Captivity of mean-field systems*

Julian Tugaut
Fakultét fiir Mathematik
Universitat Bielefeld
D-33615 Bielefeld
Germany
Email: jtugaut@math.uni-bielefeld.de

Abstract

We investigate the exit time of some mean-field system which is re-
lated to McKean-Vlasov diffusions under convex interaction and double-
well exterior force. In one hand, we show that the meta-potential which
intervenes in the system admits a number of wells which tends to infinity
when the number of particles tends to infinity. In the other hand, by using
the convergence of the self-stabilizing processes, the phase transitions of
the granular media equation, we show that there exist some traps such
that the diffusion in RY can not escape when N tends to infinity. This
means that in high dimension and with fixed noise, the meta-potential is
not the function which drives the random dynamical system.
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Introduction

We are interested in the exit times - when NV tends towards infinity - of a mean-
field system of the following form:

dX} = \edB} - V' (X})dt - L SN F' (th - Xg') dt

X} = \JedBi — V' (X})dt — = N | F (X;‘ - Xg') dt (1)

dxN = JedBY — V' (xN)dt - LN P (XtN fxg') dt
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where the N Brownian Motions (B;) are independent. We write X/ in-

teR
stead of XZ’N’E for simplifying the reading. In this paper, we will make some
smoothness assumptions on the interacting potential F'.

There is a huge literature about mean-field systems. Let us note some appli-
cations of this kind of system: [CDPS10] about social interactions or [CX10]
about the stochastic partial differential equations. Diffusion (I) is continuous
but discret space have also been studied, particularly the Currie-Weiss model,
see [BBI0O9| or [MP98] for example.

By introducing &; := (X},--+, X}N) and B, := (B},---,B}Y), (I) corresponds
to a classical diffusion in RY:

dX; = \/edB; — N VYN (&) dt (1)

where YT is called the meta-potential and is defined by:

ZV QL Y F(Xi- X)) (11)

1<i,j<N

for all X = (X1,---, Xn) € RY. The motion of the process (Xt)er, 1s subject
to three concurrent forces. The first one is the gradient of the so-called con-
fining potential V' which acts independently on each coordinate. The second
term represents the average tension of the interacting potential F' between the
coordinates. The third influence is some heat process (/e Bt);er, which allows

the particle to escape from the stable domains of the meta-potential TV. Let
us stress that e is not necessary asymptotically small. The first two forces gen-
erate the meta-potential Y». We divided by N in (II) for the definition of Y™
in order to stress the influence of N in the line level. Indeed, Lemma 5.3 in
[Tugl0a] tells us that for all probability law p on R absolutely continuous with
respect to the Lebesgue measure, we have:

™ (X1, —>/{ )+ F*u( )}u(m)dm (I11)

where (Xi)z‘eN*
the convolution.

is an iid sequence of random values with law p. Here, * denotes

When N tends to infinity, each particle can be seen as a diffusion in RY which
satisfies the following non-linear stochastic differential equation:

t t

Xt:X0+\/EBt_fO VI(Xs)dS—fO FI*US (Xs)dS (IV)
us = L (Xs)

The own law of this process intervenes in the equation. Consequently, it is
non-markovian. We call it a self-stabilizing process. Let us give briefly some
of the previous works on these diffusions (IV). For the existence problem, see
[McK67, BRTV98, CGMO08, Me¢l96, HIPO8, TuglOal. Also, in [McK67], the



author proved that the law of the solution du; admits a C°°-continuous density
u; with respect to the Lebesgue measure since ¢ > 0 and the density satisfies
the following non-linear parabolic partial differential equation:

0 0 0

(@) = 5 {g%ut(x) + us(@) (V/ () + F 5 wi(x)) } W)

This permits to study the stationary measure(s) of the process (IV). Particu-
larly, in [HT10a|, it has been proved that there is non-uniqueness of the sta-
tionary measures for € small enough. The exact number of stationary measures
for € non necessary small has been the subject of [HT10b, HT09, Tugll]. By
knowing the exact number of stationary measures, we can study the convergence
in long-time behavior. In the convex case, see [BRV98, Mal03, Ver06, BCCP98,
CMV03, CGMO0g|.

