a). Let

Ci(a) ={(p,q) €R?*:a/3 <p<a,a/3<q<al,

and
Ca(a) = ((0,a) x (0,a)) \ Ci(a).

On Cy(a) we have that 2a — p — ¢ > 2a/3. Hence the term with n =1 in (58) is bounded
on Cs(a) in absolute value by

2(a —p)(a— q)pl_o‘ql_ﬁt_le_“2/(9t)(l + 2a2t_1). (59)

Integrating (59) over Ca(a) gives a contribution which is bounded by

O(e=**/(181)) n order to calculate the contribution from the term with n = 1 on Cy(a) we
use the expression under (56) instead. First we note that 2a +p —q > 2a/3,2a +q—p >
2a/3,2a + p + q > 8a/3. Hence the first three terms in the summand of (56) with n =1
give after integration over C(a) a contribution O(e~%"/(189) Putting all this together
gives that

BZ—GMﬁVm[L(f@@@fmﬂa—wﬁﬂfﬁ
1(a
x e~ (2a=a=p)?/(4) | O(=a?/(180))

Noting that
p ¢’ =a"*F+0(a—p)+O0(a—q) (60)

uniformly in p and ¢ yields after a change of variables that
B =— (4r/t)}/2q—F // dpdqpqe—(p+q)2/(4t)
(0,a/3)x(0,a/3)
% (1+0(p) +0(q) + O(e~*/1),
which agrees with the right hand side of (57). O

By taking higher order terms of the form (a — p)™(a — ¢)™* in (60) into account one
can determine the coefficient tU+3)/2 j =0,1,2,-- in the expansion of B.
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To complete the proof of Theorem 7 we rewrite Ay, A1 and As respectively as follows.

47r/t1/22</ dp/ dq+/ dq/ dp>

x p g Pe P~ 0)?/(4t) _ o—(p+a)? /(4))

~(an /)2 [ dppte? / dp(p= + pP)
0 0
5 (e—pQ(l—p)Q/(‘lt) _ e—p2(1+p)2/(4t))
:47razca,gt(1_°‘_5)/2

00 1
- (477/75)1/2@2/ dppl_a_ﬁ/o dp(p=" +p")
K (PP /4t) _ o= (L0 /(1)) (61)

Al = — 47'('01(006_176 + Ca,,@—l)t(2_a_'8)/2 + (47T/t)1/2a/ dpp2—a—ﬂ

a

1
% / dp(p + p~ + p P + p—ﬂ)(e—pQ(l—p)2/(4t) _ e—p2(1+p)2/(4t))’ (62)
0
and

Ag = dmcoy pat® 2 — (4m /1) / dpp*~*~°

a

1
v, / dp(pt= + pt=P) (e P*(1=P)*/(41) _ o=p*(1+0)?/(41)) (63)
0

The terms to be evaluated in (61), (62) and (63) are all of the form

o) 1
(4 /)22 / dppi+i—a—p / dpp (e PPA—PR/(40) _ =2 (L)1) (64
a 0

where j = 0,1, 2 respectively. Following arguments similar to the proof of Lemma 9 we
see that the contribution of the integral with respect to p € [0,1/2) in (64) is at most
O(e=9*/(180)) " Furthermore

00 1
(47r/t)1/2a2j/ dpplﬂaﬁ/ dpp~Te P (1+0)?*/(40)) — O (e=0*/(180)), (65)
a 1/2

Hence the expression under (64) equals

00 1
(47r/t)1/2a2_j/ dpp1+j—a—ﬁ/ dpp—ve—pQ(l—p)Z/(élt) + O(e—a2/(18t))' (66)
a 1/2

Expanding p~7 about p = 1 we obtain that

P77 —1—=v(1—p) =27 y(y+ 1)1 - p)?
— 6" (y+ Dy +2)(1—p)’| <C(1-p)!, 0<p<1/2, (67)
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where C' depends on v only. By (67) and (66) we obtain that (64) is equal to
2n(a+ B —j— 1)_1a3_°‘_ﬁ + 47r1/2’y(a + 8- j)_laz_"‘_ﬁtl/2
+2my(y+ D)(a+B—j+ 1) tat Pt
+ 8723 (v + 1) (v + 2)(a+ 8 — 5+ 2) La P2 L O(?). (68)

It remains to compute the coefficients by, b1 and by in Theorem 7. Altogether there are
eight terms which contribute to the terms in (68):

J=0, y=aqa, vy=28
j=1 y=a-1, y=8-1, y=a, v=p
j:27 ’Y:Oé—la 7:/8_]-

Summing these eight terms yield the expressions for by, b; and be under (53). To calculate
bs we have that the above eight (v +1)(7+2) terms in (68) cancel the contribution from
(57). This completes the proof of Theorem 7.
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