CONVERGENCE OF A FULL DISCRETIZATION OF
QUASILINEAR PARABOLIC EQUATIONS IN
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Abstract. Convergence is shown for the full discretization of a general class of nonlinear
parabolic problems. The numerical method combines the backward Euler method for the time dis-
cretization with a generalized internal approximation scheme for the spatial discretization. The gov-
erning monotone elliptic differential operator is described by a nonlinearity that may have anisotropic
and non-polynomial growth but fulfills a coercivity condition in terms of a generalized .4/ "-function.

Key words. Nonlinear parabolic equation, monotone operator, non-standard growth condi-
tion, anisotropic Orlicz space, time discretization, internal approximation, finite element method,

convergence.

AMS subject classifications. 65M12, 35K55, 47H05, 47J35, 65M06, 65M60

1. Introduction. In this paper, we are concerned with the numerical approx-
imation of the initial-boundary value problem for a quasilinear parabolic equation,

Ou—V-a(Vu) = f in@:=0x(0,7) (1.1a)
u=0 on 00 x (0,7 (1.1b)
u(+,0) = ug in Q. (1.1c)

Here, 2 C R? is a bounded domain with Lipschitz boundary 92 and [0, T is the time
interval under consideration. For given functions f: Q — R and ug : Q — R, we look
for a solution u : @ — R.
We assume that the nonlinearity a : R? — R¢ satisfies the following conditions:
(al) The function a is continuous.
(a2) There exists an .4 -function M : R? — Ry (see Definition 2.1 below) and a
constant p > 0 such that

a(€) - €= p(M(E) + M (a(¢)))  forall ¢ €RY, (1.2)

where M* denotes the conjugated function to M.
(a3) The function a is monotone such that

(a§) —a(m))-(E=n) =20  forall&neR?.

Here, the dot just means the Euclidean inner product and [£|? = ¢ - &. We should
mention that the Fenchel-Young inequality (see (2.2) below) immediately implies
n<1

Typical examples are (see also [5, 12, 14, 24])
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1) a(€) = & with M (&) = M*(£) = 3 |£|?, which leads to the Laplacian;

2) a(é) = [¢[P~2¢ (p > 1) with M (&) = L[¢]” and M*(n) = §[nl? (5 +§ = 1),
which leads to the p-Laplacian;

3) a(€) = 2¢eé” with M(¢) = elé” — 1 and M*(n) = (2/¢(n)[> — 1) el 1 1,
where £(n) solves the equation n = a(£(n));

4) a(€) = gelfl with M () = (€] = 1) el +1 and M*(n) = (|€(m)* — [€(n)| + 1) x
el€MI — 1, where £(n) solves the equation 7 = a(&(n

);

5) a(§) = Elog([g] + 1) with M(€) = 5(I€|* — 1) log(|¢| +

M*(n) = 5(I€)7 + 1) log (1§ ()] +1) — z1EM)I(2 — [€(n
the equation n = a(&(n));

6) a(§) = [|&1]Pr 721, |&]P272&] (1 < p1,p2 < o0) for &€ = [£1,&] € R? with
M(&) = -[&u[Pr + o5 [€elP> and M*(n) = lm | + ln2|?,

7) a(§) = 2[2& —&, 26— & ] for € = [£1,&)] € R? with M (&) = & +&+ (&1 —&)?
and M*(n) = ¢ (nf +mmnz +n3);

8) a(§) = 2[5165% 52653} for 5 = [¢1,&)] € R? with M (&) = S + e — 2 and
M*(n) = (2¢1(n)? — 1)651( + (262(n)? — 1)652(")2 + 2, where &(n) solves the
equation n = a(&(n)).

Whereas the first and second example are well understood and can be stud-
ied by employing the standard theory of monotone operators relying on the Sobolev
space WO1 2(Q) and WO1 P(Q), respectively, the other examples lead to operators sat-
isfying non-polynomial or anisotropic growth conditions instead of having the usual
p-structure. These latter examples require another functional setting, namely to con-
sider monotone operators in (isotropic or anisotropic) Orlicz spaces. Since, in general,
Orlicz spaces are neither reflexive nor separable, additional difficulties arise. Applica-
tions can be found, e.g., in fluid dynamics and rheology (see [11]) or in electrodynamics
(see [3]).

Existence of global weak solutions (solutions in the sense of distributions) has been
shown in [5] if the conjugate of the underlying ./ -function satisfies a As-condition
(see also below). Similar results under somehow restrictive assumptions have also
been obtained in [7, 18]. More recently, existence has been proven in [12] for the
general case avoiding any restrictive growth or As-condition and allowing anisotropy
but for problems with homogeneous right-hand side only. The method of proof relies
upon a Galerkin approximation with eigenfunctions of the Laplacian. See also [8] for
a similar result, including a uniqueness result, but in the isotropic case.

)| + 71€1(2 — [¢]) and

), where £(n) solves

1
)

A main problem, which also arises in our studies, is the lack of a tensor structure
of Orlicz spaces over the time-space cylinder. In the standard treatment, it is this
tensor structure which allows to reduce the parabolic partial differential equation to
an operator differential equation for functions in time taking values in an appropriate
Banach space of functions in space.

In this paper, we study the convergence of a fully discrete numerical approxima-
tion. Apart from the work in [3, 6, 19] on the Galerkin finite element approximation
of elliptic problems described by monotone operators in Orlicz spaces, there is, to the
best knowledge of the authors, no other study of numerical approximations available,
especially not for problems of parabolic type.

In this first attempt to analyze time-dependent problems, we restrict our consid-
erations to the scalar case without non-monotone perturbations (such as lower order



terms as, e.g., the convection term in fluid dynamics). Moreover, to keep the presen-
tation readable, we do not consider the case where a is a Carathéodory function that
explicitly depends on (z,t) although we believe that this case can be treated similarly.

Our main result is the convergence of a sequence of numerical approximations
towards an exact solution. The numerical approximation here comes from combining
the backward Euler (or Rothe) method with a generalized internal approximation
scheme (Galerkin method, conforming finite element method). The assumptions on
the underlying differential operator are as general as in [12] avoiding any restrictive
growth or As-condition and allowing anisotropy. In opposite to [12], we also allow
non-homogeneous right-hand sides by employing estimates relying on the Bogovskii
operator.