The long-time behavior of the law wu; in the more difficult non-convex case has
been proved in [TuglOb]: wu; converges weakly towards a stationary measure
under assumptions easy to verify. For doing this, the main tool is the following
free-energy:

YTe(u):= /]R {% log(u(x)) + V(z) + %F * u(:c)} u(x)dx (VI)

for all the measures du which are absolutely continuous with respect to the
Lebesgue measure. We can note that du; - defined in (IV) - satisfies this hy-
pothesis since ¢t > 0, see [HT10a]. We can observe that the second term of Y.
is linked to the meta-potential T¥ by the limit (III).

The link between the self-stabilizing processes and the mean-field system for
N tending to +o0 is called the propagation of chaos, see [Szn91] under Lip-
schitz properties ; [BRTV98] if V is a constant ; [Mal0l, Mal03] when both
potentials are convex ; [BAZ99] for a more precise result ; [BGVO07|, [DPdH96]
or [DG8T7] for a sharp estimate ; [CGMOS§| for a uniform result in time in the
non-uniformly convex case. Also, a half-uniform propagation of chaos has been
proved in [Tugll] when we restrict to a symmetric initial measure and when V'
is a double-well potential.

Let us note also some works about the propagation of chaos with different hy-
potheses about the dynamic or the phase space: [Gra90, Gra92, Der03, JMO0S].

Exit-time of diffusions have already been studied when the dimension is fixed
and when the coefficient diffusion /€ tends to 0. Indeed, for classical diffu-
sions, Freidlin and Wentzell (see for example [DZ10, FW98|) proved a Kramer’s
type law theorem. In the case of the mean-field system (I), the exit time of an
open set @ C RY which contains at least one well of the meta-potential TV is
exponentially equivalent to exp [%H} with H := sup, ,co (TN(:E) - TN(y)).
However, in this paper, we do not want € to be small but /V to be big and we can
not apply this method even in the small-noise asymptotic since a commutation
between the two limits is not possible.

The global method that we will use for studying the exit-time consist on using



the propagation of chaos, the convergence established in [Tugl0b] and the result
about the phase transition proved in [Tugll]. Indeed, let us recall that it has
been proved in [DG87] that the empirical law of the mean-field system satisfies
a large deviations principle with a rate function which depends on the law of
Diffusion (IV). Consequently, the long-time behavior of £ (X;) provides some
consequences on the exit time for the particle system (I).

The paper is organized as follows. First, the assumptions and the notations are
presented in first section with some of the results about self-stabilizing diffusions
and two simple lemmas which will be used subsequently. The second section
deals with the potential geometry, particularly the number of wells. Propaga-
tion of chaos is proved in third section then used for obtaining the main results,
in particular the fact that even when there are 2V (1 — o(1)) wells, there are at
most o(2V) steady states. For concluding the introduction, we write the state-
ments of the three main results. Set V(z) := %4 — % and F(z) := $a? with
a > 0. We have:

Big number of wells If a < 2. Then YN admits 2V (1 — o(1)) wells.

Small number of steady states Set X € R and X, the diffusion (1) starting
with X. Set k > 0. There exists eg > 0 such that for all € €]0; o[, there exists
T, > 0 such that for all t > 0, we have:

L p(s)

lim P[mm {p<s>;1p<s>; .

N ——+oc0o

}SH,VT§S§T+t =1

where p(s) := & {i € [1; N] | XI>0}.

