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Abstract

This paper is the first application of the compensation approach to counting problems. We
discuss how this method can be applied to a general class of walks in the quarter plane Zi with
a step set that is a subset of {(—1,1),(—1,0),(—~1,-1),(0,—1),(1,—1)} in the interior of Z3 .
We derive an explicit expression for the counting generating function, which turns out to be
meromorphic and nonholonomic, can be easily inverted, and can be used to obtain asymptotic
expressions for the counting coefficients.
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1 Introduction

In the field of enumerative combinatorics, counting walks on the lattice is among the most classical
topics. While counting problems have been largely resolved for unrestricted walks on Z2, walks
that are confined to the quarter plane Zi still pose considerable challenges. In recent years, much
progress has been made, in particular for walks in the quarter plane with small steps, which means
that the step set S is a subset of {(7,7) : |i[,[j] < 1} \ {(0,0)}. Bousquet-Mélou and Mishna [6]
constructed a thorough classification of these walks. By definition, there are 2% such walks, but after
eliminating trivial cases and exploiting equivalences, it is shown in [6] that there are 79 inherently
different walks that need to be studied. Let ¢; ;1 denote the number of paths in Zi starting from
(0,0) and ending in (¢,j) at time k, and define the counting generating function (CGF) as

[e.e]
Qz,y;2) = > qijur'y’ 2. (1)
i,j,k=0
There are then two key challenges:

(i) Finding an explicit expression for Q(z,y; z).
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(ii) Determining the nature of Q(x,y;z): Is it rational, algebraic, holonomic (solution of a linear
differential equation with polynomial coefficients) or nonholonomic?

The common approach to address these challenges is to start from a functional equation for the
CGF, which for the walks with small steps takes the form (see [6])

K(z,y;2)Q(z,y;2) = A(z)Q(z,0; 2) + B(y)Q(0,y; 2) + 6Q(0,0; 2) — zy/z, (2)

where the kernel K and the functions A, B, C are polynomials of degree two in x and/or y, while §
is a constant. For z = 1/|S|, (2) belongs to the generic class of functional equations (arising in the
probabilistic context of random walks) studied and solved in the book [7]. For general values of z,
the analysis of (2) for the 79 above-mentioned walks has been carried out in [10, 13], which settled
Challenge (i).

In order to describe the known results regarding Challenge (ii), it is worth to first define the group
of the walk, a notion introduced by Malyshev [11]. This is the group of birational transformations
W = (&,n), with

4 2t . J
£(z,y) = (x’lz(li) n(z,y) = (EM y), (3)

Y2 (i 41)es T T (415)es ¥

which leaves invariant the function Z(i7 jes xiyl. Clearly, £ 0 & = non =id, and W is a dihedral
group of even order larger than or equal to four.

Challenge (ii) is resolved for the 23 walks that have a finite group. The nature of the CGF was
determined in [6] for 22 of these 23 walks: 19 walks turn out to have a CGF that is holonomic but
nonalgebraic, while 3 walks have a CGF that is algebraic. For a 23rd walk, defined by S = {(—1,0),
(—=1,-1),(1,0),(1,1)} and known as Gessel’s walk, it was proven in [5] that Q(x,y; z) is algebraic.
Alternative proofs for the nature of the CGF for these 23 walks were given in [8].

For the remaining 56 walks, which all have an infinite group, not much is known. In [12] it was
shown that 2 of them have a nonholonomic CGF. Bousquet-Mélou and Mishna [6] have conjectured
that the 54 other walks also have a nonholonomic CGF. Partial evidence was provided in [13], in
which it is shown that a certain conformal gluing function, which is closely related to the CGF, is
nonholonomic for those 56 cases.

In this paper we consider walks on Zi with small steps that do not fall into the class considered
in [6]. The classification in [6] builds on the assumption that the steps on the boundaries are the
same steps (if possible) as those in the interior. However, when the behavior on the boundaries
is allowed to be different, we have many more models to consider. In this paper we first consider
the walk in Figure 1, with steps taken from & = {(—1,1),(—1,—1),(1,—1)} in the interior, Sy =
{(-1,1),(-1,0),(1,0)} on the horizontal boundary, Sy = {(0,1), (0, —1),(1,—1)} on the vertical
boundary, and Sy = {(0,1),(1,0)} in state (0,0).

Notice that the step set S = {(—1,1),(—1,—1),(1,—1)} in the framework of [6] would give a
trivial walk, since the walk could never depart from state (0,0). However, by choosing the steps
on the boundaries as in Sy, Sy and Sy, it becomes possible to start walking, and we have a rather
intricate counting problem on our hands.

It turns out that our walk has an infinite group. To see this, first observe that the interior step
set in Figure 1 and the one represented in Figure 2 have isomorphic groups ([6, Lemma 2] says that
two step sets differing from one of the eight symmetries of the square necessary have isomorphic



Figure 1: The jumps of the walk

groups), then note that the group associated with the step set in Figure 2 is infinite ([6, Section
3.1]).

