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ABSTRACT. We consider a discrete ultra-metric space (X,d) with a measure
m and construct in a natural way a symmetric Markov semigroup {F;},., in

L? (X, m) and the corresponding Markov process {X;}. We prove upper and lower
bounds of its transition function and its Green function, give a criterion for the
transience, and estimate its moments.
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We study here certain Markov semigroups on ultra-metric measure spaces. An
ultra-metric space is a metric space (X, d) where the distance function satisfies a
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stronger triangle inequality
d(z,y) < max{d(z, z);d(z,y)},

for all z,y,z € X, that is called the ultra-metric (or ultra-triangle) inequality. We
say that an ultra-metric space (X,d) is discrete if X is an infinite set, all metric
balls of (X, d) are finite sets, and the distance function d takes only integer values®
(various equivalent descriptions of such spaces are given in Section 2). In this paper
we consider only discrete ultra-metric spaces postponing general ultra-metric spaces
to a sequel paper.

A well-known example of an ultra-metric space is the field Q, of p-adic numbers
with the metric ||z — y||, where ||-|| ) is the p-adic norm. This space is not discrete
but its subset

Ap:{%:a<pk, a,k€Z+,}
p

is a discrete ultra-metric space. By representing p-adic fractions in the numeral base
p one easily identifies A, with the inductive limit

Z(p)*™ = lmZ (p)",

where the ultra-metric distance between two elements z,y € Z(p)(*) is defined as
the minimal n so that ,y belong to the same coset of Z (p)" in Z(p)(>).

There is a huge literature devoted to random walks on finitely (or compactly)
generated groups, based on the study of the geometry of such groups (see e.g. [4],
7], [12], [18], [19], [20], [21], [23], and references therein). The group Z (p) is not
finitely generated. A basic notion of geometry of finitely generated groups — the
word metric, does not apply here. However, the group Z (p)(m) is a member of the
class of locally finite groups, where the notion of an ultra-metric can be used instead
of the word metric.

Having defined random walks on Z (p)" for each n let us select a stochastic se-
quence {c,}>", and define a random walk in Z(p)(* as follows: with probability c,
we choose n and then move according to the law in the subgroup Z (p)" . Similarly
one defines random walks on other locally finite groups. Certain properties of such
random walks, including recurrence, have been studied by a number of authors —
see, for example, [3], [6], [8], [9], [10], [13], [14], [15], [16], [17].

Let us now define a Markov chain on a discrete ultra-metric space. Fix a measure
m on a discrete ultra-metric space (X, d) such that 0 < m (z) < oo for any z € X
and m (X) = oo. For example, m can be a counting measure. Denote by B, (x)

the closed d-ball of radius r centered at x. Consider the following Markov operator,
which is defined for all functions f € L* (X, m):

PIE) = 2 BN o T

k=0 k

10ne can slightly relax the latter assumption by assuming that the set of values of d(z,y) is
contained in a sequence {vy} .-, such that vy — oo as k — co. Since the composition of an ultra-
metric with a strictly monotone increasing function with a fixed point 0 is again an ultra metric,
one can use such a change of metric to reduce a general sequence {vy} to the sequence vy = k.
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where {c;}7-, is a given sequence of positive numbers such that >~ ¢, = 1. The
operator P is associated with two types of Markov chains.

1. A discrete time Markov chain {&X,}, n = 0,1, ... with the following transition
rule: X, is uniformly distributed in By (&,) with probability c;. This can be
viewed as follows: in each ball By, (z) we define a Markov chain that gets uniformly
distributed in one step, and then take a convex combination of the corresponding
Markov kernels with coefficients cy.

2. A continuous time Markov process {X}},., with transition density p (¢, z,v),
which is the integral kernel of the operator P? with respect to measure m. The
Markov semigroup {P'},., is defined using the functional calculus of self-adjoint
operators and the fact that P is symmetric and non-negative definite (note, that a
symmetric Markov operator does not have to be non-negative definite in general).

It follows that the discrete time Markov chain coincides with the restriction of the
continuous time process {X;} to integer values of ¢, which allows us to focus on the
study of {&;}. One of the main purposes of this paper is to obtain estimates of the
transition density (=heat kernel) p (¢, z,y) from the given data: the sequences {c}
and {m (By, (z))}.

We should emphasize that, to the best of our knowledge, this is the first time that
this problem has been considered without assuming a group structure on X, which
excludes the powerful methods of harmonic analysis such as the Fourier transform.
Our approach is based on the simple observation that the building blocks of the
operator P, namely, the operators

1
Pl )= 5 ) o T

are not only Markov operators, but also orthogonal projectors in L? (X, m). The
latter is generally not true on an arbitrary metric measure space, but is a specific
property of an ultra-metric. Indeed, it follows easily from the ultra-metric inequality
that any two balls of the same radius are either disjoint or identical, which implies
that Py f belongs to the subspace V;, of L? (X, m) of all functions that are constant
on all balls of radius k, and P} is an orthoprojector onto V. Moreover, the sequence
{Vi} is decreasing in k, so that the family {P}} is a spectral resolution of the identity,
up to reparametrization.

