EXPLICIT RATES OF APPROXIMATION
IN THE CLT FOR QUADRATIC FORMS

FRIEDRICH GOTZE'! AND ANDREI YU. ZAITSEV'?

ABSTRACT. Let X, X1, Xs,... be i.i.d. R?%valued real random vectors. Assume that
EX =0,covX =C, E||X|? =0? and that X is not concentrated in a proper subspace
of R?. Let G be a mean zero Gaussian random vector with the same covariance operator
as that of X. We study the distributions of non-degenerate quadratic forms Q[Sx] of the
normalized sums Sy = N~1/2 (X14 -+ Xn) and show that, without any additional
conditions,
Ay “sup [P{Q[S] < 2} - P{QIGI < 2} | = O(N7Y),
xr

provided that d > 5 and the fourth moment of X exists. Furthermore, we provide ex-
plicit bounds of order O( N~!) for Ay, for the rate of approximation by short asymptotic
expansions and for the concentration functions of the random variables Q[Sy +al, a € R%.
Our results extend the corresponding results of Bentkus and Gotze (1997a) (d > 9) to
the case d > 5 which provides the optimal dependence on the dimension. Moreover, we
show that, in finite dimensional case and for isometric QQ, the constant in O(N _1) may
be taken in the form cqo? (det C)~'/2 E ||C~1/2 X ||* with some ¢4 depending on d only.

1. INTRODUCTION

Let R? be the d-dimensional space of real vectors = (z1,...,x4) with scalar product
(x,y) = 21y1 + -+ + 2qyq and norm ||z|| = (z,2)Y/2. We also denote by R> a real
separable Hilbert space consisting of all real sequences x = (x1, s, ...) such that ||z]|*> =
i+ ri+ - < oo

Let X, X1, Xs,... be a sequence of i.i.d. R?valued random vectors. Assume that

EX =0and 0> € E|X|]? < co. Let G be a mean zero Gaussian random vector such

that its covariance operator C = cov G : R? — R? is equal to cov X. It is well-known that
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2 F. GOTZE AND A.YU. ZAITSEV
the distributions £(Sy) of sums

Sn d:ef]\[—l/2 (X1 +--+ Xp) (1.1)

converge weakly to L(G).
Let Q : RY — R? be a linear symmetric bounded operator and let Q[z] = (Qx, z) be
the corresponding quadratic form. We shall say that Q is non-degenerate if ker Q = {O}

Denote, for g > 0,

def def
Gy =E[X]  B= b

Introduce the distribution functions
def

F(x) =

def

P{Q[Sy] <z},  H(x) = P{Q[G] <z} (1.2)

Write
Ay Esup | F(z) — H(z)|. (1.3)
TzeR
Theorem 1.1. Assume that Q and C are non-degenerate and that d > 5 or d = oc.
Then
Ayx < ¢(Q,C)B/N.
The constant c¢(Q,C) in this bound depends on Q and C only.

Theorem 1.2. Let the conditions of Theorem 1.1 be satisfied and let 5 < d < oo. Assume
that the operator Q is isometric. Then

Ay < cgo?(detC)"V2E || C Y2 X||*/N.
The constant cq in this bound depends on d only.

Theorems 1.1 and 1.2 are simple consequences of the main result of this paper, Theo-
rem 2.3 (see also Theorem 2.1). Theorem 1.1 was proved in Gotze and Zaitsev (2008). It
confirms a conjecture of Bentkus and Gotze (1997a) (below BG (1997a)). It generalizes
to the case d > 5 the corresponding result of BG (1997a). In their Theorem 1.1, it was
assumed that d > 9, while our Theorem 1.1 is proved for d > 5. Theorem 1.2 yields an
explicit bound in terms of the distribution £(X).

The distribution function of ||Sy||? (for bounded X with values in R?) may have jumps
of order O(N_l), for all 1 < d < oo. See, e.g., BG (1996, p. 468). Therefore, the bounds
of Theorems 1.1 and 1.2 are optimal with respect to the order in N.

Theorems 1.1, 1.2 and the method of their proof are closely related to the lattice point
problem in number theory. Suppose that d < oo and that (Qx,z) > 0, for x # 0. Let
vol F, be the volume of the ellipsoid

ET:{xE]Rd:Q[x]Srz}, r > 0.

Write voly E, for the number of points in E, N Z%, where Z¢ C R? is the standard lattice
of points with integer coordinates.

The following result due to Gotze (2004) is related to Theorems 1.1 and 1.2 (see also
BG (1995a, 1997b)).
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Theorem 1.3. For all dimensions d > 5,

voly, (E, + a) — vol E,. _o
= >
::115 ol B, O(r—), for r>1,

where the constant in O(r=2) depends on the dimension d and on the lengths of azes of
the ellipsoid Fy only.

Theorem 1.3 solves the lattice point problem for d > 5. It improves the classi-
cal estimate O(r=2¢/(@*+1) due to Landau (1915), just as Theorem 1.1 improves the
bound O(N~#(@+1)) by Esseen (1945) in the CLT for ellipsoids with axes parallel to
coordinate axes. A related result for indefinite forms may be found in Gétze and Mar-
gulis (2010).

The history of estimation of the rate of approximation under the conditions of Theo-
rem 1.1 for Hilbert spaces was started in the second half of the last century. See Zalesskii,
Sazonov and Ulyanov (1988) and Nagaev (1989) for the optimal (with respect to eigen-
values of C) bound of order O(N~'/2) under the assumption of finiteness of the third
moment. For a more detailed discussion see Yurinskii (1982), Bentkus, Gotze, Paulauskas
and Rackauskas (1990), BG (1995b, 1996, 1997a) and Senatov (1997, 1998).

Under some more restrictive moment and dimension conditions the estimate of order
O(N~1*¢) with e | 0 as d | oo, was obtained by Gotze (1979). The proof in Gotze (1979)
was based on a new symmetrization inequality for characteristic functions of quadratic
forms. This inequality is related to Weyl’s (1915/16) inequality for trigonometric sums.
This inequality and its extensions (see Lemma 6.1) play the crucial role in the proofs of
bounds in the CLT on ellipsoids and hyperboloids in finite and infinite dimensional cases.
Under some additional smoothness assumptions, error bounds O(N ') (and, moreover,
Edgeworth type expansions) were obtained in Gétze (1979), Bentkus (1984), Bentkus,
Gotze and Zitikis (1993). BG (1995b, 1996, 1997a) established the bound of order O(N 1)
without smoothness-type conditions. Similar bounds for the rate of infinitely divisible
approximations were obtained by Bentkus, G6tze and Zaitsev (1997). Among recent pub-
lications, we should mention the papers of Nagaev and Chebotarev (1999), (2005) (d > 9,
a more precise dependence of constants on the eigenvalues of C) and Bogatyrev, Gotze
and Ulyanov (2006) (non-uniform bounds for d > 12), see also Gétze and Ulyanov (2000).
The proofs of bounds of order O(N 1) are based on discretization (i.e., a reduction to
lattice valued random vectors) and the symmetrization techniques mentioned above.

Assuming the matrices Q and C to be diagonal, and the independence of first five coor-
dinates of X, Bentkus and Gotze (1996) have already reduced the dimension requirement
for the bound O(N~!) to d > 5. The independence assumption in BG (1996) allowed to
apply an adaption of the Hardy—Littlewood circle method. For the general case described
in Theorem 1.1, we have to develop a new tool. Some yet unpublished results of Gotze
(1994) provide the rate O(N~') for sums of two independent arbitrary quadratic forms
(each of rank d > 3). Gotze and Ulyanov (2003) obtained bounds of order O(N™') for
some ellipsoids in R? with d > 5 in the case of lattice distributions of X.
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The optimal possible dimension condition for this rate is just d > 5, due to the lower
bounds of order O(N~!log N) for dimension d = 4 in the corresponding lattice point
problem. The question about precise convergence rates in dimensions 2 < d < 4 still
remains completely open (even in the simplest case where Q is the identity operator I;, and
for random vectors with independent Rademacher coordinates). It should be mentioned
that, in the case d = 2, a precise convergence rate would imply a solution of the famous
circle problem. Known lower bounds in the circle problem correspond to the bound of
order O(N~3/*10og’ N), § > 0, for Ay. Hardy (1916) conjectured that up to logarithmic
factors this is the optimal order.

Now we describe the most important elements of the proof. We have to mention
that a big part of the proof repeats the arguments of BG (1997a), see BG (1997a) for
the description and application of the symmetrization inequality and the discretization
procedure. We do not use the multiplicative inequalities of BG (1997a). Here we replace
their application by some arguments coming from number theory. The new part of our
proof is concentrated in Sections 5—8.

Using the Fourier inversion formula (see (4.3) and (4.4)), we have to estimate some
integrals of the absolute values of differences of characteristic functions of quadratic forms.
In Section 6, we reduce the estimation of characteristic functions to the estimation of a
theta-series (see Lemma 6.5 and inequality (6.27)). To this end, we write the expecta-
tion with respect to Rademacher random variables as a sum with binomial weights p(m)
and p(m). Then we estimate p(m) and p(7m) from above by discrete Gaussian exponen-
tial weights ¢, g(m) and ¢, (), see (6.15), (6.18), (6.20) and (6.21). Together with the
non-negativity of some characteristic functions (see (6.19) and (6.23)), this allows us to
apply then the Poisson summation formula from Lemma 6.4. This formula reduces the
problem to an estimation of integrals of theta-series. Section 7 is devoted to some facts
from Number Theory. We consider the lattices, their a-characteristics (which are defined
in (7.11) and (7.12)) and Minkowski’s successive minima. In Section 8, we reduce the es-
timation of integrals of theta-series to some integrals of a-characteristics. An application
of a new Lemma 8.2 proved by Gotze and Margulis (2010) ends the proof.

2. RESuLTS

To formulate the results we need more notation repeating most part of the notation
used in BG (1997a). Let 07 > 02 > ... be the eigenvalues of C, counting their multiplic-
ities. We have 02 = 0% + 03 + - -.

We shall identify the linear operators and corresponding matrices. By I; : R¢ — RY
we denote the identity operator and, simultaneously, the diagonal matrix with entries 1
on the diagonal. By Q4 we denote the (d x d) matrix with zero entries.

Throughout S = {ey, ..., e} C R? denotes a finite set of cardinality s. We shall write
S, instead of S if the system {ey, ..., ez} is orthonormal.
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Let p > 0 and 6 > 0. Following BG (1997a), we introduce a somewhat modified
non-degeneracy condition for the distribution of a d-dimensional vector Y:

N(p,§,8,Y): P{|lY —¢|| <6} >p, for all e € S. (2.1)
We shall refer to condition (2.1) as condition N (p,d,S,Y). We shall write
No(p,5,8,Y) =N (p,5,S,Y)UN(p,6,QS,Y).
Just condition Ny(p,d,S,Y) was used in BG (1997a). Note that

N(p,0,8,Y) =N, (p,6,5,Y). (2.2)
Introduce truncated random vectors
X =XH|X|<oVN}, Xo=XI{|X|>0oVN}, (2.3)

X =XY|C2X|| <VdN}, Xe=XI|C'?X|>VdN},  (24)
and their moments (for ¢ > 0)

1 N
A= o BIIXCY 0 = /&7 Bl (2.5)

o 1 —1/2 o4 o L —-1/2 q
A= my EICT X0 0= Jany E[CTPX.%  (26)

Here and below I{ A} denotes the indicator of an event A. Of course, definitions (2.4)
and (2.6) had sense if d < 0o and the covariance operator C is non-degenerate.
Clearly, we have
X+ X=X+ Xo =X, [[ XTI X[l = [X°H[ X[l = 0. (2.7)

Generally speaking, X* and X are different truncated vectors. In BG (1997a) the i.i.d.
copies of the vectors X° and X, only were involved. Truncation (2.4) was there applied
to the vector X°. The use of X* is more natural for the estimation of constants in the
case d < oo. It is easy to see that

(C2X)" = (C*X)" =C2 X", (2.8)
and

(C'2X), =(C'*X),=C""?X,. (2.9)
Equalities (2.8) and (2.9) provides a possibility to apply auxiliary results obtained in

BG (1997a) for truncated vectors X°® and X, to truncated vectors C~/2 X* and C~1/2 X,
However, one should take into account that o2, AS, IIg, G, ... have to be replaced by d,

A3 I, CTV2G, L
In Sections 4 and 5 we shall denote
X' =X*-EX*+W, (2.10)

where W is a centered Gaussian random vector which is independent of all other random
vectors and variables and is chosen so that cov X’ = covG. Such a vector W exists by
Lemma 3.2.
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By ¢, ¢q,c9,... we shall denote absolute positive constants. If a constant depends
on, say, s, then we shall point out the dependence writing ¢y or ¢(s). We denote by ¢
universal constants which might be different in different places of the text. Furthermore,
in the conditions of theorems and lemmas (see, e.g., Theorem 2.1, 2.2 and the proofs of
Theorems 2.3, 2.6 and 2.7) we write ¢o for an arbitrary positive absolute constant, for
example one may choose ¢y = 1. We shall write A < B, if there exists an absolute
constant ¢ such that A < ¢B. Similarly, A <, B, if A < ¢(s)B. We shall also write
A=, Bif A<, B < A. By [«a] we shall denote the integer part of a number «.

