ON STOCHASTIC COMPLETENESS OF JUMP PROCESSES
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ABSTRACT. We prove the following sufficient condition for stochastic complete-
ness of symmetric jump processes on metric measure spaces: if the volume of the
metric balls grows at most exponentially with radius and if the distance function
is adapted in a certain sense to the jump kernel then the process is stochastically
complete. We use this theorem to prove the following criterion for stochastic com-
pleteness of a continuous time random walk on a graph with a counting measure:
if the volume growth with respect to the graph distance is at most cubic then the
random walk is stochastically complete, where the cubic volume growth is sharp.
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1. INTRODUCTION

It was R. Azencott [3] who discovered in 1974 that Brownian motion on a geodesi-
cally complete manifold can be stochastically incomplete, that is, can have finite
lifetime with positive probability. The latter means that Brownian motion runs
away at such a high speed that it reaches the infinity in finite time (and then ceases
to exist). This behavior is difficult to imagine from the standpoint of the Euclidean
geometry of R™ because the usual perception of Brownian motion is that it is a lazy
erratic movement that hardly escapes to the infinity at all, not to say in finite time.
However, the picture changes drastically already in hyperbolic geometry: Brown-
ian motion on the hyperbolic space H" escapes to oo at a linear rate practically
along geodesic rays, although still having infinite lifetime. In the aforementioned
paper Azencott has observed that on Cartan-Hadamard manifolds Brownian mo-
tion can escape to oo at arbitrarily high speed (in particular, can be stochastically
incomplete) provided the sectional curvature grows to —oo fast enough.

We say that a manifold M is stochastically complete if so is Brownian motion on
M. How to decide whether a given geodesically complete non-compact manifold M

Date: December 24, 2010.
2000 Mathematics Subject Classification. Primary 60J75, Secondary 60J25, 60J27, 05C81.
Key words and phrases. jump processes, random walks, stochastic completeness, non-local
Dirichlet forms, physical Laplacian.
1



2 A. GRIGOR’YAN, X. HUANG, AND J. MASAMUNE

is stochastically complete or not? This question has received significant attention in
both probabilistic and geometric literature. One of the first results in this direction
is due to S.-T.Yau [36], who proved the stochastic completeness of M under the
hypothesis that the Ricci curvature of M is bounded from below. Surprisingly
enough, a simple and powerful sufficient condition for the stochastic completeness
can be established in terms of the volume growth function. Let d be the geodesic
distance on M and B(zx,r) be geodesic balls, that is,

(1.1) B(z,r)={y e M : d(x,y) <r}.

Set V(x,r) = p(B(z,r)) where u is the Riemannian volume.

Theorem 1.1. ([8], [16], [20], [22]) If, for some zo € M and some constant C,
(1.2) V(zo,7) < exp(Cr?)

for all large enough r, then M is stochastically complete.

Furthermore, it was proved in [16] that if

/°° rdr Cx
log V' (o, 1) a

then M is stochastically complete (see also [15], [17], [19]).

Why can the conditions for stochastic completeness be stated in terms of geodesic
distance? Of course, both Brownian motion and the geodesic distance are defined
using the Riemannian metric, so they are related. However, as one can see from
the proofs, one can replace in the above theorem the geodesic distance by any other
distance function (or even by an exhaustion function) d on M provided it satisfies
the condition

(1.3) Vd(z, )| < 1,

where V is the Riemannian gradient understood in a weak sense. As it was proved
n [30], [31], Theorem 1.1 remains true on arbitrary metric measure spaces with a
strongly local Dirichlet form provided the metric d satisfies (1.3), where now |V-|2
denotes the energy density of the Dirichlet form.

The purpose of the present work is twofold. We first prove a sufficient condition
in terms of the volume growth for the stochastic completeness of jump processes
defined via their Dirichlet forms. Then we apply the abstract theorem to investigate
the stochastic completeness of nearest neighborhood random walks on graphs in
terms of the volume growth relative to the graph distance.

Let (X, d) be a metric space such that all metric balls

B(z,r)={ye X :d(z,y) <r}

are compact. In particular, (X,d) is locally compact and separable. Let pu be a
Radon measure with full support on X. Let J(z,dy) be a kernel that associates
for any € X a Radon measure on the Borel o-algebra B (X \ {z}), that depends
on x in a measurable way. Assume that J satisfies in addition the following two
conditions:

(a) J is symmetric with respect to measure p in the following sense:

(1.4) / /X » VI (, dy)p(de) / /X Syt
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for all non-negative Borel functions f,g on X;
(b) there is a positive constant M such that

(1.5) sup / (1 A d(z,9)2)J (z,dy) < M.
2eX Jx\{a})
For example, such a kernel can be defined by J (z,dy) = j(z,y)du(y) where
j (x,y) is a non-negative Borel function on X x X \ diag that is symmetric in z,y
and satisfies (1.5).
Consider the following bilinear functional

06 e =g [ [ = )66 o) daz)

that is defined on Borel functions f and g whenever the integral makes sense. The
condition (1.5) implies that £ (f,g) is finite on all Lipschitz functions on X with
compact support. Taking an appropriate closure of this domain, one obtains a
natural domain F C L? (X, u) of £ where the form & is closed. In fact, (£, F) is a
regular Dirichlet form (cf. [12, Example 1.2.4]).

By [12], any regular Dirichlet form determines a Hunt process {&:},., on X, and
for the Dirichlet form (1.6) this process is a jump process with the jump kernel
J (z,dy). We are interested in conditions ensuring the stochastic completeness of
X}, that is, the infinite life time of the process.

Many examples of jump processes are provided by Lévy-Khintchine theorem where
the Lévy measure corresponds to J (z, dy). The condition (1.5) appears also in Lévy-
Khintchine theorem (see [4, 29]). For construction of the Hunt process (1.5) can be
replaced by a weaker condition of [12, Example 1.2.4]. However, for the purpose of

investigation of stochastic completeness the condition (1.5) plays the same role as
(1.3) does for diffusion.

Definition 1.2. We say that a distance function d is adapted to a kernel J(z,dy)
(or J is adapted to d) if (1.5) is satisfied.

For example, the Euclidean distance in R™ is adapted to any Lévy measure. An
explicit example of a Levy measure in R" is

Iz, dy) = —"m(dy),
|z -y
where a € (0,2) and m is the Lebesgue measure. The corresponding Levy process
(=the Hunt process of (£, F)) is the symmetric a-stable process with the generator
A2 where A is the (positive definite) Laplace operator in R™.
To state our first main result, define closed metric balls B(z,r) in X by (1.1)
where d now is the given metric in X, and set V(z,7) = u(B(z,1)).

Theorem 1.3. Assume that J satisfies (1.4) and (1.5). Assume also that, for some
29 € X and b > 0,

logV 1
(17) lim inf 28V (For7) 1
r—00 rlogr 2

Then the Dirichlet form (E,F) is stochastically complete.
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For example, (1.7) is satisfied if there is a sequence of values of r that goes to oo
and a constant b > 0 such that

(1.8) V (zo,7) < exp (br),
or if, for some c € (O, %) ;
V (zg,7) < exp (crlogr).