Hence, the ultra-metric property allows one to obtain immediately a spectral
resolution of P, where the spectral projectors are also Markov operators. This
enables us to engage at an early stage the methods of the spectral theory and
functional calculus. Our results are stated in terms of the spectral density function
N (z,\) that is defined in Section 3.2 using the sequences {c;} and {m (B (z))}. It
is an increasing staircase function on [0, 1] that changes from 0 to @ Its behavior
as A — 0 is intimately related to the behavior of the heat kernel p (¢,z,y) as t — oo.
By Theorem 3.5, we have the following explicit identity

1
1+do (z,y)

p(t,z,y) =t / N(z,\)(1—N)td), (1.1)
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where d, is another ultra-metric on X that is defined in (3.21) using the original
ultra-metric d and the sequence {cy}.

Under certain additional assumptions about the function N (z,A) we obtain in
Section 3 various estimates for the heat kernel. For example, if the function \ —
N (z, \) satisfies the doubling property then, by Corollary 3.17, for all ¢ > 1,

" 1
p(basy) = Y (xm>

(where the sign ~ means that the ratio of the left and right hand sides is bounded
from above and below by positive constants). In particular, if NV (z,\) ~ A* then

t
(t + dy(z,y))tte’
that is, p (¢, z,y) behaves like the Cauchy distribution in “a-dimensional” space.

In Section 4 we obtain estimates of the Green function and conditions for the
transience of the Markov process {X; }. Theorem 4.1 says that the process is transient

if and only if
/N x, )\ < 00.

For example, for the function N (z, \) ~ )\O‘ the transience is equivalent to a > 1.
In Section 5 we give examples of applications of the above results to specific
sequences {c;} and {m (B (z))}.
In Section 6 we estimate the moments

M,(z,t) = E, (do(z, X1)")

of the process {X;}. Theorem 6.2 provides a general upper bound: if 0 < v < 1
then, for large enough ¢,

pt,x,y) ~

v
1—7v

In particular, the y-moment is finite for all 0 < v < 1. If N (z,\) satisfies the
reverse doubling condition then there is a matching lower bound (Theorem 6.3). In
this case the y-moment is finite if and only if 0 < v < 1.

In Section 7 we describe the generator £ of the semigroup {P*} and show that,
for any continuous, strictly monotone increasing function ¢ : [0,00) — [0, 00) such
that ¢ (0) = 0, the operator ¢ (£) is also a generator of a similar semigroup (Corol-
lary 7.2). In particular, £ is also a Markov generator for any o > 0. Recall for
comparison that, for a general symmetric non-negative definite Markov generator L,
the operator £ generates a Markov semigroup only for 0 < a < 1. We also prove
the independence of p of the spectrum of £ in L? (X, m) as well as a strong Liouville
property of L.

Notation. Given two functions f and g of the same argument, the relation

f~g
means that Cig < f < Csg for some positive constants C7, Cy and for a specified

range of the argument of f,g.
If f(t) and g (t) are two functions of a real variable ¢ then the relation

f(t)=g(t)

M, (z,t) <
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means that there are positive constants C1, C], Cs, C) such that
Cig (Clt) < £ (1) < Cog (Cht)

for all ¢ from a specified range.

2. EXPLICIT DESCRIPTION OF DISCRETE ULTRA-METRIC SPACES

In this section we provide alternative descriptions of discrete ultra-metric spaces
that allow to construct many examples of such spaces. This material is not used in
the main part of the paper, though.

2.1. Downward trees. Let I' be a countable connected graph that is constructed
in the following way. The set of vertices of I' consists of disjoint union of subsets
{Tx}re, with the following properties:

e from each vertex v € I'y there is exactly one edge to 'y 1;

e for each vertex v € I';, the number of edges connecting v to I'y_; is finite and
positive, provided k£ > 1;

e if |k — 1| # 1 then there is no edges between vertices of 'y and T';.

We will call such a graph I" a downward tree (it is clear that I is a tree — see Fig.
1). The set I'y that plays a special role and will be called the bottom of T

FiGURE 1. Graph T

Let dr denote the graph distance between the vertices of I'; that is, the smallest
number of edges in an edge path connecting two vertices.

Lemma 2.1. (T, dr) is a discrete ultra-metric space.

Proof. Observe that the shortest path between vertices =,y € 'y goes through
the nearest common ancestor: a vertex a € I'y, with the minimal value of k, that
is connected to x and y by downward paths. It follows that dr (x,y) = 2k. Let z
be another vertex on I'y and b € I'; be the nearest common ancestor of y and z, so
that dr (y,z) = 2[. Then y is connected to both a and b by upward paths. Since
there is only one upward path emanating from y, the vertices a and b lie on the
same upward path. Without loss of generality, assume that £ < [. Then we obtain
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a path from b to z that goes through a and the number of edges in this path is [.
Since dr (b, z) = [, we obtain that

dr (z,2) < dr (z,b) + dr (b, 2z) < 2l = max(dr (z,y),dr (y, 2)),

which proves the ultra-metric inequality. m

As it is clear from the proof, dr on I'y takes only even values, so it would be more
natural to consider the distance %dr whose range is Z, .