Throughout we assume that all random vectors and variables are independent in ag-
gregate, if the contrary is not clear from the context. By X;i, X5,... we shall denote
independent copies of a random vector X. Similarly, G, G, ... are independent copies
of G and so on. By £(X) we shall denote the distribution of X. Define the symmetrization
X of a random vector X as a random vector with distribution £(X) = L(X; — X5).

Instead of normalized sums Sy, it is sometimes more convenient to consider the sums
Zy = X1+ -+ Xy. Then Sy = N~Y2Zy. Similarly, by Z% (resp. Z% and Zj)
we shall denote sums of N independent copies of X° (resp. X*® and X'). For example,
Iy =X+ -+ X\

The expectation Ey with respect to a random vector Y we define as the conditional
expectation

Ey f(X,Y,Z,...)=E(f(X,Y,Z...)| X, Z,...)
given all random vectors but Y.
Throughout we write e{x} o exp{iz}. By

F(t) = / h e{ta} dF (z) (2.11)

—0o0
we denote the Fourier—Stieltjes transform of a function F' of bounded variation or, in other
words, the Fourier transform of the measure which has the distribution function F'.
Introduce the distribution functions
def

F,(x) =

def

P{Q[Sy—da] <z}, H,(z)=P{Q[G—d] <z}, a€RY 2 eR. (2.12)
Furthermore, define, for d = oo and a € R?, the Edgeworth correction
Eq(x) = Ea(z; Q, L(X), L(G))
as a function of bounded variation such that E,(—oo0) = 0 and its Fourier—Stieltjes trans-
form is given by
E,(t) = z% E e{tQ[Y]}(3(QX,Y)(QX,X)+2it (QX,Y)*), Y =G-a. (213)

In finite dimensional spaces (for 1 < d < oco) we define the Edgeworth correction as
follows (see Bhattacharya and Rao (1986)). Let ¢ denote the standard normal density
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in R?. Then p(y) = ¢(C'/?y)/v/detC, y € R?, is the density of G, and, for a € R?,
b =+/N a, we have

() % @y (N ) GJNX(AQC), A,={ueR’: Qu-da <z},  (214)

with the signed measure
X(A) d:ef/ Ep” (y) X? dy, for the Borel sets A C R?, (2.15)
A

and where
P (y)u® = p(y) (3(C u, u)(Cy, u) — (C 1y, u)?) (2.16)
denotes the third Frechet derivative of p in the direction w.
Notice that £, = 0 if a = 0 or if E (X, y)3 = 0, for all y € R?%. In particular, E, = 0 if
X is symmetric (that is, £(X) = L(—X)).
We can write similar representations for E2(x) = ©p(Nzx), ES(x) = O5(Nx) and
E!(x) = O} (N x) just replacing X by X*, X° and X’ in (2.13) or (2.15).

For b € RY, introduce the distribution functions

Uy(x) € P{Q[Zy —b] <z}, (2.17)
and
O,(2) EP{QVNG -0 <z}. (2.18)
Define, for a € R%, b = /N a,
AR S sup [ Fu() = Ha(@) = Eo(w)| = sup [ Wy(e) = @i(e) = O4(x)],  (219)

where E,(z) is the Edgeworth correction (see (2.12), (2.14), (2.17) and (2.18) to justify
the last equality in (2.19)). We write Agf;?. and Ag{;’)o replacing F, by E? and ES in (2.19).

The aim of this paper is to derive for AS\C;) explicit bounds of order O(N 1) without any
additional smoothness type assumptions. Theorem 2.1 (which was proved in BG (1997a))
solved this problem in the case 13 < d < oc.

In Theorems 2.1-2.7 we assume that the symmetric operator Q is isometric, that is,
that Q2 is the identity operator I;. This does not restrict generality (see Remark 1.7 in
BG (1997a)). Indeed, any symmetric operator Q may be decomposed as Q = Q;QoQ;
where Qp is symmetric and isometric and Q; is symmetric bounded and non-negative,
that is, (Q,x,z) > 0, for all z € RY Thus, for any symmetric Q, we can apply all our
bounds replacing the random vector X by Q; X, the Gaussian random vector G by Q;G,
the shift a by Q;a, etc. In the case of concentration functions (see Theorems 2.6 and 2.7),
we have Q(X; A\; Q) = Q(Q:X; \; Qp), and we may apply the results provided Q; X (in-
stead of X) satisfies the conditions.
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Theorem 2.1. (BG (1997a, Theorem 1.3)) Let ¢ = 1/300, Q* = I;, s = 13 and
13 < d < 0. Let ¢g be an arbitrary positive absolute constant. Assume that condition
No(p,9,8,,coG /o) holds. Then we have:

AR < C(115+ A) (1 + la/o]) (2.20)
and

A, < O(I85 + A5) (1 + [la/o]°) (2.21)
with C' = cp~% + c(0/03)%, where 0 > 03 > ... are the eigenvalues of (CQ)2.

Unfortunately, we cannot apply Theorem 2.1 for d = 5,6,...,12. Moreover, the
quantity C' depends on p which is exponentially small with respect to eigenvalues of C.

In Gotze and Zaitsev (2009), the following analogue of Theorem 2.1 is proved with
bounds for constants which are not optimal.

Theorem 2.2. Let § =1/300, Q> =14, s =5 and 5 < d < co. Let ¢y be an arbitrary
positive absolute constant. Assume that condition Ng(p,0,S,, co G/o) holds. Then

AY < C(op* NPBIXP + o N B XY (14 afol?),  (222)

and
A, < C (0B | X)) + o ' NTLEIX*1) (1 + [la/o]), (2.23)

with C = cqp~3.

Theorem 2.2 extends to the case d > 5 Theorem 1.5 of BG (1997a) which contains
the corresponding bounds for d > 9. Moreover, Theorem 2.2 is a little bit sharper than
Theorem 1.5 of BG (1997a) even in the case 9 < d < oco. In BG (1997a), the quanti-
ties oto;* (I1S + A3) and o*o* (I3 + A3) were standing in (2.22) and (2.23) instead of
o NTV2E| X + o NTLE || X°*||* and 0, *E || X,||? + 0;* N"'E || X*||* respectively.
Unfortunately, in both papers, the quantity C' depends on p which is exponentially small
with respect to og/0? (in BG (1997a)) and to 05/0? (in Gotze and Zaitsev (2009)). Under
some additional conditions, C' may be estimated from above by c; exp(co?0y?) and by
cq exp(co?oy ?) respectively.

In Gotze and Zaitsev (2008) we proved Theorem 2.2 in the case a = 0 and hence,
Theorem 1.1. First direct attempts to prove similar bounds for a # 0, assuming d > 5
instead of d > 9 in Theorems 1.4 and 1.5 of BG (1997a) failed. The main problem was
that Lemma 3.2 of BG (1997a) allowed us to integrate the remainder terms of expansions
for @ < s/2 only. Our Lemma 4.2 provides the bounds for o > s/2 too. Note, however,
that this difficulty was already successively avoided in the proof of the main result of
BG (1996) (without estimation of constants).

The main result of the paper is Theorem 2.3. It is valid for 5 < d < oo in finite-
dimensional spaces R? only. However, the bounds of Theorem 2.3 depend on the smallest
o;’s. This makes them unstable if one or more of coordinates of X degenerates. In our
finite dimensional results, Theorems 2.3, 2.6 and 2.7, we always assume that the covariance
operator C is non-degenerate.
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Theorem 2.3. Let Q*> =1, 5 <d < oo. Then we have:

AY < C(13+ A (1+ [la/ol?), (2.24)
and

A, < C(II3+ A3) (1+ [la/o]®), (2.25)
with C' = cqo® (det C)~1/2.

Theorems 2.1 and 2.3 yield Theorems 1.1 and 1.2, using that E ||[C™'/2 X||* < /a4,
Ey(z) =0,
04+ A3 < BICY2 XY@ N), T3+ A < B/(0" V), (2.26)
and
I3+ A < E[ICTV2X|Y/(d®N), 5+ A < B/(o"N). (2.27)

If, in the conditions of Theorem 2.3, the distribution of X is symmetric or a = 0, then
the Edgeworth corrections E,(x) and E?(z) vanish and

AP =AY, < (3 + A (14 fla/o]), € =cao?(det©) 2 (228)

The corresponding inequality from Theorem 1.4 of BG (1997a) yields in the case s = 9
and 9 < d < oo under the condition Ng(p, d,S,, oG /o) with 6 = 1/300 the bound

AW <o (T8 + A3 (1 + ||la/o]*), C=cp? (2.29)

It is clear that sometimes the bound (2.29) may be sharper than (2.28), but unfortunately,
it depends on p which is usually exponentially small with respect to og/0.

One can find more precise estimates of constants in the case of d-dimensional balls with
d > 12 in the papers of Nagaev and Chebotarev (1999), (2005), G6tze and Ulyanov (2000),
and Bogatyrev, Gotze and Ulyanov (2006). In this case Q = I;. See also Gotze and

Ulyanov (2000) for lower bounds for Ag\?) under different conditions on a and £(X). In the
papers mentioned above, the authors have used the aproach of BG (1997a) and obtained
bounds with constants depending on s < d largest eigenvalues 0?2 > g3 > --- > o2 of the
covariance operator C (see Nagaev and Chebotarev (1999), (2005), with d > s = 13, and
Gotze and Ulyanov (2000), and Bogatyrev, Gotze and Ulyanov (2006), with d > s = 12).
It should be mentioned, that, in a particular case, where Q = I; and d > 12, these results
may be sharper than (2.24), for some covariance operators C.

Thus, we see that the statement of Theorem 2.3 is especially interesting for d =
5,6,...,11. It is new even in the case of d-dimensional balls. It is plausible that the
bounds for constants in Theorem 2.3 could be also improved for balls with d > 5, especially
in the case where d is large. It seems however that this is impossible in the case of
general Q even if Q* = I;. For example, we can consider the operator Q such that
Qe;j = eq—j41, where Ce; = aj?ej, j =1,2,....d, are eigenvectors of C. Following the
proof of Theorem 2.3, we see that the bounds for the modulus of the characteristic function
‘\I/b(t) | = ‘E e{tQ[ZN —b) } ‘ behave as the bounds for the modulus of the characteristic

function ’ E e{ t1y[ZN—b } | but with eigenvalues of the covariance operator o104, 0904_1,
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0304 9, ... which can be essentially smaller than o7 > o5 > J§ > - ... Therefore, it is
natural that the bounds for constants in Theorem 2.3 depends on the smallest eigenvalues
of the covariance operator C.

Note that, in the proof of Theorem 2.1 in BG (1997a), inequalities (2.20) and (2.21)
were derived for the Edgeworth correction E,(z) defined by (2.13). However, from The-
orems 2.1 and 2.2 or 2.3 it follows that, at least for 13 < d < oo, definitions (2.13)
and (2.14) determine the same function F,(x). Indeed, both functions may be repre-
sented as N~'/2 K(z), where K (x) are some functions of bounded variation which are
independent of N. Furthermore, inequalities (2.20) and (2.24) provide both bounds of
order O(N~1). This is possible if the Edgeworth corrections E,(z) are the same in these
inequalities.