Figure 2: Walk considered in [12]

Since our walk has an infinite group, the approach in [6] cannot be applied. The methods
developed in [12] also fail to work. Indeed, the main tool used there is an expression of Q(z, 0; z) and
Q(0,y; z) as series involving the iterates of the roots of the kernel. While these series are convergent
when the transitions (—1,0),(—1,—1),(0,—1) are absent, they become strongly divergent in our
case, see Chapter 6 of [7]. The approach via boundary value problems of [7] seems to apply, but
this is more cumbersome than in [10, 13]. Indeed, contrary to the 79 walks studied there, for which
in (2), A, B depend on one variable and ¢ is constant, these quantities are now polynomials in two
variables, since the functional equation (2) for our walk becomes

K(z,y;2)Q(x,y; z) =[1 + z? — 2y — y|Q(z,0;2) + [1 + v — xy? — z]Q(0,y; 2) (4)
+[z+y —1]Q(0,0;2) — xy/z (5)

with the kernel
K(x,y;z):1+x2+y2—xy/z. (6)

We shall derive an explicit expression for Q(z,y;z), which satisfies (4), and turns out to be
a meromorphic function of z and y with infinitely many poles. This implies that Q(z,y;z2) is a
nonholonomic function (see e.g. [9]), which again confirms the intimate relation between infinite
groups and nonholonomy.

The technique we are using is the so-called compensation approach. This technique has been
developed in a series of papers [1, 3, 4] in the probabilistic context of random walks; see [2] for an
overview. It does not aim directly for a solution of the CGF, but rather tries to find a solution for
its coeflicients

q,(2) = Z%‘,j,kzk- (7)
k=0



These coefficients satisfy certain recursion relations, which differ depending on whether the state
(,7) lies on the boundary or not. The idea is then to construct a linear combination of product
forms o' (7, for pairs (a, 3) such that

K(1/a,1/8;2) = 0. (8)

By choosing only pairs (c, 3) for which (8) is satisfied, the recursion relations for ¢; ;(z) in the
interior of the quarter plane are satisfied by any linear combination of product forms o387 by
virtue of the linearity of the recursion relations. The product forms have to be chosen such that
the recursion relations on the boundaries are satisfied as well. As it turns out, this can be done
by alternatingly compensating for the errors on the two boundaries, which eventually leads to an
infinite series of product forms.

This paper is organized as follows. In Section 2 we obtain an explicit expression for the gen-
erating function Q(z,y;z) by applying the compensation approach. In Section 3 we present an
efficient procedure for deducing the numbers of walks g; j x. In Section 4 we derive an asymptotic
expression for the coefficients g; ; » for large values of k, using the technique of singularity analysis.
Because this paper is the first application of the compensation approach to counting problems, we
also shortly discuss in Section 5 for which class of walks this compensation approach might work.

2 The compensation approach

We start from the following recursion relations:

Qijk+1 = Qi-1j+1,k T Git1,j— 1.k T Git1j+1.k 1,7 >0, k=0, 9)
Qi0k+1 = Gi-1,1k + Q1,15 + Gi—1,0k T Tit1,0,k i >0, k=0, (10)
90,5,k+1 = q1,j—1,k + q1,j+1,k + 90,5—1,k + G0,j+1,ks Jj>0, k>0, (11)
40,0,k+1 = qo,1,k + q1,1,k + q1,0,k> k = 0. (12)

Since g; jo = 0 if ¢ +j > 0 and gp0,0 = 1, these relations uniquely determine all the counting
numbers g; ;. Multiplying the relations (9)-(12) by z* and summing w.r.t. k > 0 leads to (with
the generating functions ¢; ; = ¢; j(2) defined in (7))

Gij]% = Qi-1j41 + Qit1,j—1 + Git1,5+15 i,j >0, (13)
4,0/7 = qi—1,1 + Gi+11 + Gi-1,0 + Giv 1,0, i >0, (14)
qo,j/% = q1,j—1+ q1,5+1 + qoj—1 + qoj+1, J >0, (15)
qo0/z2 =1/2+qo1+q1 + qi0- (16)
Notice that -
Z gijr <3 (17)

1,7=0

because there are at most 3* paths of length k. This clearly implies that Qijk < 3F, so that 4,j(2)
is analytic at least for |z| < 1/3.

Lemma 1. Equations (13)—(16) have a unique solution that is analytic in |z| < 1/3.



Proof. The function ¢; j(z) is analytic in |z| < 1/3, and can therefore be written as a Taylor series
about z = 0. Substituting these Taylor series into Equations (13)—(16), and equating coefficients of
2, yields Equations (9)—(12). The latter obviously have a unique solution for the coefficients Qi j ks
because these counting numbers can be determined recursively using ¢g 0,0 = 1. ]

In order to find the unique solution for ¢; ;, we shall employ the compensation approach, which
consists of three consecutive steps:

e Characterize all product forms a!3/ for which the inner equations (13) are satisfied, and
construct linear combinations of these product forms, which in addition to being formal
solutions to (13), also satisfy (14) and (15).

e Prove the convergence of these formal solutions.
e Determine the complete unique solution to ¢; j(z) by taking into account the boundary con-
dition (16).
2.1 Linear combinations of product forms

Substituting the product form o/’ into the inner equations (13), and dividing by common powers,
yields
af)z = a® + B2+ o? 32 (18)

Hence, a function a3’ is a solution of (13) if and only if (18) is satisfied. Figure 3 depicts the
curve (18) in R? for z = 1/4.