Let us now show that any discrete ultra-metric space (X, d) admits a representa-
tion as the bottom of a downward tree I'. Define the vertices of I' to be all distinct
balls { By (z)} where x € X and k € Z,. Two balls By, (z) and B, (y) are connected
by an edge in I' if |k — | = 1 and one of them is a subset of the other. The graph
I' is naturally split into levels I'y, k € Z., where 'y is the set of all vertices that
correspond to the balls of radii k. That is, I'y coincides with the set X, I'; consists
of balls of radii 1, etc. Clearly, edges exist only between the vertices of I'y, and 'y ;.

Lemma 2.2. The graph T is a downward tree. Furthermore, for all x,y € X,
dF (33, y) =2d (xay) .

Proof. Any vertex of I'y has exactly one edge to ['y,1, because any ball of radius k
is contained exactly in one ball of radius £+ 1 (indeed, any two intersecting (k + 1)-
balls coincide due to the property of an ultra-metric). If £ > 1 then any ball of
radius k£ contains at least one ball of radius k£ — 1, and the number of such balls is
finite. Hence, I' is a downward tree.

To prove the second claim, set n = d(x,y) and observe that B, (z) = B, (y).
Then the following path between x and y consists of 2n edges:

z~ By(z) ~...~By(z) ~ By-1(y) ~ ... ~ Bi(y) ~ v,

which implies that dr (z,y) < 2n. To prove the opposite inequality set k = %dr‘ (x,y)
and observe that the nearest common ancestor of x an y in I' is at the level k. Let
it be a ball By, (z). Then z,y € By (z), and the ultra-metric inequality implies

1
d(l‘,y) < max (d(x,z) ,d(y,Z)) < k= édr (l’,y)7
whence the identity dr (z,y) = 2d (z,y) follows. m

2.2. Partitions. The graph I' that is associated with a discrete ultra-metric space
can be also described as follows. All balls of a given radius k provide a partition of
X, so that I'y consists of the elements of this partition. Each the balls of radius k
is partitioned into finitely many smaller balls of radius £ — 1, and is contained in
exactly one ball of radius k£ + 1 (see Fig. 2).

F1GURE 2. Ultra-metric balls matching the tree on Fig. 1
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Conversely, assume that X is a countable set that admits for any £ € Z, a
partition I'y into finite disjoint sets with the following properties:
e clements of I'y are single points of X;
e partition ['y is a refinement of I'y1;
e for each z € X and k € Z, denote by By, (z) the unique element of I'j, that
contains x; then

G By (z) = X. (2.1)

Given that much, define
d(z,y) =min{k:y € By (x)}. (2.2)

Lemma 2.3. Under the above hypotheses, (X,d) is a discrete ultra-metric space
and By, (z) are its ultra-metric balls.

Proof. The family I" of all elements of all partitions I'; has an obvious structure of
a downward tree: if u € I'y, and v € I'; then u and v are connected by an edge in '
if |k —I| = 1 and one of the sets u, v is contained in the other. The hypothesis (2.1)
implies the connectedness of I'. The definition (2.2) of d (z,y) means that d (x,y) is
equal to the level of the nearest common ancestor of z,y. By the proof of Lemma
2.1 we obtain d (z,y) = 1dr (z,y). Hence, (X, d) coincides with (T, 2dr (z,y)) and,
hence, is a discrete ultra-metric space by Lemma 2.1. =

2.3. {n;}-adic sequences. Fix a sequence {n;},-, of positive integers. We say
that a sequence {ay},-, is {ny}-adic, if it satisfies the following conditions:

e a,€{0,1,....ny — 1} for any k € N

e a; = 0 for all large enough k.

Denote by A = A ({nx}) the class of all {n;}-adic sequences. For any two se-
quences {ax},{bx} € A, define N ({ax},{bx}) as the non-negative integer N such
that a = by for all K > N but ay # by. Such N is unique by definition and exists
because a; = by = 0 for large enough k. If {ai},{by} are not identical then one
obtains

N ({ar},{br}) =max{k >1:ay # b} > 1. (2.3)
If {ak} = {bk} then N = 0.

Lemma 2.4. (A, N) is a discrete ultra-metric space.

Proof. Let us prove the ultra-metric inequality. Set n = N ({ax}, {bx}) and m =
N ({br},{cx}). Then for k > max(n,m) we have ay = by and b, = ¢, whence it
follows that a; = ¢, and, hence,

N ({ax},{cx}) < max(n,m).

The set A is countable due to the hypothesis that a; = 0 for all large k. Finally,
any ball B, ({ax}) with respect to the ultra-metric N is finite because if {z;} is a
point in this ball then x; = a;, for all k£ > r so that only x4, ..., x, are variable. m

Obviously one can interpret the component ay, as an element of Z (ny,) := Z/ (nZ).
Then the set A is identified with the additive group

C{m}) =Z(m) ®Z(n) & .. = DL (),
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where the infinite direct sum is defined as an inductive limit of finite sums, that is,

as the union of @Z (ng), m € N.
k=1

2.4. Radially homogeneous ultra-metric spaces. We say that a discrete ultra-
metric space (X, d) is radially homogeneous if, for any k € N, there is a positive
integer ny, such that every ball By, () of radius k contains exactly n;, distinct balls
of radii £ —1. Fix a reference point 0 € X. Let us enumerate all balls of radius k£ —1
that are contained in By, (z) by integers 0, 1, ..., ni — 1. If one of these balls is By_; (0)
then it receives the ordinal number 0. Then any point x € X can be associated with
a sequence {xy},, where zj is the ordinal number of the ball By_; (z) in By (z); in
particular, z;, takes values 0,1,...,n; — 1 (see Fig. 3). Furthermore, if n = d (z,0)
then By (x) = By (o) for all £ > n, which means that z; = 0 for all k£ > n.