We do not claim that the value 3 in (1.7) is sharp.
In the proof we split the jump kernel J(x,dy) into the sum of two parts:

(1.9) J'(z,dy) = J(x,dy)Ligay<y and J"(z,dy) = J(z,dy)1{a@y)>1}

and show first the stochastic completeness of the Dirichlet form (&', F’) associated
with J'. For that we adapt the method of B.Davies used in [8] for the proof of
Theorem 1.1. The bounded range of J’ allows to treat the Dirichlet form (&', F’) as
almost local. The condition (1.5) plays in the proof the same role as the condition
(1.3) in the local case. However, the lack of locality brings up in the estimates
various additional terms that have to be compensated by a stronger hypothesis
of the volume growth (1.7), instead of the quadratic exponential growth (1.2) in
Theorem 1.1. The tail J” can regarded as a small perturbation as we show that
(€, F) is stochastically complete if and only if (£, F') is so.

It is not clear if the discrepancy between the powers of r in (1.2) and (1.8) is
essential or technical. We are inclined to think that the condition (1.7) in Theorem
1.3 is close to optimal but we still lack counterexamples.

In a similar setting Masamune and Uemura [26] proved the stochastic complete-
ness under a stronger hypothesis than (1.7): for any € > 0

e—sd(wo,w) c L1<X, M)a

that in particular implies V' (zo,7) = exp(o(r)) as r — oco. As we will see below, it
is critical for some applications to allow a large constant b in (1.8).

Let us now turn to random walks on graphs. Let (X, F) be a locally finite, infinite,
connected graph, where X is the set of vertices and F is the set of edges. We assume
that the graph is undirected. Let p be the counting measure on X. Define the jump
kernel by J(z,dy) = 1{z~yydp (y) , where x ~ y means that x,y are neighbors, that
is, (z,y) € E. This kernel determines a continuous time random walk on X with
the generator

Y~T
The operator A is called unnormalized or physical Laplace operator on (X, E), to
distinguish from the normalized or combinatorial Laplace operator

Af@) = gy S (@) = ).

y~z

where deg(z) is the number of neighbors of z. The normalized Laplacian A cor-
responds to the same jump kernel but when g is the degree measure, that is,
p(z) = deg(z). Tt is easy to prove that A is a bounded operator in L2(X,deg),
which then implies that the associated random walk is always stochastically com-
plete (see [9]).
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On the contrary, the random walk associated with the unnormalized Laplace
operator can be stochastically incomplete. Wojciechowski [34, 35] and Weber [33]
first independently studied the stochastic incompleteness of the random walk using
different approaches. Their results are extended to a more general framework by
Keller and Lenz [23]. See also [24, 21] for further results.

We say that the graph (X, F) is stochastically complete if the continuous time
random walk on X with generator A is stochastically complete.

Denote by p(x,y) the graph distance on X, that is the minimal number of edges in
an edge chain connecting = and y. Let B,(x,r) be closed metric balls with respect
to this distance p and let V,(z,r) = |B,(x,r)| where and || := u(-) denotes the
number of vertices in the given set.

Our second main result is the following theorem.

Theorem 1.4. If there is a point o € X and a constant ¢ > 0 such that
(1.10) V,(zg,7) < cr?
for all large enough r, then the graph (X, E) is stochastically complete.

Note that the cubic rate of volume growth here is sharp. Indeed, Wojciechowski
[35] has shown that, for any € > 0 there is a stochastically incomplete graph that
satisfies V,(zg,7) < cr®*€. For any non-negative integer r, set

(1.11) Sy(r) ={z € X : p(xg,z) =7}.

In the example of Wojciechowski every vertex on S,(r) is connected to all vertices
on S,(r —1) and S,(r) (see Fig. 1).

FIGURE 1. Anti-tree of Wojciechowski

For this type of graphs, that are called anti-trees, the stochastic incompleteness
is equivalent to the following condition ([35]):

- Vp(x()’r)
(112) 25 DS, <

If |S,(r)| ~ 7**¢ then V,(xo,r) ~ r*¢ and the condition (1.12) is satisfied so that
the graph is stochastically incomplete (the relation f ~ g means that the ratio of
functions f and ¢ is bounded from above and below by positive constants).

The proof of Theorem 1.4 is based on the following ideas. Firstly, the graph
distance p is in general not adapted. Indeed, the integral in (1.5) is equal to deg(x)
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so that (1.5) holds if and only if the graph has uniformly bounded degree'. In
general, we can construct an adapted distance d as follows. For all z ~ y set

1 1
" Vo) /o)

and regard o (z,y) as the length for the edge © ~ y. Then for all z,y € X define
d(z,y) as the smallest total length of all edges in an edge chain connecting = and
y. It is easy to verify that d satisfies (1.5). Then one proves that (1.10) for p-
balls implies that the d-balls have at most exponential volume growth, so that the
stochastic completeness follows by Theorem 1.3.

To see why the cubic volume growth for the graph distance is related to the ex-
ponential volume growth for the adapted distance, let us consider a more restrictive
hypothesis

(1.13) o(z,y)

(1.14) 1S,(r)| < Cr* forr > 1,

where S,(r) is defined by (1.11) (clearly, (1.14) is a stronger hypothesis than (1.10)).
Any point z € S,(r) admits the estimate of the degree as follows (see Fig. 2):

(1.15) deg(z) < [S,(r — D] +[S,(r)| +[S,(r +1)] < Cur*.

X0

S(D)

s

S(+1)

FIGURE 2. A vertex x € S,(r) can be connected only to the vertices
on S,(r —1), S,(r), and S,(r +1)

Therefore, if z,y are two neighboring vertices in B, (zo,r), then by (1.13) and
(1.15)

1 1 c1

Y

(1:16) 7N = Ve sl - T

with some constant ¢; > 0.
'In this case we have also V(z,7) < exp(Cr) so that the graph is stochastically complete by

Theorem 1.3. However, the stochastic completeness of graphs with bounded degrees can be proved
much simpler — see [35] and [21].
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Fix a vertex z € S,(R) and let {z;}., be a path connecting z, to = with the
minimal o-length (see Fig. 3). Clearly, we have p(zo, x;) < ¢ whence it follows from
(1.16) that o(z;—1,7;) > < and, hence for some c; > 0,

2
=

1
d(zg,x) = o(zi_1,x;) > ¢ Z A > colog R.

SR

FIGURE 3. For any path {z;}), connecting zo and = € S,(R), we
have N > R and o(x;_1,7;) > .

Denoting by By the d-balls, we obtain
By(xg, c2log R) C B,(zo, R).

