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ABSTRACT. It is proved that the solutions to the singular stochastic p-Laplace
equation, p € (1,2) and the solutions to the stochastic fast diffusion equation
with nonlinearity parameter r € (0,1) on a bounded open domain A C R? with
Dirichlet boundary conditions are continuous in mean, uniformly in time, with
respect to the parameters p and r respectively (in the Hilbert spaces L2(A),
H~1(A) respectively). The highly singular limit case p = 1 is treated with the
help of stochastic evolution variational inequalities, where P-a.s. convergence,
uniformly in time, is established.

It is shown that the associated unique invariant measures of the ergodic
semigroups converge in the weak sense (of probability measures).

1. INTRODUCTION

Let A ¢ R? be a bounded open domain with Lipschitz boundary dA. Let
{W(t)}i=0 be a U-valued cylindrical Wiener process on some filtered probability
space (2, .Z,{Z (t)}+>0,P), where U is a separable Hilbert space.

We are interested in the following two (families of) stochastic diffusion equations,
the stochastic p-Laplacian equation, p € (1,00), B € Lo(U, L?(A)),

dX,, (1) = div [|VX, ()" vxp(t)} dt + BdW (t) in (0,T) x A,
(PLp) ¢ X, (t)=0 on (0,T) x OA,
X, (0) =z € L*(A) in A.
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The deterministic p-Laplace equation arises from geometry, quasi-regular map-
pings, fluid dynamics and plasma physics, see [19, 20]. In [27], (PL,) with B =0 is
suggested as a model of motion of non-Newtonian fluids. See [28] for the stochastic
equation.

We are also interested in the stochastic fast diffusion equation r € (0,00), B €
Lo(U, H1(A)),

dY,(t) = A(|Y.(8)|" 'Y, (t)) dt + BdW (), in (0,T) x A,
(FDT‘) Yr(t) =0, on (O,T) x OA,
Y, (0) =y € H ' (A), in A,

which models diffusion in plasma physics, curvature flows and self-organized criti-
cality in sandpile models, see e.g. [12] [14] [36] [41] and the references therein.

The above equations considered are called singular for p € (1,2), r € (0,1) and
degenerate for p € (2,00), r € (1,00) (porous medium equation). In this paper, we
shall investigate the former case.

For p = 1, equation (PL1) can be heuristically written as a stochastic evolution
inclusion, B € Lo(U, H~1(A)),

dX, (t) € div [Sgn(V X (t))] dt + BdW (t) in (0,7) x A,
(PLy)¢ X1 (t)=0 on (0,T) x OA,
X, (0) =z € L3(A) in A,
where Sgn : R — 2R is defined by
iy if weR\ {0},
Sgn(u) := Jul

{ve]Rd||U|<1}, if u=0.

A precise characterization of the 1-Laplace operator can be found in [2, 3, B7]. A
typical 2-dimensional example for the so-called total variation flow can be found in
image restoration, see [Il [3, [6] and the references therein.

We shall, however, take use of the stochastic evolution variational inequality-
formulation as in [I1].

We are particularly interested in continuity of the solutions in the parameters p
and r, especially for the case p — 1. Stochastic Trotter-type results in this direction
have been obtained by the first named author in [15] [16] [17]. However, for the case
p — 1, we shall need the theory of Mosco convergence of convex functionals as in
[], since no strong characterization of the limit is available (which could be treated
by Yosida-approximation methods). For B = 0 (i.e., the deterministic equation),
the convergence of solutions to the evolution problem (PL,) was proved in [23} [40].
See also [39, Ch. 8.3].

With the help of a uniqueness result for invariant measures of the equations
considered, obtained by Liu and the second named author [29], we prove tightness
and the weak convergence (weak continuity) of invariant measures associated to the
ergodic semigroups of the equations (PL,) and (FD,). See [9} 10, I8, 22] for other
result in this direction.

Organization of the paper. In Section [2 we prove that the solutions to the
basic examples are continuous in the parameters p and r resp.

In Section[3] The result of Section [2]is combined with the uniqueness of invariant
measures proved in [29] in order to obtain the weak continuity of invariant measures
in the parameters p and r resp.

In Section 4] we prove a convergence result for the stochastic p-Laplace equation
as p — 1, using another notion of a solution. For the limit p = 1, however,
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uniqueness of the invariant measure is an open question. The matter is further
investigated in [22].