Figure 3: For z = 1/4, the curve (18) in R?

Now we construct a linear combination of the product forms introduced above, which will give
a formal solution to the balance equations (13)—(15). The first term of this combination, say af 3,
has to satisfy both (13) and (14). In other words, the pair (ag, fy) has to satisfy (18) as well as

afffz =3+ a3 + 5+ a’p, (19)

The motivation to start with a term satisfying both (18) and (19) will be explained at the end of
this subsection (see Remark 3).



Lemma 2. For each |z| < 1/3, there exists evactly one product form o', with 0 < |a| < 1 and
0 < |B| < 1, that satisfies both (13) and (14). The factors a and [ of this product form are given

by
1—+v1-8z22 of
0= 1TVIZSE g 00 (20)
z 1+ aj
Proof. 1f 3 =0, then (18) gives o = 0. If § # 0, then (19) yields
a/z=B+a*B+1+a=(1+p6)(1+a?). (21)

On the other hand, subtracting (19) from (18) gives 3(1 + a?) = a?. From the latter equality we
get (1+ B3)(1+a?) =1+ 202, and together with (21) this gives a/z = 1 + 2a?. The last equation
has the two solutions (1 & /1 — 822)/(4z). For each |z| < 1/3, it follows from Rouché’s theorem,
applied to the unit circle, that one of them, ag, lies inside the unit circle, and the other one lies
outside the unit circle. O

The function af)ﬁé thus satisfies (13) and (14), but it fails to satisfy (15). That is, if a4 is a
solution to (15), then («, ) should satisfy

af/z=a?+a?B* + a+ af?, (22)

and (ag, fp) is certainly not a solution to (22). ‘

Now we start adding compensation terms. We consider coaéﬁg) + d1a7, where (a, 3) satisfies
(18) and is such that coaéﬁé +dia’ 3 satisfies (15) on the vertical boundary. Notice that with (15),
we are forced to take f = (3. Then, thanks to (18), we get that « is the companion root of ag in
Equation (18). Denote this new root by «;.

Hence, o and «; are the two roots of Equation (18), where (3 is replaced by (3. In other words,
ap and « satisfy

(1+63)a” = (Bo/2)e + 65 = 0. (23)
Due to the root-coefficient relationships, we obtain
Bo/z
= g + 1. 24
1 +ﬂ(2) 0 1 ( )

We now determine d; in terms of ¢g. Note that coaf)ﬁé +dyad ﬁé is a solution to (15) if and only if

(Bo/2)(co + di) = (coco + andy) (1 + 35) + (co + dr) (1 + 533). (25)

The latter identity can be rewritten as

ﬁo/zQ (co +di) = (aco + ardy) + (co + dy), (26)
1+ 35
and thus, using (24),
1-— (&3]
di = — . 2
! 1-— (&) 0 ( 7)

The solution coaéﬁg + dloﬂiﬁé after one compensation step satisfies (13) and (15) for the interior



and the vertical boundary. However, the compensation term dja} ﬂg has generated a new error at
the horizontal boundary. To compensate for this, we must add another compensation term, and so
on. In this way, the compensation approach can be continued, which eventually leads to

T = coaéﬁg + dla’iﬂg + cla’iﬂ{ + dgaéﬂ{ + ..., (28)

where, by construction and (18), for all £ > 0 we have

LT84 1) (29)

/Bk - f(ak)a k41 = f(ﬁk)v f(t) = 22(1 + t2) )

see Figure 4, and

1— g 1 — Brt1

d - = —°d vk > 0. 30
k+1 1—ap Cl, Ck+1 1— 5, k+15 ( )

Notice that (28) is the formal solution to (13)—(16), except in the states (0,1), (0,0) and (1,0).
0,34
0,29

0,14

T T T
0.1 0,2 0.3

Figure 4: For z = 1/4, the curve (18) near 0 and the construction of the product forms

An easy calculation starting from (30) yields

(1 — o)X — B) (1 = Bry) (1 — k1)
d = - o, c = — o, Vk > 0, 31
k+1 A1 — 1) © k1 A0 =5y (31)

so that choosing (arbitrarily) ¢y = (1 — ap)(1 — p) finally gives

oo

zij = (1= BB — ar)ag — (1 — apg1) - (32)
k=0

By symmetry, we also obtain that x;; is a formal solution to (13)-(16), except in (0,1), (0,0)
and (1,0).

Remark 3. The approach outlined above is initialized with a term satisfying both (18) and (19).
Alternatively, we could also start with an arbitrarily chosen term with ag and fy satisfying (18)



only. This term would violate (19) as well as (22), and therefore generate two sequences of terms,
one starting with compensation of (19) and the other with (22). It is readily seen that in one of the
two sequences, at least one of the parameters « or 8 will exceed one (before converging to zero).
Hence, the resulting formal solution would fail to be convergent, cf. Proposition 4.