FIGURE 3. Associating a sequence {z}} to a point z, using the se-
quence {ng o, ={3,2,2,...}

Lemma 2.5. The mapping x — {x} is a bijection between X and the set A ({ny})
of all {ny}-adic sequences. Furthermore, for any two points x,y € X,

d(z,y) = N ({zx}, {ve}) - (2.4)
Hence, (X,d) and (A, N) are isometric.

Proof. Let {ax} be a {n;}-adic sequence and let [ be so big that a; = 0 for all
k > 1. Consider a sequence of balls

B (o) DB_1D>B.32D>..0B; DBy

that is constructed inductively as follows: Bj_; is the ball of radius k£ — 1 that has
the ordinal number a; in By. The ball By consists of a single point z, and for this
point we have x;, = ay, for all k. The uniqueness follows from the same construction.

Given two points z,y € X and their sequences {zx},{ux}, let n = d(z,y).
Then By (z) = By-1(y) for any k£ > n which implies z; = y;. On the con-
trary, B, 1 () # B,_1 (y), which implies that the balls B,,_; (x) and B,,_; (y) have
different ordinal numbers in the ball B, (z) = B, (y), whence z, # y,. Hence,
n =N ({zx},{yr}), which proves (2.4). m
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2.5. p-adic net. Let all n; in the sequence {n;} be equal to the same value p. We
refer to {ny}-adic sequences as p-adic and set A, = A ({n;}). By the above results,

A, can be identified with a downward p-regular tree as well as with Z (p)((x’). On the
other hand, if p is a prime then one can identify A, with a subset of p-adic numbers
as follows.

Recall that, for a given prime p, the p-adic norm ||| , of any rational z € Q is
defined by ||z|] p=D" provided x can be written in the form z = p™"3, where a,b,n
are integers such that neither a nor b is divisible by p; also set [|0]| )= 0. Then ||-[|,
is an ultra-norm, that is, it satisfies the ultrametric inequality

o+ yl, < max (2, Iyl )

Consequently, ||z — yl|, is an ultra-metric on Q. Consider now the set

a
Ap:{—:n,CLEZJr7 a<p"},
pTL

which is an 1-net in Q. Define log™ r as the positive part of log r; that is, log" r =
logr if r > 1 and logtr =0if r < 1.

Lemma 2.6. (Ap,log; |H|p> is a discrete ultra-metric space that is isometric to

(A, N).

Proof. Any integer a € [0,p™) can be expanded in a base p as a = ZZ;; aip® where
ap € {0,1,..,p — 1}, whence, for x = 1%’ we obtain an expansion

where xp = ax_; € {0,1,....,p — 1}. Defining z;, = 0 for all £ > n, we obtain a
p-adic sequence {z}},-,. Hence, we have constructed a bijection z — {z;} from A,
onto A,.

Fix z € A, \ {0} and set

n=max{k:z #0}.
Then we have by (2.3) N (z,0) = n, while ||z, = p", whence it follows that
log, llzll, = N (z,0) .

If x = 0 then
log; [l = 0 = N («,0).
It follows that, for all z,y € A,,

log, ||z —yll, = N (z,y),

which finishes the proof. m
This example can be slightly generalized by considering the additive group F, [T
of all polynomials over the field IF,, where ¢ = p®. Indeed, any non-zero polynomial

f € F,[T] has the form
f=>Y_ aT*
k=0
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where n € Z, a, € Fy, a, # 0, and its norm in F, [T] is defined by || f||; := ¢" (see
[22]). Then the associated metric || f — g||; makes F, [T] into a discrete ultra-metric
space. Moreover, (F, [T],log; (q||-||7)) is isometric to (Ag, N).

3. HEAT SEMIGROUP AND HEAT KERNEL

3.1. Markov chains on ultra-metric spaces. A distance function d on a set X
is called an wltra-metric if d satisfies the ultra-metric inequality

d(z,y) < max{d(z, 2);d(z,y)},Vz,y, 2 € X.

A metric space (X, d) with an ultra-metric d is called an ultra-metric space. The
ultra-metric balls

B.(z)={y € X : d(z,y) <r}

have the property that any two balls of the same radius are either identical or
disjoint. In other words, any point inside a ball B is its center.

An ultra-metric space (X,d) is called discrete if the set X is countable, all balls
B, (z) are finite, and the distance function d takes only integer values. In this
paper we treat only discrete ultra-metric spaces postponing more general cases to a
follow-up paper.

From now on (X,d) is a discrete ultra-metric space. Let us fix any measure m
on 2% such that 0 < m (z) < oo for any x € X and m (X) = co. For example, m
can be a counting measure. For any non-negative integer k, define the operator P
acting on all functions f on X as follows:

1
Prf (x) = (B @) /Bk@) fdm. (3.1)

By the property of ultra-metric balls, Py f is constant on any ball of radius k. Clearly,
Pi. can be written in the form

Pt (z) = / Ky (2,y) f (y) dm. (y)

where K}, (z,y) is the integral kernel of Py, given by

1

K0 =B

1Bk(w) (y) . (32>

By the ultra-metric property, if y € By (z) then By, (x) = By, (y), which implies that
K, is symmetric in z,y, that is,

Ky (z,y) = Ky (y,2) .