The Appendix collects some well-known results on Mosco (variational) conver-
gence and Mosco convergence in LP-spaces, needed for the proof in Section

2. CONVERGENCE OF SOLUTIONS
Compare with [16, Theorem 2].
24+d’ 2+d’

pn — po. Let X, := X,,., n € N, Xy := X,, be the solutions to (PLy, ), n € N,
(PL,,) resp. Then for x € L*(A).

Theorem 2.1. Let {p,} C (1\/ 2d 2], n € N, py € (1\/ 2d 2} such that

limE

n

sup wxna>‘mﬂwni%AJ =0.
t€[0,T]

Proof. For p € (1,00), define a, : R* — R? by a,(x) := |z[P~2z. Furthermore,
let A, : Wy (A) — (Wy™)*(A) be defined by A, (y) = —div[a, (Vy)], where
S Wol’p (A). To be more specific,

oy (A @) s = [ (@(V9), V2 de, Ve WET ().
We first consider the following approximating equations for (PLy)
2.1) dX; (t)+ A5 (X, (t) dt = BdW (t)
’ X, 0)=x

where for any u € L?(A),
A (u) = — (1—eA) Hdiv [a; (v (1—eA)! u)]

and aj, is the Yosida approximation of a, i.e., for any r € R4,

a, (r) = % (1 —(14¢a,)”" (r)) .

In particular, for u,v € L?(A),

(A5().0) 12y, = /A (a2 (VR.u), VR. (v)) dE,

where R, := (1 —eA)~! is the resolvent of the Dirichlet Laplacian.

We shall use the following strategy (IP-a.s.)

10 () = Xo ()72

<3Xn (1) = X5 (D720 + 315 () = X5 (Dl 72a)
+31X5 (£) — Xo (D)1 72a)
=:I1(n,e) + Ia(n,e) + I3(e).

uniformly in ¢ € [0,77].

At this point we need to prove the following lemma. We introduce the notation
r2(r) == (14¢ea,)”" (r).
Lemma 2.2. Under our assumptions, if we let X, be the solution to (2.1) and
)?; = (1 —eA)"1XE, we have that

D’

(2.2) E /O t /A

2 (VX ()] deds < Cu (1ol + 1BIs)
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for allt €10,T7.
Proof. We know by the definition of a, that

(ap (r),r) = |r[".
On the other hand we have by Ito’s formula, applied to the function u —
||u||i2(A)’ that

(2.3) E | X; (t ||L2(A)+2E// VXE ),VX;(3)>d§ds

2 2
<G (Jlall3zqn) + 1Bls) -
By the definition of the Yosida approximation we have that

ap (r) = ap (12 (r))

and
(a5 (r) o) = (a5 (2 (1)) 2 (1) + 2 fr = r2 ()

We rewrite as follows

/ / VXE ) )), VX: (s)> d¢ ds

/ / VXE( ))) P (v;?; (5))> d¢ ds
VXE ‘ de ds.

Plugging into proves 1) d
We shall prove now that P-a.s.

2
Jimy sup X5 (8) = X5 (O )

. We set Xf) =(1—eAn)"" X, and )Z'; =(1-xA)"" X;). Then by (2.1), we have
that

=0, uniformly inp € <d+2,2)

1 2
D) HX; () - X? (t)HL2(A)

' v iy ~ ~
[ ] (a5 (V8 ) =} (VR 9) V5 () - VR () dds =0 Peas.
Setting VX (5) = u° and VX (5) = u* and using
aj (u) € a, (14 20,) ™" (w).

we get by the monotonicity of a, that

(a5 (u) — a]’g\ (u’\) ,u — u’\>

P
> (a; (u°) — a;‘ (u) seag, (u®) — )\a; (ut)).
This leads to
1
(2.4) 3 X2 (t) — X)) (t) HLQ(A)

P

<[ (ks

‘We can now prove that P-a.s.

VX8 )’ —&-)\‘ ( )Z'”\(s))r) déds P-as..
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(2.5) VXE ‘ deds < C

for some C} independent of p and €.
Using Jensen’s inequality (for ¢ — ¢?/(?»=2)) and taking into account that |a,, (r)| <

Ir[P~", we obtain

VXE ‘ de ds
(2p—2)/p
/(o-1)
<(¢[A]) - (@r=2)/p) (//‘ap (VX )))’p g dgds>
(2.6) o (2p-2)/p
(1+tA|)( P vx; (5) ‘ dgds)

<Ct+0t< VXE ’ dgds>,

where [A| = [, d&.
Now by Lemma we have (2.5)) for a constant C; independent of p and e, and
passing to the limit for e, A — 0 in (2.4) we get that P-a.s.