2.2 Convergence of the formal solutions

Proposition 4. For each |z| < 1/3, the oy and By appearing in (28) satisfy the following properties:
(i) 1/2> [ag| > [Bo] > |a1| > [Bi] > ---.
(ii) 0 < |ag| < 1722+ and 0 < |By] < 1/2%+2,

Proof. Let us show that for f defined in (29),

t
lf(t)] < %, Vit <1, V2| <1/3. (33)
But before proving (33), notice that Proposition 4 is an immediate consequence of (29) and (33). In
order to show (33), we first note that f satisfies the algebraic relationship (14+t2) f(t)2—tf(t)/z+t% =

0, see (18) and (29). As a consequence, the function f(¢)/t is such that (with r = f(¢)/t)

(1+tr? —r/z+1=0. (34)
For [t| <1, |z| < 1/3, and for r > 0,
(1 + )2 < L+ [P < 202 (35)
and
|—r/z+1=27/|z| —1>3r—1. (36)

Since 2r? < 3r — 1 if and only if » € [1/2,1], it follows from Rouché’s theorem, applied to the circle
with radius 1/2, that (34) has one unique solution r = f(¢)/t with |r| < 1/2. O

Proposition 5. For all i,j > 0, the power series x; j and xj; are convergent for |z| < 1/3. Also,
for each |z] <1/3,

Y leig(@) = Y leja(z)] < oo (37)

i,j=0 i.j=0

Proof. Let us show that for all ¢, > 0, the following upper bound holds:

o
|:CZ,]| < 3 Z 1/2(2k‘+1)i+(2k+2)j’ (38)
k=0

Proposition 5 will then follow immediately.
Consider the case i > 1 (the case i = 0 follows in a similar fashion). With (32) we get

oo

i gl <D= BellBel 11— anllok]” + 11— gl []- (39)
k=0



Using that |1 — G|, |1 — ag| and |1 — ag41]| are less than 3/2, see (i) of Proposition 4, and finally
applying (ii) of Proposition 4 gives (38). O

2.3 Determining the unique solution

We now determine the generating functions ¢g; ; in terms of the linear combinations cx; j + cx;; for
all states (i,7) € Z2, except state (0,0). First, by symmetry, we have ¢ = ¢, and we are thus left
with the task of determining ¢ and goo. Define z; j = x; j + xj;.

Lemma 6. 1
c= T"‘ZEO,O (40)
and R
90,0 L+ %00 (41)

- 1—22%—2/‘%\070.

Proof. By using not only (16), but also (14) for i« = 1 (or equivalently (15) for j = 1), we obtain

that
z

c= = — — — TS — — (42)
T1,0 — z[To1 + Ta1 + 962,0] -z [961,0 +Zo1 + Z11]

and
qo0 = 1+ z¢c[Zo1 + T11 + Z1,0)- (43)

In addition, tedious calculations starting from (32) give (recall that Z; ; is not a solution to (13)—(16)
at (0,1), (0,0) and (1,0))

T10/z — [Zoq + To1 + 220 + Topo] =1, (/2 —1)Too+2— [To1 + 21,1 + T10] = 0. (44)

With the equations in (44) the denominator of (42) can be written as z[1 — 2z + 22|, which
completes the proof. O

We now summarize our results in the next three propositions.

Proposition 7. The expressions for qoo in (41) and
Gij = CTij, 1+j=1 (45)
are the unique solutions to Equations (13)—(16) that are analytic in |z| < 1/3.

Proof. The functions defined in (41) and (45) are analytic in |z| < 1/3 and are solutions to Equations
(13)—(16) by construction, so that we conclude by Lemma 1. O

Proposition 8. For all |z| < 1/3 and |z|, |y| < 1, we have

o0
Qz,y;2) = D o'y’ (46)
ij=0
o0
1— 1-«a 1 -« 1— 11—« 11—«
:C+CZ< ﬁk[ ko k+1}+ 5k[ ko k+1]>’
=\l =06y [l—or L—oppnr] 1-06 |[1-ay 1—-arpy
(47)



with ¢ as in (40) and qoo as in (41).

Proof. This is immediate from (32), (40), (41) and (45). O
Proposition 9. For all |z| < 1/3, the three functions 3 75 _ gy, Y0 qior’ and >0 0,9’
have infinitely many poles and are therefore nonholonomic.

Proof. This is a direct consequence of Propositions 4 and 8. U

3 Retrieving coefficients

Now that we have an explicit expression for g;;j, we briefly present an efficient procedure for
calculating its coefficients, i.e. the numbers of walks g; ; 1.

To compute ¢; ; we need to calculate in principle an infinite series. However, we shall prove
that if we are only interested in a finite number of coefficients g¢; j x, then it is enough to take into
account a finite number of «y and .

Lemma 10. For all k > 0, we have oy, = ZQEHak(z) and B, = 22’”2@;(,2), where &y, and Bk are
holomorphic at z =0 and such that ax(0) = §;(0) = 1.

Proof. First note that for f defined in (29), all p > 0 and all real numbers s, s, . . .,
FOPIL+ 812+ 8922 + - ]) = 2PP L+ 512+ (1 + 89)22 +---]. (48)
Because (20) yields ag = z + 223 + - - -, the proof is completed via (29). O
For k > 0, denote by k V 1 the maximum of k£ and 1. Define
Ny =1+ |fmax{p—(iv1+2(jVv1),p—(2GV1)+jVv1)} . (49)

Proposition 11. For any i,j > 0, the first p coefficients of q; ; only require the series expansions
of order p of g, Bo, - - - aNg,j,ﬁNg,j.