On the other hand, it is proved (for d > 9) that definition (2.13) determine a function
of bounded variation (see BG (1997a, Lemma 5.7)), while definition (2.14) has no sense
for d = oo.

Introduce the concentration function

QIX; N =Q(X; 5 Q) = sup P{a<Q[X—da]<z+A}, for A>0. (2.30)
a,zcR4
It should be mentioned that the supremum in (2.30) is taken not only over all z, but
over all  and a € R? Usually, one defines the concentration function of the random
variable Q[X — a] taking the supremum over all z € R? only. Note that, evidently,
QX +Y; N <Q(X; \), for any Y which is independent of X.

The following Theorems 2.4 and Theorem 2.5 are Theorems 1.5 and 2.1 from Go6tze

and Zaitsev (2009).

Theorem 2.4. Let Q> =1,, 5 <s< d<oo,s<ooand 0<§<1/(5s). Then we have:
(i) If condition Ng(p,d,S,, X) is fulfilled with some p > 0, then

Q(Zn; N) < (pN)~' max{1; A}, A>0. (2.31)

(ii) If, for some m, condition Ng(p, 6, S,, m~*/? Zm) is fulfilled, then
Q(Zn; N) <5 (pN)™" max{m; A}, A > 0. (2.32)
Theorem 2.5. Let Q? = 1; and 5 < d < co. Let ¢y be an arbitrary positive absolute

constant. Assume condition Ng(p, d,S,,coG /o) to be satisfied with s =5 and § = 1/200.
Then

Q(Zn; \) < p?max{II; + Aj; Ao 2N '}, A>0. (2.33)
In particular, Q(Zy; A) < p~*N~' max{3/o*; \/o?}.

Theorems 2.4 and Theorem 2.5 extend to the case 5 < d < oo Theorems 1.6 and 2.1
of BG (1997a) which were proved for 9 < d < oc.
We say that a random vector Y is concentrated in L. C R? if P{Y € L} = 1. In

BG (1997a, item (i) of Theorem 1.6) it was shown that if X is not concentrated in a
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proper closed linear subspace of R?, 1 < d < oo, then, for any 0 > 0 and S there exists a
natural number m such that the condition Ng(p, 9, S, m~1/?2 Zm) holds with some p > 0.
In this paper, we shall prove the following Theorems 2.6 and Theorem 2.7.

Theorem 2.6. Let Q* =1,;, 5< s :Nd < oo and 0 <6 <1/(5s). Then we have:
(i) If condition N (p,8,S,, CV/2 X) is fulfilled with some p > 0, then

Q(Zn; N) <a (pN) ™' max{1; Ao~?} 0 (det C) /2, A > 0. (2.34)
(ii) If, for some m, condition N'(p,§,S,, m~/2C~1/2 Zm) is fulfilled, then
Q(Zn; A) <4 (pN)™! max{m; Ao ™2} 0% (det C) /2, A>0. (2.35)
Theorem 2.7. Assume that 5 < d < oo and that Q*> =1;. Then
Q(Zn; \) <q max{II3 +A}; A\a 2N~} o (det C) /2, A > 0. (2.36)

In particular, Q(Zn; \) <q N1 max{E |[C~12 X% A/ o? } o (det C)~1/2.

Theorem 2.6 and Theorem 2.7 yield more explicit versions of Theorems 2.4 and The-
orem 2.5 as well as Theorem 2.3 is in a sense a more explicit version of Theorem 2.2. We
should mention that Theorems 2.2, 2.4 and 2.5 do not follow from Theorems 2.3, 2.6 and
2.7. For the proofs of these theorems we refer the reader to the preprint of Gotze and
Zaitsev (2009) which is available in internet.

For example, the bounds in Theorems 2.2, 2.4 and 2.5 may be sharper than those from
Theorems 2.3, 2.6 and 2.7, in a particular case, where Q = I; and o5 <4 0. Under some
additional conditions, 0% (det C)~1/2 is replaced by exp(co~202) <4 1. On the other hand,
o (det C)~/2 provides a power-type dependence on eigenvalues of C and the results are
valid for Q which might be not positive definite.

In Theorems 2.3 and Theorem 2.7, we do not assume the fulfilmemt of conditions N ()
or Ng(+). In the proofs, we shall use, however, that, for an arbitrary absolute positive con-
stant ¢y and any positive quantity cq depending on d only, condition N'(p, 8, S,, co C™1/2 Q)
is fulfilled with s = d, § = ¢4 and p <4 1, for any orthonormal system S,.

Similarly to BG (1997a), in Section 3, we prove bounds for concentration functions.
The proof is technically simpler as that of Theorem 2.3, but it shows how to apply the
principal ideas. This proof repeats almost literally the corresponding proof of BG (1997a).
The only difference consists in the use of new Lemma 8.3 which allows us to estimate
characteristic functions of quadratic forms for relatively large values of argument ¢. In
Sections 4 and 5, Theorem 2.3 is proved. We shall replace Lemma 9.4 of BG (1997a) by
its improvement, Lemmas 5.1. Another difference is in another choice of k£ in (5.31) and
(5.32) in comparison with that in BG (1997a).

In Sections 6-8 we prove estimates for characteristic functions. Section 6 is started
with results from BG (1997a) (Lemmas 6.1-6.2). Their proofs in BG (1997a) are based
on conditioning and discretization.

Let £1,e9,... denote i.i.d. symmetric Rademacher random variables. Let 6 > 0,
S ={e,...,es} CR?and let D: R?Y — R be a linear operator. Usually, we shall take
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D = C~'/2. We shall write £(Y) € T'(6;D,S) if a discrete random vector Y is distributed
as €121 + -+ - + €525, with some (non-random) z; € R? such that ||Dz; — ¢;]| < 6, for all
1<j<s. B

In this paper, assuming condition N(p,d,S,, C/2 X) with 0 < § < 1/(5s) and an
orthonormal system S,, we shall use that, by Lemma 6.3, for any 0 < A < B, b € R? and

v >0,
B B
~ dt _ B ~ ~ dt
/‘\Ifb(t)]’t’ < ¢(s) (pN) 7 log — +51%p /\/E e{t (W, W)/2} T (2.37)
A A

where W =V, +---+V, and W =V/ + ...+ V are independent sums of independent
copies of random vectors V' and V' respectively, and the supremum supy is taken over all
LV), LV €T (5;C28,).

Comparing inequalities (2.37) and (6.6), we see that inequality (6.6) (which was used in
BG (1997a)) is related to sums of non-i.i.d. vectors {V;} and {V}} while inequality (2.37)
deals with i.i.d. vectors. Nevertheless, we shall derive (2.37) from (6.6) by an application
of Holder’s and the arithmetic-geometric mean inequalities.

Define the function

M(EN)=1//[t|N, for [t]| < N2 M(t; N) = +/|t], for [t| > N2 (2.38)
It is easy to see that, for s > 0,
2 ([N 4 [¢]¥2) < ME(E; N) < |[EN|72 4 [ ¢]72 (2.39)

Assuming the condition Ng(p, 9, S,, )?) with 0 < 6 < 1/(5s), we could use Theorem 7.1
from BG (1997a) which implies that, for any b € R? and ¢ € R,

[Ty (t)| = |E e{tQ[Zy — ]} | <5 M*(t;pN). (2.40)
Inequality (2.40) was essentially used in BG (1997a) and Gétze and Zaitsev (2008, 2009).
Applying Lemma 2.5 from Gétze and Ulyanov (2000) and techniques from BG (1997a),

we could show that conditions 02 = 1 and N (p,8,8,,C 2 X) with 0 < 6 < 1/(5s),
s = d, imply that, for any b € R? and ¢ € R,

|0, (1) | < M3(t;pN) (det C) 2, (2.41)

Inequalities (2.40) and (2.41) will be not used in this paper. We replace their application
by using inequalities (8.32) and (8.34) of Lemma 8.1.

Inequalities of type (2.40) or (2.41) allow to prove Theorem 1.1 with error bounds
O(N~®) only, for some aw < 1. This is due to possible oscillations of ‘\T/a(t)} be-
tween 0 and 1, as [t| ~ N~¢ with small € > 0. In Section 6, we reduce the estimation
of E e{t <W,W’ )/2} to the estimation of a theta-series (see Lemma 6.5 and inequal-
ity (6.27)). The rest of the proof is described at the end of Section 1.

Acknowledgment We would like to thank V.V. Ulyanov for helpful discussions.
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3. PROOFS OF BOUNDS FOR CONCENTRATION FUNCTIONS

Proof of Theorems 2.6 and 2.7. Below we shall prove the assertions (2.34); (2.34) =
(2.35) and (2.35) = (2.36). The proof repeats almost literally the corresponding proof
of BG (1997a). It is given here for the sake of completeness. The only essential difference
is in the use of Lemma 8.3 in the proof of Lemma 3.1. We have also to replace everywhere
9 by 5 and ¢ by e. [J

For 0 <ty < T and b € R?, define the integrals

T
10:/ | Wy (t) | dt, I :/ | W,y (1) | i
=T to<[t|I<T

Uy(t) = B e{tQ[Zy — ]} (3.1)
denotes the Fourier—Stieltjes transform of the distribution function ¥, of Q[Zy — b] (see
(2.11) and (2.17)). Note that ‘\Ifb(—t)| = |\I/b(t) ‘

where

Lemma 3.1. Assume condition N (p,8,S,,C/2X) with some 0 < § < 1/(5s) and
5<s=d<oo. Let 0> =1 and

to = c1(s)op 2 (pN)~He, co(s)oy? < T < cs(s) oy (3.2)
with some positive constants ¢;(s), 1 < j < 3. Then
Iy <, (det C)~V2 (pN)~L, I, <, (detC)~ Y2 (pN)~L. (3.3)
Proof. Note that the condition 0 = 1 implies that
T=,0f=,0>=1 and detC <, 1. (3.4)

Denote k = pN. Without loss of generality we assume that k > ¢, for a sufficiently large
quantity ¢ depending on s only. Indeed, if k& < ¢, then one can prove (3.3) using (3.4)
and |¥,| < 1. Choosing ¢, to be large enough, we ensure that k > ¢, implies 1/k <tq < T.

Lemma 8.3 and (3.4) imply now that
/T dt (det C)~1/2

To(t)| — < —F—, (3.5)
04(s)k*1+2/5 t k

for any c4(s) depending on s only. Inequalities (3.4) and (3.5) imply (3.3) for I;.

Let us prove inequality (3.3) for Iy. By (3.4) and by Lemma 8.1, for any v > 0 and
any fixed t € R satisfying k'/? |t| < c5(s), where c5(s) is an arbitrary quantity depending
on s only, we have (taking into account that |U,| < 1)

‘(I\Jb(t)| <y min{1; k77 4 ko2 7% (det C)_1/2}, k=pN. (3.6)
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Furthermore, choosing an appropriate v and using (3.4)—(3.6), we obtain

1/k 1 0o dt 1
1/2 l
(det C)*/= I <<5/O dt + A +/1/k (th) 2 <s 7 (3.7)
proving (3.3) for I,. O

Proof of (2.34). Let 0 = 1. Using a well-known inequality for concentration functions
(see, for example, Petrov (1975, Lemma 3 of Ch. 3)), we have

Q(Zn; A) <4 sup max{)\ 1}/ ’\Ilb |dt (3.8)
beRY

To estimate the integral in (3.8) we shall apply Lemma 3.1 which implies that
Q(Zn; \) <amax{A; 1}(pN)™* (det C)~'/2, (3.9)
proving (2.34) in the case 02 = 1. If 0% # 1, we obtain (2.34) applying (3.9) to Zy/o. O
Proof of (2.34) = (2.35). Without loss of generality we can assume that N/m > 2.
Let Y1,Ys,... be independent copies of m~/2Z,,. Denote W), = Y + --- +Y}. Then
L(Zn) = L(/mWy+y) with k = [N/m] and with some y independent of W},. Therefore,

Q(Zn; A) < Q(Wi; A/m). In order to estimate Q(Wy; A/m) we apply (2.34) replacing Zy
by Wy. We have

QWi A/m) <, (pk)™* max{l; )\J’Q/m}ad (det C)’l/z
< (pN)'max{m; Ao~} 0 (det C) /2. O (3.10)

Recall that truncated random vectors and their moments are defined by (2.3)-(2.6)
and that C = cov X = covG.