It should be noted that the convergence result provided here also implies exis-
tence of a weak solution. We also provide a uniqueness result. Moreover, we should
emphasize that the method of proof here differs somehow from that in [8, 12] not
only because of the full discretization. In particular, we use a certain characteriza-
tion of Orlicz spaces as a weak closure (together with results on mollification and
the continuity of the translation) and we omit employing knowledge about the se-
quence of time derivatives of the approximate solutions. The latter would require
to have the boundedness of the sequence of L?-orthogonal projections onto the fi-
nite dimensional subspaces with respect to the operator norm induced by the norm

(130 +1IV- ”?\/1,9)1/27 where || - ||2,o denotes the L%-norm and || - || as,c denotes the
Luxemburg norm of the underlying Orlicz space. This, however, is by no way obvious
for an arbitrary internal approximation scheme (but was implicitly used in [12] for
the special Galerkin approximation employed there). Instead, we employ the centered
Steklov average for a regularization in time.

It will be open for future work to incorporate non-monotone perturbations. Then,
however, additional compactness arguments are required in order to have strong con-
vergence results at hand. The analysis of a semiimplicit variant of the Euler method
(for resolving the nonlinearity) together with numerical studies is also left for forth-
coming work. Moreover, the question of strong convergence under additional (mono-
tonicity) assumptions on the nonlinearity should be addressed in future work.

The outline of the paper is as follows: In Section 2, we introduce the necessary
notation, recall basic facts about Orlicz spaces, and prove some auxiliary results. It
follows Section 3 with the description of the numerical method, the proof of existence
of a numerical solution, and the derivation of a priori estimates for the fully discrete
solution. Convergence towards an exact solution is then shown in Section 4.

2. Notation and preliminaries.

2.1. General notation. By LP(2) (p € [1,0]) we denote the usual Lebesgue
space equipped with the standard norm denoted by || - ||,.q. For Ré-valued functions,
we write LP(Q; R?) with norm | - ||,.q. Moreover, we rely upon the usual notation
for Sobolev spaces. In particular, we have W(Q) = {v € L1 (Q2) : Vo € L' (;R9)},
and WP (Q) (p € [1,00)) denotes the closure of €>°() with respect to the norm

1/p
(H Ao +IV- H§Q> . Here, €2°(Q) denotes the space of infinitely differentiable
functions with compact support in 2. By v, we denote the trace of a function

v : 2 — R such that, for a smooth function, vyv is the restriction of v onto the
boundary 9f2.

For a Banach space X, we denote by L”(0,7; X) (p € [1, 00]) the usual Bochner—
Lebesgue space equipped with the standard norm. We recall that LP(0,T; LP(Q2)) =
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LP(Q) if p < co. Here, as always, we identify the abstract function w : [0,T] — LP(Q)
with the function u : @ — R via [u(t)](z) = u(z,t). The standard norm is then
denoted by ||-||p,0- By €([0,T]; X), we denote the usual space of continuous functions
u:[0,T] = X, whereas %, ([0, T]; X) denotes the space of demicontinuous functions
(i.e., continuous with respect to the weak topology in X). See also [9] for more details.

By (-,-), we denote the duality pairing. Finally, ¢ denotes a generic positive
constant.

2.2. Orlicz spaces. In this section, we recall the definition of Orlicz spaces and
some of their properties (see, especially, [14] for a very readable introduction as well
as [1, 10, 13, 20, 21, 24]). Let us emphasize that our considerations include differential
operators with anisotropic growth. We, therefore, rely upon anisotropic Orlicz classes
and spaces defined by .4 -functions with vector-valued arguments (see, in particular,
[5, 20, 21)).

DEFINITION 2.1 (A -function). A function M : R? — R is said to be an A -
function if it satisfies the following conditions:

(i) M is continuous, M (&) = 0 if and only if £ = 0, M (&) = M (=€) for all £ € RY;
(i) M is convez;
(#ii) M has superlinear growth such that

1m@:0, lim m:oo. (2.1)
lel=o (€] lelsoe €]

Some authors prefer the term generalized A -function in order to emphasize the
dependence on ¢ and not only on |£]. Note that (i) and (ii) imply M (§) > 0 for all
¢ € R?. Because of the anisotropic character, the function M need not be a function
that is increasing with respect to the components of its vector-valued argument (see,
e.g., example 7) in the introduction).

For an 4 -function M, we denote by M* the conjugated function given by the
Legendre—Fenchel transform

M*(n) = sup (£-n— M), neRL
£eRe

The conjugated function M* is also an .4 -function (see [20]).
A very important tool in deriving a priori estimates will be the Fenchel-Young
inequality

€ nl < M(&) + M*(n)  forall§,neR?. (2.2)

The anisotropic Orlicz class £y (S2;RY) is the set of all (equivalence classes of
almost everywhere equal) measurable functions ¢ : Q — R? such that

pum(€) = /QM(S(x))dx < 0.

Although % (€2; R9) is a convex set it may not be a linear space. The mapping p M,Q
is a modular in the sense of [14, p. 208].

Since the function M : R? — R is continuous it maps bounded sets into bounded
sets. Therefore, if &€ = &(z) € L>®(Q;R?) then x — M (£(x)) € L>®(Q), which shows
that

L®(;RY) € Ly (4 RY).
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The anisotropic Orlicz space Ly (€; R?) is defined as the linear hull of 2/ (€; R9).
It is a Banach space with respect to the Luxemburg norm

€11z, 5=inf{)\>0:/QM<§(;)> dxgl};

the infimum is attained if & # 0. In general, Ly/(Q;R?) is neither separable nor
reflexive. Note that

pa(§) < €llaa if [l <1, para(€) > €l if I€llare > 1

for all £ € Ly (Q;R?), and thus

€]l a0 < paa(§) +1.

Moreover, if €& € L (€;R?) then there exists A > 0 such that pyra(£/\) < oo.
Finally, because of the superlinear growth of M, there holds

Lar(@RY) C LY RY). (2.3)

This can be seen from the following observations: Let & € Ly (€;R?), € # 0, and set
A = ||€llar,e > 0 such that para(§/A) < 1. We set

lez{er:M(g(;)>z|€<;)|}, Oy =0\ Q.

Since M (n)/|n| — oo as |n| = oo, there exists C' > 0 such that |{(z)| < C for all
z € 9. We, therefore, find

|€(x)|dx = A de—k/ [E(z)|de <X | M (g(x)) dx + CQ,]
Q A 2 o A

Q1

< Aparo (ﬁ) 1) < el + Cl0s] < 0.