Proof. In order to obtain the series expansion of ggo of order p, it is enough to know the series
expansion of Ty o of order p, see (41). From (32) we obtain

(1= Be)(ansr — o) = =200 + 2> Brlag — 1) (50)
0 k=0

hE

@\0,0 =2

i

With Lemma 10, Srop, = O(2%13) and Brarr1 = O(2*17), so that in order to obtain the series
expansion of T o of order p, it is enough to consider in (50) the values of k such that 4k +3 < p. In
other words, we have to deal with «y, Oo, - . . , g, Ok, a1 for 4k+3 < p. Since NS’O =1+[(p—3)/4],
see (49), Proposition 11 is shown for i = j = 0. The proof for other values of i and j is similar and
we omit it. ]

As an application of Proposition 11, let us find the numbers gq ¢ for £ € {0,...,10}. Taking i =
7 =0, we have N%O = 2; we then calculate the series expansions of order 10 of «g, Gy, a1, (1, a2, Ba.
After using (41) and (50), we obtain the numbers:

1,0,2,2,10, 16, 64, 126, 454, 1004, 3404. (51)

10



4 Asymptotic analysis

In this section we derive an asymptotic expression for the coefficients g, ; 1, for large values of k, using
the technique of singularity analysis (see Flajolet and Sedgewick [9] for an elaborate exposition).
This requires the investigation of the function ¢; ; = ¢; j(2) near its dominant singularity (closest
to the origin) in the z-plane.

The singularities of go o and ¢; ; in (41) and (45) are given by the singularities of Z; ; and the
zeros of the denominator of ¢ in (40). Since Z; ; is constructed from the functions ag, By, a1, B1, - - -,
and since all these functions follow from the iterative scheme (29), i.e. from ay, it is clear that the
singularities of Z; ; are in fact the algebraic singularities of ag, namely (see (20))

z=t+—. (52)

Denote the denominator of ¢ in (40) by
h(z) =1—2z+ 2Ty . (53)
Let p denote the dominant singularity of c.

Lemma 12. p is the unique root of the function h(z) in the interval (1/3,1/v/8).

The proof of Lemma 12 is presented in Appendix A. It seems hard to find a closed-form
expression for p, but in Corollary 18 we prove that p € [0.34499975,0.34499976]. Here is then our
main result on the asymptotic behavior of large counting numbers:

Proposition 13. The exact asymptotic of the numbers of walks q; ;. as k — oo are

Gijk ~ Cigp ", (54)
with p as defined in Lemma 12,
3p—1
Copo = —2h ) (55)
and
zi;(p) o
=, 145 > 1. 56
R ) )

Proof. Consider first the case i = j = 0. Thanks to (41), (53) and Lemma 12, we obtain that gg
has a pole at p, and is holomorphic within the domain

{zeC:lzl <(I+e)p}\p,(1+€)p) (57)

for any e > 0 small enough. Moreover, the pole of gg¢ at p is of order one, as we show now. For
this it is sufficient to prove that 1 + Zoo(p) # 0 and that h'(p) # 0, see again (41) and (53). In
this perspective, note that with (53) and Lemma 12 we have h(p) =1 — 2p + pZo0(p) = 0, so that
14+ Zo0(p) = (3p — 1)/p, which is positive by Lemma 12. On the other hand, it is a consequence
of Lemma 19 that h'(p) # 0. In particular, the behavior of g ¢ near p is given by

14 Zoo(p) - 30— 1
©0 = G+ 0GRz T O (58)

11



The holomorphy of go o within the domain (57) and the behavior (58) of goo near p immediately
give the asymptotic (54) for i = j = 0 (see e.g. [9]). The proof for other values of 7 and j is similar
and we omit it. O

To conclude Section 4, let us illustrate Proposition 13 with the following table, obtained by
approximating p by 0.34499975 and Cp ¢ by 0.0531, see Corollary 18 and Lemma 19 in Appendix A.

Value of k | Exact value of g | Approximation of gp o | Ratio
(see Section 3) (see Proposition 13)
10 3.404 - 10° 2.222 - 103 0.653
20 1.106 - 10% 9.305 - 107 0.840
30 4.254 - 102 3.895 - 10'2 0.915
40 1.714 - 107 1.630 - 1017 0.951
50 7.037 - 10%! 6.825 - 102! 0.969
60 2.913 - 10%6 2.857 - 10%6 0.980
70 1.211 - 103! 1.196 - 103! 0.987
80 5.051 - 10% 5.007 - 10%° 0.991
90 2.109 - 10%° 2.096 - 1040 0.993
100 8.814 - 10 8.774 - 10* 0.995

5 Discussion

5.1 A wider range of applicability

The compensation approach for our counting problem leads to an exact expression for the counting
generation function Q(z,y;z). A detailed exposition of the compensation approach can be found
in [1, 3, 4], in which it has been shown to work for two-dimensional random walks on the lattice of
the first quadrant that obey the following conditions:

e Step size: Only transitions to neighboring states.
e Forbidden steps: No transitions from interior states to the North, North-East, and East.

e Homogeneity: The same transitions occur for all interior points, and similarly for all points
on the horizontal boundary, and for all points on the vertical boundary.