2 : : 2d
g%t:[lé%] HX - X5 (t)HLQ(A) =0, uniformlyinp e (1 \Y d—|—2’2> .

As a consequence, I1(n,e) and I3(e) tend to zero as € | 0, uniformly in n.
For I5(n,¢), using the monotonicity of a;, we have

1
*HXE (t) _XE (t) ||L2(A)

/ / a5, (VX7 (5)) = a, (VX (5)) .V, (s) = VX, () deds <0
Since

1
9 ||X€n (t) — X;o (t)HL?(A)

[ L0 emaiv (a5, (955, 6) - o, (V55 60))] 156, ) X5, ()] acas
(/Ot/ ((1 —eA) Hdival, (vf(;o (5)) —(1—eA) Ndival (VXE (s )))2d§d5)1/2
(/ JACHCERAE) déds)1/2

We only need to prove that

t _ _ 9 1/2
( /0 /A (=) divas, (VX (5)) = (1—2a) divag, (VX () d§ds> 0
and that follows from
(2.7) AS (u) = A (u), strongly in L ((0,T) x A),
where A5 (u) = (1 —eA) "diva, (u) (as in ([2.1)).

Indeed, we obtain (2.7)) by the following arguments:
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Since aj, (u) — a5, (u) pointwise, which follows from Lemma and [4, Propo-
sition 3.29], and since {a;n (u)}n is bounded a.e. on (0,T) x A we get by Lebesgue’s
dominated convergence theorem

(div ay, (u) —divag, (u) ’U>L2((O,T)><A) = <a;n (u) — ayp, (u) ’VU>L2((O,T)><A) 0,

for all v € L2 ((0,T) x A).
That means

. . € . 2
divag, (u) — divay, (u), weakly in L= ((0,7) x A)
and this leads to
(1—eA) "divas (u) = (1—eA) "divas, (u), strongly in L? ((0,7) x A),

Pn Po
which is (2.7]).

We have proved that

lim sup [|X5(t) = Xo(t)[[p2n) =0 P-as.
™ tel0,T]

The convergence

lim [E

sup || X, (¢) — XO(t)”iz(A)] =0
t€[0,T]

is established by Lebesgue’s dominated convergence theorem and [28, Eq. (1.3)],
where the constant can be controlled uniformly in p by Ito’s formula, Poincaré
inequality and Gronwall’s lemma. We refer to [38] for the p-dependence of Poincaré
constants. ([

d+2> d+2°
rn — 1. Let Yy, ==Y, ., n €N, Y, :=Y,, be the solutions to (FD,,), n € N,
(FD,.,) resp. Then fory € H-(A),

Theorem 2.3. Let {r,} C (0\/ d—2 1}, n €N, rg € (O\/ d—2 1] such that

lim E

sup ||V (t) — Yo(t)llim)] =0.
t€[0,T)

Proof. We need to show that

limE

sup [|Yy (t) — Yo (ﬂ”?{l(z\)} =0.
te[0,T)

Using the same approximation as in [I0] consider

1Y5 (8) = Yo (Ol -1
< WYa () = Y5 Ol -y + 1Y (6) = Y5 Ol =2y + Y0 (6) = Yo (D)l gr-1(a)
= L+L+1s.

For I and I3 we have the convergence uniformly in r,, for r,, > 1/2, arguing as in
[10], Proposition 2.6 and using at the end Jensen’s inequality for L? (A) C L?™ (A).
For I, note that the pointwise convergence of ¥, (z) = |z|™ "z to ¥, (z) =
|x|r°_1 x imply the convergence of the resolvent in R and then we get the result
arguing as in [I5]. O
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3. CONVERGENCE OF INVARIANT MEASURES

In this section, we shall present a result on convergence of invariant measures
associated to equations (PLy,), (FD,) respectively.

Let {X}(t)}¢>0 be the variational solution associated to equation (PL,) starting
at z € L*(A). Similarly, let {Y,Y(¢)};>0 be the variational solution associated to
equation (FD,) starting at y € H1(A).

