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Abstract
We consider powers of random matrices with independent entries. Let X;;,,7 > 1,
be independent complex random variables with E X;; = 0 and E |X;;|? = 1 and let X
denote an n x n matrix with [X];; = Xj;, for 1 < i,j < n. Denote by ng) > > sm
the singular values of the random matrix W := n~ 2 X" and define the empirical
distribution of the squared singular values by

m 1 .
]:7(1 )(l’) = EZI s <ay
k=1

where I;p) denotes the indicator of an event B. We prove that under a Lindeberg
condition for the fourth moment that the expected spectral distribution F\™ (x) =
E}',(zm)(x) converges to the distribution function GU™ () defined by its moments

ap(m) = /kadG(x) - mk1+ - <kmk+ k>
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1 Introduction

Let X;;,7,7 > 1, be independent complex random variables with E X;; = 0 and E |X2-j|2 =

1 and X is an n x n matrix with [X];; = Xj;, for 1 <4,5 < n. Denote by sgm) > >

SSZ”) the singular values of the random matrix W := n~2X™ and define the empirical

distribution of its squared singular values by
F@) = 131 <)
! gyt Lo

where I{B} denotes the indicator of an event B. We shall investigate the convergence

of the expected spectral distribution £ (z) = EF™ (z) to the distribution function
G (z) defined by its moments

ag(m) = /Ra:de(a:) = ﬁ“ <k:mk—|— k)

The sequence oy (m) consists of the so-called Fuss—Catalan Numbers. This sequence defines
a distribution with Stieltjes transform s(™(z) satisfying the equation (I4) below. We

consider the Kolmogorov distance between the distributions F,(Lm) (z) and G (z), that is

A = sup [F{™ (x) = G (2)].

The main result of this paper is the following

Theorem 1.1. Let E X, = 0, E|Xjk|2 =1, E|Xjk|4 < M < oco. Assume that for any
T>0
R A
Ln(7) = — > EIX|'T{| Xk > 7v/n} -0 as n— oo, (1.1)
k=1
where I{E} denotes indicator of an event E. Then, for any fized m > 2,

lim sup |F™ (z) — G0 ()| = 0.

n—oo 4

Corollary 1.1. Let X are independent identically distributed complex random variables.
Let

EXj;=0, EXy)’=1 E|Xj['=M<oc (1.2)
Then, for any fixed m > 2,
lim AlM =,

Oravecz in 2001, [6], studied the so called R-elements introduced by Voiculescu and
has shown that the m-th powers of these elements have a distribution whose moments are
Fuss—Catalan numbers. These numbers satisfy the following simple recurrence relation

almy= S [Low(m) (13)

ko+++km=k—1v=0
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Denote by s(™(z) the Stieltjes transform of the distribution with moments ay(m). Using
equality (I3)), we may show that the Stieltjes transform s (z) satisfies the equation

1+ 25/ (2) 4 (=)™ 2m (M) (2))m+! = 0. (1.4)

Distributions with such a Stieltjes transform belong to the class of the so-called Free Bessel
Laws which are described in Banica and others [3]. This distribution has been studied
also in [7]. Using Free probability theory it is possible to prove the result of Theorem [l
for random matrices with independent entries, provided that all moments of X are finite.
See for instance, Mingo and Speicher [7], and T. Banica and others [3]. Theorem [[.T] was
formulate in [2]. In [I] we gave a proof of Theorem [[I] by the method of moments. Here
we present a proof of Theorem [[I] using Stieltjes transforms. This approach allows us
to get some bound of the rate of convergence. Our proof of Theorem [[.1]is based on the
representation ([L4]). We shall investigate the Stieltjes transform s,(qm) (z) of the distribution

function F\™ (z) and we shall show that s (z) satisfies an equation

14 250 (2) + (=)™ 12 (50 (2)™ ! = 6, (2)

n

with some function d,(z) — 0 as n — oco. From these two relations we get that SSZ”) (2)

converges to s(m)(z) uniformly on any compact set in the upper half-plane K C C*. The
last claim is equivalent to weak convergence of the distribution functions Fr(Lm) (x) to the

distribution function F ™ (x).

2 Auxiliary results

In this Section we describe a symmetrization of one-sided distributions and a special repre-
sentation of the symmetrizing distribution of squared singular values of random matrices.
Furthermore, we shall modify the random matrix X by truncation of its entries. By con-
dition (L2l),we get 779L,(7) — 0), for any 7 > 0 and that for any ¢ > 0 the function
779L,(7) is not increasing in 7. This implies that we may choose a sequence of positive
numbers 7, > 0, n =1,2... such that

7w — 0, and L,(r) <78

n’

as n — oo. (2.1)

2.1 Truncation
We call the matrix X the truncation of X if

)fz,ij _ {Xija if ‘XZ]’ < Tn\/ﬁ

. (2.2)
0, otherwise

Denote by snm) the singular values of the random matrix W :=n"2X™ and
define the empirical distribution of its squared singular values (eigenvalues of the matrix

3m > > 5



V = WW*) by i (@) = 250 {(EU)2 < 2} Let B\ () = EF™(2). It is
straightforward to check that

sup [E{™ (x) — F{™(2)] < Y Pr{|Xj| > en2}

J,k=1
—1 3 Ly ()
S > EXp'T{|Xjk] > ma/n} = e 2. (2.3)
k=1 n

Introduce the matrices X := X — EX and W = X™ and V. = WW*. Let .7?,(;”) by the
empirical distribution of its eigenvalues (squared singular values of W) and Fr(Lm) =E .F,(Lm).
Let §£Lm)(z) denote the Stieltjes transform of ™. Introduce the resolvent matrices

R=(V-2)"', and R=(V-20). (2.4)
We have
~{m) [y 1 ~ N 1 ~
sy (z) = EE TrR and 5,(2) = EE TrR. (2.5)
Applying the resolvent equality
(A+B—z2I)"t=(A—zI)"'—(A—2)"'B(A+B —2I)7}, (2.6)
we get
1 SO
50 (2) — 35 ()] < CE[TTR(V - V)R], (2.7)