Although the theory has been developed for the bivariate transform of stationary distributions of
recurrent two-dimensional random walks, the results in this paper suggest that similar conclusions
can be obtained for the trivariate function Q(x,y;z). The fact that Q(z,y;z) has one additional
variable does not seem to matter much. We therefore expect that the compensation approach will
work for walks in the quarter plane that obey the three conditions mentioned above. This will be
a topic for future research. Another topic is to see whether the above conditions can be relaxed,
and in fact, in the next section we present an example of a walk, not satisfying these properties,
yet amenable to the compensation approach.
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5.2 Another example

We now consider the walk with S = {(—1,0), (-1, —1),(0,—-1), (1,—1),(1,0)} in the interior, Sy =
{(=1,0),(1,0)} on the horizontal boundary, Sy = {(0,1),(0,—1),(1,—1),(1,0)} on the vertical
boundary, and Sy = {(0,1),(1,0)}; see the left display in Figure 5. This walk has a rather special
behavior, as it can only move upwards on the vertical boundary. By simple enumeration, we get
the following recursion relations for g; ;:

Gij/% = Q-1 + Gi—1,j+1 + Gij+1 + Q1) + Git1,5+1, 1,7 >0, (59)
q0j/% = Qo1+ Qoj+1+ Q1,5 + q1j+1, Jj>0, (60)
q0/2=1/2+qo1+q1+ qi0- (61)

Proposition 14. The unique solution to Equations (59)-(61) is given by ¢; ; = coaéﬁé, with By
defined as the smallest (in modulus) solution to the fourth-degree polynomial

Bz =148+ (1+B)(B*+ 5°), (62)

ag = Bo(1+ Boy) and co = 1/[1 — z(ag + apfBo + Po)]. Therefore, the CGF is rational and given by

€0

Qz,y;2) = 0 —aon)(1—Gog)” (63)

Proof. Substituting ¢; j = o4’ into (59) and (60) yields
affz =B+ +af’ + B+’ (64)
af)z=a+ af®+ a8+ 2B (65)

All pairs (o, 3) that satisfy both (64) and (65) are such that 5(1 + ) = «. Substituting the latter
into (64) gives (62). If we denote by G, k € {0,...,3}, the four roots of (62) and let oy, = B (1+45y),
we know that there exist four constants ¢, k € {0,...,3}, such that ¢; ; = coaéﬁg) + -+ c;;agﬁg.
Suppose now that z € (0,1/6). It is easily seen that two roots of (62), say (2 and 3, are complex
conjugate, while two others, say Gy and [, are real positive. Among the latter, one belongs to
10, 1[, say [y, whereas the other one, 31, is always larger than 1. Since by the same reasoning as in
(17), >275—0@i,j is finite for all |z| < 1/5, and hence also for z € (0,1/6), we have ¢; = ¢y = c3 = 0.
Finally, the value of ¢ = ¢¢ follows from (61).

Now we show that (y can be characterized as the smallest solution to (62). It is enough to
prove that for all |z| < 1/5, (62) has only one solution smaller than 1/2 in modulus. But the latter
fact comes from applying Rouché’s theorem to the polynomial [1 + 8% + (1 + 8)(8? + )] — [3/~]
(see (62)) on the circle of radius 1/2. O

We now modify the boundary behavior of this walk and we show that this has severe conse-
quences for the CGF. Consider again the walk with S = {(—1,0),(-1,-1),(0,—-1), (1,—1),(1,0)}
in the interior, but this time with Sy = {(0,—1),(1,—-1),(1,0)} on the vertical boundary, Sy =
{(1,0)}, and the following rather special step set on the horizontal boundary: if the walk is in state
(7,0) with ¢ > 0, the possible steps are {(—1,0),(1,0)} and a big step to (0,%); see the right display
in Figure 5. We should note that a random walk, with similar unusual boundary behavior, has

13



Figure 5: Two walks with different boundary behavior

already been considered in [14].The equations for ¢; ; are then given by (59), (61) and

Q0,/%2=q;0+q,j+1+aq,;+aq+1, J>0. (66)
Proposition 15. Let
1/z—t—+/(1/2 —t)? —4(1 + t)?
gty = L2t =z P A0 (67)
2(1+1)

Bo =0, ag = g(0), and define

A
Brpr =k, g1 =9g(Brs1),  Chp1 = Cp——at—. (68)
1+ Bkt
The unique solution to Equations (59), (61) and (66) is given by
0o o
;= Z R, By, (69)
k=0
Therefore, the CGF is given by
o0
Q(z,y; 70
N Zl—akx 1—ﬁky) ( )

k=0
which is nonholonomic.