Since Py, preserves positivity and Pyl = 1, it follows that Py is a symmetric Markov
operator with stationary measure m. By a standard argument, Pj is a bounded
self-adjoint operator in L? = L? (X, m) with || Pl ;2,2 < 1.

Choose now a sequence {cy},., of strictly positive reals such that

f: C — 1.
k=0
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Then we define the following operator
P=> cP (3.3)
k=0

Clearly, the series converges in the operator norm of L?. Then P is also a symmetric
Markov operator in L? and, hence, it determines a reversible Markov chain {X,,} on
X whose transition operator at time n € Z, is P". If X,, = x then X}, is uniformly
distributed in By (x) with probability ¢, for any k € Z,. One of our main purposes
is to obtain explicit estimates for transitions probabilities of this Markov chain.

Denote by V, the subspace of L? that consists of functions that are constants on
all balls of radii k. It is clear that V) is a closed subspace and

L2:VOD...DVkDVk+1D....

By the hypothesis m (X) = oo, constants are not in L? and, hence, the intersection
of all subspaces {V} is a trivial subspace {0}.

A major observation that takes full advantage of an ultra-metric structure is as
follows.

Lemma 3.1. P, is the orthoprojector of L* onto V.

Proof. It is obvious from (3.1) that P,f = P, and that the image of P}, is V. Since
Py is a bounded self-adjoint operator in L?, we obtain that P, is an orthoprojector
onto its image, that is, onto V. m

Consequently, {Py} is a decreasing sequence of orthoprojectors such that Py = id
and P, — 0 as k — oo in the strong operator topology.

Therefore, { Py — Prt1}re, 1S a sequence of orthoprojectors with mutually orthog-
onal images, and the identity (3.3) implies by the Abel transformation® that

P = Z Sk (Pk - Pk-+1) ; (34)
k=0
where
S = (o + ...+ .

Set also s_; = 0. Note that 0 < s, <1 for k =0,1,... and s T 1 as kK — oo. The
series (3.4) converges in the strong operator topology, due to the Bessel inequality
and the boundedness of {s;}.

Hence, the identity (3.4) is the spectral resolution in L? of the operator P. By
functional calculus of self-adjoint operators, we have, for any ¢ > 0,

Pt — Z 82 (Pk _ 'PkJrl) = Z (S}t€ — 82_1) Pk, (35)
k=0 k=0

where we use in the second identity the Abel transformation. Note that the first se-
ries in (3.5) converges in the strong operator topology while the second one converges
in the operator norm.

2We use the Abel transformation in the form
Zak (b — brt1) = a_1bg + Z (ar — ap—1) by
k=0 k=0

provided one of the above series converges and a,b,+1 — 0 as n — oco.
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Lemma 3.2. The family {P’i}t20 1s a strongly continuous Markov semigroup in
L? (X, m).

Proof. Since {s, —s}_;}, is a stochastic sequence, the operator P! is Markov.
The semigroup identity P'*® = P!P?* follows from the functional calculus. The
strong continuity of P?, that is, s-lim;_,o P! = id, follows from the first identity of
(3.5) by the bounded convergence theorem (cf. [11, Lemma 4.8]), because si — 1
as t — 0 and the sequence {s}} is uniformly bounded by 1. m

Hence, the semigroup {P'},., determines a continuous time Markov chain {X};},.,
that extends the above mentioned discrete time Markov chain {&,} to the real-
valued time. That the Markov chain {X,,} can be embedded into a continuous time
Markov chain is a very specific property of {&X,} that is a consequence of the ultra-
metric structure (for example, a simple random walk on Z cannot be embedded into
a continuous time Markov chain).

Theorem 3.3. The operator P has the integral kernel p (t,z,y), that is

Pt (z) = /X p(t.x,y) f () dm (y),

where p (t,z,y) is given explicitly by the identity

> 1
p(t,z,y) = (% = 851) =571 (3.6)
k:%y) m (B ()

Proof. Using (3.5) and the integral kernel K}, of Py that is given by (3.2), we obtain
that the integral kernel of P! is

p(t,zy) = > (sh—si1) Ke(z,9)

k=0

(B )
P_ogoy b
- Z Gk =) B

k=d(z,y)

I
Mg

Corollary 3.4. For all z € X and t > 0, the function y — p(t,z,y) depends
only on d(x,y). If in addition the sequence {m (By (z))} is independent of x then
function x,y — p(t,z,y) depends only on d(z,y).

Proof. This is clear from (3.6). =

3.2. The spectral density. Using (3.6) we obtain another convenient expression

for p (t,x,y). Set
O = 1— S = ZC[
I>k

for any non-negative integer k. In what follows we use the sequence {0} as the
main input data instead of {c;}. Clearly, {o}},-, can be any sequence of positive
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reals that satisfies the following conditions:
op1 <o <1l k=0,1,... and o — 0as k — oc.