Stability of the positive half-space Set ¢ small enough and a law py such
that [, V(x)px)de + §Var (o) < —M and E(ug) > 0. We consider
a sequence of tid random values with law g : (Xé)ieN* and X; the diffusion (I)
starting with X := (Xol, e ,Xév). Then, for all t > 0, we have:

N
lim P Xi>0]| VO<s<ty=1.
ylm {Z ¢ >0 —S—}

i=1

1 Preliminaries

In this paper, we take V(z) := %4 - % and F(x) := a% with o € R’.. Let us
recall that the value sup,.p —V"(2) plays an important role in [HT10a, HT10b,
HTO09]. Here, we know directly that sup, .z —V" () = 1. We could consider
more general assumptions, the same than the ones in [TuglOb] and [Tugll].
But, all the mathematical difficulties of the present problem are present in
this case. Considering these two functions instead of general polynomial ones
will permit to avoid some technical and tedious computations, especially in the
next section. Indeed, the main results (see Section 4) only need a result of
propagation of chaos (see Section 3) and a result of convergence in long-time



(see [TuglOb]).
Furthermore, by adapting Theorem 2.1 in [Tugll] to our problem, we have the
following result:

Proposition 1.1. For all a > 0, there exists e.(a) € Ry such that:

0

e Foralle> e, .-

—

«), Diffusion (IV) admits a unique stationary measure: u

e Foralle < e.

0 +
ug, ul and u

—

«), Diffusion (IV) admits exactly three stationary measures:
with £ [ zuF (z)dz > 0.

™

Moreover, the critical value e.(«) is the unique solution of the equation:

/R+ (ﬁ%) b [(1*04)%2* §w4 dr = 0. (1.1)

We have then a simple representation of the threshold between the unique-
ness and the thirdness of the stationary measure(s) of Diffusion (IV):
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Figure 1: Critical value €. («)
All the measure ug which will be considered in the following satisfy the three

following hypotheses:

(AC) wuy is absolutely continuous with respect to the Lebesgue measure. We
call ug the density for simplicity.

(FM) [, 2°%uo(z)dz < oo.
(FE) [, log (uo(x)) uo(x)dz < co.



The assumptions (AC) and (FE) guarantee that Y. (ug) < co. The condition
(FM) simply expresses the existence of a strong solution on R, for Equation
(IV). Indeed, by Theorem 2.12 in [HIPO0§|, we know that there is a solution if

degT(V); degT(F)} if V and F are polynomial

Iz 287 uy(z)dx < 0o where ¢ := max {
functions.

The three assumptions imply the existence of My > 0 such that

max sup E [|Xt|j] <M. (1.2)
JENL;32] ter,

We deduce immediately that the family (u¢);er, is tight. Also, we have the
convergence of u; towards a stationary measure u., see [TuglOb].

Let us recall the main results of Section 2 in [HT10b] (Theorem 2.1 and Theorem
2.4), about the small-noise asymptotic of the stationary measures:

Proposition 1.2. The law ul converges weakly towards 61 and the law u;
converges weakly towards §_.

The law ul converges weakly towards 65, + 26_,. with

. ::{ Vi—a ifa<l

0 ifa>1

We present first some general notations. Let us note that for each z € R,
E(z) denotes here the unique integer such that z — 1 < £(z) < z and C? is the

binomial coefficient C? := ﬁip)!.

For all the measures p; and p2, Wa (11, p2) is the Wasserstein distance between
w1 and po:

W (. ) \/ E{x -vi}.

inf
{L(X)=p1, L(Y)=p2}

Now, we present some notations linked to the spaces RY. By convention, we
consider that R* is the set of the measures on R. In the following, X is an
arbitrary element of RY and the i-th coordinate is written X;, when N < occ.
Let us introduce some definitions:

Definition 1.3. 1) For all X := (X1, ---,Xn) € RY, we consider the norm

N X2
R s

2) For all v > 0, we introduce BY := {X eERY | |1X]|y < r}.
3) We consider also EY := {X eRY | vazl X; > O}.

4) For each X, € RN, we call X, the mean-field system (I) starting by Xy and
X} the i-th coordinate of X;.

We introduce now the notion of signature.



Definition 1.4. Set N € N and X € RY. We say that X has the signature
(p,1—p) withp € £[1;N] if #{i € [l; N] | X; >0} = pN.
Set a sequence X € RY. We say that X has the signature (p, 1—p) with p € [0;1]

if lmy 400 w = p. Obviously, if 1 € R* is a measure, we say
that it has the signature (p,1 —p) if £ ({0}) =0 and p (R4) = p.