Changing variables r = c5log R and denoting by V; the volume of By, we obtain
using (1.10) that

Via(zo, ) < V,(o, er/”) < exp (c3r)

for some c3 > 0 and all large enough r, which was claimed.

In the general case (1.10) does not imply (1.14) for all » > 1, but nevertheless
(1.14) holds for sufficiently many values of r, which can be used to prove the esti-
mates of d as above.

The paper is organized as follows. In Section 2 we introduce a general setting and
study the stability of stochastic completeness under perturbation. As a consequence,
we can reduce the study of stochastic completeness to the truncated jump kernel. In
Section 3 we prove the stochastic completeness for the truncated jump kernel under
the volume growth hypothesis (1.7), which finishes the proof of our main Theorem
1.3. Section 4 is devoted to applications of Theorem 1.3 to graphs. In particular,
we give a proof of Theorem 1.4 based on the aforementioned ideas. In Section 5 we
discuss some further examples and applications.

2. PERTURBATION OF DIRICHLET FORMS AND STABILITY OF STOCHASTIC
COMPLETENESS

Let (X,d), p and J be as in Introduction. Let us describe a bit more detailed
the construction of the Dirichlet form (€, F) (see also [26]). The hypothesis (1.5)
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implies that, for any x € X and € > 0,
J(z, B (z,e)) < e *M.

Then one can use the identity

/)(Xx\diagf($7?/)J(dm7dy) = /X (/X\{x}f(w,y)cf(x,dy)) 1 (dz)

to define a Radon measure J (dz,dy) on X x X \ diag. That J is o-additive follows
from the monotone convergence theorem. If K is a compact subset of X x X \ diag
then denote by K’ its projection onto X and by K, its section at x € X. Since K
lies outside some e-neighborhood of the diagonal, we obtain

’

T() = [ @K ulda) < / My (dz) < My (K') < oo,

which implies that J is a Radon measure.
Since we frequently integrate over X x X \ diag against measure J (z,y), we will
use a short notation
X' =X x X\ diag.
By (1.4) measure J (dz,dy) is symmetric in z,y. The identity (1.6) that defines
E (f,g) can be rewritten in the form

(217) &(f.9) =5 [ (F(e) = FW)lole) - 9(w) (o, dy).

Define the maximal domain of £ by
Foax = {f € L* : E(f, ) < o0},

where L? = L?(X, ). By the polarization identity, £(f, g) is finite for all f, g € Finax-
Moreover, Fo..x is a Hilbert space with the following norm:

1f1%  =E(f, f) = |Ifll7= + E ).

Denote by Lipy(X) the class of Lipschitz functions on X with compact support.
It follows from (1.5) that Lipy(X) C Fiax- Indeed, for any f € Lip,(X) we have

[f(z) = fy)| < C A (Cd(,y))

where C' = max (HfHLip ,2sup ]f|) and || f||;, is the Lipschitz constant of f. De-
noting K = supp f, we obtain using (1.5)
1

&) = 5 [ (@)= ) o, dy)

< /K o, V@) = S )

IN

c /K /X (U ) (o) )

< CMu(K) < oo,

which proves that f € Fax.
Define the space F as the closure of Lipy(X) in (Fuax, [l £, )- Under the above
hypothesis, (€, F) is a regular Dirichlet form in L*(X, i) (see [26, 7]). We refer to F
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as the minimal domain of £. As any Dirichlet form, (£, F) has the generator: a non-
negative definite self-adjoint operator A in L? with the property that dom (A) C F
and

(Af,g9) =E&(f,g) forall f € dom(A) and g € F.

The generator determines the heat semigroup P, = e~**, ¢t > 0. Apart from being
a bounded self-adjoint operator in L?, the operator P, has the following Markovian
properties:

f>0=>Pf>0 and f<1= Bf<1

They allow to extend the operator P, to a contraction operator on all spaces L?, in
particular, on L.

By [12], for any regular Dirichlet form there exists a Hunt process {X}},., such
that, for all bounded Borel functions f on X, -

(2.18) E.f(X) = P.f ()

for all ¢ > 0 and almost all x € X, where E, is expectation associated with the
law of X, started at z. For the Dirichlet form (€, F), the process &X; is a pure jump
process with the jump kernel J(z,dy).

Using the identity (2.18), one can show that the lifetime of X, is almost surely
oo if and only if A1 = 1 for all ¢ > 0. This observation motivates the following
definition.

Definition 2.1. The semigroup P; is called stochastically complete if P,1 = 1 for
all t > 0. Otherwise it is called stochastically incomplete.

For simplicity of terminology, we also say that the Dirichlet form (&€, F) (or its
generator A) is stochastically complete if so is the associated heat semigroup P;.

Suppose we are given three jump kernels J, J’, and J” satisfying the hypotheses
(1.4), (1.5) and the relation

J=J+J".
Assume that J” satisfies a stronger hypothesis: there is a positive constant M such
that

(2.19) sup / (@, dy) < M.
zeX JX
Let £, & and &” be the quadratic forms of J, J', J” respectively, defined through
(1.6). As before, let F be the minimal domain of £. Denote by F’ the minimal
domain of &’
The main result of this section is the following result about the stability of sto-
chastic completeness.

Theorem 2.2. J J' and J" satisfy the above hypotheses. Then (£, F) is stochasti-
cally complete if and only if so is (€', F').

Hence, J” can be regarded as a small perturbation of J’'. The proof of Theorem
2.2 requires some preparation.

Lemma 2.3. Under the above hypothesis, we have F = F'.
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Proof. First we notice that, for any Borel function f € L*(X, p),

1

N = 5 [ U@~ ) sy

< [ @R+ ) o)
= 2 [ faprdndy

(2.20) < 2M|fll;

where we have used (2.19) and the symmetry of J”(dz,dy). Using £(f) = £'(f) +
E"(f) and (2.20) we obtain

E(f) S &) = ENHE N+ < @M+1) (€ (/) +I1f]5) = @M + 1) & ().

Hence, the norms /&, and /€] are equivalent, and the closures of Lipy(X) with
respect to them are the same, i.e. F = F'. O

It will be convenient to use the following criterion for stochastic completeness,
which is a part of theorem 1.6.6 in [12].

Proposition 2.4. A Dirichlet form (€, F) is stochastically complete if and only if
there exists a sequence {u,}o>, C F such that

(1) 0< un(z) < 1,
(2) up(z) = 1 p-a.e. as n — oo,
(3) E(un,v) = 0 for any v € FN LY X, p).

In order to be able to use this criterion, we need the following two elementary
lemmas.