Put for convenience o_; = 1.
Our main tool is the function N (z, \) defined for all z € X and A € [0,400) as

follows:

0, if A =0,
1
—— ifAx€[op,0u1) E=0,1,2, ...,
N (z,)) = ml(Bk(:L’)) o4 9%-1) (3.7)
— if A > 1,
m (z)

see Fig. 4. The function N (x,)\) is nothing other than the spectral density of
the associated discrete Laplace operator id —P. This function encodes all neces-
sary information about the Markov kernel P: the sequence {0} and the measures
m (Bg (x)) of balls. Observe that the function A — N (z, A) is monotone increasing
and right continuous on [0, +00).

A

—
N(X,A) ' ! !
. e
— ]
------------ — |
o, | e e

-  e— a—— >

0 O« Ou o, 0o 1=0, A

FIGURE 4. Function A — N (z, \)

The significance of the spectral density is determined by the following identities.

Theorem 3.5. The following identity holds for all z,y € X andt >0
pltay) =t [ NaA- Ny (3.8)
0
where n = d (z,y), and

p@LxﬁiAHU—AfMV@J) (3.9)
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Proof. Using (3.6) and (3.7), we obtain

pltz,y) = Z (5 = k1) m

— Z/ t& e ——— Bk())

k=n " Sk—1

it 1
- Z/ P e @)
- Z T = )TN (2,0) d
_ /0"1 £(1—A)"UN (2, A) dA.

For the case n = 0 it follows from (3.5) and (3.7) that

p(tz,z) = i82< (Bt( ) _m(B/:i-l (m)))

Corollary 3.6. The heat kernel satisfies the following properties.

(a) For any fized v € X and t > 0, the function y — p(t,z,y) is strictly
monotone decreasing in d(z,y) (recall that by Corollary 3.4 the function
y— p(t,x,y) depends on d (z,y) only).

(b) For any xz € X, the function t — p(t,x,x) is strictly monotone decreasing
n t and

1

m(z)

%%p(t,x,x) =

(¢) For all distinct z,y € X and t > 0,

p(t,x,y) <p(t,x,x) < (3.10)

m(z)
Proof. (a) The right hand side of (3.8) is strictly monotone increasing in o, €
(0,1] while o, is strictly monotone decreasing in n = d (z,y), whence it follows
that p (t,z,y) is strictly monotone decreasing in n.
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(b) That p (¢, z, x) is strictly monotone decreasing in ¢ follows obviously from (3.9).
By the monotone convergence theorem we obtain from (3.9)

limp (t,z,x :/ dN (x,\) = .
limp (¢, z, ) o (z, ) (@)

(c) This follows from (a) and (b). =
Corollary 3.7. If x #y then p(t,z,y) — 0 ast — 0.
Proof. Let n =d(z,y) > 1. Then 0 := 0,,_; < 1 and we obtain by (3.8)

p(t,z,y) < N(z,0) /Oat(l DY)

_ N(m,a)/ _d(1— !
0
_ . o t
= N(z,0)(1-(1-0)") = 0.
[ ]
Corollary 3.8. For all x,y € X, we have
p(t,z,y) ~p(t,z a:) as t — oo.

Proof. Denoting o = 0,,_1 where n = d(x,y), we obtain by Theorem 3.5,

p(t,:c,x)—p(t,x,y) )t 1d)\

I
\
=
0)
>/

On the other hand, by (3.9)
p(t,az,x) Z/ (1_>‘)th<$7)‘) > (1_0_/2)15]\7(3:’0_/2)
[0,0/2]

Using (3.10), ¢ > 0 and N (z,0/2) > 0, we obtain

lp(t,z,x) —p(t,x,y)] 1—0o \' N (z,1)
p(t,z,z) = (1—0/2) N (z,0/2)

whence the claim follows. m

— 0 ast — oo,

Corollary 3.9. There is 6 = § (0g) > 0 such that the following inequalities are true
forany x € X andt > 0:

/ e MAN (z,\) < p(t,z,x) §/ e MdN(x,\) (3.11)
0 0

Proof. By (3.9) we have

p(t,z,z) = / (1 — N)'dN(z, \), (3.12)

[070-0}
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because the measure dN (x,\) vanishes in (o¢, +00). Define § by

5— _log(1 —00)’

0o

which is equivalent to

—o0d =1- agyp.

e
Then the following inequality is true for all A € [0, oy):
e <1 - < e (3.13)

Substituting into (3.12) and noticing that the integration can be extended to [0, 00),
we obtain (3.11). m

3.3. Basic estimates of the heat kernel. The purpose of this and the next section
is to provide the heat kernel estimates for large values of .

Theorem 3.10. Put n = d(z,y) and 7 =
(a) Foralll <t <,

11 1 t 1
— ~ )< <2 =, .
5o <x 2T> <p(tzy) <N (w T) (3.14)
(b) For allt >,
1 1
t > —N — . 1
plto) 2 5oV (o) 3,15
In particular, for all t > 1,
1 1
> —N — ). 1
pltaa) = o (o) (3.16)
Proof. (a) We have by (3.8)
1/7
p(t,z,y) =t N(z,\)(1— N1 (3.17)

0
Since (1 — A\)'™! <1 and N (x,)\) is monotone increasing in \, we obtain
U 1 t 1
p(t,z,y) <t N(z,=)dA=—-N|(z,— ).
0 T T T

To prove the lower bound in (3.14), consider the two cases. If 7 = 1 then neces-
sarily t = 1. Using the monotonicity of N (z, ) in A, we obtain from (3.17)