Immediately, if X' is a sequence of iid random values with law g abso-
lutely continuous with respect to the Lebesgue measure, X has the signature

(fuh po(x)dz, fR, Ho(z)dz) )

Definition 1.5. Set p € [0;1] and N € NU {+o0}. We call S} the set of the
elements X € RN which have the signature (p,1 — p).

Remark 1.6. The particularity of the random dynamical system that we con-
sider is its invariance for each element o € Sy where Sy is the set of all
the permutations of the set [1; N]. Consequently, we will not work on RY but
on RN/SN. For simplifying the reading, we will not specify that we consider
class of equivalence instead of elements of RY . Particularly, for X,y € RY,
the expression vazl (X: — Y;)? will be in fact a notation which corresponds to

infresy Y0, (Xoa — i)™

Let us stress that this last expression corresponds to the Wasserstein distance
between two measures with support containing N elements at most. Also, we
can remark that Ef , BY and Sév are invariant under the actions of any permu-
tations so we can use these three sets without paying attention on the difference
between RY and R /Sy.

Since we use the classes of equivalence of R with respect to the permutations
instead of RY itself, we introduce some particular classes.

Definition 1.7. 1) Set x € R, we define the vector T € RY as a pure state with
coordinates equal to x: T := (x, -+ ,x).

2) Set a,b € R and p €]0;1[. The class of vectors (a,b, p) denotes all the bi-state
vectors with € (pN) coordinates equal to a and N —E (pN) # E ((1 —p)N) coor-

dinates equal to b. Let us note that this class contains exactly C]gv(pN) elements
of RN,

In order to conclude the preliminaries, we put two lemmas which will be
used in the next section. The first one is about linear algebra:

Lemma 1.8. Let a,b e R, c € R., N > 1 and k € [I; N —1]. Set I; the
identity matriz with size k and Jy the matriz whose each coordinate is equal to
1 and with size k. We define in the same way In_ and Jy—_i. Finally, we
define the following matriz per blocks:

o (a— )l + cJy (C)
M = ( (c) (b—c)IN—k + cIn—k ) .

Ifa+ (N —1)c>0 and b+ (N —1)c > 0 then M > 0.



Proof. Let us assume a + (N —1)¢ > 0 and b+ (N — 1)c > 0. By definition of
M, for all X € RY with X # 0, we have:

k N
(X1 MX) = (a+(N-1))X2+ > (b+ (N —1)c)X?
=1 i=k+1
1 & PR
— N3 =Y X2 [=) X,
It achieves the proof since ¢ < 0. O

The second result is combinatorial and is just the direct application of Ster-
ling formula:

n:(%—i—é)N
. : -N n o __
Lemma 1.9. Set § € |0;1[. Then NLHEOO 2 Z Cy=1.
n:(%fzi)N

2 Potential geometry

This section is devoted to the geometry of the meta-potential Y. We note that
it is immediate that —1, T and 0 are critical points of T¥. First, we will study
the geometry when v > 1 that is to say in the synchronized case.

Proposition 2.1. Set N > 2 and o > 1. Then, the meta-potential TV admits
exactly three critical points: —1, T and 0. The first two ones are wells and if
a > 1, the point 0 is a saddle whose the signature of the Hessian is (N —1,1).

Proof. Step 1. Let us prove that there are exactly three critical points if o > 1.

For all 1 <i < N, the derivative of the meta-potential with respect to x; is

0
&ri

N

1 Q@

TN(:L.l’...,;CN):N V/([L'l)—i—a.’ljl—ﬁz-r]
j=1

Set a critical point X'. We deduce p(z;) = p(z;) for all the indexes i and j with
p(x) :=V'(x) + ax. By recalling p'(z) = V" (x) + a > 0 for all x € R according
to the hypothesis o > 1. We deduce directly ; = x; for all the indexes ¢ and
j. Consequently, there exists = € R such that X = 7.