Using that Trf{(\Nf - \Af)f{ = Tr(\Nf - \Af)ﬁf{ and applying Holder’s inequality, we obtain
m m 1 1.5 o 1. 15
50 (2) =30 (2)] < WE 2 |[W — W3(E 2 |W| + E>||[W]|J?). (2.8)

By definition of the matrices W and \/7\\7, we get

m—1
W-W=> XX -X)X" !, (2.9)
v=0
This implies that
W —=W[3<m > X —X|3X"X""73. (2.10)
v=0
Applying Lemma [5.1] we obtain
= - M
E|W - W < Cn|EX]|3 < %Ln(fn) <cn L (2.11)
T,

n



Inequalities (ZI1]) and (2.8)) together imply

C
3 () =3 () < . 2.12
7)) < (2.12)
Now we conclude that
li_>m sup |[F™) — G ()| = li_>m sup [E E™ — G (2)].
In the what follows we may assume without lost of generality that
EX;; =0, EXjp?=1, and |Xji| <7v/n, (2.13)

for some 7, > 0 such that 7, — 0, L, (7,) < 78 as n — oo.

2.2 Symmetrization

We shall use the following “symmetrization” of one-sided distributions. Let £ 2 be a positive
random variable with distribution function F'(z). Define £ := £ where € a Rademacher
random variable with Pr{e = +1} = 1/2 which is independent of £ . Let F'(z) denote the
distribution function of £. It satisfies the equation

F(z) = 1/2(1 4 sgn{z} F(z?)), (2.14)

We shall apply this symmetrization to the distribution of the squared singular values of
the matrix W. Introduce the following matrices

W O o I, S
Vz(o W*)’ JZ(In O)’ and V=VJ

Here and in the what follows A* denotes the adjoined (transposed and complex conju-
gate) matrix A and I denotes the unit matrix of order k. Note that V is a Hermitian
matrix. The eigenvalues of the matrix V are —S1y+++y—S8n,Sn,-.-,S1. Note that the sym-
metrization of the distribution function F,, () is a function J,(z) which is the empirical
distribution function of the eigenvalues of the matrix V. By [214), we have

AL = sup [F™ (2) — GO (2), (2.15)
where F™ (z) = E Fp(x) and G () denotes the symmetrization of the distribution

function G (z). Let s(z) denote the Stieltjes transform of the random variable £? and
let 5(z) denote the Stieltjes transform of . Then

3(2) = zs(2?). (2.16)
Equations (4] and (2.I6]) together imply
14 230 (2) + (=)™ =1 (EM) ()™ + = 0. (2.17)



In the what follows we shall consider the symmetrization of the distribution F,(Lm) ()
and the Stieltjes transform of F]ﬁm’ (). We shall omit “ = ” in the notation of the
distribution function F\™ (z) (G (z)) and the Stieltjes transform 3m (za) (30)(2)).
By C (with an index or without it) we shall denote generic absolute constants, whereas
C(-, -) will denote positive constants depending on arguments. For every matrix A by
|A|l2 we shall denote the Hilbert—-Schmidt norm of the matrix A and by ||A| we shall
denote the operator norm of the matrix A.

3 The proof of the main result for m = 2

First, we prove Theorem [Tl for m = 2. Introduce the matrices H and J by the equalities

e (X0) a-(0d) o)

Let V := H™J, and R(z) denote the resolvent matrix of V,
R(z) := (V —2I)7L

Furthermore, we note that the symmetrization of the distribution function Ga(x) has
a Stieltjes transform s(z) which satisfies the following equation

14 25(2) — 28°(2) = 0. (3.2)

We shall prove that in the case m = 2 the Stieltjes transform of the expected spectral

distribution function s,(2) = [*_ —-dF,(z) satisfies the equation

1+ 28(2) — 28%(2) = 8, (2), (3.3)

where d,,(z) denotes some function such that 6,,(z) — 0 as n — oco. In the what follows we
shall denote by &,(z) a generic error term such that |, (z)] < Cr% = for some positive
constants C, a, and b.

We start from the obvious equality

1+ zsn(2) = %E TrVR(2). (3.4)

Using the definition of the matrices V, H and J, we get

| 4 28 () = — Y EX; ([HJR]M + [HJR]M,WL) . (3.5)

NG Py

By Lemma 5.7 of the Appendix, we get

1 - OHJR 1 - OHJR
1+ zs,(2) = —— E [ ] + E [7
2nv%j%;1 8A%k kj 2nv%j%;1 8A%k

] + en(2).
jt+n.k+n



Let eq,...,es, be an orthonormal basic of R?". First we note that, for 1 < j,k < n,

OH 1

T T
— . n€ii ), 3.6
X1 \/ﬁ(ejek + €k1n€jin) (3.6)
and OHI) 1
T T
= —(ejep.,, + €rine; ). 3.7
ank \/’ﬁ( JCk+ k+ j) ( )
Now we compute the derivatives of the resolvent matrix as follows
R 1
= — —R(ejel nel. JHIR
ox. = JrRlesel + el
1
_ %RH(eje;jL_n +epine; R. (3.8)
and
O(HJR) 1 1
S " %(eje;{% +epnel )R — %HJR(eje;‘f +epne) ) HIR
1
- %HJRH(ejngrn + ek+ne?)R. (3.9)
The equalities [B.5]) and ([B.3]) together imply
1+ zsp(2) = A1+ -+ Ag + en(2), (3.10)

where

1 n n
Ay = WE (Z Rjjn + Z Rjin;j),

A2 = — 2n2E Z HJR ]k + [HJR]j+n k—i—n)
7,k=1
1 & k
Ag = _FE Z[HJR]j,j—I—nZ[HJR]k-i-mk’
j=1 k=1
Ay = — 2n2E > (HIRH j 1o Rpinj + [HIRH]j 1 pen Ry in),
7,k=1
A5Z EZHJRHkk+nZRj]7
k= Jj=1
1 n
L S HIRH 0 ZRj+n,j+n.
k=1 Jj=1

We prove that the first four summands are negligible and the main asymptotic terms are
the last two summands. We now start the investigation of these terms.