Clearly, the anisotropic Orlicz class and space coincide with the isotropic Orlicz
class and space, respectively, if the 4 -function M = M (§) only depends on || rather
than on &.

Let us denote by FEj(Q2;R?) the closure of all bounded measurable functions
defined on  with respect to the Luxemburg norm ||-|| ar.q. It turns out that Eps(Q;RY)
is the largest linear space contained in the Orlicz class ./ (€2; R?) such that

En(RY) C Ly (4 RY) C Ly (4 RY),
with, in general, strict inclusion.

The space Ej(Q;R?) is separable and €>°(€; R?) is dense in Ej(Q;R?). The
space Lps(Q;R?) is the dual of Epr-(Q;R?), the duality pairing is given by

(& m) =/Q£-ndaf, €€ Ly(URY), e Ey- (4 RY).

At this point, we may recall the generalized Hélder inequality

/ ¢-nde <2l oo forall € € Lyr(RY), y € Ly (4R,
Q
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which shows that & - € L1(Q) if € € Ly (Q;R?) and 1 € Ly (;RY). (The factor 2
is due to the use of the Luxemburg norm instead of the Orlicz norm.)
It is worth to mention that for any & € Ly (€; R9)

lim [ (§—&)-nde=0  forallpe€ Ly-(Q;RY), (2.4)

k—oc0 Q

where

§(x) i [€(x)] <k,
Su(@) = {O otherwise.
This shows that L (€;R?) is the closure of Ej(€2;R?) with respect to the weak
convergence in Ej(Q;R?) (see, e.g., [13, p. 131]). It will later be important to see
that (2.4) not only holds for all n € Ejs-(Q;R?) but for all n € Ly« (;RY). This is
seen as follows: Because of the generalized Holder inequality, we already know that
¢-n € LY(Q). Therefore,

/(f—fk)mdx: &-ndr with Qp :={z € Q: |¢(z)| > k}
Q Qe

is well-defined. In view of Chebyshev’s inequality, we have that [Qx| < 1 [|¢][1,0. The
absolute continuity of the integral over the integrable function £ - 7 finally proves

& nder —0 ask — o0.
Qp

If the 4 -function M satisfies the so-called As-condition, i.e., if there exists ¢ > 0
such that M(2¢) < eM(€) for all € € RY, then £y, (Q;RY) = Ly (Q;RY) = Ep(Q;RY)
(see [1, 14, 21]). The As-condition is, however, rather restrictive.

In the sequel, we also consider Orlicz classes and spaces over the time-space
cylinder @ (the definitions and results from above are the same, just replace Q by
@). We emphasize that without strong assumption on M and M* there is no tensor
structure in Ly and in general Lp;(Q) # Las(0,T; Las(92)) (see [5, Proposition 1.3]).

2.3. Preliminary results. In this section, we summarize a few preliminary
results such as the weak sequentially lower semicontinuity of the modular with respect
to the weak convergence in L (2;R?), an approximation result and a useful estimate
relying on the Bogovskii operator.

LeEMMA 2.2. Let {&} € Zu(Q;RY) be a bounded sequence, i.e., there ewists
C > 0 such that par.o(&) < C for all ¢ € N. Then there exists £ € £y (Q;R?) and a
subsequence, denoted by ¢, such that &g — & in L'(Q;R?) and

par,@(§) < liminf ppr (&) -
0 —o00

Proof. In a first step, we prove that the sequence {£,} is weakly relatively compact
in L}(Q;RY). Since £y (Q;RY) C LY(Q;R?) (see (2.3)) and in view of the Dunford—
Pettis theorem (see, e.g., [2, Thm. 2.4.5]), it remains to prove equi-integrability of the
sequence. This, however, follows from a result analogous to the de la Vallée—Poussin
theorem, and we closely follow [2, Thm. 2.4.4 on p. 58]. Since M has superlinear
growth, there exists for every K > 0 a constant Cx > 0 such that

og|§|§$+@< for all £ € RY.



Let A C @ be a measurable subset with measure |A|. Then for all £ € N
1 1 C

[ l@ldo < & [ Mg do+ Cc|AI < L pasc(€) + C 4] < T + Cic 4.
. K /4 K K

For A = Q, this shows the boundedness of the sequence {¢,} in L'(Q;R?). Let ¢ > 0
be arbitrary and set K = 2C/e, 6 = £/(2Ck ). We then obtain for any A with |A| < §

[lewiae< s (145 <.

which finally proves equi-integrablity. Hence, a subsequence of {;} converges weakly
in L'(Q;RY) towards an element ¢ € L'(Q;R%).

In a second step, we show the weak sequentially lower semicontinuity of the mod-
ular in L'(Q;R?). This, however, is an immediate consequence of the convexity
and continuity of M = M () together with [2, Thm. 13.1.1 on p. 498] (see also [4,
Thm. 3.20 on p. 94] upon noting that M(¢) > n- & — M*(n) for any n € R? and all
¢ € R?). Tt also proves £ € Ly (Q;RY). O

Unfortunately, the method of truncation as employed in (2.4) is not always ap-
propriate when working with gradients. We, therefore, provide the following result.

Let

Co exp R if |[z)2 +t2 <1
Jo(z,t) := 0 1—|z|2 —¢2 ’
0 otherwise,

where ¢y > 0 is such that fRde Jo(z,t) dedt = 1, and set for sufficiently small 6 > 0
Js(z,t) =0~ (67 e, 671),  (x,t) e R X R.

For any locally integrable function u = u(x, t), the mollification Js*w is then a smooth
function with compact support on the ball with |x|? 4 t? < §2.

LEMMA 2.3. Letw € # = {w € WL1(0,T; L*(Q)) : Vw € Ly (Q;RY), yow(-,t) =
0 a.e. in (0,T) > t}. For anye > 0 there is then a smooth function w., which vanishes
at O x [0,T] such that

3
lwe = wllwao,rir2 ) < 5

and such that for all n € Ly (Q;R?)

'/ Vwe-nda:dt—/Vw-ndxdt‘<€.
Q Q 2

Proof. Note that W11(0,T; L?(Q)) is continuously embedded in € ([0, T]; L2(£2)).
Moreover, since Vw € £y (Q; R?) € LY(0,T; L*(Q)), the trace yow(-, ) is well-defined
for almost all ¢t € (0,T).