Lemma 2.5. If A € B(X) and p(A) =0, then

/ J"(dz,dy) = 0.
(AXX)U(X xA)

Proof. Applying Fubini’s theorem, the symmetry of J” and (2.19), we obtain

/XXA J" (dz, dy) =/AXX J" (dz, dy) :/A/XJ” (2, dy) 1 (dz) < Mu(A) = 0.
O

Lemma 2.6. Let {u,} be a sequence of measurable functions on X such that
0 <u,(x)<1l, and wu,(z) —>1 p-ae. as n— oo.
Then for any v € L'(X, p) we have
lim &" (u,,v) =0.

n—o0

Proof. Since u,(x) — 1 p-a.e., we have u, () — 1 for any z € X \ A for some
Borel set A with u(A) = 0. It follows that

lim v(z)(u,(z) — u,(y)) =0 forall z,y € X \ A.

n—o0
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Since the complement of (X \ A) x (X \ A) in X x X is (A x X)U(X x A) and the
latter set a J” (dx, dx)-null set by Lemma 2.5, it follows that

v(z)(up(z) —un(y)) = 0 J" (dz,dy)-a.e.
Noticing that |v(x) (un(z) — un(y))| < |v(z)| and |v (x)] is J”(dz, dy)-integrable by

| @y = [ [ oo dgn o) < ol

we obtain by Lebesgue’s dominated convergence theorem, that
lim () (un(2) — ua(y))J"(dz, dy) = 0.
n—oo XxX

By symmetry , we have
lim v(y) (un(z) — un(y))J" (dz,dy) = 0,
n—oo XxX

whence " (up,v) — 0 follows. O
Now we can complete the proof of our main result in this section.

Proof of Theorem 2.2. It suffices to prove that the stochastic completeness of (€', F")
implies that of (£,F). By Lemma 2.3 we have 7/ = F. Applying Proposition 2.4
to (&', F) we obtain that there is a sequence {u,} C Fsuch that

(1) 0 < up(z) <1,

(2) up(x) — 1, p-a.e.,

(3) & (tn,v) — 0 for any v € FN LY (X, ).

By Lemma 2.6 we have, for any v(z) € F N LY (X, p),
E(up,v) — E (up,v) = E"(uy,v) = 0 as n — oo.

Hence, £ (un,v) — 0, which implies by Proposition 2.4 that (£, F) is stochastically
complete. The converse direction is similar. 0

3. STOCHASTIC COMPLETENESS UNDER THE VOLUME GROWTH

Here we prove Theorem 1.3. Given a jump kernel J satisfying (1.4) and (1.5),
define J' and J” as in (1.9), that is

J'(x,dy) = J(x,dy)lp,) and J'(z,dy) = J(z, dy)1pe.
Obviously, both J" and J” satisfy (1.4) and (1.5). Moreover, we have

[ ey =] Jed)= [ (1AdE)?)J@d) < m
X B(z,1)¢ B(z,1)°

so that J” satisfies (2.19). By Theorem 2.2, it suffices to prove that (£',F’) is
stochastically complete.

The idea of truncation of jump kernel has been fruitfully used by a number of
authors to answer various questions related to the jump processes. For example,
Chen and Kumagai [6], [7] used it to obtain heat kernel estimates for certain jump
kernel. In the present setting the truncation of jump kernel was used by Masamune
and Uemura [26], who also proved the stability of the stochastic completeness with
respect to truncation. Our proof of Theorem 2.2 is different from the one in [26].
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In the rest of this section, we rename J' to J so that the measure J (z,-) is
supported in B (z,1). In particular, this assumption and (1.5) imply that

(3.21) sup/ d* (z,y) J (z,dy) < M.
reX Jx\ (2}

Before we can finish the proof of Theorem 1.3, we state some elementary facts.
Denote by (-,-) the inner product in L*(X, u).

Lemma 3.1. Let g be a non-negative bounded measurable function on X. If for any
f € Lipg(X), [ fgdu =0 then g =0 p-a.e.

Proof. Let g be not equal to 0 almost everywhere. Without loss of generality, we
can assume that esssup g > 0. Then there exists € > 0 such that

p{z e X : g(x) >¢e}) > 0.

Since 1 is a Radon measure, there exists a compact subset K of {x € X : g(z) > ¢}
such that p(K) > 0. Consider the function f(z) = (1 — d(z, K)); that belongs
to Lipy(X). Since f > 0 and f|g = 1, we obtain [ fgdu > e (K) > 0, which
contradicts hypothesis. ([l

The following lemma will be used as our basic criterion for stochastic complete-
ness.

Lemma 3.2. Let {g,} be an increasing sequence of non-negative functions from
L2 N L*°(X, u) such that

nh_)n;o g =1 p-ae.
If, for some t > 0 and for any f € Lipy(X),
(3.22) lim (f = Pof,g) = 0
then P,1 =1 p-a.e..
Proof. Using the symmetry of P, and (3.22), we obtain, for any f € Lipy(X),
(3.23) (f,9n = Pogn) = (f = Puf,gn) = 0

as n — 00. By definition of P,1,
n—oo
whence

n—o0

where all limits are understood p-a.e.. Noticing that

we obtain by Lebesgue’s dominated convergence theorem and (3.23) that

n—oo

[ £ paydu=tm [ fg. - Pgi)dn=o
X X

By Lemma 3.1 we conclude that 1 — P;1 = 0 p-a.e., which was to be proved. U
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As before, let A denote the (positive definite) generator of (€, F) and D(A) —
its domain. Let {E)} >0 be the spectral resolution of A (cf. [25], [19]). By the
functional calculus we have for any f € L? (X, p)

(3.24) P,f =exp(—tA) f = /00 exp(—tA)dE, f.
0
Lemma 3.3. For any f € L*(X, ) and for any t > 0, P.f € D(A) and
d 0
(3.25) GRN = =ARH = [ Aesp(-tN)aBS

where & is the strong derivative in L*(X, ).

See [19, Section 4.3].

Lemma 3.4. Let f,g € L*(X,p) and ¢p € L>(X,u). Then each of the following
two functions

(326) t— <Ptfag>7 l— <¢Ptfvatg>7

s continuous i t > 0 and continuously differentiable in t > 0.

Proof. Indeed, it follows from (3.24) that P,f is strongly continuous in ¢t > 0 as
a path in L? and from (3.25) that %(Pt f) is strongly continuous in ¢ > 0. Since
multiplication by 1 is a bounded operator in L?, we obtain the same properties for
P, f. Consequently, the functions in (3.26) are continuous in ¢ > 0 and continuously
differentiable in ¢ > 0. O

We denote by Lip, the space of bounded Lipschitz functions on (X, d) and by F,
the space of bounded functions from F (X, p).

Lemma 3.5. If u € F and ¢ € Lip,(X), then Yu € F.