Lemma 3.1. Under conditions of Theorem [I1l we have

C
| A5 + ( ZEHJRHMM ZERM <5

k 1
1< C
| Ag + (2— Z E [HJRH]kJrn,k)(— Z ERjinjtn)| < —5. (3.11)
n i~ n i nv
Proof. Using Cauchy’s inequality we have
|As + ( Z E [HIRH]; ;1) ( Z ER;;)| (3.12)
k 1
1)1 1|1
<E:z |- HJRH n— E HJRH n)| E2|— R,,—ER
SE2 n(;[ Tk kit 1;[ Ik k+n) 2 n(;( 33 ii))

(3.13)

Applying Lemma 5.4l with p = 2 and ¢ = 1 and Lemma (see the Appendix), we get

C
| As + ( ZE [HIRH], 1 0)( ZERH < (3.14)
Similar we prove the second inequality in ([B.11]). Thus the Lemma is proved. O
Note that
1 « 1 «
E Z ERjj = E Z ERj+n,j+n == Sn(z). (3.15)
j=1 j=1
Lemma B3] equality (3.I5) and the definition of matrix H together imply
1 < o
A5 = —sn(z)% Z EXjk [HJR]]'JH_n + m, (316)
k=1
and similarly
1 < co
Ag = —sn(2) 5 > EXj [HIRpgn; + —r (3.17)
Jok=1

where 0 denotes a quantity such that |#| < 1. Applying Lemma [5.7] and equalities (B.6)—
@B3), we get

1 1 ¢
As = —532(2) + s%(z)% ;:1 E [H?JR]j; + A7 + A,
1 1 Z"
As = —5sn(2) + 50(2) 5 o E [H?JR]j 4,40 + As + Ao, (3.18)



where
n

1 n
A7 = Sn(z)ﬁ Z[HJR]]'-FNJ-HL Z[HJR]Hn,k,

=1 k=1
1 n n
As = sn(2)5 > HIR]j 10 Y [HIR],
=1 k=1
1 n
Ag = Sn(Z)W Z HIRH]; 1, k+-nRj bt
Gk=1
1 n
Ao = Sn(z)ﬁ Z [HIRH]; 1, k0 R oon,

jk=1

By resolvent equality I 4+ zR = WR, we have

1 n n
%(ZlE [H*JR];; + ZlE [H2IR]j o jin) = 1+ 250(2). (3.19)
j= j=
Equalities (3.4)), (3.I8) and (3I9) together imply
A5 + AG = ZS?L(Z) + A7 —+ -+ Al(]. (320)
Lemma 3.2. Under the conditions of Theorem [1.1 we have
C
max{|A1], |Az], [Ag], [Aro], [Aal} < —. (3.21)

Proof. We shall describe the estimate ([B.21]) for the quantity Ag only. The other bounds
will be similar. By Holder’s inequality, we have

1 1
[4s] < 5 E|HIRH|z|R|}2 < ——E[[HJRH||2],

nzv
where || - ||2 denotes the Hilbert—-Schmidt norm of a matrix. Using
1
IHIRH|; = [H*JR> < [[HZ[lo|R|| < —|[H*[,, (3.22)

and Lemma 0.1l we get
4| < Cy/n < C

35 = a2
nap2 ~ NU

Thus the Lemma is proved. O

Introduce the notations

1 BN
A= > E[HIR];;, B:= gZE [HIR]j 11, j4n;

j=1 j=1
1 n 1 n n
Cr=— > EHIR];1,, D= - > EHIR]j1n;, t(z):=) ERj;n.
j=1 j=1 j=1

Using these notations we prove the following



Lemma 3.3. The following representations hold

A= —5,(2)C —sp(2)D +ep(2), B=—5p(2)D — s,(2)C + en(2),
C=—t,(2)D — sp(2)A+e,(2), D= —t,(2)C —s,(2)B + en(2),
where |e,(2)] < €

novt

Proof. We start with the first equality. By definition of A, we have
1 n
A=—— E X R .
n\/ﬁ j%z:l JkVk+n,j
Using Lemma b7, we get
1 n
A = _ﬁ Z ERj+n’j+n[HJR]k+n7k

J,k=1
n

1 < 1
— 3 > ERH]j 01l IR] kg — 3 ER; i k[HIR]j 0k
k=1 Gok=1

1 &
Y] Z E [RH]k-i-n,j[JR]k,j + 5n(z)'
k=1

Applying Lemma [5.4] and [55], we have
A= —5,(2)C — sp(2)D + e (2).
The proof of the other relations is similar. O

We may write now

At Ar+Ag — —CD+%sn(z)(BD+AC) - —%(C—sn(z)B)D—%(D—sn(z)A)C—l—sn(z).
Applying the results of Lemma B3}, we obtain
As + Ay + Ag = —%(D 40y - %tn(z)C’D +enl2)
= 51+ 2D+ 0P — £0(2)(C — DY 4 en(2)
I 1O (ENEY N ORI

21 +tn(2) = 253(2))* (1 —tn(2))

Consider first the case v > 4. Here we have

| =

sl < 30 (2] <

10



These inequalities imply that for v > 4

Cry,
’Ag +A7—|—A8’ < —Z (3.23)
v
Inequalities (B10), (3:20), (21)), and B23)) together imply
1+ 25,(2) = 253 (2) + 0n(2), (3.24)

where |9, (2)] < %, for v > 4.