The proof follows, in particular, from the continuity of mollification and transla-
tion of a function in Ly (Q;R?) with respect to the weak convergence in Ejs(Q;R?)
(see [10, Lemma 1.5, 1.6] and [5, Prop. 1.2]) together with standard arguments.

Let € > 0. Then there is n € N such that

1T (w) = wllwrao,rir2)) < o5
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where for (z,t) € Q

w(z,t) if lw(z,t)| <n,
[T (w)](z,t) ;=< n if w(z,t) >n
-n if w(z,t) < —n.

Note that this truncation is in L>®(Q) C L (Q). Obviously, vo[Tn(w)](-,t) = 0 for
almost all ¢ € (0, 7). Furthermore, we have

Vw(z,t) if jw(z,t)| <n,
VT, (w)](z,t) =4 0 if w(z,t) >n,
-0 if w(z,t) < —n.

Since Vw - € LY(Q) for any n € Ly+(Q), the absolute continuity of the integral
also shows (using Chebyshev’s inequality and the same argumentation as on p. 6) for
sufficiently large n that

‘/Q (VTn(w) — Vw) 'T]dﬂ?dt‘ < Z

Since ) is a Lipschitz domain and 0f) is compact, there is a finite number of
points 27 € 99, radii 77 > 0 and Lipschitz continuous functions A : R4~1 — R
(j =1,2,...,J) such that —upon a rigid motion if necessary—

QNQ; ={z=[z1,...,24-1,24] € Q cxg < N(21,...,24-1)},

where ; C R? denotes the open ball of radius r/ with origin 7. For sufficiently small
do > 0, we may also assume that {€;}7_o with Qo := {z € Q : dist (,0Q) > do} is
an open cover of (. Let {x; }3-]:0 be a smooth partition of unity for  subordinate to
this open cover.

For sufficiently small » > 0, the intervals Iy = (r/2,T —r/2), I, = (—r,r) and
I = (T — 7, T +r) build an open cover of [0,7]. Let {¢x}7_, be a smooth partition
of unity for [0, T] subordinate to this open cover.

It is clear that {Q; x Ik}}]ﬁo,kzo is an open cover of @@ and that {XjCk}'j]’:Qo,k:O
is a smooth partition of unity subordinate to this open cover. In particular, we have
Th(w) = ijk wjk, where wji, := x; (T (w), and supp wj C Q; x Ii.

We observe that wog € WH1(0, T; L?(Q)) with Vweg = VxoCo T (w)+x0Co VT (w)
L (Q;R?) and suppwgy C Q. The mollification is continuous in W1(0,T; L?())
with respect to the strong convergence, which can be shown by standard arguments
(employing, in particular, the continuity of the translation in L(0,7T; L?(92)), which
follows from Lusin’s theorem). Moreover, the mollification of a function in the Orlicz
space Ly (Q;R?) is continuous with respect to the weak convergence in Ej/(Q;R?).
There exists, therefore, a sufficiently small number dgg > 0 such that

€
| T500 * woo — Woo w11 (0,1502(0)) < UL
and such that for all n € Ly« (Q;R?).
€
— -ndxdt —_—
‘/Q (V(J500 *woo) vwoo) nax ‘ < 12(J+ 1)

Here we have also used that V(Js,, * T (w)) = Vs, * Tn(w).
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For (j,k) # (0,0), we observe the following. Since the translation is continu-
ous in WH(0,T; L?(2)) with respect to the strong convergence and continuous in
L (Q; R?) with respect to the weak convergence in Ej(Q; R?) and since translation
and derivative commute, there exist sufficiently small numbers J; > 0 and 73, > 0 such
that

N 19
[Wik = wikllwriomizz) < U +1)

and such that for all n € Ly (Q;R?).

€
V~4—V4>~ddt _—
‘/Q( Wik = Nk ) TG ‘< 24(J + 1)
where W, (z1,...,%4—1,Ta,t) = Wik(T1, ..., Ta—1,%q + 6j,t — (=1)*r) for (z,t) €

R? x R and where wjy, is the extension of wj, by zero outside Q. Note that the
translation with respect to space is inwards whereas the translation with respect to
time is outwards. This takes into account that T),(w) and thus w;, has vanishing
trace at 0Q2. By construction, the restriction of w;; to K X [—7,T + 7] for any
compact subset K C R has the same regularity as w on Q, and suppw; C Q x I,
where I{ = [—7,r —n]and I} = [T —r + 72, T + 7.

There also exist sufficiently small numbers §;, > 0 such that

~ ~ E
Js. e — W 1,1 72 _
15,0 * Wik — Wikllwiao,msr2(Q) < AT+ 1)

and such that for all n € Ly (Q;R?).

~ ~ 9

Putting altogether shows (with the convention wyy = wog) that w, := Zj o Jon *

wjy, satisfies the asserted estimates. Moreover, the restriction of w. to () vanishes at
0 x [0, T] because of supp w;r C Q x I;. O

LEMMA 2.4. Lete € (0,1) and g € LY(Q) with ¢ > d be given. Then there exists
C > 0 such that for allv € ¥ = {v € L*(Q) : Vv € Ly (4RY) | vov = 0} there
holds

1 1
[ovas<ciol g lolta+ 5 ol +e [ M(Todz. @25)
Q 29| 2 Q

Here, C is given by

C= sup M (77) )
neRL, [n|<ce1 ||gllq,0

where ¢ > 0 only depends on 2, d, and q.

Proof. First, we recall that {v € L2(Q) : Vv € Ly (Q;RY)} € WHL(Q) N L3(Q).
Therefore, also the trace yov is well-defined (see, e.g., [16, Thm. 4.2 on p. 84]).
The proof uses properties of the Bogovskii operator (see [17, Lemmma 3.17], [22,
Lemma 2.1.1 on p. 68]). In fact, if g € L(f) then there exists § € W, /(Q;R?) such
that

1/ .
g=-— [ gdr+V-g
2] Jo
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and

<cligllg.e,

”gHWOl‘q(Q;Rd) =[Vilga <c
7,82

; /
g—— [ gdx
Q[ Jo

where ¢ > 0 depends on ¢ and €. It then follows from integration by parts that

/gvdm:i/gdx/vdx—/@Vde. (2.6)
Q Q[ Jo Q Q

With the Fenchel-Young inequality (2.2) and the properties of M (convexity and
M(0) = 0), we find

/g-Vvdx
Q

g/QM*(s‘lg)d:ch/QM(quj)dx

g/ﬂM*(a’lg)dm—i—s/ﬂM(Vv)da:.