Lemma 3.2. The random vectors X*®, X, satisfy
(Cx,z) = (cov X*z,7) + E(X,,2)? + (EX*, z)°.
There exist independent centered Gaussian vectors Gy and W such that
L(G)=L(G.,+W)
and
2 cov Gy = 2 cov X* = cov X*, (coviWa,z) =E (X, )+ (EX* x)%

Furthermore,
E[CT2 G| =d=E[C2G.|° + E[lICT/2 W7
and BE|CY2W|? < 24TI5.
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We omit the simple proof of this lemma (see BG (1997a, Lemma 2.4) for the same
statement with ¢ instead of @). Lemma 3.2 allows us to define the vector X’ by (2.10).

Recall that Z3 and Z% denote sums of N independent copies of X* and X° respec-
tively.

Lemma 3.3. Let ¢ > 0. There exist absolute positive constants ¢ and ¢y such that the
condition 11§ < ¢ p 6% /(de?) implies that

N(p,6,8,eC 2 G) = N (p/4,46,8,e (2m) "2 C V2 Z2),
form > ce*d* N A3/ (pd*).

Lemmas 3.2 and 3.3 are in fact the statements of Lemmas 2.4 and 2.5 from BG (1997a)
applied to the vectors C~'/2 X instead of the vectors X. We use in this connection
equalities (2.2), (2.8) and (2.9) replacing in the formulation o2, AS, I, G, Z3,, ... by d,
A3, I3, CY2 G, Zy,, ... respectively.

Proof of (2.35) = (2.36). By a standard truncation argument, we have

|P{Zy € A} —P{Z} € A}| < NP{|C'?X|| > VdN} <113, (3.11)
for any Borel set A, and
Q(Zn,A) <II3+ Q(Z3, A). (3.12)
Recall that we are proving (2.36) assuming that 5 < d < co. It is easy to see that, for an
arbitrary absolute positive constant ¢y, condition N(p,d,S,, co C™Y/2 Q) with

s=d, 0=1/(20s), px=g4l (3.13)
is in fact fulfilled automatically for any orthonormal system S,, since the vector C~'/2 G
has standard Gaussian distribution in R? and P{|lcoC™/2G —¢|| < §} = ¢(d) for any
vector e € R? with ||| = 1. Clearly, 46 = 1/(5s). Write K = ¢/v/2 with ¢ = ¢y. Then,
by (3.13) and Lemma 3.3, we have
N(p,8,8,,eC2G) = N(p/4,46,S,,m V> KC Y2 Z2), (3.14)
provided that
13 < ¢y (d), m > co(d) N AJ. (3.15)
Without loss of generality we may assume that II3 < ¢;(d), since otherwise the result
follows easily from the trivial inequality Q(Zn;A) < 1.

—

The non-degeneracy condition (3.14) for K Z¢ allows to apply (2.35) of Theorem 2.6,
and, using (3.13), we obtain

Q(Z%,\) = QK Z%, K?)\) <q N~ max{m; K*\/K*¢°} 0% (det C)~/2, (3.16)
for any m such that (3.15) is fulfilled. Choosing the minimal m in (3.15), we obtain
Q(Z%, \) <qmax{A$; N/ (02 N)} o (det C) /2, (3.17)
Combining the estimates (3.12) and (3.17), we conclude the proof. [J
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4. AUXILIARY LEMMAS

In Sections 4 and 5 we shall prove Theorem 2.3. Therefore, we shall assume that
its conditions are satisfied. We consider the case d < oo assuming that the following
conditions are satisfied:

Q*=1;, o*=1, d>5 b=+Na. (4.1)

Moreover, it is easy to see that, for any absolute positive constant ¢y and for any or-
thonormal system S, = {ey,...,e,} C R?, condition

N(p,0,S,,coCV2@) with px41, 5<s=d<oo, 6=1/(20s) (4.2)

is in fact fulfilled automatically since the vector C~/2 G has standard Gaussian distribu-
tion in R? and, therefore, P{|ceC™"2G —¢|| <6} =P{||CV2G —¢yle| < ' 0} =
c(d) for any vector e € R? with |le|]| = 1.

Notice that the assumption 0 = 1 does not restrict generality since from Theorem 2.3
with 02 = 1 we can derive the general result replacing X, G by X/o, G/, etc. Other
assumptions in (4.1) are included as conditions in Theorem 2.3. Section 4 is devoted to
some auxiliary lemmas which are similar to corresponding lemmas of BG (1997a).

In several places, the proof of Theorem 2.3 repeats almost literally the proof of The-
orem 1.5 in BG (1997a). Note, however, that we shall use truncated vectors X7, while
in BG (1997a) the vectors X7 were involved. We start with an application of the Fourier

transform to the functions ¥, and ®;,, where b = V/Na. We shall estimate integrals
over the Fourier transforms using results of Sections 3, 6-8 and some technical lemmas of
BG (1997a). We shall also apply some methods of estimation of the rate of approximation
in the CLT in multidimensional spaces (cf., e.g., Bhattacharya and Rao (1986)).

We shall use the following formulas for the Fourier inversion (see BG (1997a)). A smooth-
ing inequality of Prawitz (1972) implies (see BG (1996, Section 4)) that

F(z) = +VP/|t<Ke{—xt}]3( ﬁ%—R (4.3)

for any K > 0 and any distribution function F' with characteristic function F (see (2.11)),

where
|R| < / (t)] dt. (4.4)
[t|<K

Here V.P. [ f(t)dt = lim._, f i>e f (t) dt denotes the Principal Value of the integral.

Recall that the random vectors X' X' are defined in (2.4) and (2.10) and Z3;, Z}, are
sums of N their independent copies. Note that the Gaussian vector W involved in (2.10)
is independent of all other vectors and have properties described in Lemma 3.2. Write
Up and W} for the distribution function of Q[Z% — b] and Q[Z), — b] respectively. For
0 < k < N introduce the the distribution function
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Notice that U\* = ¥ ¥!") = &,
The proof of the following lemma repeats the proof of Lemma 3.1 of BG (1997a). The
difference is that here we use the truncated vectors X7 instead of X7.

Lemma 4.1. Let ¢4 be a quantity depending on d only. There exist positive quantities c1(d)
and co(d) depending on d only such that the following statement is valid. Let 113 < ¢;(d)p
and let an integer 1 < m < N satisfy m > co(d) N AY/p, Write

K =c/(2m), t1 = cq(pN/m)~ 1+,
Let F' denote any of the functions Wy, W, \I/lgk) or ®,. Then we have

L
F(z) = 2+;7TV.P./

[t]<t1

of et K} F(tK) 1 R, (4.6)

with |Ry| <4 (pN)~'m (det C)~1/2.

Proof. We shall assume that (pN)™'m < c3(d) with sufficiently small c3(d) since
otherwise the statement of Lemma 4.1 is trivial (see (3.4), (4.3) and (4.4)). Let us
prove (4.6). We shall combine (4.3) and Lemma 3.1. Changing the variable ¢t = 7K
in formula (4.3), we obtain

1 )

N dt
Flz)= — + — V.P. o{—2tK}YF(tK) = +R, (4.7)
2 27T mgl t

where

R| < /Itl<1|ﬁ(tf() | dt. (4.8)

Notice that Uy, ¥j, \If,()k) and ®, are distribution functions of random variables which
may be written in the form:

Q[V + 1T, VEG 4 4 Gt Xpy +- + X7,

with some k, 0 < k < N, and some random vector 7" which is independent of X7 and Gy,
for all j. Let us consider separately two possible cases: kK > N/2 and k < N/2.
The case k < N/2. Let Y denote a sum of m independent copies of K'/2X*. Let
Y1,Ys, ... be independent copies of Y. Then we have
LK'*V)Y =LYV + -+ Y+ T) (4.9)
with [ = [N/(2m)] and some random 7; independent of Yi,...,Y;. By (4.2) and by
Lemma 3.3, we have
N(p,8,8,¢6C2G) = N(p/4,46,8,C?Y) (4.10)
provided that
Iy < p/d? and  m > d°NA}/p. (4.11)
The inequalities in (4.11) follow from conditions of Lemma 4.1 if we choose some suffi-
ciently small (resp. large) c¢i(d) (resp. ca(d)). Due to (4.1), (4.2), (4.9) and (4.10), we
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can apply Lemma 3.1 in order to estimate the integrals in (4.7) and (4.8). Replacing in
Lemma 3.1 X by Y and N by [, we obtain (4.6) in the case k < N/2.
The case k > N/2. We can argue as in the previous case defining now Y as a sum of

m independent copies of KY2@G. Condition N (p/4,45,8,, C™Y2Y) is satisfied by (4.2),
since now L(Y) = L(coG). O
Following BG (1997a), introduce the upper bound s(¢; N, £(X), £(G)) for the char-

acteristic function of quadratic forms (cf. Bentkus (1984) and Bentkus, Gotze and Zitikis
(1993)). We define »(t; N, L(X), L(G)) = »(t; N, L(X)) + 3(t; N, L(G)), where

#(t; N,L(X)) = sup |E e{tQ[Z;] + (z,Z;) }|, Zi=X,+ -+ X, (4.12)

z€R4

with j = [(N —2)/14]. In the sequel, we shall use that
selt: N, L(X'), £(G)) < 5¢(t: N, L(X*), £(G). (4.13)
For the proof, it suffices to note that X' = X*—E X*4+ W and W is independent of X*°.

Lemma 4.2. Let the conditions of Lemma 4.1 be satisfied. Then
Y dt
/ (111K se(tK N, £(X*), £(G)) 2
tl<ts g
(Np)~e, for 0 <a<d/2,
oa (detC)™V2 S (Np)=@ (14 |log(Np/m)|),  for a=d/2, (4.14)
(Np)=@ (1+ (Np/m)=d/4) " for a > d/2.

Lemma 4.2 is a generalization of Lemma 3.2 from BG (1997a) which contains the same
bound for 0 < o < d/2. In this paper, we have to estimate the left hand side of (4.14) in
the case d/2 < « too.

Proof. We shall assume again that (pN)~'m < c3(d) with sufficiently small c3(d) since
otherwise (4.14) is an easy consequence of |s| < 1.