Lemma 3.4. Assuming the conditions of Theorem[I1l there exists some positive constants
Cy, C1 such that, for v > Cy,

Cilen
15(2) — sn(2)| < w (3.25)
Proof. First we note that
1
[2su(2)| < 1+ “E2[ V3. (3.26)
Applying Lemma 5.1l and that max{|s(z)|, [sn(2)} < v, we get
1
max{|zs;, (2)], [25(2)sn(2)[} < ;(1‘+-%?)- (3.27)
Furthermore,
Im {zs%(2)} < 0. (3.28)
It follows from equality (L4 that
1 v|s(2)]? — Ims(2)
Imzs?(z) = Im{z + } = (3.29)
s(2) [s(2)|?
For a Stieltjes transform t(z) of a random variable £ we have
1P 1|
v[t(2)]? — Imt(z) = v( Ef—z —E s ) <0. (3.30)

Equalities (329) and B30) together imply [B28]). From relations (L4) and B24) we

obtain

10n ()]
n(2) — < . 3.31
[sn(2) = s(z)] < |2 — 282(2) — 28(2)sp(2) — 282(2)| (3:31)
Inequalities (B.27)), (3:28]) together imply that, for v > 4C,
|z — 25%(2) — 25(2)sn(2) — 252 (2)| > Im{z — 25%(2) — 25(2)sn(2) — 252(2)} > g (3.32)
Inequalities ([B:31)) and ([B:32) together completed the proof of lemma. O

The last Lemma implies that there exists an open set in C* with non-empty interior
such that s,(z) convergence to s(z) on this set. The Stieltjes transform of these random
variables is an analytic function on C* and locally bounded, that is (|s,(2)] < v~! for any
v > 0). By Montel’s Theorem (see, for instance, [4], p. 153, Theorem 2.9) s,(z) converges
to s(z) uniformly on any compact set in the upper half-plane I C C*. This implies that
A, — 0 as n — oo. Thus the proof of Theorem [[.T]in the case m = 2 is complete.

11



4  The proof of the main result in general case

Recall that H and J are defined by the equalities

(3 2) ()

Let V := H™J, and R(z) denote the resolvent matrix of the matrix V,
R(z) := (V —zI)7L

We shall use the following “symmetrization” of a one-sided distribution. Let €2 be a
positive random variable. Define £ := £, where € denotes a Rademacher random variable
with Pr{e = £1} = 1/2 which is independent of {. We apply this symmetrization to
the distribution of the singular values of the matrix X2. Note that the symmetrized
distribution function F),(z) satisfies the equation

Fo(z) = 1/2(1 + sgnf{a} Fy(2?)),

and that this function is the empirical spectral distribution function of the random matrix

o X
v (2.0

Furthermore, note that the symmetrization of the distribution function G(x) has the
Stieltjes transform s(z) which satisfies the following equation

14 zs(2) + (=)™l lgmtl () = 0. (4.2)

In the rest of paper we shall prove that the Stieltjes transform of the expected spectral
distribution function s, (z) = [*°_ -L_dE F, () satisfies the equation

14 z8,(2) 4+ (=)™ Hm=lgm+l () = 5, (2), (4.3)

where 6,,(z) denotes some remainder function such that d,(z) — 0 as n — oo.
We start from the obvious equality

1+ zsp(2) = %TrVR(z). (4.4)

Using the definition of the matrices V, H and J, we get

n

1 m—1 m—1
=5 \/ﬁj;IEXjk (H™ YRy + H™ IR pn) - (4.5)

1+ zsp(2)

In order to simplify the calculations we shall assume that X are i.i.d. Gaussian random
variables, and shall use the following well-known equality for a Gaussian r.v. £

E{f(§) =Ef(9), (4.6)

12



which holds for arbitrary differentiable functions f(z), such that both sides are defined.
By Lemma 57 we obtain that the error of the replacement by Gaussian r.v is of order
O(7y,). In the what follows we shall use the notation e, (z) for functions satisfying |e,(z)| <

Crv~°, for some positive constants a,b, and C. Let ey,..., ey, denote an orthonormal
basis of R?". First we note that
oH 1
Eyen = ﬁ(eje}f + €k 1n€) ) (4.7)
Now we may write the equality for the derivatives of the matrix H™ 'JR as follows
JH™ JR 1 =%
—_— = Hi(ejel + epinel, JH" 29JR
OX ji vn ; STk
1 = m—1 q T m—1—q
-7 H" ' JRHY(eje;, + ek+nej+n)H JR. (4.8)
q=0
The equalities (@3] and ([Z.8]) together imply
1+ 2zsp(2) = A1+ Ay + By + Ba+ C1 + Co + Dy + Do + e,(2), (4.9)
where
m—2 1 n
- —2—
q=0 7,k=1
m—2 1
N,
A=) 55E Z Hy oo [H™ T 9IR o,
q=0 j,k=1
m—1 1
Byi==) 5B Z [H™ 'YJRHY; ,[H™ ' 1IR];
q=0 7,k=1
m—1
By = Z EH" YJJRH™ " 4 [H" IR
q=0 k,j=1
m—2 1
¢ = WEH?-ﬁ-mk-ﬁ-n[Hm_l_qJR]j'i‘n,k‘f‘n’
q=0
m—2 1 n
2—
Cri=) 5B D Hi G H" IR
q=0 J:k=1
m—1 1 n
Dii==2_ 5P Z [H" ' IRHj 4 o [H™ ™ 9IR]j e
q=0 J,k=1
m—1 n
Dy = E[H" ' JJRH™ ', ,[H™ IRk g
q=0 k,j=1

13



Lemma 4.1. Under the conditions of Theorem [11] there exists a constant C' > 0 that the
following inequality holds

C
max{|Ar], |Bi] |C1, [D1f} < —. (4.10)

Proof. To prove this lemma it is enough to use Holder’s inequality and Lemma 5.1l in the
Appendix. O

Lemma 4.2. Under the conditions of Theorem [I.1] we have
Ay = Cy = 0. (4.11)

Proof. The claim follows immediately from the equality H? =0.