Proof. This proof is taken from [26, Lemma 2.1]. If u € Lip, then ut) € Lip, whence
Yu € F follows. An arbitrary function v € F can be approximated by a sequence
of functions {u,} from Lip, that converges to u in £;. Then vu,, — Yu in & which
follows from the following inequality that is true for all ©w € F and ¢ € Lip,:

€ (Yu) < sup [¥[* € (u) + M (|95, 7=
Indeed, using the definition of £, the symmetry of J and (3.21), we obtain

En) = 5 [ @ -v0)u) I dnd
1

= 5/){/ (W () (u(z) —u(y) + @ () — ¥ (y)u(y)? J (dz, dy)

IN

2 (2) (u (@) = uly))” J (de,dy)

(G
+/X/X\{y} (W (z) — ¥ ()2 u (y)* J (do, y) u (dy)

IN

sup |2 € (u) + I, /X w(y) p (dy) /X @) Ty

sup [ € (w) + M [[9 g [lull7: -

IN
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O
Lemma 3.6. For all u,v € F, and w € Lip,(X), we have
1) Eow) = 3 [ o)) - u(e) () - wy)J (dedy)
(3.28) +5 [ wl@) (o)~ u)ele) - o) (do,dy).

The identity (3.27)-(3.28) can be considered as a version of the Leibniz formula
for the non-local form (€, F).

Proof. The proof is taken from [26, Proposition 2.2] and [27]. By Lemma 3.5 vw € F
so that £ (u, vw) makes sense. The integral (3.28) converges because w is bounded
while u,v € F. The integral (3.27) converges because the integrand is bounded by

v ()] |u(z) = u )] |wlL, d(z,y)
and, by the Cauchy-Schwarz inequality and (3.21),

v ()] |u(z) —u(y)ld(z,y) J (dz,dy)

X/

< e ([ v s a)

— e ([ v@iutan [ RO )
< @2 ol MY,

Next, observe that the following the pointwise identity is true:

1/2

(3.29) (ug — uy) (vawe — vywy) — Ve (s — uy) (We — Wy) — Wa(Ue — uy) (Ve — vy)
= = (Ue — uy) (V2w — vywy) + vy (U — uy)(We — wy) + wy (s — uy) (V2 — vy),

where we write for brevity u () = u, etc. Therefore, the function (3.29) is a skew-
symmetric function of x,y, and integration of this function against the symmetric
measure J (dz, dy) yields 0, whence the identity (3.27)-(3.28) follows. O

The following statement provides a key estimate, that is motivated by B.Davies’s
approach in the local setting (cf. [8]).

Proposition 3.7. Let 1 be a positive function on X such that logv is a bounded
non-negative Lipschitz function with the Lipschitz constant a. Let f € Lipy (X) be
such that v =1 on supp f. Set uy = P,f . Then the following inequality holds for
allt > 0:

t
a2€2a 2
330 [ [ o)~ ) (A dy) ds < 4 1
Proof. Note that 1) and %? are bounded Lipschitz functions. By Lemma 3.3 we have

(3.31)
d d
% !|U5¢H2 = £<us¢7us¢> = _2<¢Au37¢us> = _2<Ausaw2us> = —25(Us,¢2us)-



STOCHASTIC COMPLETENESS 15

On the other hand, we have by Lemma 3.6
— 28 (us, Yu,) = / us () (us(2) — us(y)) (U(2)* = b(y)*)J (dz, dy)
/ V() (ug(z) — us(y))?J (dz, dy)

(332) < 3 /X () = s ) (6 (2) + ()27 (dr, dy)
(33) [ @) ~ o) (do.dy)

(3.34) ~ [ (0(o) = )P @) (o)

where we have used the inequality

(3.35) AB< A4 B

with

A= (us(z) —us(y))((z) +¥(y), B=us(z) @ (z) =9 (y))-
Using
(¥(2) +9(y))* < 2(¢(2)* +P(y)*)
and the symmetry of J (dz,dy), we estimate the integral (3.32) as follows:

}l/X ) — us(u))* (@) + (y))2 (de, dy)
< 3 ) ()~ )G + o) (e dy)

(3.36) = | (us(@) = us(y))*¥(2)*J (dz, dy) ,

>S\

which cancels out with (3.34).
In order to handle the remaining integral (3.33), observe first that, by the Lipschitz
condition of log v,

efad(ac,y) < @D (y)

for all z,y € X. It follows that
(3 37)

0l =[S 1] @) < (0 - 1) 0 o) < ad @) o0 2).

Recall that integration against measure J (dz,dy) can be restricted to d (z,y) < 1.
Hence, in this range we obtain from (3.37)

(@) — Y(y)| < ae"d(z,y)y ().
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Using this inequality and (3.21), we obtain
[ e 0) — )7 )

2 2a s 2¢ 2d 7 2,] ,d d
o /X/X\{x}u (@) (@) d(w,y)"J (2, dy) p (dz)

IN

IA

Ma?e® / ()2 ()
X
(3.38) = Cllusv3,

where
C = Ma*e*.
It follows from (3.31) and (3.33) that
d
By Gronwall’s lemma, we obtain

lurbll; < exp(Ct) || f4]l5 -
Since ¢ = 1 on supp f, we have fy = f, which implies

(3.39) lustbll; < exp(Ct) || £1]5 -
Now we repeat the estimate (3.32)-(3.34) using instead of (3.35) the inequality

1
AB < §A2 +2B2,

which together with (3.31) yields

1

8 / (us(@) = us(y))*( () + ¥(y))* (dz, dy)

d 2
JE— <
dS HUSwHQ - 8

42 [ @ (0le) ~ v(0) P (do.d)
- [ (0la) = ww)0l@)? (do.dy).

Substituting the estimates (3.36) and (3.38), we obtain

d 1
5 b3 <20 bl = 5 [ (@) — wa(w)0l0)? (do.dy).
X/
Combining with (3.39) yields
d 1
Tl + 5 [ (o) = w0 (dn,dy) < 206113,

Finally, integrating the both sides from 0 to ¢, we obtain

2 2 1 ! 2 2 t 2
= 1715+ 5 [ [ o) =)ot () ds < 27 = 1) 15,

whence (3.30) follows.
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After all these preparations, we are in position to finish the proof of Theorem 1.3.
As above, we assume that J (z,dy) is supported in B (z,1).

Proof of Theorem 1.3. Fix a point xg, set r (z) = d (z, ) and consider the family
of functions {g,},,defined as follows:

1, r(z) <n+1,
gn()=((n+2)—r@); AN1=< n+2—r(z), n+1<r(x)<n+2,
0, r(z) >n+2,

It is easy to see that 0 < g, € Lipy(X) and g, () T 1 as n — oo. Also, for any
n > 0 define a function

1, r(z) <3,
Yn(z) = exp (a ((r (x) — §)+ A %)) = eﬁi(r(w)—@, 2 <r(z) <,
ez, r(z) > mn,

where a > 0 is a free parameter. Note that ¢, = 1 on B (acg, %) and log ), is a
non-negative bounded Lipschitz function with the Lipschitz constant a (see Fig. 4).
That is, v, satisfies the hypotheses of Proposition 3.7 and, hence, the latter can be
applied with any function f € Lip, (B (xo, g)) .

FIGURE 4. Functions g, (dotted line) and 1, (bold line). Here
B (r) = B (z,r) .