Note that |E e{tQ[Z;] + (z, Z;) } | = |E e{tQ[Z; — y] }| with y = —Qu/2. By (4.2)
and (4.10), the condition N (p/4,46,S,, K/2C~1/2 Z*) is fulfilled. Therefore, collecting

independent copies of K'/2X* in groups as in (4.9), we can apply Lemma 8.1. By (3.4),
(4.2) and this lemma, for any v > 0 and |¢| < ¢y,

x(tK; N, L(X®)) <ya (PN/m)™" +min{1; (Np/m)*ﬂl/2 \t|_d/2 (det C)fl/Z}‘

We have used that o2 = 1 implies 67 <4 1. A similar upper bound is valid for the quantity
»(tK; N,L(G)) (cf. the proof of (4.6) for & > N/2). Thus, we get, for any v > 0 and
|t| S tla

(LK N, L(X*), £(G)) <qa (pN/m) ™" +min{ 1; (det C)~2 (m/([t|pN))"*}.
Integrating this bound (cf. the estimation of I; in Lemma 3.1), we obtain (4.14). O
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5. PROOF OF THEOREM 2.3

To simplify notation, in Section 5 we write II = II$ and A = Aj. The assumption
0? = 1 and equalities E [|[C™Y/2X||? = d, (2.4) and (2.6) imply
o2
9

D+AN>1, II4+A<I1, <1, detC<1. (5.1)

Recall that Ag\?) and functions Uy, ®;, and O, are defined by (2.14) and (2.17)—(2.19).
Note now that O3 (z) = E2(x/N) and, according to (2.19),

Ag\?) < AS\C;?. + sug ‘@b(x) —0;(z)|, (5.2)
S

where b = v/N a and

Ay, = sup [Ty () — D) — O (). (5.3)
S

Let us verify that

suﬂg |@b ;(:v)} <q 115, (5.4)
A

To this end we shall apply representation (2.14)—(2.15) of the Edgeworth correction as a
signed measure and estimate the variation of that measure. Indeed, using (2.14)—(2.15),
we have

sup |Oy(z) — O ()| < N7V, e d|Ep'"(m)X3 —Ep"(z)X*
R

zeR

dr. (5.5)

By the explicit formula (2.16), the function u — p"”(x)u? is a 3-linear form in the vari-

able u. Therefore, using X = X*+X, and || X*|| || X.|| = 0, we have p"”(z) X>?—p" () X** =
///( )X3 and

NV21 < 34%°118 /Rd(]|Cl/2xH +|C72 5|3 p(a) do = cq 113, (5.6)

Inequalities (5.5) and (5.6) imply now (5.4).
To prove the statement of Theorem 2.3, we have to derive that

A, < (TT+ A)(1 + [|a]))? (det ©) /2, (5.7)
While proving (5.7) we assume that
IT < ¢y, and A <g¢y, (5.8)

with a sufficiently small positive constant ¢y depending on d only. These assumptions do
not restrict generality. Indeed, we have }\Ifb(w) — CIDb(:U)} < 1. If conditions (5.8) do not
hold, then the estimate

sup | O} (z) | <4 N7V2E|CV2 X P <4 AY? (5.9)

zeR
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immediately implies (5.7). In order to prove (5.9) we can use (2.6) and representation
(2.14)—(2.15) of the Edgeworth correction. Estimating the variation of that measure and
using
ECV2 X*|? < BJICV2X? = d, (5.10)
(E[CT2X°°)? <E[ICT2XPECT2 X", (5.11)
we obtain (5.9).
It is clear that

AL < sup (1@sx) = Wy(@) | + |63(2) - B4(x)| + | Wi(2) - @y(z) - B4(@)]). (5.12)

Similarly to (5.5), we have

sup |©5(z) — Oy(z) | < N2, Je |Ep” (z)X** — Ep"(z)X" |dz. (5.13)
z€R Rd

Recall that vector X' is defined in (2.10). By Lemma 3.2, we have E |[C™Y/2W||? < 2d 11
(hence, E||C™Y2W |9 <4 12, for 0 < ¢ < 2). Moreover, representing W as a sum of
a large number of i.i.d. Gaussian summands and using the Rosenthal inequality (see BG
(1997a, inequality (1.24)), we conclude that

E|C2W|* <, (BIC2W|?)"? <, T19?, ¢>0. (5.14)

Furthermore, according to (2.4), (2.6) and (5.8),
E|C Y2 X,|| <4 IIN™Y? <, TVEN1/2, (5.15)

Hence, by (2.6), (2.10), (5.1), (5.14) and (5.15),
E|X|*<BYE|C2X||* <4 NA + 112, (5.16)

Using (2.16), (5.1), (5.8), (5.10) and (5.13)—(5.15), we get

NT2J <y V(N4 A2 / (IC 25| + € 2a]|*) p(x) da
Rd

<q II+A. (5.17)
Thus, according to (5.13) and (5.17),
sup | O (z) — O (z) | <q IT+ A. (5.18)
zeR

The same approach is applicable for the estimation of | o) | Using (2.10), (2.14)—(2.16),
(5.1), (5.10), (5.11), (5.14) and (5.15), we get

wp [€4(0)] < NV [ By (@)X do

zeR

<q AY2 4 NTUVRTIP2 (5.19)
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Let us prove that

sup ’\Ifb(x) — Wy (x) ‘ < (det (C)_l/2 p (T4 A)(1 + |lal?). (5.20)
z€R
Using truncation (see (3.11)), we have |¥, — 7| < II, and
sup | Wy(x) — Wy(x)| < I+ sup |V (x) — ¥y(x)|. (5.21)
z€R zeR

In order to estimate |¥) — W;|, we shall apply Lemmas 4.1 and 4.2. The number m in
these Lemmas exists and NA/p >, 1, as it follows from (5.1) and (5.8). Let us choose the
minimal m, that is, m <4 NA/p. Then (pN)'m <4 A/p* and m/N <4 A/p. Therefore,
using Lemma 4.1, we have

° — — Te = dt
sup | U3 (2) — Uj(w) | < p~* A (det C) 1/2+/ | U3 (r) — Wy (7)] TR T=tK.
* [t[<t1
(5.22)
We shall prove that

|03 (1) — Uy(7) | <a 5 IL|7|N (1 + 7| N)(1 + [lal]?), (5.23)

with s = s(7; N, £(X*)). Combining (5.21)—(5.23), using 7 = ¢ K and integrating in-
equality (5.23) with the help of Lemma 4.2, we derive (5.20).

Let us prove (5.23). Recall that X’ = X* — E X* + W, where W denotes a centered
Gaussian random vector which is independent of all other random vectors and such that
cov X' = cov G (see Lemma 3.2). Writing D = Z% — E Z% — b, we have

Z% —b=D+EZY, L(Zy—b)=LD+VNW),
and
[T (7) = Th(r)| < [ fa() [ + | fa(7) ] (5.24)
with
f(r) =Ee{rQ[D+VNW]} - Ee{7Q[D]},
ft)=Ee{rQD+EZ}]} —E e{7Q[D]}.
Now we have to prove that both ‘fl (1) ‘ and ‘fg(T) | may be estimated by the right hand
side of (5.23).
Let us consider f;. We can write QD + vVNW] = Q[D] + A + B with A =
2V N(QD,W) and B = NQ[W]}. Taylor’s expansions of the exponent in (5.25) in

powers of i7 B and i7 A with remainders O(7 B) and O(72 A?) respectively imply (recall
that EW = 0 and Q? = I,;)

\fl(r) <L x|T|NE|W|?+ »m>NE |W|?*E || D|?, (5.26)

where s = 3(7; N, L£(X?*)). The estimation of the remainders of these expansions is
based on the splitting and conditioning techniques described in Section 9 of BG (1997a),

(5.25)
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see also Bentkus, Gotze and Zaitsev (1997). Using the relations o = 1, E||[W|]* <
E|CY2W|? <4 T and E || D||> < N(1 + ||a||?), we derive from (5.26) that

| f1(7)| < sI1|7| N (1 + 7| N)) (1 + [|a]). (5.27)
Note that EZY, = NEX®* = —NEX,. Expanding the exponent e{T(@[D + EZ]'V]},
using (5.15) and proceeding similarly to the proof of (5.27), we obtain
| fo(T) | <a 2IT|7| N (1 + |lal]). (5.28)
Inequalities (5.24), (5.27) and (5.28) imply now (5.23).
0]

It remains to estimate ‘\Ifg — ¢, — O, ‘ Recall that the distribution functions ¥,”(z),
for 0 <1 < N, are defined in (4.5).
Fix an integer k, 1 < k < N. Clearly, we have

sup | W} (z) — Pp(z) — O)(2) | < 1+ L + I3, (5.29)
TE
where
I = sup |09 (x) — ®y(x) — (N — k) O}(x) /N, (5.30)
e
I, = sup |0y (z) — U () ], (5.31)
Te
and
Iy =sup kN~ |O(z)|. (5.32)
zeR

Let estimate I;. Define the distributions

N
p(A) =P{U,+ Y X eVNA}, no(A) =P{Uy e VNA} =P{G € A},
j=k+1
(5.33)
where U; = G + - - - + G;. Introduce the measure x’ replacing X by X’ in (2.15). For the
Borel sets A C R? define the Edgeworth correction (to the distribution u) as

pi (4) = (N = F) N2 (4)/6. (5.34)
Introduce the signed measure
v=p—po— i, (5.35)

It is easy to see that a re-normalization of random vectors implies (see relations (2.14),
(2.17)- (2.19), (4.5) and (5.33)—(5.35))

|0 (z) — ®y(x) — (N — k) Oy(x)/N| = v({ueR?:Qu—a] <z/N})

< on ¥ sup |v(A) ’ (5.36)
ACR?
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Lemma 5.1. Assume that d < oo and 1 < k < N. Then there ezists a c(d) depending
on d only and such that 6y defined in (5.36) satisfies the inequality

3 Nd/2 _
I € e+ e o] —eld) k/F) (5.37)

with § = E||C™Y/2X"||*.

An outline of the proof. We repeat and slightly improve the proof of Lemma 9.4 in
BG (1997a) (cf. the proof of Lemma 2.5 in BG (1996)). We shall prove (5.37) assuming
that cov X = cov X’ = cov G = I, Applying it to C™/2 X" and C~'/2@, we obtain (5.37)
in general case.

While proving (5.37) we assume that 3/N < cq and N > 1/c; with a sufficiently small
positive constant c¢g. Otherwise (5.37) follows from the obvious bounds 3 > o* = d? and

Sy <<d1+(B/N)1/2/ |2|*p(x) dz <4 1+ (B/N)V2.
R4

Set n = N — k. Denoting by Z} and U} sums of j independent copies of X" and G’
respectively, introduce the multidimensional characteristic functions

g(t) =E e{(N?t,G) }, h(t) =E e{ (N2, X"} }, (5.38)
ft) =E e{(NV2t,Z/)} = h"(t), E { (N2, U} = g"(t), (5.39)
Fu) = nm(t) fot), where m(t) = 6T13/2 E (it, X')?, (5.40)
o(t) = (f(t) = fo(t) = 1(1) g(pt), p* = k. (5.41)
It is easy to see that

P(t) = /]R e{{t,2)} w(d). (5.42)

Using the truncation, we obtain
E|Z/VN|' <41, ~7>0, 1<I<N. (5.43)

By an extension of the proof of Lemma 11.6 in Bhattacharya and Rao (1986), see also
the proof of Lemma 2.5 in BG (1996), we obtain

Sn <q max / |0°5(t) | dt. (5.44)
teRd

la|<2d

Here |a| = |a1| + -+ + |ag|, & = (a1, ..., a4), a5 € Z, a; > 0. In order to derive (5.37)
from (5.44), it suffices to prove that, for |o| < 2d,

|0°D(t)| <a gleipt), (5.45)
0°0(t)| <a BN (L4 el°) exp{—ca [lt]?}. for e]> < cal(d)N/B.  (5.46)
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Indeed, using (5.45) and denoting T' = 1/ c3(d) N/3, we obtain
d/2

=~ cip’T? 2 (142
/‘8ay(t)‘dt<<d /g(clpt)dt<<d P exp{— oN }/exp{—clHtH /8}dt,

t=7 le=T R4

(5.47)
and it is easy to see that the right hand side of (5.47) is bounded from above by the
second summand in the right hand side of (5.37). Similarly, using (5.46), we can integrate
|0°D(t) | over ||| < T, and the integral is bounded from above by cq3/N.

In the proof of (5.45)—(5.47) we applied standard methods of estimation which are
provided in Bhattacharya and Rao (1986). In particular, we used a Bergstrom type
identity

n—1 n—1 j—1
f=fo—fi=> (h—g-m)Wg" "+ " mY (h—g)hl g, (5.48)
j=0 7=0 =0

relations (5.38)~(5.43), 1 < k < N, | 0% exp{—cu [[t]2}| < exp{—cs [[t]2}, VN /B> >4 1

and y“exp{—y} <4 1, for y > 0. O
Applying (5.30), (5.36) and Lemma 5.1, we get
B Nd/2 _
[1 <<d F + W exp{ —C(d) k/ﬁ} (549)

For the estimation of I, we shall use Lemma 5.2 which is an easy consequence of BG
(1997a, Lemma 9.3), (4.13) and (5.16).

Lemma 5.2. We have
Wy (t) = U ()| < set®L (B+ [t NF+[t|N\/NB)(A+ ||a]]®), for 0<I<N,
where s = »x(t; N, L(X*), L(G)) (¢f. (4.12)).