However, since the derivative with respect to z; is equal to 0, we obtain V' (z)+

ar — % Z;\le x = 0 which implies V'(z) = 0. Then x € {-1,0, 1}.
Step 2. We compute the Hessian of TV on the points Z:

aa_;TN(x,--- ,x):%{v”(x)jta(l—%)}

0? N «
Gxiaxj (x, ,$)———.

and N2



We apply Lemma 1.8 and we deduce that the Hessian is strictly positive if it
is in £1. And, a simple algebra calculous tells us that the two eigenvalues in
0 are a — 1 > 0 associated to an eigenspace of dimension N — 1 and —1 which
achieves the proof. O

Remark 2.2. We can remark that 1 and —1 are wells of the meta-potential YN
even if a < 1.

According to Proposition 1.3 in [Tugl1], the diffusion (IV) admits an outlying
stationary measure around 0 for € small enough if we have

V(z) + %:c2 >0 forall z#0. (2.1)
If @ > 1, (2.1) holds which proves the existence of an outlying stationary mea-
sure near & for € small enough. But, 0 is never a wells of TV when a > 1.
This points out the importance of the entropy and € since there is no correspon-
dance between the wells of YN and the stationary measures of (IV).

Now we will study the critical points when o < 1.

Theorem 2.3. If% < a < 1, the meta-potential YN admits exactly 2N critical
points but only two wells: 1 and —1.

If a < %, the meta-potential YN admits exactly 2V critical points and 2V (1 —
o(1)) of these critical points are wells of TN

Let us remark that the bifurcation a = % already appeared in the proof of
Theorem 3.2 in [HT10a] since % = f@ where ¢ is the unique positive real

such that V" (¢) = 0.

Proof. In order to stress the importance of a, we will write T instead of T
in this proof.

Step 1. First, we study the number of critical points. The partial derivative
with respect to the coordinate x; is:

1 1 1
Tg(xlv"' azN): _xgi_(lia)xliaﬁzlxj
]:

0
al'i

Since the third derivative of the application x — 2® — (1 — ) is nonnegative,
we deduce that for all X € RY such that VY (X) =0, X has the form Z or
(a1,a2,p). Let p € +[1; N]. We have now to solve

ai —a3+ (1 —a)(ag —a;) =0 (2.2)
ad — (1 —a)ay = a(pay + (1 —pas) . (2.3)

In the case where a; = az = a, we find directly a € {1,0,—1} and p does not
have any importance. If as # a1, we can divide (2.2) by as — a; before solving



it. Then we put p := 92203 which shall be in +[1; N]. Dividing (2.2) by

) alaz—ar)
as — a1, we obtain:

a3 +ajay +ai=1-a (2.4)

which implies the existence of t €] — ;7] such that

ag(t):%/l;acos (t—%) and aq(t) :—2\/1;acos<t+%) .

The equations (2.4) and (2.3) imply that ajas < 0. Indeed, let us assume that
a1 > 0 and ag > 0. Since p > 0, (2.3) provides a; > v/1 — a and the same holds
with az. We obtain then a? +ajas +a3 > 2(1 —«) which is impossible according
0 (2.4). Without loss of generality, we assume a;(t) < 0 and as(t) > 0. We

deduce that t € I := } 33 [ After computation, we find:

p(t) = % + ;Zn% {(3a ~-2)+ @ sinQ(t)} :

We remark that p (fg) =0 and p (%) = 1. Also, a simple study proves that
the function ¢ — p(t) is not in [0;1] if t € |-5; —Z[U]5; 5[

Then, for all N € N*, for all £ € [0;N], there exists ¢, € I such that
(al(tk); as(tk); &) is a critical point of the meta-potential YY. Since T and
—1 are also critical points of TV, we deduce that the meta-potential admits
exactly 2%V critical points.

Step 2. Now, we study the Hessian in these critical points. We compute the
second derivatives of T2 in a point (ay(ty); az(te); %):

BNV (au(k |
@Tg (al(tk); as(tk); N) = 7(?\;( 2 % - % Vi € [1; k],
62 k V// k '
@Tg (al(tk)§a2(tk); N) ZW—F%—% Vi € [k +1; N]|
82 k .. . .
Dm0, Tg (al(tk); as(ty); N) = *% Vi,j € [1;N] i#7.