J,jt+n

To investigate the asymptotic behavior of Bs and Dy we introduce the notations

1 & N 1 ¢ a
fap = EZE[H IRH | jin,  Gap = ;ZE[H IRH 40 5,

j=1 i=1
1 RS
to =~ Zl E[HJR]j, o= Zl E[H"JR]; 10 j+n
j= J=

We prove the following

Lemma 4.3. Assuming the conditions of Theorem [ 1l there exists constant C > 0 such
that the following inequality holds

m—1

C
‘B2 + qZ:; fm—l,qu—l—q,O’ < W7

m—1 C

|D2 + Z gm—l,qu—l—q,0| < W (4.12)
q=0

Proof. Consider the first inequality. Applying Holder’s inequality, we get

m—1
B2+ Y fm-1.49m-1-q0]
q=0
i n
= 2B Zl([Hm—lJRHq]j,m ~E Zl[Hm‘lJRth,ﬂn”Q
g= j= =

11 m—1— m—1—
><E2|EZ([H IRy — E[H T TUIR) )
j=1

To conclude the proof of Lemma it is enough to use Lemmas and [24l The proof of
the second inequality is similar. Thus the Lemma is proved. O

14



Note that

1 « 1 «
foo = goo = — > ERj; = - > ERjynjtn = sn(2). (4.13)
j=1 j=1

By Lemma (4.3l and equality ([£I3]), we may write

1
By + Dy = _§3n(z)(fm—1,m—1 + gm—1,m—1)

1 m—2
- 5 Z (fm—l,qgm—l—q,o + gm—l,qu—l—q,O) + En(z)' (4'14)
q=0
We consider now the behavior of the coefficients f, g, gu g, ta and uq, for o, 3 =0,...,m—

1. Applying Lemmas 5.7 and [5.4] we obtain the following relation for o > 0, 8 > 0

m—1

fa,ﬁ = - Z fa—l,qtm—l-i-ﬁ—q + fa—l,ﬁ—l + 5n(z)- (4-15)
q=0
It is straightforward to check that for ¢ > m the following relation holds

n

1 1 rppgom

tg =~ D HYj i jin + z D HT Ry jn = 0 + 2fg-mo + en(2), (4.16)
s =1

where dp = 1 and 0, = 0 for ¢ > 0. Using relation (£I6), we may rewrite ([LI3]) in the

following form

B-1 m—1
fop=-2Y fa1af3-1-00— D fa-tqlim-145-q +&n(2). (4.17)
q=0 q=p
For 5 =0, we get
m—1
fa,O = - Z fa—l,qum—l—q + €n(Z)- (4.18)
q=0
Similar we obtain
B—1 m—1
Goap = —% Z 9a—1,q98-1-q,0 — Z Ja—1,glm—145—q + €n(2). (4.19)
q=0 qg=«
and
m—1
Ja,0 = — Z Ja—1,qtm—1-q + 5n(Z)- (420)
q=0
Applying LemmasBE. 7 and[5.4] we obtain a similar relation for u, and t,, foraa =0,...,m—
1.
m—2
Uq = —fa—1,m-190,0 — Z fa—1,49m-1-g,0 + €n(2), (4.21)
q=0
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and

m—2
ta = _ga—l,m—lf0,0 - Z ga—l,qu—l—q,O + En(z)' (422)
q=0
Denote by F (resp. G) a m —1 x m — 1 matrix with entries F,, = fp—14-1 (resp.
Gpg = 0gp-14-1); ,q=1...,m. Let t (resp. u) denote a vector-column (t1,...,tm,_1)"
(resp (u17 cee 7um—1)T)- Let fa = (fa,Oy P 7fa,a—17 O, fa,oa-‘rla cee 7fa,m—1)T and ga =
(9,05 -+ 9aa—150, Gaat 1, - - - ,gmm_l)T, for « =0,...,m — 2. Introduce the matrices
—UQ — Ul e — Um—3 — Um—2 0
Mu _ —Zf(]’o — Up e — Um—4 0 — Um—2
0 —2fm—20 —2fm-30--- —2f00 — o
and
—to —t1 ... —tm_z —tm_o O
M, — | ~F900 ~ to oo —tmea 0 —lpoo
0 — 29m—20 — 29m-30--- — 2900 — to
Let
00...01
1
I — 00 0
10...00
We introduce as well the vectors yo = (—fo.a—1,---,—f01,0, —2fo1, -+ —2fm-a0)’ and
Wy = (—gova_l,...,—go71,0,—zgo71,...,—zgm_a,o)T. We shall denote by r, quantities

such that [|r,(2)] < %ﬁﬁ
Using these notations we may rewrite the relations (EI9)-#22) as follows, for o =
1,...,m,

8a = Ja—1,0-1Wa + MiLga_1 +1,(2), fo = fo—t,a-1Ya + MLy +1,(2), (4.23)
and
t = —sp(2)f—1 + FLEy +1,,(2), u= —s,(2)8n-1+ GLgo + r,(2). (4.24)
Furthermore, we may represent the relations (£I8]) and [@20]) as follows
fo = —wofi—1 + FLu+r,(2), go= —togm-1+ GLt +r,(2). (4.25)

Lemma 4.4. Under the conditions of Theorem[I 1l there exists a sufficiently large constant
Vo such that for any v > Vi we have

C
max{|[ul, [[t]],[[fall,|gall} < U—f
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Proof. First we note that, for 2z = u + ¢v such that v > 0
[wall + [lyal < C(lifoll + llgoll)- (4.26)

Furthermore, by Lemma [5.2] and inequality |R| < v~!, we have

Cm
max{||F||, |G} < .

It is straightforward to check that
maxc{|z s 29051} < Con(1+ 7).
The last inequalities imply that
mace ML ., M} < Con(1 4 7).
Relations ([£24]), ([4.25)) together imply that
Jall + [t < %(Hfm—l\\ + llgm-1l) + [lrn (2)]- (4.27)
Relation (£23)) implies that

m—1
En D (wll + Lyl + Clligoll + lIfoll) + llra(2)]]-

g=1

gm—ll + llfm—1ll < =

Applying now inequality ([£20]), we get
Igm—1ll + [[fm—1ll < Crm(lIfoll + Igoll) + lIrn(2)]l- (4.28)

Furthermore, relation (£25]) implies that
Cm c
o]l + ligoll < = =(llgm—1ll + Ifm—1ll) + —(lhul +[t]) + [lra ()] (4.29)
Inequalities (4.27), (£28)), ([£.29) together imply
Cn
lgm—1ll + lfm—1 1 < —=(llgm-1ll + [fm-1l) + [ra(2)]- (4.30)

Choosing vy such that CT’" < %, we obtain

CiT,
lgm-—1ll + 1]l < =7~ (4.31)
Relation (@27 implies now that
CmT,
hall + el < =5
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From relation (.26]) it follows that
Cry,

Iwall + Iyl < =2

Similar to inequality ([A31]) we get

Cr,
Hga” + ”faH < U—4n

Thus the Lemma is proved.