! 1 1
p(t,z,y) > N (z,\)d\> =N (x, —) )

If 7 > 1 then we have by (3.17)

1/7
pltay) = t] NN )
1/(27)

t 1 1
—N |z, — (1 — —)t_1
2T 2T T

¢ T7—1
AR
2T 2T T

v

v
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where we have used that ¢ < 7. We are left to notice that

1 T—1
inf (1 — —> —e L.
T>1 T

(b) It follows from (3.17) and 1/7 > 1/t that

1t
p(t,z,y) >t N(z, A)(1—A)"tdA
1/(2t)
1 1/t 1
> N(m,—)t/ (1—2y1ay
2t 1/(2t) t

1 1
> —N —
- 2e (z, 2t) ’

which proves (3.15). Then (3.16) follows from (3.15) because in the case x = y we

haven:OandT:alel. m

A non-decreasing function F : R, — R, is said to be doubling if there exists a
constant D > 0 such that

F(2s) < DF(s) for all s > 0.

If F' is doubling then, for all 0 < s1 < $o,

F(s)) <D <2>6F(sl), (3.18)

where § = log, D.

Theorem 3.11. If the function A — N (z, \) is doubling then, for allt > 1,

N (x %) < p(t2,2) <CN <x %) (3.19)

where C,c > 0 depend on the doubling constant.

Proof. The lower bound in (3.19) follows from (3.16) and

1 1
N (m —) > DN (x —> .
2t t

To prove the upper bound in (3.19), consider two cases. If t < 2 then by (3.10) and
the doubling property

p(ta,x) < — = N(z,1) < ON (%)



18 BENDIKOV, GRIGOR’YAN, AND PITTET

Let now ¢t > 2. Making change u = At in the integral (3.8), we obtain

1
p(t,z,z) = t [ N(z,\)(1—N"td)
0
¢

= /0 N(m, %) (1 — %)t_ldu
< /OtDmaX(l,u)‘;N (x,%) (1 — %)t_l du

1 o 1
< DN <m,¥>/ max (1,u)° e~ 2"du
0
1

= CN (:U,—) ,
t

where we have used the doubling property (3.18) and the inequality

t—1
(1 _ E) < e tlt-D) < emau
)< <

that istrueforallt > 2and ©u > 0. =
Let us introduce the following two conditions:

Condition 3.12. There exists a constant 0 < Ky < 1 such that for all k > 0,
Okt+1 < KyOk.
Condition 3.13. There exists a constant v, > 1 such that for all k > 0,
m(By1 (z)) < vim(By (z)).
The point x is fixed here.
Proposition 3.14. Assume that the conditions 3.12 and 3.13 are satisfied for some

x. Then the function A — N(x, \) is doubling. Consequently, the heat kernel satisfies
the estimate

p(t2,2) ~ N <:r 1) (3.20)

t
forallt > 1.

Proof. Assume first that 0 < 2\ < 1. Then there is a non-negative integer k£ such
that o < 2\ < 04_1. Hence, for any [ > 1, we have

!
1 v

m(By (@) — m(Bryt (1))
= I/:_N(J?, ak+l)

< 1/l+N (x,/@iak).

N(z,2)\) =

Choose [ big enough so that . < 1/2. Then letting C' = v, we obtain
N(z,2)) < CN(x, %ak) < ON(z, ).
If 2X\ > 1 then
N (2,2)) = N (z,00) < CN (z %ao) < CON(z,)\).
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Finally, the estimate (3.20) follows from (3.19). m

3.4. Change of metric and off-diagonal estimates. For all x,y € X set

1
do (z,y) =

On—1

~1, (3.21)

where n = d(x,y). Note that the right hand side of (3.21) is monotone increasing
in n because o,,_; is decreasing, and vanishes at n = 0 since 0_; = 1. It follows that
d, (z,y) satisfies the ultra-metric inequality. It is clear that d, (x,y) = d, (y, ).
Also, d, (z,y) = 0 if and only if 0,_; = 1 which is equivalent to n = 0, that is, to
xr = y. Hence, d, (z,y) is an ultra-metric.

The heat kernel estimates can be conveniently stated in terms of the metric d,.
In the next statements, we write d, for d, (x,y).

Theorem 3.15. The following estimates hold for all z,y € X and t > 1:

1t 1
t > — N — . .22
p(’m’y)—2et+d(, (x’Q(terg)) (3.22)
and
t t+d,
< . .
p(t,x,y)_4et+dap< 1 wx) (3.23)

Proof. Let us use the notation from Theorem 3.10: 7 = ﬁ where n = d(z,y),

so that d, = 7 — 1. Consider two cases.
If ¢ < 7 then we use the lower bound in (3.14) and

T=d,+1<d,+t

to obtain

1¢ 1 1 ¢ 1
¢ >IN (e —) > = Nz —
plt2,y) = 5o (x’ZT)_Zet—I—dU (m’2(t+d0))’

which proves (3.22) in this case. To prove (3.23), we use t + d, < 27, (3.16), and
the upper bound in (3.14):

t t+d, t T t 1 1
> — - > —N — | > —n(t .
t—l—d(,.p( 4 ,x,x)_sz(Q,a:,x)_4eT (m,T>_46p(,x,y)

If ¢ > 7, then by (3.15)

1 1 ' 1
t > —N — ) >— N S —
p(t:z,y) 2 50 (x’2t> = % (t+d,) <$’2(t+d0)>’

which proves (3.22). To prove (3.23) observe that

t+d, <2t

t t+d,
>
t+dap< 4 ,I,x)_

which finishes the proof. m

whence

p(tJ aj? y)?