Proof. We start from the product form ¢; ; = ca’37. The pairs (a, 8) that satisfy the inner equations
(59) are characterized by a = g(3) with g as in (67). Substituting ca’3? into (66) yields

cod =cf(1)z—a—LF—ap). (71)
Consider thus the product form coaéﬁé, with Gy = 0 and ag = g(f), for which (71) becomes
coa{) =0. (72)

We then conclude that coaoﬁo does not satisfy (66) and to correct for the error, we add a second

product form cjaf 3], with (a1, 31) on the curve a = g(f3), so that we also obtain 0006050 at the
right-hand side of (72). This yields

coa{):clﬁ{(l/z—a—ﬂ—aﬁ). (73)
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This gives
a1

1+ 61

p1=ao, ar=g(b), c1=co (74)
By adding the second product form, we also obtain an extra term cla{ on the left-hand side of
(73). That is why we add a third product form caad3;, with (ca,32) on the curve a = g(3), and

via similar reasoning,
P

1+ 62

fr=ai, az=g(p), c2=c (75)
Continuing this procedure means that we keep adding product forms Ckaiﬂi;, with ¢, ag and G
as in (68), so that (69) is a formal solution to Equations (59), (61) and (66).

Let z € (0,1/5). Let us now prove that oy and fj converge to the unique S, € (0,1) such that

B2+282+B.(1-1/2)+1=0. (76)

Note that there is only one 3, € (0, 1) satisfying (76) because of Rouché’s theorem applied to the
unit circle and the polynomial (76) written as [32 + 282 + 1] + [B.(1 — 1/2)].

In order to show this, it is enough to prove that with (3, defined as above, the function g defined
in (67) is increasing on [0, Bi], such that g(t) >t for ¢ € [0, 5,) and g(B«) = S

First, the equality g((8.) = Bs follows directly from Equations (67) and (76). Moreover, noting
that ¢g(0) > 0 and that (. is the smallest positive value of ¢ for which g(t) = ¢, we reach the
conclusion that g(t) >t for ¢ € [0, B.[. Finally, the fact that g is increasing on [0, ;] follows from

PPNRERT. g(t)

t+1 /()2 —1)2 —4(1 + )2 >0 (77)

that is straightforward starting from (67). The convergence of the series ¢;; is then immediate
from (68) and (69). O

Acknowledgments. The work of Johan van Leeuwaarden was supported by an ERC Starting
Grant. Kilian Raschel would like to thank EURANDOM for providing wonderful working conditions
during two visits in the year 2010. His work was supported by CRC 701, Spectral Structures and
Topological Methods in Mathematics at the University of Bielefeld.

References

[1] LJ.B.F. Adan. A Compensation Approach for Queueing Problems. PhD dissertation, Tech-
nische Universiteit Eindhoven, Eindhoven, 1991.

[2] I.J.B.F. Adan, O.J. Boxma, and J. Resing. Queueing models with multiple waiting lines.
Queueing Syst., 37(1-3):65-98, 2001.

(3] I.J.B.F. Adan, J. Wessels, and W.H.M. Zijm. Analysis of the symmetric shortest queue prob-
lem. Comm. Statist. Stochastic Models, 6(4):691-713, 1990.

[4] I.J.B.F. Adan, J. Wessels, and W.H.M. Zijm. A compensation approach for two-dimensional
Markov processes. Adv. in Appl. Probab., 25(4):783-817, 1993.

15



[5] A. Bostan and M. Kauers. The complete generating function for Gessel’s walk is algebraic.
Proc. Amer. Math. Soc., 432:3063-3078, 2010.

[6] M. Bousquet-Mélou and M. Mishna. Walks with small steps in the quarter plane. In Algorith-
mic Probability and Combinatorics, M. Lladser, R. Maier, M. Mishna, A. Rechnitzer, (Eds.),
pages 1-41. Amer. Math. Soc., Providence, RI, 2010.

[7] G. Fayolle, R. Iasnogorodski, and V. Malyshev. Random Walks in the Quarter Plane, volume 40
of Applications of Mathematics (New York). Springer-Verlag, Berlin, 1999. Algebraic methods,
boundary value problems and applications.

[8] G. Fayolle and K. Raschel. On the holonomy or algebraicity of generating functions counting
lattice walks in the quarter-plane. Markov Process. Related Fields, 16(3):485-496, 2010.

[9] P. Flajolet and R. Sedgewick. Analytic Combinatorics. Cambridge University Press, Cam-
bridge, 2009.

[10] I. Kurkova and K. Raschel. Explicit expressions for the generating function counting Gessel’s
walk. Adv. in Appl. Math., to appear.

[11] V. Malyshev. Positive random walks and Galois theory. Uspehi Mat. Nauk, 26(1(157)):227-228,
1971.

[12] M. Mishna and A. Rechnitzer. Two non-holonomic lattice walks in the quarter plane. Theor.
Comput. Sci., 410(38-40):3616-3630, 2009.

[13] K. Raschel. Counting walks in a quadrant: a unified approach via boundary value problems.
Arziv: 1003.1362, pages 1-23, 2010.

[14] J. Resing and R. Rietman. The M/M/1 queue with gated random order of service. Statist.
Neerlandica, 58(1):97-110, 2004.

A Remaining proofs

Let us start by expressing h, defined in (53), as an alternating sum. The reason why we wish to for-
mulate h differently is twofold. First, this will enable us to show that p € [0.34499975,0.34499976],
see Corollary 18—and in fact, in a similar way, we can approximate p up to any level of precision.
Also, this is actually a key lemma for proving Lemma 12.

Lemma 16.