As in the proof of (5.22), applying Lemma 4.1 (choosing m =<4 N (A + II)/p) and
using (4.2), we obtain

ba () (@er€) 2 [ (B - 80 dt/ld, r =tk

t|<t1

The existence of such an m is ensured by (4.2), (5.1) and (5.8), Applying Lemma 5.2 and
replacing in that Lemma ¢ by 7, we have

Uy (7) — U ()| < 3em2k (B + 7| N B+ 7| N/ NB) (1 + [|a]]?). (5.50)
Integrating with the help of Lemma 4.2 and using (4.2), we obtain

I <4 (det C) 2 (M+ A+ kN2(B+ \/N>B)(1 + (I +A)Y (1 + [la]®)).  (5.51)
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Let us choose k =4 N1/453/4. Such k < N exists by 3 >4 0% = 1, by (5.16) and by
assumption (5.8). Then (5.49) and (5.51) turn into

W o+ () e (3) " < & (5:52)
and
I, <4 (det ©) V2 (TT+ A + ((fv)w 4 (f[)m) (1+ (T +A) Y4 (1 + [al)). (5.53)
Using (4.2), (5.8), (5.16) and (5.53), we get
I <q (det C)72 (T + A + ]ﬂv(1+ lal?)). (5.54)
Finally, by (5.8), (5.16), (5.19) and (5.32),
I3 <4 % (A2 + N7IPT3?) < A+ 11 (5.55)

Inequalities (5.8), (5.12), (5.16), (5.18), (5.20), (5.29), (5.52), (5.54) and (5.55) imply
now (5.7) (and, hence, (2.25)) by an application of IT + A < 1. Note that, by (2.6), we
have IT < II§. Together with (5.2) and (5.4), inequality (5.7) yields (2.24). The statement
of Theorem 2.3 is proved. [J

6. FrROM PROBABILITY TO NUMBER THEORY

In Section 6 we shall reduce the estimation of the integrals of the modulus of charac-

teristic functions ‘:I\/b(t) to the estimation the integrals of some theta-series. We shall use
the following lemmas.

Lemma 6.1. (BG (1997a, Lemma 5.1)) Let L,C € R? and let Q : R? — R be a
symmetric linear operator. Let Z, U,V and W denote independent random vectors taking
values in RY. Denote by

P(z) = (Quz,x) + (L,x) + C, r eRY,

a real-valued polynomial of second order. Then
2 o~ ~ ~
2|Ee{tP(Z+U+V+W)}| <Ee{20(QZ,0)} +Ee{2t(QZ,7)}.

Let £1,e9,... denote i.i.d. symmetric Rademacher random variables. Let 6 > 0,
S ={e1,...,es} CR%and let D: R — R? be a linear operator. Usually, we shall take
D = C~'/2. We shall write £(Y) € T'(6;D,S) if a discrete random vector Y is distributed
as €121 + -+ + €525, with some (non-random) z; € R? such that ||Dz; — ¢;|| < 6, for all
1 <j <s. Recall that S, = {e1,...,es} C R? denotes an orthonormal system.
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Lemma 6.2. Assume that Q* = Iy and that the condition N (p,d, S, ]D)?) holds with some
0<p<1and§>0. Writem = [pN/(5s)|. Then, for any 0 < A < B, b € R? and
v > 0, we have

~ dt B

J180] 55 <1+ e 037 10g 5 (6.1

A

with

_amwg/d ”4H| w)wﬁzﬁ@y+m} (6.2)

beR
where Y = Uy + --- + U, denote a sum of independent (non-i.i.d.) vectors, and sup is

r

taken over all {E(Uj) 1< < m} cI'(5;D,S).

Lemma 6.2 is an analogue of Corollary 6.3 from BG (1997a). Its proof is even simpler
than that in BG (1997a). Therefore it is omitted.

Lemma 6.3. Assume that Q% = I, and that the condition N (p, 5,8, DX) holds with some
0<p<1andd>0. Let

n < [pN/(16s)] > 1. (6.3)
Then, for any 0 < A< B, b€ R? and v > 0,
B B
U dt — B W W dat
A/\wbwm < c(s) (pN) 7 log 2 +sm;pA/¢E o{t@W,W)/2} 7. (64)
and for any fived t € R,
80| < e,(5) (pN) 7+ sup [ {1 (QIF, 1772}, (6.5)

where W =Vi+---+V, and W' =V/ 4+ --- + V! are independent sums of independent
copies of random vectors V. and V' respectively, and the supremum supr is taken over all
LV),LV") eI (5D,S).

Note that this lemma will be proved for general S, but in this paper we need S = S,
only. Moreover, a more careful estimation of binomial probabilities could allow us to
replace ¢, (s) (pN)™ in (6.1), (6.4) and (6.5) by c(s) exp{ —cpN } (see e.g. Nagaev and
Chebotarev (2005)). However, we do not need to use this improvement.

Proof of Lemma 6.3. Inequality (6.5) is an analogue of the statement of Lemma 7.3
from BG (1997a). Its proof is even simpler than that in BG (1997a). Therefore it is
omitted.
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Let us show that
B

Fe e . B — 1 dt
A/ [04(0)| T < e5(9) GN) 7 log -+ sup / VEe{t@W.i)/2} 7o (66)

where W =Vi+---4+V, and W' = V/+4-.-+ V! are independent sums of of independent
(non-i.i.d.) vectors, and sup is taken over all {L(V;),L(V]): 1 <j <n} CT(§D,S).
r

Comparing (6.4) and (6.6), we see that inequality (6.6) is related to sums of non-i.i.d.
vectors {V;} and {V/} while inequality (6.4) deals with i.i.d. vectors. Nevertheless, we
shall derive (6.4) from (6.6).

While proving (6.6) we can assume that pN > ¢, with a sufficiently large constant c;,
since otherwise (6.6) is obviously valid.

Let ¢(t) be defined in (6.2), where Y = U; + --- + U,,, denote a sum of independent
(non-ii.d.) vectors with { L(U;): 1 <j<m} CT(6;D,S), m=[pN/(5s)].

We shall apply the symmetrization Lemma 6.1. Split Y = T + T} + T5 into sums
of independent sums of independent summands so that each of the sums 7', T} and T3
contains n = [pN/(16s)] independent summands U;. Such an n exists since pN > ¢,
with a sufficiently large ¢,. Lemma 6.1 implies that

20(t) <E {2t (QT,T)} + E {2t (QT,Tp) }. (6.7)

Inequality (6.6) follows now from (6.7) and Lemma 6.2.

Let now W = Vi +---+V, and W' = V] + ... + V! be independent sums of of
independent (non-iid.) vectors with {L(V;),L(V]): 1 <j <n} C T(5;D,S). Using
that all random vectors ‘7; are symmetrized and have non-negative characteristic functions
and applying Holder’s inequality, we obtain, for each t,

Ee{t(QW, W)} = EW,<ﬁE‘~/je{t<@17j,ﬁ//’>}) (6.8)
< (HEW,(E%e{t(@%,ﬁ’)})")l/n (6.9)
= (I[Bw @B ef@Tw)) " (6.10)
n ~ 1/n
_ ( Ee{t<@zy,w'>}) , (6.11)

where TJ o Yoy ‘N/ﬂ denotes a sum of i.i.d. copies I~/jl of V] which are independent of all
other random vectors and variables. o
Repeating the steps (6.8)—(6.11) for each factor E e{ ¢ (QT};, W’)} instead of the expec-

tation E e{¢(Q W, W)} on the right hand side separately, we get (with T o Yoy V0,
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where V}, are i.i.d. copies of V/ independent of all other random vectors)

Eoft@W.17) < ([[I[B et @ 7)) " 6.12)

j=1k=1

Thus, using (6.12) and the arithmetic-geometric mean inequality, we have

A/\/Ee{ﬂQW,WWQ}'CZ < / ﬁﬁEe{t Q7,7 /2}> /2n2|it|

7=1k=1

3

IN

B

1 & -~ ~ /2 dt

ey /(E e{t(QTj,T,;)/2}> Tl
j=1 k:lA

B

< sup/\/E e{t(QT,T7)/2) |dtt (6.13)

r

ES

where T'=U; +---+ U, and T" = U] + - -- + U], are independent sums of independent
copies of random vectors U and U’ respectively, and the supremum supy is taken over all
LU),LU") € T'(5;D,S). Inequalities (6.6) and (6.13) imply now the statement of the
lemma. [

The following Lemma 6.4 provides a Poisson summation formula.

Lemma 6.4. Let Rez > 0, a,b € R and S : R® — R® be a positive definite symmetric
non-degenerate linear operator. Then

Z exp{—2S[m + a] + 2mi (m,b)}

= (det(S/m)) "z exp{—2mi (a,0)} Y exp{— ”js—l[z +b] - 27i (a, z>},

where S~ : R® — R* denotes the inverse positive definite operator for S.

Proof. See, for example, Fricker (1982), p. 116, or Mumford (1983), p. 189, for-
mula (5.1); and p. 197, formula (5.9). O

Let the conditions of Lemma 6.3 be satisfied. Introduce one-dimensional lattice prob-
ability distributions H,, = £(¢,,) with integer valued &, setting
P{fn =k} = A, nY? exp {-Kk*/2n}, for k€ Z.
It is easy to see that A, < 1. Moreover, by Lemma 6.4,
H,(t) >0, forallteR. (6.14)



EXPLICIT RATES OF APPROXIMATION IN THE CLT 29

Introduce the s-dimensional random vector (, having as coordinates independent copies
of &,. Then, for m = (my,...,ms) € Z°, we have

q(m) & P{¢(, =m}=A n~%? exp {~lIm|?*/2n} . (6.15)

Lemma 6.5. Let W = Vi +---+V, and W =V +---+ V. denote independent sums of
independent copies of random vectors V' and V' such that

V=e121+ -+ ¢es2,, V=121 + -+ €220,
with some z;, 25 € R Introduce the matriz By = {b;(t) : 1 < i,j < s} with by(t) =
t(Qz;, 2). Then
E e{t (QW,W’)/ZL} <s Ee{(Bi(,, () } +exp{—cn}, for all t € R,
where () are independent copies of ¢, and ¢ is an absolute constant.

Proof. Without loss of generality, we shall assume that n > ¢;, with a sufficiently large
absolute constant ¢;. Consider the random vector Y = (&1, ...,&5) € R® with coordinates
which are symmetrizations of i.i.d. Rademacher random variables. Let R = (Ry,..., Ry)
and T denote independent sums of n independent copies of Y/2. Then we can write

E e{t(QW,W')/4} = E {(B,R,T)}, for all t € R, (6.16)

Note that the scalar product (-, -) in E e{ (B, R, T) } means the scalar product of vectors
in R®. In order to estimate this expectation, we write it in the form

Ee{(B,RT)} = EEge{(B,RT)}
= 2 pm) Y p(m)ef Bem,m) }, (6.17)

with summing over m = (my, ..., my) € Z°, m = (My, ..., ms) € Z* and
m)=P{R=m)=T[P{R, =m;} = 22”< 2n ) 6.18
p(m) { } ]1_[1 { J J} jl_[l mj +n ( )

if max |m;| < n and p(m) = 0 otherwise. Clearly, for fixed T = m,
<j<s

Ep e{(B.R,T)} = > p(m)e{(Bym,m)} >0 (6.19)

is a value of the characteristic function of symmetrized random vector B; R. Using Stir-
ling’s formula, it is easy to show that there exist absolute constants ¢y and c¢3 such that

P{R;=m;} <n ' exp{-m}/2n}, for my| < com, (6.20)

and
P{|R;| > con} < exp{—c3n}. (6.21)
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Using (6.17)—(6.21), we obtain
Ec{(BRT)} <. > qm) ) p(m)e{(Bym,m)}+exp{—csn}

mezs mezZs
= Y pm) Y q(m)e{(B,m,m)} +exp{—csn}
mezs mezs
= EE, e{ (B R, () } + exp{—csn}
= Ee{(B.R ()} +exp{—csn}. (6.22)
Now we repeat our previous arguments, noting that
E¢ o{(B:R,G)} = ) qm)e{(BRm)} >0 (6.23)
mezs

is a value of the non-negative characteristic function of the random vector ¢, (see (6.14)).
Using again (6.20) and (6.21), we obtain

E e{(B/R, ()} <s Ee{(B,(,, ()} + exp{—csn}. (6.24)
Relations (6.16), (6.22) and (6.24) imply the statement of the lemma. [OJ

Let us estimate the expectation E e{ (B¢, C;}} under the conditions of Lemmas 6.3
and 6.5, assuming that s = d, D = C™%/2, § < 1/(5s), n > ¢4, where ¢4 is a sufficiently
large absolute constant, and

|C™122; — ;]| <, IC122, — ¢l < 6, for 1<j<s, (6.25)

with an orthonormal system & = S, = {61,62, . ,es} involved in the conditions of
Lemma 6.3. We can rewrite E e{ (B,(,,(}) } as

Ee{(BG.C)} =Y qm) Y qlm)e{(Bm,m)}.
mezs mezZs

Thus, by (6.15),

E e{(Bi(. ()} = A2 n~® Z Z exp{i (B,;m, m) — [|m||*/2n — |m|*/2n }.