Since ¢ > d, we have the continuous embedding Wol’q (;R?Y) — € (Q;R?) such
that for all x € Q

3@)] < 13l < eldllwraazs < clglon.

where ¢ > 0 depends on ¢, 2, d. Since M* : R — Rar is continuous, it maps bounded
sets into bounded sets such that

sup M*(e 1 g(z)) < sup M*(n)=:C.

z€Q n€R, [n|<ce=! lgllq.2
This, together with

i o
ollae < 5 lgliZa + 5 ol

[ 9da [ vds < lglalvlia <1909l
Q Q

proves the assertion. O

We should remark that we do not claim that the assumptions in the previous
lemma are optimal in order to get the estimate (2.5).

3. A full discretization. In this section, we describe the numerical method that
combines a generalized internal approximation scheme (such as a Galerkin scheme or
a conforming finite element method, see [23]) for the spatial discretization with the
backward Euler scheme for the temporal discretization.

3.1. Discretization. We consider an equidistant time grid: For N € N, let
7=T/N and t,, = n7 (n =0,1,...,N). Moreover, we consider a generalized internal
approximation of the space

Vi={veL*Q): Vve Ey(QRY), vv=0}, |v]v:=|v]20+|Volmea,

which is given by a sequence of (not necessarily nested) finite dimensional subspaces
Vin €V (m € N) and restriction operators R,, : V — V,, such that for any sequence
{m¢}een with my — oo as £ — oo there holds

Ryp,v—v inVasl—ooforallveV. (3.1)
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Since V is a separable Banach space there always exists a Galerkin basis and thus an
internal approximation scheme for V. Note that it suffices if the restriction operators
are defined on (and the strong convergence takes place for) a dense subset of V' (see,
e.g., [23, pp. 25f1]).

The numerical method under consideration now reads as follows: Find {u”}"_; C
Vin such that forn=1,2,...,N

u® — unfl
/ ( v+ a(Vu™) - Vv) dr = / fG tp)vde forallv e V,,. (3.2)
Q T Q
Here, u® € V,,, denotes a suitable approximation of the initial datum ug € L?(2).
Moreover, we have assumed that f is continuous with respect to time. If this is not
the case, one may work with the restriction

1 [t
fnzf/ f(at)dtv n:1727"'7N7
T trn_1

onto the time grid instead of f(-, ).

3.2. Solvability. We are now going to show that there exists a solution to the
numerical scheme (3.2).

THEOREM 3.1 (Existence of discrete solution). Let f € €([0,T]; LY(Q)) with
q > d and u® € V,,, be given. Let T < 1. Then there exists a solution {u™}N_| C V,,
to (3.2).

The proof relies upon the following auxiliary result.
_ Lemwma 3.2. For some R > 0, let h : B(0,R) — R™ be continuous, where
B(0,R) C R™ denotes the closed ball with respect to some norm | - ||gm on R™. If

h(v)-v>0 for allv € R™ with |v|]gm = R

then there exists © € B(0, R) such that h(v) = 0.

This is a direct consequence of Brouwer’s fixed point theorem; for a proof, we
refer to, e.g., [9, p. 74].

Proof. [of Theorem 3.1] We prove the existence step-by-step. So let us assume
we are given u"~! € L?(Q). It is then sufficient to show the existence of u"™ € V,,
satisfying (3.2).

Since V,, is finite dimensional, we have V,,, = span{y1, 2, ..., ¢} for a suitable
set of basis functions (without loss of generality we may assume that the index m in
the notation of V;,, equals the dimension of V,,,). We then have a one-to-one mapping
between V,,, and R™ given by

m
v =[v1,V2,...,0] ER™  «w V, SU:ZUj%'a
j=1

and ||v||gm := ||v]|2,q defines a norm on R™.
We now define the mapping h via

hi(v) == /Q (U_Tun_l vi +a(Vv) - Vo, — f(vtn)%') d.

Obviously, any solution u"™ € V,,, corresponds to a zero u" of h and vice versa.
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Due to the continuity of the nonlinearity a (see Assumption (al)), the function
h : R™ — R™ is continuous. Moreover, we have with the simple but crucial relation
(which reflects the stability of the backward Euler method)

1
(afb).azi(a2fb2+(afb)2), a,bER, (3.3)
the coercivity assumption (a2), and (2.5) (taking & = 11/2)

h(v) v = /Q (W v+ a(Vv) - Vv — f(-,tn)v> da

> o (ol ~ 10" o) + 4 [ M(To)da+n [ 31" (a(To)ts
— 5 Wl — CUG 1),
where
C(7(e ) 1= O+ g It (3.40)

with C' > 0 given by Lemma 2.4. It is clear that
_ax N C(f(, tn))

=1,2,...,

" 1
<€ sup M*(n) + 29 1117 0701 0y » =2 C(f) (3.4b)

nERY,|n|<2cp 1| fllLoo (0,1:L9 ()
where ¢ > 0 only depends on €2, d, and q.
Taking now R such that R* > (|[u"""(|3 o + 27 C(f(-,tn))) /(1 —7), the assump-

tions of Lemma 3.2 are fulfilled, and there exists a zero of h. This zero, however,
solves (3.2) at level n. O

REMARK 3.3. It is straightforward to show uniqueness of the discrete solution if
the nonlinearity is strictly monotone.

3.3. A priori estimates. The following a priori estimates are the essential
prerequisite for the proof of convergence.

THEOREM 3.4 (Uniform boundedness of discrete solution). Let u® € V,, and
f € €([0,T]; LYR)) for some ¢ > d. Let {u™} C V,, be any solution to (3.2). Let
7 <719 < 1. Then there holds for allm=1,2,..., N

Je 20+ 3 flw? —uj71||§79+72/ M(Vuj)derTZ/ M* (a(Vi)) da
j=1 =179 j=179

<c([u’l30+CMN). (3.5)

where ¢ > 0 depends on p, T and 19, and C(f) is given by (3.4).