Let

PP F(z):=E[F(X2(t)], FeC(L*(A)), t=0,
be the semigroup associated to equation (PL,).
Let
Q; Gy) =E[GY}!®)], GeC(H'(A), t=0,
be the semigroup associated to equation (FD,).
Recently, Liu and the second named author obtained the following result:

oy 2d d—
Proposition 3.1. Suppose that p € (1 Y, 2+d,2} r e (0 V 5 1}. Then {PF}
and {Q7} are ergodic and admit unique invariant measures (,, v, Tespectively. It

holds that i, is supported by Wg’p(A) and v, is supported by L"T1(A). Also

(31) Jy, Tl ) < o0

and

(32) [, et < o

Proof. See [29], Propositions 3.2 and 3.4]. O

Theorem 3.2. (i) Let {p,} C (1 Y 2+d,2}, n €N, py € (1 v 2d 2} such that

2+d>
Pn — po. Set PP := PP, PY:= PP°.
Then the unique invariant measures iy, n € N, ug resp. associated to
{P"}, n € N, {PP} converge in the weak sense, i.e.

lim [ F(z) pn(dz) = / F(z) po(dz) VF € Cy(L*(A)).
L2(A) L2(A)

n

(ii) Let {rn,} C (O\/ g+2,1], n €N, rg€ (0\/ g+2,1} such that r,, — r9. Set
Q? = T" Qt =

Then the unique mvarz’ant measures v,, n € N, vy resp. associated to
{Qr}, n € N, {QV} converge in the weak sense, i.e.

lim F(z) v, (dz) = / F(x)vo(dx) VF € Cy(L*(N)).
L2(A) L2(A)

n

Proof. Let us prove (i) first. By Proposition we see that {P/"}, n € N, {P?}
admit unique invariant measures un, n € N, pg resp. Let p; := inf, p,. By the

2} and the embedding W, """ (A) C L?(A) is

convergence p, — po, p1 € (1 2+d’

compact.
Let 8 > 0. Set

Kp:= {x € L3(A ‘ (15, <O+ A|} .

Clearly, Ky is compact in L2(A). Now by (3.1} -,

K5y = o (I, =N 207} <0 [l ) < 01BIs.
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Hence the family of measures {p,}nen is tight and has a weak accumula-
tion point g, ie. p,, — p weakly. By the Krylov—Bogoliubov theorem, for
F e Cy(L*(A)),

F dx) li P F(x
S F ) = /

— lim % / (P F(z) — POF(x)) dt

T— 400

lim / P0
T—>+oo
=i + / F(x) po(dx)
L2(A)
By Theorem and dominated convergence, €, — 0 as k — 400 and hence

/ F(z) fildz) = / F(@) po(de).
L2(A) L2(A)

As a consequence, for the whole sequence, p,, — pg weakly.
The proof for (ii) can be carried out by similar arguments. (]

4. THE CASE p=1

For p = 1, the situation is more complicated. We would like to find a convex
functional ®! such that the stochastic 1-Laplace equation

VXL ,
dX (t) =div [VXl()Jdt—l—BdW() in (0,7) x A,
PL)Y x, (1) =0 on (0,T) x A,
X1(0) == in A,

can be written as

(41) dX; (t) € =0 (X, (t))dt + BdW (t)  in (0,7),
’ Xl (O) =,
where 9®! is the subdifferential of ®!.

We shall need the spaces BV (A) and BV (R?). For f € L{ (A), define the total

variation

071 =sup { [ aude| v e cie (). i< 1]

BV(A) is defined to be equal to {f € L*(A)| |[Df|| (A) < oco}. Denote the d — 1-
dimensional Hausdorff measure on dA by 5?1, For f € BV(A) there is an
element f* € LY(OA,ds#?~1) called the trace such that

/ Fdivpde = / (W, dDf]) + / (W) Fr A W e O (K RY),
A A OA

where [Df] denotes the distributional gradient of f on A (which is a R%valued
Radon measure here) and v denotes the outer unit normal on JA. BV (R?) is
defined similarly by setting A = R?. Define also |Df|| (R%) in the above manner.
Note that for f € BV (A) (extended by zero outside A) it holds that f € BV (R9)
and that

(4.2) DI RS = D (A) +/8A |fA | daett,

cf. [I, Theorem 3.87].
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Remark 4.1. By Ambrosio et al. [T, Corollary 3.49], if d € {1,2}, then
W (A) € BV(A) € L*(A)
continuously. If d =1, then
BV (A) cc L*(A)
compactly.

For further results in spaces of functions of bounded variation, we refer to [1l
Ch. 3].

We shall return to equation (4.1)). Recall that the subdifferential 9®! in L?(A)
is defined by n € 99 (z) iff

(4.3) ol (z) — D' (y) < /An (x —y) d¢, Vy & dom .

One possible choice for ®! is the (homogeneous) energy

B(u) = [Vuldg, if ue Wit(A),
) +oo, if u e L2(A) \ Wy (A).
In this case, if u € Wy''(A), and if U := — div(sgn(Vu)) € L2(A), then we have

that u € dom d® and U = 0P (u).