MELS meLS
Denote
r=vV2nin. (6.26)

Applying Lemma 6.4 with S = 1, 2 = 1/2n, a = 0, b = (27)"'B;m and using
that A, < 1, we obtain

Ec{(Bi( )} <o n? > exp{=2nn|ll+ (27) ' B;ml|* — |m]*/2n}

l,;meZs

< 7t Y exp{—r?|lm —tVm|® — |m]*/r*}, (6.27)

m,meZs
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where V : R®* — R? is the operator with matrix
V= (27)'B;. (6.28)

Note that the right-hand side of (6.27) may be considered as a theta-series.
Denote y, = CY22,, 1 < k < 5. Let Y be the (s x s)-matrix with entries (e}, yx),
where index j is the number of the row, while k is the number of the column. Then the

matrix F % Y*Y has entries (yj, yr). Here Y* is the transposed matrix for Y. According
to (6.25), we have

lly; —ejll <9, for 1 <j<s, (6.29)
Let us show that (cf. BG (1997a, proof of Lemma 7.4))
|Y|| <3/2 and |Y7!| <2 (6.30)

Since S, = {el, €2y, es} is an orthonormal system, inequalities (6.29) imply that Y =
I, + A with some matrix A = {a;;} such that |a;;| < J. Thus, we have ||A] < ||A|2 < s6,
where ||A||2 denotes the Hilbert—Schmidt norm of the matrix A. Therefore, the condition
d <1/(5s) implies ||A|| < 1/2 and inequalities (6.30).

The matrix F is symmetric and positive definite. Its determinant is the product of
eigenvalues which (by (6.30)) are bounded from above and from below by some absolute
positive constants. Moreover,

(det Y)* = (det Y*)* = det F =<, 1 =< ||F|| = ||Y]|. (6.31)

Define the matrices Y and F, replacing zj by zj in the definition of Y and F. Similarly
to (6.31), one can show that

(det Y)* = (det Y*)* = det F =, 1 =< |[F|| = ||Y]. (6.32)

Let G and G be the (s x s)-matrices with entries (e;, Qz) and (e;, 2}, ) respectively. Then,
clearly, G = QCY?Y and G = C'/2Y. Therefore,

B, = G*G = Y*C/2QCY?Y. (6.33)

Moreover, Q? = I implies that |det Q| =1 and [|Q|| = 1. Using relations (6.28) and
(6.31)—(6.33), we obtain
|det V| =, |det By | <, det C, (6.34)
and

V]| < ||B1]| < ||C|| < of. (6.35)



32 F. GOTZE AND A.YU. ZAITSEV

7. SOME FACTS FROM NUMBER THEORY

In Section 7, we consider some facts of the geometry of numbers (see Davenport (1958)
or Cassels (1959)). They will help us to estimate the integrals of the right-hand side of
inequality (6.27).

Let ey, e, ..., eq be linearly independent vectors in R?. The set
d
A:{anej:njez,j:1,2,...,d} (7.1)
j=1
is called the lattice with basis ey, ey, ..., e4. The determinant det(A) of a lattice A is the
modulus of the determinant of the matrix formed from the vectors ey, es, ..., e4:
det(A) &of | det(er, €2, ..., €q)|. (7.2)

The determinant of a lattice does not depend on the choice of basis. Any lattice A C R?
can be represented as A = AZ? where A is a non-degenerate linear operator. Clearly,
det(A) = |det A|.

Let mq,...,m; € A be linearly independent vectors belonging to a lattice A. Then the
set

l

j=1

is an [-dimensional sublattice of the lattice A. Its determinant det(A’) is the modulus of

the determinant of the matrix formed from the coordinates of the vectors mq, maq, ..., my

with respect to an orthonormal basis of the linear span of the vectors my, mo, ..., m;. The
1/2

determinant det(A’) could be also defined as det((mi7 m;), i, =1,... ,l)

Let F' : R? — [0,00] denote a norm on R% that is F(az) = |a| F(z), for a € R,
and F(z +vy) < F(z) + F(y). The successive minima M; < --- < My of F with respect
to a lattice A are defined as follows: Let M; = inf{F(m) : m # 0, m € A} and
define M; as the infimum of A > 0 such that the set {m € A : F(m) < A} contains
j linearly independent vectors. It is easy to see that these infima are attained, that is
there exist linearly independent vectors by, ..., by € A such that F(b;) = M;, j=1,...,d.

The following Lemma 7.1 is proved by Davenport (1958, Lemma 1), see also Gotze and
Margulis (2010).

Lemma 7.1. Let My < --- < My be the successive minima of a norm F with respect to
the lattice Z¢. Denote My, = oo. Suppose that 1 < j < d and M; <b< M, for
some b > 0. Then

#{m=(my,....mg) €Z*: F(m) <b} <4V (M - My---M;)"". (7.4)

Representing A = A Z¢, we see that the lattice Z¢ may be replaced in Lemma 7.1 by
any lattice A C R%. Tt suffices to apply this lemma to the norm G(m) = F(Am), m € Z%.
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Lemma 7.2. Let Fj(m), j = 1,2, be some norms in R* and M; < --- < M, and

Ny < -+ < Ny be the successive minima of Fy with respect to a lattice Ay and of Fy
with respect to a lattice Ay respectively. Let C > 0. Assume that My >4 C Fy(ny),
k=1,2,...,d, for some linearly independent vectors ni,ns,...,ng € Ay. Then

M, >, CNy, k=1,....d. (7.5)

The proof of this lemma is elementary and therefore omitted.
Let ||2]|oo = maxi<j<q|z;|, for x = (21,...,24) € R

Lemma 7.3. Let A be a lattice in R* and let 0 < € < 1. Then

e H#H <Y exp{—c|v|]’} <a e V*#H, (7.6)

vEA

where Hd:ef{veA ol < 1}

Proof. The lower bound in (7.6) is almost evident by restricting summation to the set H.
Introduce for p = (uy,...,uq) € Z* the sets

def 1 1 1 1
B, = [M1_57M1+ 5>><"'>< [/ﬁd—§7ud+ 5)

such that RY = U, By For any fixed w* € H, oof {weANB,} we have
w—w" € H, for any w € H,,.
Hence we conclude for any p € Z4
#H, < #H. (7.7)

Since z € B, implies |||« > ||#t]/sc/2, we obtain by (7.7)

doep{—elv)’} < > exp{-clvli}

vEA vEA

<a #Ho+ > Y HveB,}exp{—c|ul/4}

HEZA\O  vEA

<a #H - exp{—c|p|%/4}

pEE

<q e P4H. (7.8)
This conclude the proof of Lemma 7.3. U

It is easy to see that Lemma 7.3 implies the following statement.
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Corollary 7.4. Let A be a lattice in R? and let ¢;(d), j =1,2,3,4, be positive quantities

depending on d only. Let F(-) be a norm in R? such that F(-) <4 ||-||. Then
Yoexp{—ald o]’} =a Y exp{—cs(d) (F(v))*}
vEA vEA
=g #{veA: v <c(d)}
=g #{veA: F(v) <cl(d)}. (7.9)
The proof of Corollary 7.4 is elementary and therefore omitted. Note only that
#{veA: Flo)<A}=#{vep"A: Flv)<A/u}, forA pu>0. (7.10)
For a lattice A C R?, dim A = d and 1 <[ < d, we define its oy-characteristics by
a(A) & sup{ !det(/\’)|_1 : A" C A, I-dimensional sublattice of A}. (7.11)
Denote
def
alA) = {glaé)ilal(A). (7.12)
Lemma 7.5. Let F(-) be a norm in R such that F(-) =<4 ||-||. Let c(d) be a positive

quantity depending on d only. Let My < --- < My be the successive minima of F with
respect to a lattice A C R?. Then

a(A) =g (My - My---M)™, 1=1,...,d (7.13)
Moreover,
a(A) =4 {veA v <cd)}, (7.14)
provided that My <4 1.

For the proof of Lemma 7.5 we shall use the following lemma formulated in Proposition
(p. 517) and Remark (p. 518) in A.K. Lenstra, H-W. Lenstra and Lovasz (1982).

Lemma 7.6. Let My < --- < My be the successive minima of the standard Fuclidean
norm with respect to a lattice A C R. Then there exists a basis ey, es,...,eq of A such
that
Ml =4 ||61||, lzl,,d (715)
Moreover,
d
det(A) <4 [ Jlledll- (7.16)
1=1

Proof of Lemma 7.5. According to Lemma 7.2, we can replace the Euclidean norm || ||
by the norm F(-), in the formulation of Lemma 7.6. Let A’ C A be an arbitrary
[-dimensional sublattice of A and N; < ... < N; be the successive minima of the
norm F'(-) with respect to A’. It is clear that M; < N;, j = 1,2,...,l. On the other
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hand, M; = F(m;) for some linearly independent vectors mj,mo,...,m; € A. In the
case, where

I
A,:{anmj:njeZ,j:]-;Q)"')l}? (7.17)
=1

we have N; = M;, j =1,2,...,1. In order to justify relation (7.13) it remains to take into
account definition (7.11) and to apply Lemma 7.6. Relation (7.14) is an easy consequence
of (7.13), Lemma 7.1 and Corollary 7.4. [

8. FroM NUMBER THEORY TO PROBABILITY

In Section 8, we shall use these number-theoretical results of Section 7 to estimate
integrals of the right-hand side of (6.27). Recall that we have assumed the conditions of
Lemmas 6.3 and 6.5, s =d, D = C™Y/2,§ < 1/(5s), n > ¢, and (6.25), for an orthonormal
system § = S,. The notation SL(d,R) is used below for the set of all (d x d)-matrices
with real entries and determinant 1.