Proof. We take v = u™ in (3.2), employ the relation (3.3) for the discrete time
derivative, invoke the coercivity assumption (a2), and use (2.5) with e = /2. This
leads to

1 n n— n n—
o (1" B — B + " — " 3)
-
* n 1, .,
+g /QM(Vun)dx—&—ﬂ/QM (a(Vu"™))dz < 5Hu \|§752+C(f(~,tn))7
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where C'(f(-,ty)) is given by (3.4). Summation then implies for all n =1,2,...,N

Hu"||§,Q+TZ||ujfujfl\\§79+m'2/ M(Vuj)dx+2m'2/ M*(a(Vu?)) dz
j=1 j=1"9 j=1"

< lu’ll30 + TZ [ 272 C(f(-:t5))-

=1 =1

With (3.4), we have 27 Z?zl C(f(-,t;)) < 2T'C(f). Applying a discrete Gronwall
lemma now proves the assertion. [

If the approximation of the initial datum is taken from a bounded set, the theorem
above shows indeed uniform boundedness of the discrete solution.

4. Convergence of the numerical solution. In what follows, we consider a
sequence {(my, Np)}boen such that my — oo as well as Ny — oo as £ — oo. Moreover,
we suppose that 7o < 79 < 1 for all £ € N. (When writing ¢,, or u"™, we omit calling
the dependence on ¢ if no confusion is likely to arise.)

Furthermore, we consider a sequence {ug}geN of approximations of the initial
datum ug € L*(2) such that uf € V,,, and

uf — up in L2(Q) as £ — co. (4.1)

From a fully discrete solution {u"} corresponding to the space V,, and the time
grid with step size 7, = T'/Ny, we now construct numerical approximations that are
defined on the whole time interval: Let uy be the piecewise constant function with

we(,t) =u" it € (tno1,tn) (n=1,2,...,Ng), ue(-,0) = ub.

Moreover, let i, denote the linear spline interpolating (to, u®), (t1,u%), ..., (tn,, u™*).
We also use the piecewise constant in time approximation f, defined by

fo(,t) = f(,tn) ift€ (tho1,tn] (m=1,2,...,Np), fe(-,0) = f(-,t1).

It is clear that

Ilf = fellLoe 0,300y = 0 as £ — oo (4.2)

if f € €([0,T); LYNQ)).

The main result of the paper now reads as follows:

THEOREM 4.1 (Convergence of approximate solution). Let ug € L2*() and
f € €(0,T); LYQ)) with ¢ > d be given. Consider the numerical solution of (1.1)
by the scheme (3.2) on a sequence of finite dimensional subspaces, such that (3.1) is
satisfied, and time step sizes, which tend to zero and are bounded away from 1. For
the approxzimation of the initial datum, assume (4.1).

Then there is a subsequence, denoted by {', such that the sequence {up} and
{tg'} of piecewise constant in time and piecewise linear in time prolongations, re-
spectively, of the numerical solutions converges weakly* in L>(0,T; L*(Q)) towards
an ezact solution u € €, ([0,T]; L3(Q)) to (1.1). Moreover, up(-,T) = dp(-,T)
converges weakly in L%*(Q)) towards u(-,T), Vuy converges weakly* in Ly (Q;R%)
towards Vu € Ly (Q;RY) and a(Vuy) converges weakly® in Ly (Q;RY) towards
a(Vu) S gM* (Q,Rd)
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The proof will be prepared by the following lemma.

LEMMA 4.2. Under the assumptions of Theorem 4.1, there is a subsequence, de-
noted by ¢', and elements u € L>(0,T; L?()) with Vu € Ly (Q;RY) and you(-,t) =0
for almost all t € (0,T), z € L?(), a € L~ (Q; RY) such that, as £ — oo,

up — g — 0 in L2(Q),  up, Gp = u in L=(0,T; L*(Q)),
11@/(~,T) = ug/(',T) —zin LQ(Q) ,
Vue = Vu in Ly (Q;RY),  a(Vug) = a in Ly-(Q;RY).

Proof. Because of (4.1), the sequence {ul} is bounded in L?($2). Therefore, the
right-hand side of the a priori estimate in Theorem 3.4 is also bounded.
It immediately follows

2

N, tn u — unfl
fue—alBo =3 [ [l = = ) | dade
n=1"tn-1 T 2,0

L
-3 Z Ju” — Mkl”%,sz )
n=1

and in view of Theorem 3.4, the right-hand side of the foregoing estimate tends to
zero as { — oo.
An immediate consequence of the definition of the approximate solutions is

luelleo.rirzy = _max Az, [laelzeorz) = max u®|z20,

x |
=1,2,....,N¢ =0,1,...,N¢

and Theorem 3.4 shows the boundedness of {u,} and {a,} in L>°(0,T; L?(£2)), which
is the dual of the separable Banach space L'(0,T;L?*()). We thus have weak*
convergence of a subsequence in L>(0,T; L?(2)). The limit of both the sequences
must coincide since their difference tends to zero in L?(Q).

Since

lae(, T)ll20 = lue-, T) 2.0 = [[u™]

2,0

the a priori estimate in Theorem 3.4 also proves the asserted weak convergence of a
subsequence of {d,(-,T)} = {ue(-,T)} in L*().
With respect to the sequence of gradients of uy, we observe that

Ny
/ M(Vug)dzdt =T Z/ M(Vu™)dx
Q n=1"9

is uniformly bounded, see again Theorem 3.4. From the boundedness of the mod-
ular, however, boundedness of the Luxemburg norm follows. Therefore, {Vu,} C
L (Q;RY) C Ly (Q;RY) is bounded with respect to || - |[ar,q. Since Ly (Q;R?) is
the dual of the separable Banach space Ejs-(Q;R?), we obtain weak* convergence of
a subsequence in L/ (Q; R?) towards an element ¢ € Ly (Q;R?) such that Vg NS
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It remains to show ¢ = Vu. However, since €2°(; RY)®%>°(0,T) C Ep-(Q;RY),
we find for all ® € €>°(;RY) and all ¢ € €°°(0,T) with integration by parts

/ € ®ydedt = lim / Vue - & pdrdt
Q ' — 00 Q

= — lim ug/V-q)wdxdtz—/ uwV - ®Ydxdt .
£/ — 00 Q Q

In the last step, we have used that u, converges weakly* in L>(0,T; L?(Q)) towards .