However, ® fails to be lower semi-continuous in L2(A) which is a necessary in-
gredient for the theory. Therefore, it is convenient to consider its relaxed functional
in L?(A), which is equal to

() = {||Du| (RY),  ifue BV(A),
—+00, if u e L2(A) \ BV (A),
see equation above. ®! is proper, convex and lower semi-continuous in L?(A)
and an extension of ® in the sense that dom ®! S dom ® and &' < . Compare
with [3] 24 [37, [40].

Following the approach of Barbu, Da Prato and Rockner [I1], we shall give the

definition of a solution for equations (PLy), p € [1,2].

Definition 4.2. Set V, := Wy?(A), p € (1,2], Vi := BV(A). Let ®' be defined as
above. For p € (1,2], let
1 : 1
~ | |Vz/PdE, € WyP(A),
SO F N\ TR RN
+00, if ue L2(A)\ WP (A).

A stochastic process X = X* with P-a.s. continuous sample paths in H :=
L2 (A) is said to be a solution to equation (PLy,), p € [1,2] if

X eCw ([0, T);H)NLP ((0,T) xQ,V,), X(0)=zcH

and

FIX =Y Ol + [ @ (X ()= (7 () ds

< Gle=Y Ol + [ (G X0 =Y @)y ds. DT,

for all G € L3, (0,T;H) and Y € Cyw ([0,T]; H)NLP ((0,T) x ;V,) satisfying the
equation

(4.4) dY (t) + G (t) dt = BdW (t), te[0,T].
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Suppose for a while that 1 < p < 2, d = 1,2. Arguing as in [31, Example 4.1.9,
Theorem 4.2.4], we can easily prove existence and uniqueness of the solution X,
for equation (PL,), in the usual (strong) variational sense, as in Pardoux, Krylov,
Rozovskii [26, B0]. We shall refer to Prévét, Rockner [31], Definition 4.2.1]. By Ito’s
formula, we see that X, is also a solution in the sense of the definition above.

Here, W (t) is a cylindrical Wiener process on L?(A) of the form

[ee]
W(t)=> m(t)en, t=0,
n=1

where {v,} is a sequence of mutually independent real Brownian motions on a
filtered probability space (2, %,{Z:}i>0,P) and {e,} is an orthonormal basis of
L?*(A). We shall make further specifications. BB* is assumed to be a linear,
continuous, non-negative, symmetric operator on L?(A) with eigenbasis {e, } and
corresponding sequence of eigenvalues {\,}. Let (—A,dom(—A)) be the Dirichlet
Laplacian in L?(A), in particular, dom(—A) = H2(A) N HE(A). Assume for sim-
plicity that {e,} is an eigenbasis of —A with corresponding sequence of eigenvalues
{ptn}. We shall assume that

o0
(4.5) Z A, < oo
n=1

for some k£ > 0. For the situation considered in this paper, it is enough to set
Q:=(-A)"1%withd>21+kford=1and § >1+k ford=2.

Regarding equation (PL;), well-posedness of the problem as well as existence
and uniqueness of the solution were proved by Barbu, Da Prato and Rdéckner in
.

Remark 4.3. Note that in [11], the space BVy(A) is introduced, consisting of
BV (A)-functions with zero trace. They claim, however, that the energy

| oo, if u € L*(A) \ BVy(A).

is lower semi-continuous which is not the case. Consider, for example, a sequence
up, of trace zero Lipschitz functions on A with |[Du,| (A) = 1 converging in L?(A)
to 1. Then
lim U(uy,) =1 < 400 = U(L,).
n

Fortunately, all results of [T1] remain true, if one replaces ¥ (denoted by ® in their
paper) by ®1. We do not repeat the steps taken in the proof of [L1] here, but note
that for their existence and uniqueness result relies on an approzimation {¥¢} of ¥
which “does not see” the trace-term in , i.e. maps L*(A) functions on a joint
subspace of BVy(A) and dom(®'). In fact, {¥°} is defined similarly to (4.6).

Other results of stochastic evolution variational inequalities can be found in
8, 13, 32, 33, 54).
We are now able to formulate the main result of this section.
Theorem 4.4. Let d € {1,2}. The sequence of solutions { X}, to equations (PLy)
is convergent for p — 1 to the solution Xy of equation (PLy), strongly in L? (M),
uniformly on [0,T], P — a.s., i.e.,
lim sup || X, () — X1 (9l =0, P—a.s.
p=lieio,T) b L2

There is some evidence that the following conjecture is true, see [21], 22] 25].
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Conjecture 4.5. Let d € {1,2}. Then the semigroup
P/F(z) :=E[F (Xi(t,2))], FeCy(L*(A),
admits a unique invariant measure fi .