By applying Lemma 1.8, we deduce that V" (al(tk)) > 0 and V" (az(tr)) >

0 implies the strict convexity of T in (al(tk s a %) It remains then
to study the values t such that V" (a1(t)) > 0 and ' V" (az(t)) > 0. This is
equivalent to

s
cos (t - =

1 1
> - .
6) 2v1 -« 2V1 -«
These two inequalities hold if and only if ¢ € I, := (] % — t(a); t(a) — Z [ with
t(ar) := arccos (2\/—) And, £ < t(«) is equivalent to v < 2. Let us remark

and cos (t+ %) >

that a > % would imply 1 < 3 m and then we would not be able to define

10



t(«). The function p in this interval is decreasing when o < % Indeed, a
computation provides:

16(1 — o) sin® (t) — 24(1 — @) sin®(t) + 3(2 — 3)
6ay/3 cos?(t) '

p(t) =
So p/(t) > 0 if and only if

3\/1704—\/§< ,Q(t)<3\/1fa+\/§
Wi—a oM WETUA—a

But, for ¢ € |2 — t(a);t(a) — Z[, we have

7T)7 5—6a—+9— 12«

sin?(t) < sin2 (t(a) T

6 81— a)
However, the inequality 57608‘(71_V 231204 > 3 41\;10‘_;&‘/5 is equivalent to a > %

Then, the function p is a bijection from I, to }M;m[ C [0;1]. We can
observe that }M;M{ > p(0) = . By applying Lemma 1.9, we deduce that
the number of wells is equivalent to 2 when N tends tends to infinity. O

We recover then a result previously obtained in [BFGO7]. Even if there are
2V (1—0(1)) wells when a < 2 and 2%V (1—o0(1)) critical points even if 2 < a < 1,

we will state in the following that the number of classes of steady states for the
dynamic in the mean-field system (I) does not depend on N.

3 Exit times

We will begin to state a weak result of propagation of chaos. In other words, we
will prove on a finite interval of time [0; 7], when N tends towards infinity that
the behavior of each particle of (I) is like the one of a self-stabilizing process
(IV). We recall their definition:

_ . . t _ ty N _ .
Xg:X3+\/EB§—/ V’(X;)ds_/ NZF’(X;—Xg)ds (1)
0 0 =1

and X} = X{+ eB; — / V(X)ds — / F' s u’(X1)ds, (Iv)
0 0
where Btl, . ,Bgv are IN independent Brownian Motions.

Proposition 3.1. Set a probability measure g which satisfies the hypothesis
(FM). Set X3, , XY N iid random values with law po. Set T > 0. Then,
there exists C, K > 0 such that:

max E< sup ’XZ—Y,?
I<isN - | te[o;T)

2} < %exp [KT]. (3.1)

11



Proof. We proceed like in Step 3 in the proof of Proposition 2.2 in [Tugll]

but we consider V' and F instead of the small modifications of Step 2. Here
I4

Vi) =% — % then Step 3.3 is modified and consequently, we obtain

9w <20+ 2 /6w

2«
vN

where (;(t) ;== E DX; — X7 } and C' depends only of the first 32 moments of

fo. We obtain immediately £¢;(t) < (C+2)¢(t)+$. As ¢(0) = 0, we deduce
after applying the Gronwall lemma:

G < SesplC+2)1).

Taking the supremum on the interval [0; T'] achieves the proof. We can put the
supremum in the expectation by conditioning with the events {7 (w) = t} where

T is defined by the relation ‘XT X = SUP4e (0,7 ‘X le O

This result is not uniform with respect to the time. Indeed, the factor
exp [(C + 2)T] tends to infinity when T tends to infinity. We will now prove
that there is no uniform with respect to the time propagation of chaos.

Definition 3.2. There is propagation of chaos of the system (1) to the system
(IV) if there exists a positive function n which vanishes when N tends towards
400 such that

sup E { }X; — fg
>0

2}gn(N) forall 1<i<N. (3.2)

This uniform propagation of chaos has been stated and used in the convex
case in [CGMOS] for obtaining a convergence of the process. However, in this
non-convex case, we will see that there is no uniformity possible.