In view of Lemma 2.2, we finally get Vu € %/ (Q;R?).

Since the trace operator vo : W11(Q) — L}(99) is linear and bounded, it can be
extended to a linear bounded (and thus weakly-weakly continuous) operator mapping
L0, T; WH1(Q)) into L1(0, T; L*(952)). By employing the Fenchel-Young inequality,
it is easy to show that the uniform boundedness of the modular of Vu, implies the
uniform boundedness of the L(0,T; L' (£;R%))-norm of Vu,. Therefore, the subse-
quence can be chosen such that u, converges also weakly in L*(0,T; W1(Q)) towards
u. Since up has vanishing trace for almost all ¢ € (0,7'), also the weak limit u must
have vanishing trace for almost all ¢ € (0, 7).

A similar argumentation as for {Vu,} proves the remaining assertion for {a(Vuy)}
since

/Q M*(a(Vw))dwdt:TnZel /Q M*(a(Vu™))de

is uniformly bounded in view of Theorem 3.4. We infer that there exists o €
L+ (Q;RY) such that a(Vuy) = a in Ly-(Q;R?) for a subsequence. Because of
Lemma 2.2, a belongs to the Orlicz class %+ (Q; R?). O

We are now ready to prove the main result.

Proof. [of Theorem 4.1] We omit writing ¢’ for the subsequence from Lemma 4.2.
Using the approximations 4, and ug, the numerical scheme (3.2) can be written as

/ (Ortigv + a(Vuy) - Vo) de = / Sfevdx for all v € V,,,, . (4.3)
Q Q

With respect to time, this equation holds almost everywhere in (0,7") as well as in
the weak sense. This immediately implies

7/ ﬂngem//dzdtJr/ﬂg(~,T)ngvdxz/J(T)f/ﬂg(-,O)RmZvdzw(O)
Q Q Q
+/ a(Vu@)-VRWm/)dxdt:/ feRm,vidzdt
Q Q

forallv € V', v € €([0,T]).

Note that (-, T) = u™¥ and (-, 0) = ul.
With Lemma 4.2, relation (3.1), (4.1) and (4.2), we obtain in the limit

— /Q uvy dzdt + /Q zudz (T — /Quovdx P(0) + /Q a - Voydzdt = /Qfm/dedt
forallv € V', v € €*([0,T]) . (4.4)
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In particular, we have employed that R,,,v¢)" € L(0,T; L*(Q)) with

Ry, vt — vy’ in LY(0,T; L*(Q)) as £ — oo,
that R,,v € L*(Q2) with

Ry,v —v in L*(Q) as £ — oo,

that VR,,, v € Epr(Q; R?) with

VR, v — Vb in Ep(Q;R?) as £ — oo,
and that R,,, v € L'(0,T; L7 (Q)) (1/¢+1/¢ = 1) with

Ry, vt — vip  in LY(0,T; LY () as £ — oo.

This follows from (3.1) and the definition of the norm in V. Moreover, we observe
that V — WhHH(Q) N L?(Q), and for d = 1, we obtain V — L7 (Q) for any ¢ > d = 1.
Relation (4.4) implies, by density arguments,

—/ uOywdxdt +/ zw(-, T)dx — / uow(-,0)dz +/ o - Vwdxdt = / fwdzdt
Q Q Q Q Q
for allw € ¥, (4.5)

where # was defined in Lemma 2.3. We first observe that the tensor product V ®
€1([0,T]) is included in #, which shows that (4.4) is a particular case of (4.5). The
function w, that exists in view of Lemma 2.3 can be approximated, with respect to the
strong convergence in €*(Q), by a polynomial vanishing at 9Q x [0, T'], which possesses
a tensor structure and thus belongs to V ® €*([0,T]). For any u € L>(0,T; L*(Q)),
z,ug € L2(Q), a € Ly (Q;RY), f € €([0,T); L4(Q)), any € > 0 and any w € ¥/,
there is hence (recalling also the continuous embedding of W1(0,T; L%(Q)) into
€ ([0,T]; L3(£2))) an element w. € V ® €1([0,T]) such that

‘/ ul(w dzdt'

+ ‘/Quo(ws(-,O)— ))da| + '/ - Viw dxdt‘ ’/ flw dmdt’

For the last term, we have to apply (2.6) upon noting that for f € ([0, T]; LY(Q2))
there is a function f € €([0,T]; Wy (€ R)) — £€([0, T]; L=(Q; RY)) C L+ (Q; RY).
We are now going to derive further properties of the limit w.
Recalling that v € L>(0,T; L?()) with Vu € % (Q;R?Y) € LY(0,T; Ly (;RY)),
a € Ly (Q;RY) € LY(0,T; Ly~ (4 RY)), and f € €([0,T]; LY(Q)) (with ¢ > d), we
see that for any v € V the functions

tl—>/ tvdx, tl—>/ -Vuvdzx, tt—)/f t)vdx

are at least in L'(0,T). This observation, together with (4.4), shows that

z(wg( ,T)—w(-,T))dx

% Qu(-,t)vda::A(f(-,t)v—a(-,t)~Vv)da: (4.6)
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holds true in the weak sense. Moreover, the function ¢ — [, u(-,t)v dz then is abso-
lutely continuous. Hence, since V is dense in L?(2) with respect to the strong con-
vergence in L?(2) and since u € L>(0,T; L?()), there holds u € 4,,([0, T]; L*(Q2)).
We can now prove u(-,0) = ug € L*(Q). For arbitrary v € V, we have with (4.3)

t— T] 4

/ungevdx: {/ Ug(+yt) R, v d
Q Q t=0
T
t—T 1
= Oylg Ry, v dx ——— g R, vde — | dt
/0 </Q g Ry, v dx T +/Qw eV xT)
g t—T 1
=/ /(feRmv—a(Vw)-VRmv) dx +/ Ry, v dx — | dt .
0 Q T Q T
In the limit (see Lemma 4.2), we thus obtain with integration by parts (using (4.6))

r t—T 1
uovdr = (fv—a-Vov)ds + [ wvdr = | dt
Q 0 Q T Q T

-7
= [/ uvdxt ] :/u(~,0)vdx.
Q T t=0 Q

Using the function ¢ — t/T instead of ¢ — (¢t — T) /T, the same argumentation as
above provides that the weak in L2(2) limit z of dy(-, T) = ue(-, T) is indeed u(-, T),

(-, T) = 2z =u(-,T) € L*(Q) as £ — .