By Lemma 3.2, we only need prove that
(3.40) lim (u; — f,g,) =0

n—oo
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for all f € Lipy(X) and ¢ > 0, where u; = P,f. Fix f and ¢t and write

t g ¢ ¢
(us—f, gn) = (Ui, Gn)—(f, gn) :/0 £<u879n>d3 = _/0 (Aug, gn)ds = _/0 & (us, gn)ds.

By the Cauchy-Schwarz inequality we obtain

(up — frgn)* = (/Oté'(us,gn)ds)

= [ ) 0000 ) s

2

IA

(3.41) 1] @) = g ds

(3.42) x / /X (Gule) — 9a(y)b0(2) 2T (d, dy) s

The integral (3.41) can be estimated by Proposition 3.7, provided n is large enough
so that supp f C B (xg, g) To estimate the integral (3.42), restrict the domain
of integration to d(z,y) < 1 and observe that if ¢ B(z¢,n + 3) \ B(z¢,n) and
d(z,y) < 1 then g,(z) = gn(y) = 0. Using also that ||g,[l;, < 1 and (3.21), we
obtain

[ (onl) = ) a(0) 2 () s

_ / Yalz)? / (9u(2) — ga(9))?7 (de, dy)
B(zo,n+3)\B(xo,n) X\{z}

Yalz) 2 /X ) ey

IA

/]3(a:o,n+3)\B(~T0’”)

M U ()" p(d)
B(zo,n+3)\B(zo,n)

(3.43) < Me "V (zg,n +3),

IN

where in the last line we have used that 1,(z)* = e on B(zg,n)°. Substituting
(3.43) into (3.42) and estimating the integral (3.41) by Proposition 3.7, we obtain

(3.44) (ug — f, gn)* < Mtexp(—an +1logV (zg,n + 3) + Mte**a?) ||f||§ :

By hypothesis (1.7), there is a sequence of values of n that goes to co and such that
log V' (z¢,n 4 3) < bnlogn,

where b < 1. Choose ¢ so that b < ¢ < 3 and set in (3.44) a = clogn, which yields

(3.45) (uy — £, gn)? < Mtexp(—cnlogn + bnlogn + Mtc*n*log”n) || f|3 .

Since 2¢ < 1 and ¢ > b, we see that the term —cnlogn dominates and the right
hand side of (3.45) goes to 0 as n — oo, whence (3.40) follows. O
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4. STOCHASTIC COMPLETENESS OF RANDOM WALKS ON GRAPHS

Theorem 1.3 can be applied to study stochastic completeness for a family of
weighted graphs. We generally follow the setting of Keller and Lenz [23] despite
that we’re more restrictive here to avoid topological considerations. Let (X, F) be
a locally finite, connected, infinite undirected graph without loops and multi-edges.
Here X is the set of vertices and F is the set of edges which can be viewed as a subset
of X x X. All graphs under discussion will be of this type without specification.
For (z,y) € E, we write x ~ y for short. We call a sequence of points xg,- - ,z, a
chain connecting z and y if xg = z,2, =y and z; ~ z;4; forallt =0,1,...,n — 1.
The number n is called the length of this chain. A natural graph metric p can be
defined on X as the minimal length of chains connecting two distinct points. Let
p(z) be a positive function on X such that for any z € X,

pu(z) >C

for some constant C' > 0. Then p can be viewed as a Radon measure on (X, p)
with full support, and (X, p, ) forms a locally compact metric measure space. Let
w(z,y) be a function on X x X that satisfies:

(1) w(z,y) = 0;
(2) w(z,y) = w(y,z);
(3) w(z,y) >0« (z,y) € E.
Note that since we only consider graphs without loops, w vanishes on the diagonal
of X x X. The triple (X, w, u) will be called a weighted graph. We call the quantity

deg(z) = —— > w(a,y)

) =~

the weighted degree of z € X to be distinct from the usual degree of locally finite
graphs.
A quadratic form ) can be defined on the space of finitely supported functions
Co(X) = Lipy(X) as:
1

Qu) =5 D wlzy)(u(r) —u(y))”
z,yeX
Here the jump kernel J(z,dy) = ;(”g”:'g) dp (y) to fit in our general setting. @ is

closable and its closure is a regular Dirichlet form which we also denote by Q.
It corresponds to a nonnegative self adjoint operator A on L?(X,u) which is a
restriction of the following formal Laplacian:

< 1
Af(z) = ——= > w(z,y)(f(@) — f(y))
() =
The operator A generates a heat semigroup P, = exp(—tA) which can be extended
to L>°(X, p). For more details, see [23].

As we already mentioned, the graph metric p is generally adapted to J(z,dy)

since

/Xl Ao, y)* I (z,dy) = > ) ) )2 = dea(a),

= (@)
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that is not necessarily bounded. It’s then natural to introduce a new metric d which
is adapted to the jump kernel J(z,dy). The idea is that we can get more reasonable
volume growth criteria with respect to this new metric d and then translate back to
volume growth with respect to graph metric p.

Definition 4.1. Define a function o (x,y) for all x ~y by

1 1
(4.46) o(z,y) = min , ,1 8.
Vdeg(z) \/deg(y)
It naturally induces a metric d on X as follows: for all distinct point x,y,

(4.47)

n—1
d(z,y) = inf{z o(x;, Tiv1) © To, X1, -+ , Ty 18 a chain connecting x and y.}
i=0
Remark 4.2. This definition is inspired by a general notion of intrinsic metric
introduced by Frank, Lenz and Wingert [11] where they focus on applications to
spectral properties. Folz [10] also came up with similar ideas independently in the
context of heat kernel estimates.

Thanks to the locally finiteness of (X, E'), we can observe that for any x € X,

Bula, 3 wino(z,y)) = {a}.

Then (X, d) is a discrete space and Lipy(X) = Cy(X) remains true. In particular,

(X, d) is locally compact together with the Radon measure p on it. Again, J(z, dy) =
“l(ugj(’;) du (y) forms a jump kernel on (X,d, ) with the domain of Dirichlet form
invariant. An easy calculation will show (1.5) is true:

/Xl A d(x,y)zJ(:E,dy) < Z

Thus (X, d, ) and J(x,dy) fits the conditions required in Theorem 1.3 except the
fact that every closed ball is compact.

w

(:C?y) 2
() o(z,y)° <1

Corollary 4.3. Let (X,w, ) be a weighted graph satisfying the hypothesis stated
at the beginning of this section. Define an adapted metric d on X according to
Definition 4.1. Denote a closed ball with center x € X and radius r > 0 in the
adapted metric by By(z,r). If for some fized point xo € X there exist a constant
b > 0 such that

(4.48) w(Ba(zo,r)) < exp (br),
for all v large enough, then the corresponding heat semigroup P, is stochastically

complete.