Proposition 3.3. Let us assume a uniform in time propagation of chaos then
the diffusion (IV) admits at most one stationary measure.

Proof. The proof is similar to Step 2. and Step 4. in the proof of Proposition 2.2
in [Tugll] with V and F instead of V; and Fj. Indeed, in the two majorations
(2.10) and (2.11) in [Tugll], we did not exploit the exact higher-bound but
only the fact that we have the uniform propagation of chaos with respect to the
time. O

Remark 3.4. We proved in Theorem 2.1 in [Tugl1] that for e which satisfies
fR+ (22 — 5=) exp [(1 — a)a? — §z*] dz > 0, the diffusion (IV) admits ezactly
three stationary measures. Consequently, we can not prove a general result of
propagation of chaos if we do not take into account the diffusion coefficient \/e.

12



Definition 3.5. Set a continuous function f fromR to R and X € RY with N
N*. We define: f(X):= + va 1 F(XG). Ifpisa measure absolutely continuous
with respect to the Lebesgue measure, we define f (u f]R

We begin by providing a general theorem and after, we will derive three
results from it.

Theorem 3.6. Set a law ug such that u; tends towards a measure i where u;
is the solution of (V) starting with ug. We consider a sequence of iid random
values with law ug: (Xé)i>1. Set a C®-function f such that |f(z) — f(y)] <
Clz—y| (1 + |z| + |y|) with C > 0. For all N > 1, we call X" := (X},---, X{).
We introduce XN the solution of the random dynamical system (1) starting with
XN, Then, for all § > 0, we have

lim P{|f(XN) = flu)] <d;V0O<s<t}=1. (3.3)

N—~+oc0

Furthermore, there exists Ts > 0 such that for allt > 0, we have

lim P{|f(XN) = f(u)| <6; VI <s<Ts+t}=1. (3.4)

Proof. Let us prove the inequality (3.3). For all i € [1; N], set (7;) 0]

se[0;t
the diffusion (IV) starting with X{. By definition, £ (X}) = u,. We have
immediately the following inequality:

1 —
SP{Ni_ ézl[lopt]‘f f( é)
RE CRTEE

The second term tends towards 0 by applying the weak law of large numbers.
Let us focus on the first one. We take f(x) := 2 and we apply Cauchy-Schwarz
inequality and Proposition 3.1:

| X
]P’{—Z sup ‘XZ

4] 2 R
>— 5> < - max E{ sup ’X;sz
1 s€[05t]

21 — 6 i€[1;N] s€[05t] ’ }
<2 /% B

Since E Hfg } < My defined in (1.2) for all i € [1; N] and s > 0, we deduce that

the same holds for X! on any finite interval. Also, by using the same argument

13



than the one at the end of the proof of Proposition 3.1, we obtain

max {E ] } < 00.
i€[1;N]

Let us take now a general f. The condition on f and C, the Cauchy-Schwarz
inequality and Proposition 3.1 imply

1 & 5| 2
P{NZsup 2—}<—maxE{sup

X9 — f(xi
i—1 [051] 2| 7 0 [1;N] [0:1] f(X9) f( 5)

2 /C Kt
< =y = — 1 E .
<3 NGXP[2} —i—[[nlﬂ%ﬁ{ ]}—>0

In order to prove the second statement, it is sufficient to note that the tightness
of the family (ut)te]R+ and the convergence of u; towards p implies the con-
vergence of f(ut) towards f(u) so for all § > 0, there exists T5 > 0 such that
|f(ur) — f(u)] < & for all t > Tj then we apply the first statement with 5. O

sup ’X;’ +E Yg

s€[05t]

sup
s€[0;t]

7 (x5 -1 (x3)

+E

sup Yg
(05¢]

sup | X{|
[05t]

The time Ty is deterministic and linked to the rate of convergence towards
the stationary measure p so it depends on e.

With this general theorem, we will obtain three corollaries. The first one states
that the mean-field system is prisonner of a ball.