It remains to identify «, i.e., to show that o = a(Vu). For proving this, we
employ a variant of Minty’s monotonicity trick. Unfortunately, a direct application
of Minty’s trick is not possible since we are working in spaces which are not reflexive
and so we cannot just take the limit u as a test function in the limit equation (4.4).

Using (3.3), we find

Ny
/ Oyliy updxdt = Z / (u™ —u" Y undr >
Q n=1 Q

%,Q - ||U2||§,Q) )

2

(1™ 1130 = 1413 0)

N | =

= £ (e 1)

which implies, because of the weak lower semicontinuity of the norm, the weak con-
vergence of uy(-, T') towards z = u(T) in L?(2), and the strong convergence (4.1),

DN | =

(Hu(,T)Hg o — |luoll Q) < liminf/ Oytip updadt .
’ ’ £—00 Q
On the other hand, since a is monotone, we know that for all n € L>(Q;R?)
/ a(Vug) - Vug dedt
Q
> / a(Vuyg) - Vug dzdt — / (a(Vue) —a(n)) - (Vug — n) dxdt
Q Q

= / a(Vuyg) - ndxdt —|—/ a(n) - (Vug —n) dadt .
Q Q
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Note that a(n) € Epr-(Q;R?) since n € L>®(Q;R?) and a is continuous. In the limit,
we thus obtain (see again Lemma 4.2)

/ o - ndxdt —|—/ a(n) - (Vu —n) dedt < hm inf | a(Vug) - Vugdzdt.
Q Q 7> JQ

Finally, we know that

/fgwdacdt%/fudxdtaséﬁoo.
Q Q

Taking v = uy(+,t) € Vi, in (4.3), we thus come up with

N

(lul, T30 = lluol30) +/Qa -ndxdt
+ / a(n) - (Vu —n)dzdt < / fudxdt. (4.7)
Q Q

Unfortunately, we cannot take w = w in (4.5) due to the lack of regularity in time.
We, therefore, consider the centered Steklov average of u, given by

t+h
(Spu)(-,t) = %/tih u(-,s)ds, te€][0,T],

where h > 0 and where u is extended by zero outside [0, T|. The properties of v imply
that Spu € #. It is known that

hm/fShudxdt /fudxdt

On the other hand, we find with (4.5)

/fShudxdt:f/ UatShUdfdtwL/U(~,T)Shu(~,T) dzx
Q Q Q
- /U(-,O)Shu(~,0)dx+/ a - VSpudzdt,
§ Q
where

=L e ) — (et — B

(8tShu)('7t) 2%

and thus

/ udy Spu dadt

/ / (-t +h) —u(-,t — h)) dedt
2h/T h/ t+h) dmdt——/ / ,t—h)dxdt =0. (4.8)
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Moreover, we have

/Q( T)Shu(-, /Th/ s)dxds

L1 / 2 gy — Hu(-,T)H;Q ash—0. (49

Recall here that u € %,([0,T]; L?(Q2)) and thus s = T is a Lebesgue point of the
mapping s — [ u(-, T)u(-,s) dz. Analogously, we have

1
/ u(+,0)Spu(-,0) dr — 3 HU()H;Q ash —0.
Q
Finally, we observe that

/a~VShuda:dt—/a~Vudxdt
Q Q

_ / /:HL/ () -V (ul-, 8) — u(-, 1)) dedsdt

/ / / ot rh) = Vu(, 1)) dedtdr —0as h— 0 (4.10)

since the translation of a function in the Orlicz space Ly (Q;R?) is continuous with
respect to the weak convergence in Ej/(Q; R?) (see [10, Lemma 1.5] and [5, Prop. 1.2]).
Altogether, we infer from (4.7) that for all n € L>(Q;R?)

0< /Q(a(n) —a) - (n—Vu)dzdt.

Following the modification of Minty’s trick in [11] (see also [15]), we set

Qr = {(z,t) € Q : |Vu(z,t)| > k a.e. in Q}

for any k € N. For arbitrary 4,7 € N with j < 4, arbitrary A > 0, and arbitrary
¢ € L™®(Q;RY), we take

0 in QZ ’
n=(Vu)lg\q, + Mlg\q, = Vu in Q;\ Qi,
VutA mQ\Q.

This shows that

og—/ (@(0) =) - Vudadt+ A | (a(Vu+AC) —a) - C dadt .
i Q\Qj

As in (2.4), we see that the first term on the right-hand side tends to zero as i — oo
since (a(0) — a) - Vu € L'(Q). We, therefore, come up with

OS/ (a(Vu+ M) — ) - (dzxdt .
Q\Q;
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Recalling that a is continuous, we immediately find that
/ (a(Vu+ X)) — a) - ( dadt — (a(Vu) —a)-(dxdt as A = 0
Q\Q; Q\Q;
and thus

0< / (a(Vu) — a) - (dadt
Q\Q;
for any j € N and any ¢ € L°°(Q;R?). The choice

¢ = —m it a(Vu) # «,

0 otherwise,

provides
/ |a(Vu) — ofdxdt <0
Q\Q;

and thus o = a(Vu) a.e. in Q \ Q;. Since j was arbitrary, this proves o = a(Vu) a.e.
in @, which finishes the proof. O

REMARK 4.3. If the exact solution is unique, which is the case if the nonlinearity a
1s strictly monotone then, by a standard argument, the whole sequences of approzimate
solutions converge.

Uniqueness in case of a strictly monotone nonlinearity is seen as follows: Let u
and v be two different solutions to the problem with the same data (ug, f). From the
proof above, we already know that then for all w € #

7/ (u — v)Opwdzdt + / (u(-,T) —v(-,T))w(-, T)dx +/ (a(Vu) — a(Vv)) - Vwdzdt = 0.
Q Q Q

Taking w = Sy (u — v) and with observations analogous to (4.8), (4.9), and (4.10), we
find

% [lu(-,T) — 11(~,T)H§,Q + / (a(Vu) — a(Vv)) - (Vu — Vo)dzdt = 0
Q

as h — 0. On the other hand, the strict monotonicity of a shows that
/ ((Va) — a(V0)) - (Vu — Vo)dadt = 0
Q

if and only if Vu = Vv almost everywhere. Recalling here that vou = yov = 0, this is
in contradiction to u # v.
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