Theorem 4.6. Let d = 1. Suppose that C’onjecture is true. Let X, = X,(t,x)
be the solution to equation (PL,), p € [1,2]. Let {p,} C (1,2] such thatlim, p, = 1.
Let

PPF(z) :=E[F (X;(1)], ¢ €C(L*(A),
be the semigroup associated to equation (PL,). Let w, , n € N, uy be the associated
unique invariant measures on L?(A). Then

Wp, — 11 in the weak sense.

Proof. Note that by Remark the embedding BV (A) C L?(A) is compact. The
proof is similar to that of Theorem [3.2) W' (A) therein replaced by BV(A). [0

Proof of Theorem[].J) For each & > 0, let R, := (1 —cA)~! be the resolvent of the
(Dirichlet) Laplace operator (—A,dom(—A)), where dom(—A) = H}(A) N H2(A).
For p € [1,2], e > 0, let

(4.6) DP(u) := /Ajf(VREu) d¢, u€ L*(A).

Lemma 4.7. Let {p,} C [1,2] such that lim,p, = 1. Let ¢ > 0. Then for
u € L?(A), we have that

(4.7 liTan P (u) = DL (u).
Furthermore, if u, — u converges weakly in L*(\), we have that
(4.8) lim 2" (uy,) > @1 (u).

Also, each ®F, p € [1,2], € > 0, is continuous w.r.t. the weak topology of L*(A).

Proof. Since R. maps to dom(—A) C Hg(A), it is clear that VR.u € L?(A;R%)

and hence (4.7) follows from (A.2)).
Let u, € L*(A), n € N, u € L?(A), such that u,, — u weakly in L?(A). If we

can proof that VR.u,, — VR.u weakly in L2(A;R?), we can apply and
follows. Indeed, we even have that VR.u, — VR.u strongly in L?(A; R?).

The last part follows by repeating the compactness argument above and the
strong L?(A; RY)-continuity of the W2’s. O

We first consider the following approximating equations for (PL,)
(49) { dX; (t) + AS (X5) dt = BAW (t)
’ X, (0)==
where for any u € L?(A),
A (u) = — (1 —eA) Vdiv [a; (v (1—eA)! u)]

and ay, is the Yosida approximation of a, i.e., for any r € R,

ay ()= = (1= (1 +2a,) 7 ().

£
In particular, for u,v € L?(A),

(A5(0).v) . p, = /A (a5(V Ret), VR (v)) de.
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We shall consider a similar approximation for equation (PL;)
{ dX5 (t) 4+ A® (X5)dt = BdW (t)

(4.10) XE(0) = 2

where for any u € L?(A),

with

In particular, for u,v € L?(A),

(A° (1), 0) ) = /A (B5(VReu), VR.(v)) de.

Note that (° is the Yosida approximation of the sign function, i.e., for any
r e R%,

g =1 (1-0+esm) ().

In particular, 5 = Vj¢, where j. is the convex function defined by

r®
—, if |r| <¢,
§(r) = 2 Irl <

|7 if |r] > e.

£
27
We shall use the following strategy to prove the main result
HXp (t) - Xl (t)HLz(A)
< 1% (8) = X5 0| oy + 15 (8) = X5 0] g, + 1K (0) = X1 (@),
P-a.s. and uniformly in ¢ € [0,7].
Step 1

We note that, taking Remark [4.3]into account, the result of [I1], equation (4.8)]
remains valid in our case. Hence,

lim sup || X7 (t) — X1 (¢ =0, P-as.
liy sup X7 () = X1 ()20

Step 11
Note that we have proved above (proof of Theorem that

: e _ g : :
gl_I)I(l)teS[l(l)%] | X5 (1) X, (t)||L2(A) 0, P-a.s. uniformly in p € (1,2).

Step III
In order to complete the proof we still need to show that for all € > 0 fixed we
have

: € S _ 2
gl_)rnlt:[l(l)%]HXp(t) Xl(t)HLQ(A) 0, P-as.