Corollary 3.7. Set € > e.() and a law po which satisfies (AC), (FM) and
(FE). We consider a sequence of #id random values with law po: (Xé)i>1. For
all N > 1, we call X = (Xol, e ,XON). We introduce XN the solution of the
random dynamical system (1) starting with XJ. Then, for all r > \/Var (u?),

there exists T, > 0 such that for all t > 0, we have

lim P{xN eBY(0) ; VI, <s<t+T.}=1.
N—+oc0

Proof. Theorem 2.1 in [TuglOb] states that p; converges towards a stationary
measure u, when ¢ tends to co. Since € > e.(a), we know by Theorem 2.1
in [Tugll| that (IV) admits a unique stationary measure and it is u? so u;
converges towards u’. We conclude by applying Theorem 3.6 (more precisely
we use the limit (3.4)) with § := r? — Var (u?) and f(z) := 2. O

We can not find smaller radius since f(u?) = Var (u?).

Remark 3.8. We can relax the assumption € > e.(«) if uo is symmetric. More-

over, Theorem 3.1 in [HT09] implies that Var (ul) = me +o(e) if a > 1

and Theorem 4.5 in [HT09] implies that Var (u?) = 1 — a — sy T ole) if

€

3
a < 1. A simple computation provides also Var (uo) = ;E‘fg Veifa=1.
I
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The second corollary provides sufficient condition for forbiding to cross the
hyperplan {X eRY | vazl X, = 0}.

Corollary 3.9. Set € < e.(a) small enough and a law po which satisfies (AC),
(FM) and (FE). Let us assume that Tc(po) < infiy| [ zu(z)de=0y Te(u) and
E(uo) > 0. We consider a sequence of iid random values with law pg: (Xé)i>1.
For all N > 1, we call X = (X&, e ,Xév). We introduce XN the solution
of the random dynamical system (1) starting with X2 . Then for all t > 0, we
have:
lim P{xNeEY;vo<s<t}=1.
N —+oc0

Proof. We recall that the free-energy is nonincreasing. Consequently, T (us) <
inf(y| 1 vu(e)da—oy Te(u) for all s € [05¢]. This implies [ zus(x)dx > 0 for all
s € [0;t]. We conclude by applying Theorem 3.6, more precisely the limit (3.3)
with f(z) := 2 and § := inf o, [p zus(2z)dz > 0. O

Finally, the last corollary stresses the fact that the steady states do not
correspond to the wells of Y.

Corollary 3.10. Set p €]0;1[ with p # % and a law po which satisfies (AC),
(FM) and (FE). We assume that po has the signature (p,1 — p). We consider
a sequence of iid random values with law g : (Xé)pl. For oll N > 1, we call

AN = (X&, e ,X(J)V). We introduce XN the solution of the random dynamical
system (1) starting with X¥. Set k > 0. There exists ¢g > 0 such that for all
€ €]0; eo[, there exists Ty, > 0 such that for all t > 0, we have:

=1.

: N N N N
Jfim P lxs e |J (syusl,usy,, usy ), VT, <s< T+t
p=0

Proof. The law u; converges towards u?, u} or u_ according to Theorem 2.1
in [Tugl0b]. Since w? is symmetric, [ 110, 400((@)ul(2z)dz = 5. Theorem 2.4 in
[HT10b] proves that uf converges towards d1; when € tends to 0. So, for € small
enough, we have [, 1jo.yoo((@)u (2)dz > 1 — % and [ Ljopoop(z)u (z)dr < 5.

K

We apply Theorem 3.6, more precisely (3.4) with ¢ := £ and with

_ v 1 1
f(@) =1y (@) + Lpo,ny (2)Z 1/ exp [——2 - ﬁ] dy
0 voo(y-%)
_ (/3 _
where Z := fon exp {—y—lz G- 5/3) } dy is such that f (g) = 1. We take n
sufficiently small for having ’f - ‘ 5| fluE ) (£1)] < §. The proof is
achieved by applying Theorem 3. 6 w1th fand ¢ := 5. O

This theorem proves that the wells with signature (p, 1 — p) are not stable
and even if it is possible to have 2%V (1—o0(1)) wells, these points do not intervene
in the dynamic that achieves to prove that the meta-potential is not sufficient
for understanding the behavior of the mean-field system (I).
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