= 11— S _1\k _ | Brjzowy2 if k is even,
h(z) 1+2z< 1 ao+kZ:O( 1) Tk)7 T {ﬁ(k_1>/2a(k+1)/z itk is odd. (78)

Proof. Equation (78) follows immediately from (50) and (53). O

As a preliminary result, we also need the following extension of Proposition 4. The proof, similar
to that of Proposition 4, is omitted.
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Lemma 17. Assume that z € (0,1/v/8). Then both sequences {ay x>0 and {Bx}r>0 are positive
and decreasing. Moreover,

a <V o< <12 ko (79)
Corollary 18. p € [0.34499975,0.34499976].

Proof. For z € (0,1//8), the sequence {T}}x>o defined in Lemma 16 is positive and decreasing,
see Lemma 17. In particular, denoting

P

AP =3 (1T (80)

k=0
and using (78), for all p > 0 and all z € (0,1/v/8) we have
14 22(—1 —ag + AP < h(z) <14 22(=1 —ag + A%P). (81)

Applying the last inequalities to p = 4 and noting that the right-hand side (resp. left-hand side)
evaluated at 0.34499976 (resp. 0.34499975) is negative (resp. positive) concludes the proof. O

Proof of Lemma 12. First, using the explicit expression of «ay and (i, and employing calculus soft-
ware, we obtain that the algebraic function 1+2z(—1—ag + A®) has only one zero within the circle
of radius 1/ V/8, and that

inf |1+ 2z(—1—ap+ A%)] > 1072 (82)
|2]=1/V8

Note that the lower bound 1072 in (82) is almost optimal; it is rather small because like p, the
unique zero of 1+ 22(—1 — ag + A®) within the disc of radius 1/+/8 is very close to 1/v/8.
By Rouché’s theorem, applied to the circle with radius 1/v/8, it is now enough to prove that

sup |[1422(=1—ag + A%)] — [1 +22(—1 — ag + A™)]| < 1072, (83)
|2=1/v8

For this we write

00 1/f2p+5 opt3
A% — AP| = Ty| < <1/V27, (84)
2 2 REVNEE

where the last but one upper bound is obtained from the inequality |7}| < 1/ \/§2k+3, see (78) and
Lemma 17. By (84) we then obtain

1

I[14+22(=1—ap+AP)] = [1 +22(—1 — ap + A)]| < QIZ\W-

(85)

If |2| < 1/4/8, the last quantity is bounded from above by 1/2P*2. For p = 5, we obviously get
1/2P+2 < 1072, and (83) is proven. O
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Lemma 19. We have
Coo = 0.0531 - [1 +O(1072)]. (86)

Proof. With exactly the same calculations as in the proof of Proposition 13, we obtain that

3p—1
pll — p2244(p)]

Co,o = (87)

so that the main difficulty lies in approximating Zj, ;(p). For this, we use (50) and (78) to write

Zpolz) = —20p(2) + Y _ () Ti(2). (83)
k=0

While it is easy to control the series Y72 ((—1)¥T} (), because aj(z) and Sy (2), and hence T}(2),
decrease exponentially fast to 0 as & — oo, see Proposition 4 and Lemma 17, it is not obvious
how we should deal with > 7% (—1)¥T}(2), where terms like o/} (2) and B,(z) appear. We next
show that o} (z) and () (z) actually also decrease exponentially fast to 0 as k — oo, at least for
z € [1/4,0.35]. Note that this assumption on z is not restrictive, since p belongs to the interval
[1/4,0.35] by Corollary 18.

Consider the sequence {v;(2)}r>o defined by 79(2) = ao(z) and, for k& > 0, by y41(2) =
f(y(2)), with ag(z) and f as defined in (20) and (29), respectively. Note that (29) gives yor(z) =
ap(z) and Yox41(2) = Br(2). The sequence {v;.(2)}r>0 satisfies the recurrence relation

Viey1(2) = W (2)0f (W (2)) + 0= f (9 (2))- (89)

Below we study the coefficients 0y f(7x(2)) and 0. f(yx(2)) of (89). By using expression (29) of f,
we easily obtain that

Ouf (e (2))] <4v2/9, ¥z €[0,1/VE], vt e[0,ao(z)). (90)

In addition, 9, f(t) = f(t)/[z\/1 — 422(1 4 t2)], in such a way that |9, f(t)| < |2/z] - |f(t)] for all
2 €[0,1/4/8] and all t € [0,a(z)]. Using then Lemma 17, we obtain

0. £ ()] < [2/2] - [F ()] = [2/2] - Iy (2)] < [2/2] - 1/v2 T <8v2 (o)

where the last inequality follows from the assumption z € [1/4,0.35]. From (89)-(91) we get

k+1

Vi1 (D <0 1 ()] + & m=4V2/9, & =8/V2 . (92)
We deduce that
k k+1 k+1
Y1 ()] <0 0 () ) P&y < 0P () + T2/V2TT < 100/V2TT, (93)
p=0

where the last inequality follows from sup.cp.25,0.35 [70(2)] < 13 and 7 < 1/+/2. With Lemma 17
and (93), we obtain

177,(2)] < 200/v/2"", (94)
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and thanks to (88) we can obtain approximations of j, ,(p) up to any level of precision. Lemma 19
follows. -
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