To this aim, we consider the definition of the solution for equations
dX; (t)+ A5 (X)) dt = BdW (t)
X, (0)==
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as

3G 0 =Y @+ [ (@205 ) - o2 (o) ds

t
< gle =Y Ol + [ (G X6V (9) gy .
for all t € [0,T], P-a.s.
We take Y = X7, the solution of equation
dX§ (t) + A° (X])dt = BdW (¢)
{ Xi(0) =x.
and using the definition of the subdifferential we get that
(4.11)

A EACES O

L2(A)
+/0 (D2 (X (s)) — P (XF (5)) + ®L(XT (s)) — ®L (X} (s))) ds
< e = X5 (0)a() =0,

for ¢t € [0,7] and P-a.s. By estimate (2.3, we can extract a subsequence {p,}
with lim, p, = 1 such that for X; := X  we have that for dt-a.a. t € [0,7],
XE(t) — Z&(t) weakly in L?(A) P-a.s. for some dt ® P-measurable Z¢ that satisfies

sup (1 25(0)] ) < Iim sup [ Xu(@)llpan)  Poas.
te[0,T] n te[0,T]

We shall need following lemma. Set ®7 := ®P».
Lemma 4.8.
D7 (XE() — B2(XE()) + BL(XE()) — L(XE())
is P-a.s. bounded above by a function in L>°(0,T).

Proof. Set u:= XZ(-), v := X$(+). Recall that in our notation, R, := (1 —eA)~L.
Let us treat the term ®!(u) — ®(v) first. By the definition of the subgradient
it is bounded by (V®!(u),u — v)r2(a). But this term is equal to

/A (8 (VR (u), VR (u — v) de.

Since |5%| < 1, we get that the latter is bounded by |V R:(u — v)| 12(n,ga)- By the

proof of Lemma[d.7] VR, is a bounded operator from L?(A) to L*(A;RY).
We get that

OL(X5() = PLXT()) < Csup [ X5 Ol 2 a) + CIXT O L2 (a)
which is P-a.s. in L*°(0,T) again by estimate (2.3]).

We continue with the term ®7(v) — ®?(u). By the definition of the subgradient
it is bounded by (V®Z(v),v — u)r2(a), which is equal to

/A <a;(VR€(U))v VR (v— U)> dg.

Noticing that 7P is a contraction on R, we can use a similar estimate as in ([2.6)
to get that the latter is bounded by

c+C ||VRa(U)||L2(A;Rd) VR (v — U)||L2(A;Rd) :
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Arguing as above, we see that this term is bounded by
2
¢+ CSl:LP X5 O p20a) IXT Ol L2ay + CIXT T2 (a) 5
which is P-a.s. in L*°(0,T) by estimate (2.3). O

We take the limit superior in (4.11)) and continue investigating

¢
@/O [@2(XT(s)) — @L(X5(5)) + @2(X7(s)) — D2(XF(5))] ds.
By Lemma we can apply (reverse) Fatou’s lemma such that it is sufficient to
prove that
lim [®7 (X5 (s)) — @2 (X7 (s)) + D2 (X5 (5)) — D(Xi(s))] <O
P-a.s. and for ds-a.e. s € [0,T]. At this point, we apply Lemma and get that
lim [®7 (X7 (s)) — @ (X7 (s)) + D2(X;(5)) — D2(XT(s))]
<lim @7 (X5 (s)) — lim @2 (X7 (s)) + lim @ (X7 (s)) — @2 (X (s))
<P:(X((5)) = @L(Z7(5)) + @L(Z7(s)) — @L(XT(s))
=0,
P-a.s. and for ds-a.e. s € [0,T].
Final step. Going back to
1 Xp (8) = X1 (D)l 2 ()
<1y (1) = X5 O oy + 155 (0) = X5 (), + 15 (1) = X3 ()2

P-a.s. and uniformly in ¢ € [0,7], we can complete the proof using Steps I-1II as
follows. Let § > 0. Pick g9 > 0, independent of p, such that the first and the third
term are less than §/3. Having fixed ¢ in such a way, we can pick p such that the
second term is less than /3. g

APPENDIX A. SOME RESULTS ON VARIATIONAL CONVERGENCE

Let H be a separable Hilbert space. For a proper, convex functional ® : H —
(=00, +00], the Legendre transform ®* is defined by

*(y) := sup [(z,y)y — ®(x)], yeH.
zeH
For two functionals F, G : H — (—o00, +00] the infimal convolution F#G is defined

by
(F#G)(y) := inf [F(2) + Gy —2)], yeH.

For a proper, convex, l.s.c. functional ® : H — (—o0, +o0], for each ¢ > 0, define
the Moreau-Yosida reqularization

L2
o= o |

®. is a continuous convex function. Also, lim.\ o ®. = ® pointwise.
It holds that

* * €
(A1) (®)" ="+ 2 [

see e.g. [7 §2.2] and [, Ch. 3].
Recall following definition.
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Definition A.1 (Mosco convergence). Let ®" : H — (—oo,+o00], n € N, & :

H — (—o00,+00] be proper, convex, l.s.c. functionals. We say that " M, & in the
Mosco sense if

(M1) VezeHVx,€ H neN, z, =z weakly in H: lm®"(x,) > D(z).