Proof. The only thing remains to show is that By(x,r) is compact for every r > 0
and x € X. Recall that pu(z) > C > 0 for any = € X, we have that
(Ba(zo, r + d(z, 0)))

|Ba(z,7)| < & z < o0.
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In the physical Laplacian case, the weighted degree deg(z) coincides with the
usual degree as the number of neighboring vertices of x. The function deg(z) makes
connection between the graph metric p and the adapted metric d. Then Corollary
4.3 can be applied to give volume growth criteria for stochastic completeness with
respect to the graph metric p. We can now prove Theorem 1.4 based on the ideas
discussed in the introduction.

Proof of Theorem 1.4. For any non-negative integer r set
S,(r)={reX:p(x,x9) =r}.
Observe that

V (2o,n) = 3 1(S, (1)

Put ¢ = 1 and o = 200c where ¢ is the constant in (1.10). It follows from (1.10)

that, for any n > 1,

{ren—1,2n+1]: u(S,(r) > an’}| < 0(22—:21)3 < en.

It follows that
{r € [n+1,2n]: ‘_glzi)fOlu(Sp(r +14)) > an®}| < 4en

and, hence,

(4.49) {re[n+1,2n]: z,:711213)1{071;L(Sp('r +1)) < an?}| > (1 — 4e)n.
For any point z € S,(r) we have

(4.50) degz < p(Sp(r — 1)) + p(Sp(r)) + p (Sp(r +1)).

So it follows from (4.49) that

(4.51) H{r € n+1,2n]: max degx < 3an®}| > (1 —4e)n

€S, (r—1)uS,(r)

(see Fig. 5).
It follows that, for r as in (4.51), any pair of z ~ y with z € S,(r — 1), y € S,(r)
necessarily satisfies

(4.52) o(z,y) > .
3an
For any chain connecting a vertex z € S, (n) with a vertex y € S, (2n) and for any
r € [n+ 1,2n] there is an edge z, ~ y, from this chain such z, € S,(r — 1) and
yr € S,(r) (see Fig. 6).

The length L of this chain is bounded below by Efin 410 (2,yr). Restricting
the summation to those r that satisfy (4.51) and noticing that for any such r,
o (zr,yr) > ﬁ, we obtain

1 (1— 4e) 1—4e
—4e)n = =
3an Vv 3x

Now we can estimate d (zg,z) for any vertex x ¢ B, (x¢, R), where R > 4. Choose
a positive integer k so that

L> : 0.

oF < R < ok,
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FIGURE 5. Between n + 1 and 2n there are enough values of r such
that deg(z) <3an®forallz € S,(r—1)US,(r).

FIGURE 6. An edge z, ~ v, of a chain between = and y

Any chain connecting o and x contains a subsequence {xi}le of vertices such that
z; € S, (o, 2"). By the previous argument, the length of the chain between z;_; and
x; is bounded below by a constant 9, for any ¢ = 0,1, ...,k — 1. It follows that the
length of the whole chain is bounded below by dk, whence

d(zg,x) > 6k > d(logy R—1).
Setting 7 = § (logy, R — 1) we obtain
Bd(ZE(),T‘) C Bp(.’li(),R).

whence
2 (Bd(JTO;”’)) < 2 (Bp(x(b R)) < CR3 < CeXp (b’/’) )

for some constants C' and b. Hence, the volume growth with respect to the adapted
distance d is at most exponential, and we conclude by Theorem 4.3, that the heat
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semigroup corresponding to the physical Laplacian of (X, E) is stochastically com-
plete. 0

Remark 4.4. Theorem 1.4 remains true for general weights (X, w, ) on a graph
(X, F) that satisfy the condition

(4.53) w(z,y) < Op(x)u(y) forall z,y € X,

for some constant C' > 0. Condition (4.53) can be viewed as the fact that the jump
kernel J(z,dy) has bounded density @) Note that in this case the control of

(@) u(y)
weighted degree (4.50) remains valid in the sense that
1
degz = —Zw(x,y)
) =~
1

< C—= pl(x)pu(y

7 2 Mt

< Ofu(Sp(r — 1)) + p(Sp(r)) + (S, (r +1))].
Other parts of the proof extend smoothly to this more general setting.
In the same way one obtains the following consequence of Theorem 1.3.

Proposition 4.5. Assume that, for some reference point xy € X, a € [0,1),
co,c1, N > 0, one of the following two couples of conditions is satisfied for all large
enough r:

(a) deg(z) < cgr®® for z € S,(r) and V,(zo,7) < exp(cir'™®) .
(b) deg(x) < ar? for x € S,(r) and V,(zo,7) < c1r™.

Then the graph (X, E) is stochastically complete.

Proof. We only sketch the proof that (a) implies stochastic completeness (the proof
of (b) is similar). Indeed, for all z € S,(r) and y € S,(r — 1) with  ~ y we obtain

Co
> —
o(z,y) 2 3

and, similar to the proof of Theorem (1.4),

,
1

d(z, o) > co Z = > cprte.

i=1

for x € V' \ B,(xg,r). Therefore, the condition V,(zg,r) < exp(c;r'™*) implies
Va(zg, R) < exp(caR) for all R large enough whence the stochastic completeness
follows. O

Remark 4.6. In the first couple of conditions of Proposition 4.5, if 0 < a < %,

the stochastic completeness for the physical Laplacian on graphs is known without
restrictions on volume growth. This is a direct consequence of Theorem 4.2 in [35],

see also Theorem 5.4 in [21].
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5. FURTHER EXAMPLES AND APPLICATIONS

There are lots of natural metric measure spaces (X, d, u) that satisfy the volume
growth condition (1.7). Recall that we always assume that (X, d) is locally compact
with infinite diameter and p is a Radon measure with full support. On such spaces,
it suffices to check the hypothesis (1.5) for the stochastic completeness of the heat
semigroup P; corresponding to a jump kernel J(z, dy). In this section, for simplicity,
we only consider the jump kernels that have densities with respect to the measure
du(y). As before, we denote the density of J(z,dy) by J(z,y) which is symmetric
and vanishes on the diagonal.

As was already mentioned above, the Euclidean spaces with Lebesgue measure sat-
isfy (1.7) and the Lévy measures are adapted to the Euclidean distance. Masamune
and Uemura [26] extensively discussed stochastic completeness of stable like jump
process on manifolds that have polynomial volume growth and give some examples.
Here we present more examples in the setting of metric measure spaces, motivated
by classical Lévy measures.

Example 5.1. Let the metric measure space (X, d, u) be a-regular, that is, V(z,r) ~
r®. For any real parameter (3, define the jump kernel J(z, dy) by its density

1

(5.54) J(z,y) = Ay

It is easy to verify that the jump kernel J(x,dy) satisfies (1.5) if and only if 0 <
6 < 2.