Introduce the matrices

det [ Iy Oy
D, = ( 0. 'L ) € SL(2s,R), r >0, (8.1)
&g<£ ?L) teR, (8.2)
Uﬂﬁ(& ?})eSM%R)tER, (8.3)
and the lattices
def ]Is @s 2s
we(h 0)z »
g, =V s .
AfmﬂﬂA:(mjAQ)W,j:Lz”, (8.5)
where
Vo = al_QV (8.6)

and the matrix V is defined in (6.28). Below we shall use the following simplest properties
of these matrices:

]Da]Db = Daln Uan = Ua—f—b and ]D)an = Ua2b ]D)a, for a, b> 0. (87)

Let M;,, 7 =1,2,...,2s, be the successive minima of the norm || ||, with respect to

the lattice
— def [ Iy —rtV s
q:<@ WH)%' (8.8)
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Moreover, simultaneously, M;,; are the successive minima of the norm F*(-) defined for

(m,m) € R**, m,m € R®, by

* __\ def S
F*((m,m)) = max{||mllec, o7 [V'77o0 } (8.9)
with respect to the lattice
def ((TIg -1tV 2 def o
0, = ( 0, o721V ) 7= =D,U, A, whereu = ojt. (8.10)
Using Lemmas 7.2 and 7.6 and the equality det(=Z;) = 1, it is easy to show that
M, <, 1. (8.11)

Let M}, be the successive minima of the Euclidean norm with respect to the lattice €;.
Note that, according to (6.35) and (8.9),

11} <5 F7(). (8.12)
Using (8.12) and Lemma 7.2, we obtain
M, <y My, j=1,...,2s. (8.13)
According to Lemma 7.5,
a(E) <5 a(f). (8.14)
Let us estimate (£2;) assuming that > 1 and (for a moment) ¢t = o, 27!, In this
case
_ 7,']Is _VO 2s
Q= < A )Z . (8.15)
By relation (7.14) of Lemma 7.5, we have
a(Q) =<, #{veQ : |Jv]| <1/2} = #K, (8.16)
where

K={v=(mm)eZ” :mmeZ, |rm—-Vom|*+ |r'Vom|*<1/4}. (8.17)
Let us estimate from above the right-hand side of (8.16). If v = (m,m) € K, then

rllmll < llrm — Voml| + [Vomt| < 5 + & < (.18)

Hence m = 0 and ||Vym|| < 1/2. It remains to estimate the quantity
REY#{mez : |Vom| <1} > #K. (8.19)
Let Ny < --- < N, be the successive minima of the Euclidean norm with respect to

the lattice VoZ°. Let eq,ea,...,es be the standard orthonormal basis of Z°. By (6.35)
and (8.6), we have ||[Vpe;|| <1, 5 =1,2,...,s. Therefore, using Lemma 7.2, we see that
Ny <--- <N, <1. By (6.34), (8.6), (8.19) and by Lemmas 7.1, 7.2 and 7.6,

R =, (Ny - Ny--- Ny =, (det Vo) ™' <, 02 (det C) . (8.20)
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Hence, using (8.16), (8.19) and (8.20) we conclude that
() <5 02 (detC)™, for r>1 and t=o0,2r " (8.21)
Let now ¢t € R be arbitrary. By (8.8), (8.11), (8.14), Lemmas 7.1, 7.5 and Corollary 7.4,

Y exp{—r|lm—tvm|? — |ml*/r*} =) exp{ o[}

m,mELs vEE;
< RE#{ves : v <1}
s aE) L5 afy). (8.22)
Now, by (6.27), (8.10) and (8.22), we have
E e{(B:(, () } <5 r () =r*a(D,U,A), where u = o7 t. (8.23)

Let us estimate the quantity Ry, ¢ € R, defined in (8.22) assuming that » > 1 and
Irt] < ¢ oy %, where ¢t > 1is an arbitrary quantity depending on s only. By Corollary 7.4,
we have

Ry = # Ko, (8.24)

where

Ko {v= (m,m) € Z* :m,m € Z°, ||rm —rtVm|* + [|r~'m|* < (2¢})7*}. (8.25)

If v=(m,m) € Ko, » > 1 and |rt| < ¢ 02, then, by (6.35) and (8.25),

rllmll < lirm — et Ve + et [VA] < 4 + 5 <7 (8.26)

Hence m = 0 and |rt|||[Vm]|| < (2¢f)~ < 1. Tt remains to estimate the quantity
SEulmez . |rt]|Vm| <1} > #K,. (8.27)
Let P, < --- < P, be the successive minima of the Euclidean norm with respect to the

lattice |rt| VZ®. Let ey, ea,...,es be the standard orthonormal basis of Z°. By (6.35),
we have |||rt| Ve;|| <5 1, j = 1,2,...,s. Therefore, using Lemma 7.2, we see that
P <... <P, <1 By (6.34), (8.27) and Lemmas 7.1 and 7.6,

S =, (P - Py Pt =, (det(|rt| V)t <, |rt| ™ (detC) 1. (8.28)
Hence, using (8.24), (8.27) and (8.28), we conclude that
Ry <, |rt]™® (detC)™t, for r>1 and |rt|] <clo” (8.29)

Now, by (6.27), (8.22) and (8.29), we have
E e{(Bi(0. ()} < 7° R
<L 277 (detC)7Y, forr > 1and |rt| <cfop? (8.30)
It is easy to verify that

2,1
1

oy °rT — dt
/ V7 (et ©)71 5 < o (det €)1 (8.31)
csoy 2rm2+4/s
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for any ¢, depending on s only. Note that of (det C)~/2 > 1. Using (8.23), (8.31) and
Lemmas 6.3 and 6.5, we derive the following lemma.

Lemma 8.1. Let the conditions of Lemma 6.3 be satisfied with s = d, D = C~/2,
§ < 1/(5s) and with an orthonormal system S = S, = {e1,...,es} C Re. Let ¢, be an
arbitrary quantity depending on s only. Then, for any b € R? and r > 1,

0';2 N 1
/ u(t/2)| § <0 (pN) o (et ) sup [ (DU, )

o244/ P S
(8.32)
where r, o(-), D, U; and the lattice A are defined in relations (6.3), (6.26), (6.28), (7.11),
(7.12), (8.1), (8.3) and (8.4) and in Lemma 6.5. The supp means here the supremum over
all possible values of zj, z; € R? (involved in the definition of matrices B; and V) such
that

S

”Cfl/ZZj —ej] <, HC71/223 —¢j| <6, for 1 <j<s. (8.33)

Moreover, for any b € R, r > 1 and v > 0 and any fived t € R satisfying |rt| < ¢t o, 2,
where c; > 1 is an arbitrary quantity depending on s only, we have

|0y (1) | <s (PN)™7 4775 [t (det ©) 12, (8.34)
Let v = (m,m) € R*, m,m € R® and t € R. Then
m+tm=(1+t)m+t(m—tm). (8.35)
Equality (8.35) implies that
|m +tm| <5 [|[m|| + ||m —tm]|, for |t] < 1. (8.36)

Hence,
rlm —tm| +r w4 tm|| < v llm —tm|| + 7 m||,  forr > 1, [t < 1. (8.37)
According to (8.1)—(8.3), we have
D, Uy = (r(m —tm), r'm) and DK, = (r(m —tm), r (M +tm)). (8.38)

It is clear that the operators D, U, and D,K; are invertible. Therefore, using (8.37)
and (8.38) and applying Lemmas 7.2 and 7.5, we derive the inequality

a(D, U Q) <5 a(D, K, ), forr>1, |t| <51, (8.39)

which is valid for any lattice Q C RS,
Let T be the permutation (2s x 2s)-matrix which permutes the rows of a (2s x 2s)-
matrix A so that the new order (corresponding to the matrix TA) is:
1,8,2,s4+1,...,s—1,2s.

Note that the operator T is isometric and A — A T~! rearrange the columns of A in the
order mentioned above. It is easy to see that

a;j(TQ) =a;(Q), j=1,...2s, and «o(TQ)=a(Q), (8.40)
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for any lattice Q C R?5.
Note now that

TD, K, A; = TD, KT TA; = W,A;,

where A; is a lattice defined by
A

J

= TA,

and where W, is (2s X 2s)-matrix ]
Gy Oy : O
W, = Oy Gr,t : Oy
Oy Oy : Gy

constructed of (2 x 2)-matrices Oy (with zero entries) and

def T —rt
Gr,t = ( ,r.—lt 7,.—1 ) .

0= arcsin(t (1+ t2)’1/2) or, equivalently, ¢ = tan.

Let |t| < 2 and

Then we have

6] < ¢ Laresin(2/v5), cosf = (1+13)"2 sinf=t(1+ )2

It is easy to see that

Gr,t = (1 + t2)1/2 ﬁr KO

and
W, = (1+t3)Y2D, Ky,
where - —
D, 92 O Ky 92 O
o= T T T e Re=|
@2 @2 . ET @2 @2 . K@

are (2s X 2s)-matrices with
= def (7 0 — def [ cosf) —sinf
D, = ( 0 -1 ) and Ky = ( sinf  cosf ) € SL(2,R).
Substituting (8.48) into equality (8.41), we obtain
DK, A; = (142D, Ky A

39

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)

(8.47)

(8.48)

(8.49)

(8.50)

(8.51)

Below we shall also use the following crucial lemma of Gétze and Margulis (2010).
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Lemma 8.2. Let ]Kg and

E (22 : @2
e I (8:52)
@2 @2 . E

be (2d x 2d)-matrices such that H € G = SL(2,R) and K, is defined in (8.49) and (8.50).
Let (B is a positive number such that Bd > 2. Then, for any H € G and any lattice
A C R*,

2T
/ ((HK, A))ﬁde <54 (a(A))" || || P2, (8.53)
0
Here ||H|| is the standard norm of the linear operator H : R? — R2.

Consider, under the conditions of Lemma 8.1,

o [0 - dt o -~ dt
I d:f/ 0| 2 :/ [Bu(t/2)] (8.54)
Cs 01727“*2*4/3/2 Cs 01727“*2*4/3
By Lemma 8.1, we have
Iy < (pN) L of (det ©) V2 4 r=/2 sup J, (8.55)
r
where
! 1/2 dt
J:/ (a(D, U, A)) " = < ZIJ, (8.56)
with
def G-n7" 12 dt . def
I _/ (@, U, A) " % =23 S (8.57)
jfl

Changing variable t = vj~% and v = w + j in I; and using the properties of matrices
D, and U, we have

32 G-17"
1/2 dv
L = / (DU, A)) "~ —~
J

2

1/2 dv

< / (O‘(]DTIUUJ'*2 A)) / v
J

2
. A ‘ 1/2 dw
= /0 (a(]D)TUwaUrl A)) vt (8.58)
By (8.7),
D, Uyj—2 =D,;-1D;Uyj—2 = D,;-1 U, D;. (8.59)

According to (8.58) and (8.59),

I < / (DU, A)) " dt, (8.60)
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where the lattices A; are defined in (8.5) (see also (8.1), (8.3) and (8.4)). Using (8.5),
(8.15) and (8.21), we see that
a(A;) <, o7 (det C) . (8.61)
By (8.39), (8.40) and (8.51), we have
a@p;-1Udy) <5 aDrr Ky Ay) = a(TDy-1 K Ay)
< a(Dy1 Ky A), (8.62)

,...,p, where A, and 6 are defined in (8.42) and (8.45)

for |t| <5 1, r > 1, 3
46), (8.49), (8.62) and Lemma 8.2 (with d = s), we obtain

J
respectively. Using (8.45),

2 c* ~ ~ do
/ (DU A) Pt <., / (a(Dy;1 Ky A;)) " —S—
0

2
B cos? 6

2,
(

2 . .
< / (a(D,; 1 Ky A;))" d
0

= /92— 1/2
<y 1D 272 ()2, (8.63)

if s > 5. It is clear that ||D,;-1|| = rj~*. Therefore, according to (8.40), (8.42), (8.60)
and (8.63),

1 o
1< ()7 (alay) ) (8.64)
By (8.56), (8.61) and (8.64), we obtain, for s > 5,
p
1
J <, 08 (det C)~Y/2 n (rj= 1?72 <, r*/*72 5% (det C)~V/2, (8.65)

j=2
By (6.3), (6.26), (8.55) and (8.65), we have r =<, (Np)'/? and
Iy <7208 (det C) Y2 <, (Np)~Lof (det C)~V/2, (8.66)

It is clear that in a similar way we can establish that

c(s)oy”
/_2 Bu(t/2)] %L < r 201 (det €)% <, (Np) 01 (det €72, (8.67)

for any quantity ¢(s) depending on s only. The proof will be easier due to the fact that ¢
cannot be small in this integral.
Thus, we have proved the following lemma.

Lemma 8.3. Let the conditions of Lemma 6.3 be satisfied with s = d > 5, D = C~/2,
§ < 1/(5s) and with an orthonormal system S = S, = {ey,...,e.} C R Let ¢1(s) and
c2(s) be some quantities depending on s only. Then there exists a cs such that

2(s) o1 - ﬂ -1 _s —1/2
| Wy (t)] = < (Np)~hof (det )72, (8.68)

c1(s) 0'1721”2*4/5
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if Np > cs, where 1 is defined in (6.3) and (6.26).
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