O
Lemma 4.5. Under the conditions of Theorem [ 1] we have
foo = —28(2) fa—1,0-1 + €n(2). (4.32)
and
Jo,a = —28(2)ga—1,0-1 + €n(2). (4.33)

Proof. We shall consider the first equality only, the proof of the other one being similar.
By relation (4.I7), we have

a—2 m—1
fa,a - _ZfO,Ofa—l,a—l -z Z fa—l,qfa—l—q,O - Z fa—l,qum—l—l—ﬁ—q + En(z)' (434)

q=0 q=a

This equality implies that
foa = —28(2) fa—1,0-1 + 0lz][[fa—1[l[[foll + £n(2). (4.35)
Applying Lemma 4] we conclude the proof. O

Equality (@I4]) and Lemma together imply
14 25,(2) = —=8(2) (fm-tm-1 + Gm—1.m—1) + en(z) = (=1)"2" 1M (2) 4 £,(2) (4.36)
We rewrite that last equation as follows
1+ 2sp(2) + (1)L lsm (1) = ¢,.(2) (4.37)
The Stieltjes transform s(z) satisfies the equation
1+ 2s(z) + (—1D)™ tzm=lsmtl(z) = 0 (4.38)

The last two relations together imply that, for v > Vj

|2+ (=2) 7 2glo s9(2)sn " (2)]

|sn(2) — s(2)

18



Note that

1
max{|zs(2)|, |zsn(2)|} < C(1+ ;) (4.40)
and )
max{|sn(2)], [s(z)[} < ~ (4.41)
Applying these inequality, we obtain
m—1 S m— C
(=2)™ 1Y sU2)sp9(2)] < = (4.42)
q=0 v
We may choose V7 > Vj such that for any v > V3
cC w
- < - 4.4
v T2 ( 3)
This implies that for v > V;
[Em{z + (=) Y "))} > 5 (4.44)
q=0
and o
Tn
lsn(2) — s(2)] < R (4.45)

From inequality (4.45]) we conclude that there exists an open set with non-empty interior
such that s,(z) converges to s(z) on this set. The Stieltjes transform of these random
variables is an analytic function on C* and locally bounded (|s,,(z)| < v~! for any v > 0).
By Montel’s Theorem (see, for instance, [4], p. 153, Theorem 2.9) the convergence of s, (z)
to s(z) is uniform on any compact set in the upper half-plane X C C*. This implies that
A, — 0 as n — co. Thus the proof of Theorem [Tl in the general case is complete.

5 Appendix

5.1 Frobenius norms of powers of truncated matrices

Recall that we consider truncated independent random variable X, satisfying

1 0. M
EX| < ——, E[Xp[=1+-275, Xl <mvn, (5.1)

3 2
nir, n2r2

where 7,, — 0 as n — oo converges to zero as slowly as needed.
We would like to investigate the behavior of the Frobenius norm of powers || X" ||y of
the random matrix X = %(X k)7 —q1- We formulate the following
n JR=
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Lemma 5.1. Let X](.Z) be independent random variables for 1 < j, k < n and assume that
(521)) holds. Then for any m > 1 and any v = 0,...,m, there exists a constant Cp, > 0
depending on m such that

E|X"(X -EX)"7"|3 < Cpn. (5.2)

Proof. We start with the case v = 0. Consider the matrix X := X — EX = T( Njk)] el
and the norms of the powers of this matrix. We may write

n n n
<2 _ . —m Y. . Y
E|X|53=mn § E E : EXJ]lX]UQ X adime1 X1k
k=115 Jm—1= 1-71’ 7-7m 1— =1

X”XumX»/ D ST (5.3)

1712 Im—2tm—1"Jm-1

Here for any number ¢ = v + v/—1v, @ = v — v/—1v denotes the complex conjugate.
The product in the right hand side of (5.3]) involves yu different (with respect to complex

conjugates) terms, say Xfl e lei y » with multiplicities my, ..., m,, where ¢ = & and
’ I
Xig, if e=+
G=900 (5.4)
Xjky if e=—
Note that mq + --- 4+ m, = 2m and if min{m4,...,m,} = 1 then expectation of corre-
sponding product equals 0 since E X%, = 0 for any j,{ =1,...,n. This implies that non
zero terms occur for p < m and mln{ml, ...,my} > 2 only. By assumption (E.10), we have
~ ~ ~ ~ - — _ 2 _
E X550 X2 X agmos Xjmo 1o X g Xt Xg;n Wil 1X];n | S nmhr2mem),
(5.5)
The cardinality N'(I1,...,Ly,,15,...,1,) of the set of indices with p different edges [,,1,,
and multiplicities myq,...,m, respectively satisfies the inequality
Ny by Uy 1) < Ot (5.6)
The representation (0.3]) and the inequalities (.5 and (5.6]) together imply
E [X™|3 < Cpn (5.7)
Assume now that 1 < v < m. Consider the quantity
%) = E[X"(X ~ EX)"" |3, (5.8)
Let A = EX. It is straightforward to check that
v
Iy < Cn Y (BIAB)EX - A)™ 3. (5.9)

a=0
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To prove (B.9) we consider the representation
X/ =Y AT (X - A) AT (X - A)T (5.10)

where )" stands for sum over all indices my,...,mg,m},...,m, > 0 such that
mi1+ - +my +mj+---+m) =v. This implies the bound

IV < Cud EA™ (X — A)™ - AT (X — A)"™ 3. (5.11)
Using that for any matrices A and B we have ||[AB||s = |[BA||2 and that ||[A” |2 < [[A]lY,
we get from this inequality the bound (B9]). By assumption (&), we have
CM