Proof. Indeed, splitting the integral (1.5) into the sum of similar integrals over
B(z,1) and B (z,1), we obtain

1 > 1
/B(mvl) ( ) d (:L‘, y)a—i—ﬁ ( ) % B(w,2_k)\3(x,2*(k+1)) d (l’a y)a+ﬁ_2 ( )

(24" (B (2.27))

2 IA
(e T[]
3
T

and

1 s 1
S _ 4
/B(x’l)c d (1‘, y)a—w : (y> Z /B(x,2’“+1)\3<ac,2k) d (-T; y>a+ﬁ 8 (y)

(7)1 (B (2.24))

1 IA
(2 T[]
™)

=

e
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whence the claim follows. Hence, under the assumption 0 < g < 2 Theorem 1.3
yields the stochastic completeness. In this case the above estimates yield

(5.55) /X (1A d(x,y)Q) J(z,y) du(y) < const (ﬁ + %) ,

where const is uniformly bounded for all values of 8 € (0, 2). O

There are examples of fractals spaces where the jump kernel density as in (5.54)
with 3 > 2 defines a regular Dirichlet form (see [6]). In this case the distance function
is not adapted and we cannot use Theorem 1.3 to claim stochastic completeness.
A major difficulty in this setting is that Lipschitz functions are no longer in the
domain of the Dirichlet form and none of the existing methods works. The stochastic
completeness in the case # > 2 remains open.

Example 5.2. Let the metric measure space (X, d, u) be a-regular. Consider now
a more general jump kernel given by

(5.56) J(z.y) = /0 “ ¢ (8,2,y)d8

d(z, )"

where ¢ (3, z,y) is a non-negative measurable function of 3, z,y that is symmetric
in z,y. Assuming in addition that

/2 sup, , ¢ (8,2, y)
o B2-0)
and using (5.55), we obtain that the jump kernel with density (5.56) satisfies (1.5).
Hence, the corresponding Dirichlet form is stochastically complete.

dB < const

Remark 5.3. Chen and Kumagai [7] proved by a different method the stochastic
completeness for the jump kernel J(z,dy) as in (5.56) assuming that ¢ (5, x,y) is
uniformly bounded and identically vanishes for § < € and 3 > 2 — ¢ for some € > 0.

Example 5.4. Let the metric measure space (X, d, ) be a-regular. Consider jump
kernels given by

1
J ~ ————14, —— L ,
(l’,y) d(x,y)a {d(z,y)<1} + d(ﬂf,y)a—h@ {d(z,y)>1}
1 e*COd(.’E,y)
J(@y) = d(z,y)° y)al{d(w,y)<1}+Wl{d(w,y)zl}-

where ¢q and ( are positive constants. An easy calculation similar to the one in
Example 5.1 can show that (1.5) holds for J(z,dy) and J'(z, dy).

Example 5.5. Let the metric space (X, d) be a-regular. Consider jump kernels
given by
1

(e, )" (log 772

for § > 0. Similar to the calculation in Example 5.1, using dyadic decomposition,
we can see that (1.5) is fulfilled.

J(z,y) ~

)H—ﬁ La(ey)<1}
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Remark 5.6. Example 5.4 and Example 5.5 are motivated by recent interests on
subordinate Brownian motions beyond the range of a-stable processes. Example 5.4
is taken from the estimates of jump kernels of geometric stable processes in [32]. A
subordinate Brownian motion whose jump kernel has the behavior at short distance
as in Example 5.5 is studied by Mimica [28].

A major advantage of our Theorem 1.3 is that it allows to consider jump processes
on manifolds with bounded geometry, such as hyperbolic spaces. More generally, we
have the following example.

Example 5.7. Let (X, d, 1) be a metric measure space that satisfies:

Vi(z,r) < { ae”, r=1,

cor®, 0<r <1,
where ¢1, co, a and k are positive constants independent of  and r. Consider a jump
kernel J(z,dy) = J(z,y)du(y) with J(z,y) satisfying:
A T
1—ﬂ1’ z,y Z )
J (z,y) < déf v)
YRRV 0<d(!IJ,y)<1,
d(z,y)™
for some positive constants C', Cs.
Let us show that the jump kernel J(z,dy) is adapted to d if 51 > 1, 0 < By <
a + 2. Splitting the integral (1.5) into the sum of similar integrals over B (z,1) and
B (x,1)°, we obtain

o0

ng (.73, y)2
Z/B(z,zk)\B(:c,g—<k+1)) W w(y)

k=0

/B( l)d(ﬂc,y)2 J(z,y)dp (y) <

A
31
(¢
™)
N

®
%

and

o0 —
e kd(z,y)

J(z,y)dp(y) < Cro—z-dp (y)
/13(35,1)c ; Blak+)\Bk) AT, y)"

> (&
ngWMw@mm

IA
»—\Q\

whence the claim follows.

Now we briefly explain the motivation of Example 5.7. The heat kernel p,(z,y)
corresponding to the (positive definite) Laplacian A on H? is (see for example, [18]
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page 115)
(z.1) 1 r r?
s(,y) = —s——exp|———5s].
Pty (47s)3/2 sinh r P\ s
Then the heat kernel for Az is

al,y) = / " pu(wy)m(s)ds

where
(5) = L s exp(— 1)
s) = s Xp(——
T N P gs

is the subordinator [4, 29]. We want to calculate the jump kernel jo(z,y)du(y)

corresponding to Az. Recall an integral representation for Macdonald functions
([14, page 917, 8.432.6]):

K2 =5 (3) / et dt,
0

Direct integration can then show that

it K(/ T P)

r2 42 sinh r

a(z,y) = Co
for a constant Cy. The limit

K.
i 2Y) _ o Ka(r)
t0 t rsinhr

exists and hence the density of the corresponding jump kernel is ([5])

. 1 pt(xvy) _ K2(T)
Jolw,y) = 11—{% t N Corsinhr‘

A jump kernel j(z,y)du (y) with j(z,y) =~ jo(z,y) is then a natural candidate for
stable like jump kernel on the hyperbolic space H3. Fix x € H?, recall that the area
function S(r) = 4n(sinh7)? of H? in the polar coordinates centered at z. Recall also
the following asymptotic of K5(r) and sinh r[2]:

Ky(r) ~ \/Z exp(—r), sinhr~ fexpr asr — 400
Ky(r) ~ 3, sinhr ~ r as r — 0+

where ~ means “asymptotically equivalent”. It follows that the hypothesis of Ex-
ample 5.7 are satisfied with

3
K:2,a23,61:§,ﬁ2:3.

Hence, Example 5.7 and Theorem 1.3 gives the stochastic completeness of the cor-
responding heat semigroup.

More general calculations of heat kernels of stable like processes on symmetric
spaces via subordination are done by Graczyk and Stos [13]. For the general theory
of Lévy process on Lie groups and symmetric spaces, we refer to the survey of
Applebaum [1] and the references there.

Acknowledgement. X.H. would like to thank R. Wojciechowski, M. Keller, and
D. Lenz for inspiring discussions and valuable suggestions. He would also like to
thank A. Mimica, who patiently explained the theory of subordination to him.
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