(M2) Vye€ H3y, € H neN, y, —ystrongly in H: Lm®"(y,) < ®(y).
We shall need following theorem.

Theorem A.2. Let " : H — (—o0,+o0], n € N, & : H — (—o0, +00] be proper,
convez, l.s.c. functionals. Then the following conditions are equivalent.
(i) o 25 @.
(ii) (") L o=
(iii) Ye > 0, Vo € H: lim, ®"(x) = @.(z).
Proof. See [4l Theorems 3.18 and 3.26]. O

Corollary A.3. Suppose that ®" M &, Then for each ¢ > 0, ®7 ELR ®_, too.

Proof. Suppose that " M, p. By Theorem [A.2 (®™)* M, d*, too.

If we can prove for each € > 0 that (®2)* A, (®.)*, we are done by Theorem |A.2

(M2) in Definition follows easily, using equation (A.1)) and (M2) for {(®,)*}
and ®*.

Let x, € H,n € N, x € H such that z,, — = weakly in H. By (A.1]), weak lower
semi-continuity of the norm and (M1) in Definition for {(®,,)*} and ®* we get
that

lim(@2)" () = lim [ (") () + 5 2l

. ny* . € 2 * € 2 *
> Im(®")(zn) +lim o flza]fy > 2%(2) + 5 llzlly = (@)™ (2).
(]
A.l. The LP-case. Let p € [1,2]. We define 57 : R? — R by j? (z) := %|x|p.
Obviously, if p > 1, each j? is a convex C'-function. For £ > 0, let
1

D) P 2

2ty i= it |70+ ool o
be its regularization. For v € L?(A;R?), set

WP (u) ::/jp(u) d¢.
A

WP is a continuous convex functional on L%(A;R?) for each p € [1,2].

Lemma A.4. For ¢ > 0, let U2 be the Moreau-Yosida regularization of WP in
L*(A;RY). Then

v = [ ) de oe AR,
A
Proof. Straightforward from [35, Theorem 14.60]. O

We would like to prove a convergence result, which shall be useful later. See the
appendix for the terminology. Compare also with [5].

Lemma A.5. Let {p,} C [1,2], po € [1,2] such that lim, p, = po. Then

rr M yPo i the Mosco sense in L*(A;RY).
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Proof. Let us prove (M1) in Definition first. Let u, € L2(A;RY), n € N, u €

L*(A;RY) such that u, — u weakly in L2(A;RY). W.lo.g. lim, WP (u,) < +oo.
Extract a subsequence (also denoted by {u,}) such that

lim UP" (u,,) = lim UP" (uy,).
n n

Let v € L=(A;RY). Clearly,

liTIln/A<un,v> dfz//\(uw} d¢.

Also, by Holder’s inequality,
s ( A;]Rd) )

/ (un,v) d§| < WP (up) X Pn—l
A < / o[/ D) dé) . if po > 1,
A

(here |A| = [, d€). Upon taking the limit n — oo, we get that
||”HL<>0(A;]Rd) ) if po=1,

(u,v) d§| < Hm WP (up) x po—1
/A n " (/ |v[po/ (Po=1) dg) . if po > 1.
A

Taking the supremum over all v € L (A; R?) with ||v||’£°oé((€\°£{}i)) < 1 and using the

P AP o]l if po =1,

Pn

Po

Po

l.s.c. property of the supremum, we get that
1
pPo (u) I / |u‘170 dg g mqﬂm (un)
Po Ja n

Since the same argument works for any subsequence of {u, }, we have proved (M1).
We are left to prove (M2) in Definition Let u € L2(A;RY). Clearly for a.e.
e
tin —fu(©) P = ().
n Pn Po
But for all p € [1, 2],
1
];|u|p < 1p+ [u)® € LY(A).

Hence an application of Lebesgue’s dominated convergence theorem yields

lim WP (u) = WP (u).

(M2) is proved. O

Theorem Corollary and Lemmas [A24] together give:

Corollary A.6. Let {p,} C [1,2] such that lim, p, = 1. Let ¢ > 0. Then for
u € L2(A;R?), we have that

(A2) tim [ g0y d = [ 5w de.
noJA A
Furthermore, if w, — u converges weakly in L*>(A;RY), we have that

(A3) lim /A 3P () dé > /A JL(u) d.
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