26"
neTt,

IAJI3 < (5.12)

Inequalities (5.11]), (5.12)), (57) and the induction assumption together conclude the proof
of the Lemma.
O

We shall use the following obvious bounds

Lemma 5.2. Let X](.Z) be independent random wvariables for 1 < j k < n. assume that
(21) holds and that E Xj;, = 0. Then for any m,r > 1 and any v = 0,...,m, and any

j=1,...,n, there exists a constant C(m,r) > 0 depending on m, r such that
max{E | X"e;[|3", Ellef X[} < C(m, 7). (5.13)
Proof. Let
Ly = [1X"ej]l2. (5.14)

We may write

n n n n
2 _
i= 2 2 2 2
P b =150 =100 = (=

— (o)
x Z HA (g 3s” - 30 Ak, 3300,
J L0 =g 6=

sy~

(5.15)

where “ I
(g q
Ak 7 Jum) = Xy oo Koy Xy o Xy, (5.16)
!/
Assume that the set of indices N' = Up— 1{{qu,j1q Ve ,]V 1}U](q . ,jl,q_1 } consists of p
different pairs, say 4,1}, .. lu,l“, w1th multiplicities my,...,m, respectively. Note that
mi + -+ +my, = 2qr and 1f min{my,...,m,} = 1 then the corresponding term equals 0,
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since E X;; = 0 for any j,l = 1,...,n. This implies that u < m and min{m,...,m,} > 2.
By assumption (5.1]), we have

J— / !/
B Ak, 1\7, .. 59 Ak, 57,59 < Clran/m) 22, (5.17)
The cardinality N'(I1,... Ly, l5,...,1,,) of the set of indices with p different edges [,,1,
and multiplicities my, ..., m, satisfies the inequality
Ny, b, 1, 1) < COnt (5.18)

The representation (5.3]) and the inequalities (517 and (5.I8]) together imply
B X e; [} < C(m,) (5.19)
The bound of E He]TX” |3" is similar. Thus, lemma is proved. O

Lemma 5.3. Under the conditions of Theorem [1.1l we have

C

— (5.20)

1
E|-(TrR-ETrR))? <
n

Proof. Consider the matrix X obtained from the matrix X by replacing the entries of
the j-th row by zeros. We define the following matrices

. XU O . .
() ) — g
HY = <O X(j)*>’ HY' =HVY']J. (5.21)

We shall use the following inequality. For any Hermitian matrix A and B with spectral
distribution function F4(z) and Fp(x) respectively, we have

Tt (A — 2I)~' — Tr(B — 21)7}| < mk(AT_B). (5.22)

It is straightforward to show that
rank(HJ — HVJ) < 4q. (5.23)

Inequalities (5.22) and (5.23]) together imply
1 .
5 (TR — TrRY)| < < (5.24)

b e

After this remark we may apply a well-known martingale expansion techniques suggested
already by Girko [5]. We may introduce o-algebras F; = o{Xj;, j <l <n,k=1,...,n}
and use the representation

TTR—-ETrR = Z Z(Ej_lTrR —E,;TrR),
v=1 j=1

where E ; denotes conditional expectation given o-algebra F;. O
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Lemma 5.4. Under the conditions of Theorem [I.1 we have, for ¢ > 1

n

1 n
E \E(Z[HqJR]jm —E ) [HJIR]j;)* <
j=1 j=1

C

— (5.25)

Proof. We introduce the matrices X0 = X—eje?X, and HU) = H—eje]TH—Hej+ne]T+n.
Note that the matrix X is obtained from the matrix X by replacing the entries of the

j-th row by 0. Consider the quantity

n n

Sj =3 HUIRgrn — > HOIRD (5.26)
k=1 k=1
Using equality
q—1
HYIR - HDIJRU) — Z HY'(H - HY)HI " JR
v=0
p—1
+y HOURVHY(H - HY)HP VIR, (5.27)
v=0
we get
1 2
;=5 + 5%, (5.28)
where
qg—1 n
SJ(.l) = [H(J)V(H —HOYHT " IR] 1
v=0k=1
p—1 n
st = HOIROHY(H — HO)HP IR g . (5.29)
v=0 k=1

Applying now that

H-HU) = eje]TH + Hej, el

Tens (5.30)

we obtain

n

> EHD(H - HO)HI IRy = TrIJHY) (eje] H + Hej el JHI VIR
k=1

= [HTVIRIHY");; + [H Y IRIHY H]j yjin]. (5.31)

J = <(§) (I)> . (5.32)
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Equality (5.31)) implies that

B <Z|Hq YIRIHD" ]| + [[H Y IRIHD H]j . (5.33)
v=0

Using Holder’s inequality, we get

q 1
22 (E] e HI™|3|HY) ;|3 + E [|ej 1, H™' 7|3 HY) He; 10 [13)  (5.34)
v=0

1
E|siV)? <

Lemma and Holder’s inequality together imply

C
E IS | < ol (5.35)
Similar we get
2 C
E|sP)? < T (5.36)
Inequalities (5.30) and (5.36) together imply
C(v*+1)
E|[S;]? < — (5.37)

Let F; denote the o-algebra generated by Xj, for 1 <1 < 5,1 < k < n. Denote by
E ; the conditional expectation with respect to o-algebra F;. We may write

n

1 n
E|~() [HJR]jjn — B ) [HUIR]j;)
Jj=1 j=1

1 & & n
=5 E[E; Y [HUR|tkin—Ej1 Y [HIR]in)
j_l k=1 k=1

< = ZE | Z HYIR)pp1n — Z[H(j)qJR(j)]kk+n)|2
7j=1

k=1
C(1+v?)
<~ 7. 5.38
- ot (5.38)
Thus the Lemma is proved. O
Lemma 5.5. Under the conditions of Theorem [I 1] the following inequality holds
E r— ZR]W E ZR gl < W (5.39)
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Proof. The proof is similar to the proof of the previous lemma. We have

n p—1 n
> Riesn — ZR,(jk =D R “(ejel H+Hejinel, JH ™ ""Rlpin. (5.40)
= k=1 v=0 k=1

Applying Hélder’s inequality and inequality max{||R/, [RY ]|} < v~!, we get

ZRkk-i-n ZRkk+n|< QZIIH “ejllallef HY 2

p—1

+—22||ej+an | [HY) Heyy 2. (5.41)
v=0

Using Holder inequality and Lemma 5.2 we get

To conclude the proof it is enough to use the martingale expansion of the difference
Y w1 Riksn — > p—1 E Ryjtr similar to previous lemma.
O

Lemma 5.6. Under the conditions of Theorem [I1] we have, for 0 < u,v < m, that there
exists a constant C,, depending on m such that

n

_3 0?(H"JRHH) Cn(14v)
n2 Y B (X + X)) | — e 0 X)) | | < =, (5.43)
Pyt X3, . V/nv
where 0, and X are mutually independent j, k = 1,...,n, and 0, are uniformly dis-

tributed on the unit interval. By a)?—i?A(eijjk) we denote the matriz obtained from
J

2 . .
%MZA by replacing the entries Xji by 0;,X .
Proof. By the formula for derivatives of a resolvent matrix , we have

OMHYIJRHM) 1

X H(eje} + exine],, ) H' ' "“JRH"
J

— —=Y H'JRH’(ejel +ejinel,, ) H" 1P JRHW

Jjtn

+) HYJRH (eje] + ek+nej+n)H“ =e, (5.44)
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From this formula it follows that

aQ(HVJRHu 1 v—1 4 (@ pn—1 4 o 1 m—1 6 )
—axz ol QD P +ZZT =2 2.U (5.45)
J a=0 i=1 c=1 i=1 b=1 i=1
where
a—1
P = — S H(eje] + epnel, ) H " (ejef + epinel,, ) H T T JRHH
s=0
(a) 1 TR s v—l—a—s i
Py = - H"(eje; + erineji,)H(eje, +epinej,)H JRH
s=0
(a) 1 = v—1—s s m—1—s
P’ = - H%(eje;, +epine;,)H JRH?(eje;, + ek+ne]+n)H JRH"
s=0
(a) 1M_1 v—1—s s pn—1— 5
P - H(eje;, + epinej,)H JRH?®(eje;, + ek+ne]+n)H
s=0
Furthermore,
(c) 1 - s T T v—1—s c T T pn—1l—c
T, = — - ZH (ejer + erinejy,)H JRH(eje;, + eginej,)H
s=0
(c) 1 = v s T m—1—s c pn—1l—c
Ty =— - H"JRH®(eje;, + ek+ne]+n)H JRH(ejel + ek+ne]+n)H ,
s=0
() 1« - v s c—1—s 1—c
T3 = E ZH JRH (eJek +ek+nej+n)H (ejek "|'ek-i-nej—l—n)I_I'u
s=0
pn—2—c
Tflc) =— H"JRH(ejef + ek+nej+n)Hs(eje;‘f + ek+ne;fp+n)H”_2_c_5. (5.46)
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Finally,

v—1
vl == H'(ejef + epppel,, ) H " JRH(ejef + ey inel ) H" ' "JRH"
S=
m—1
UY = - 3 HYIRH(eje] + ejinel ) H" ' “JRH’(eje] + e ynel,, ) H" ' "JRH"
s=0
b—1
Uy = - HYIRH®(eje] + epinel,, ) H 1% (ejef + enel,, ) H" P JRHY
s=0
b—1
U = Y HYIRH (ejef + epynel,, ) Ho (ejef + ejupel,, ) H™ 2 PJRHY
s=0
m—1
U = - 3 HYIRH(eje] + ejnel,, ) H™ 1P JRH® (eje] +epipel,, ) H™ ' *JRH"
s=0
pn—1
U = - S HYIRH (eje] + ejinel,, ) H" 1 PIRH® (eje] + epynel,, )JHI 172,
s=0

Note that for any matrices A and B we have
[AB]ji| < |lef All2]|Ae]l2. (5.47)
Applying Hélder’s inequality, we get, for « =1 or a = 3
E [ X;ul|[P@]i] < EF|X/'E 5 [Py 7. (5.48)
We may use now inequality (5.47) and Lemma [5.2]to obtain the bound, for « =1 or a =3
L - C(1+v?)

apl@)
E|X P i< . 5.49
7,k=1
Similar we get
1 < C(1+w)
— N E X1y < 2 5.50
ng - ‘ Jk’ Il l ]kg’ = /v’ ( )
7,k=1
and
RN oy | o CL+v)
= > BIXPU | € —=5- (5.51)
n2 = Vno
Inequalities (0.49)—(0.51)) together conclude the proof of the Lemma. O

Lemma 5.7. Under conditions of Theorem [I1] we have, for u,v > 0 and for any positive
n > 0 that there exists a constant C(u,v,n) depending on p,v,n such that

CH(1+wv
VA

Z E X,,[H"JRH"]}, z": E[a(HVJRHu)]kl +

(5.52)
7,k=1 7,k=1 ank
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where 6 denotes a function that |6 < 1.

Proof. Let ¢ be random variable with E¢ = 0, £¢2 = 1 and let f(z) denote a function
which satisfies the following condition E [£|3|f7(0¢)] < s. Here 6 denotes a uniformly
distributed random variable on [0, 1]. By Tailor’s formula we have

1
E(f(E) =E[f(§) -ELf"(06) + §E§3f"(9§)7 (5.53)
where 6 denotes a uniformly distributed random variable independent of £. Applying this
formula twice and Hoélder’s inequality, we get

n

'S ExEaRE, - 3 p AR,

jk=1 jok=1 OXi
n 2 v
_3 0*(H"JRH*
<n”2 Z E (| Xk + |Xjk|3) %(ejk)(jk) (5.54)
4 k=1 Jk kj
Applying now the result of Lemma [5.6, we conclude the proof of Lemma. O
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