1
t > —
plte,2) 2

N | =
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Corollary 3.16. Assume that,

p(t,z,z) < C1N (:L', %) (3.24)
for some x € X and allt > 1. Then, for ally € X andt > 1,
1t 1 Cit C
— Nz, <p(t <L Nz, —2- 3.25
2et+d, (x’Q(t+dg)>_p(7x’y)_t+dg (x’t+dg> (3.25)

where C] = 4eCy and Cl = 4C;.

Proof. The lower bound in (3.25) coincides with (3.22). The upper bound follows
from (3.23) and (3.24) as follows:

t

t+d,
t < 4
p(t,z,y) < €t+dap< 1 xw)

t 405
< 4eCi—" N
= M (x’t+dg>

Corollary 3.17. If the function A — N (x,\) is doubling for some x € X then, for
allye X andt > 1,

t 1
t ~ N S 3.2
p(t2,y) t+d, <‘T’t+d0) (3.26)

where the constants that bound the ratio of the two sides in (3.26) depend only on
the doubling constant.

Proof. Indeed, this is a combination of Corollary 3.16 with Theorem 3.11. =

4. GREEN FUNCTION AND TRANSIENCE

The potential operator R associated with the semigroup {P'},., is defined as
follows )

Rf:/oooPtfdt,

for any non-negative function f on X. The semigroup {P'},. is called transient if
Rf < oo for any non-negative function f with finite support, and recurrent other-
wise.

Define the Green function r (x,y) by

r(z,y) Z/Ooop(t,m,y)dt.

Theorem 4.1. The following conditions are equivalent.

(1) The semigroup {P'},, is transient.
(17) 7 (x,y) < oo for all z,y € X
(131) For all/some x € X,

/ON(x,)\)i—i\ < 00. (4.1)



ON A CLASS OF MARKOV SEMIGROUPS ON DISCRETE ULTRA-METRIC SPACES 21

In this case the Green function is the integral kernel of R and it is given by

iy [T N M)A
(z,9) /0 L= (log )" (4.2)

where n = d (z,y).
Proof. Using the definitions of R and r (x,y), we obtain

Rf(x)=/Ow/)(p(t,w,y)f(y)dm(y)dtz/Xr(x,y)f(y)dm(y),

so that Rf < oo if and only if r (z,y) < oo for all z,y, and in the latter case r (z,y)
is indeed the integral kernel of R. Integrating the identity (3.8) in ¢, we obtain

oo On—1
r(z,y) — /0 " /0 Nz, A)(1 — A)~dAdt
On—1 0o
N

_ /O (2, ) (/0 £(L— A)Hdt> dA

In-1 N(z, A\)dA
B /0 (1= (logﬁ)27
which proves (4.2). The finiteness of r (z,y) for all x,y is equivalent to
! N(z, \)dA
/0 (1 =) (log ﬁ)Q
for all x € X. Clearly, this integral converges always at 1 while the convergence at
0 is equivalent to (4.1).

Finally, let us show that the convergence of the integral (4.1) for some z implies
that for all z. It suffices to show that, for all x,y € X,

N (z,A) = N (y,))
for small enough A. Indeed, by (3.7), we have

Y

N(LL',)\) = if \e [O'k,O'k_l).

1
m (By, (z))
If X is small enough then k > d (z,y) and By () = By (y) whence the claim follows.
]

Corollary 4.2. If the Green function is finite then it satisfies the following proper-
ties.
(a) For all distinct z,y € X,
0<r(z,y) <r(z,x).
(b) The function x,y r(:cl,y)
(¢) The following asymptotic holds

satisfies the ultra-metric inequality.

1
1+do (z,y)

r(z,y) ~ / Nz, )9 (4.3)

)\2

as dy(z,y) — oo.
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Proof. (a) This follows from (4.2) and 0 < 0,1 < 1 where n = d (z,y) > 1.

(b) By 4.2, r (z,y) is an increasing function of 0,1 and, hence, is a decreasing
function of n = d(z,y). Therefore, r(%y) is an increasing function of d (z,y) and,
hence, satisfies the ultra-metric inequality.

(¢) This is a consequence of (4.2) since 0,1 = —0. =

1
1+ds ()
Corollary 4.3. Assume that there exist constants 0 < &’ < &' < e <1 such that
S N@eN

T N(z,A) T
for some x € X and all A € (0,1). Then the semigroup {P'},., is transient and

r(z,y) = do(z,y)N (ar %) (4.5)

+(Z,y)

(4.4)

for all y € X with large enough d, (z,y).
Proof. For any A € (0,1] we have

A dX X, dA
/ N(z,\)—= = N(z,\)—5 [change u =& ")
0 A o JeFIA A
= Z N(x,sku)s_k—g
eA u
k=0
< N(z,u) () e
k=0 V€A u
< 1 a_ AN A
- 1-—¢/e T (eM)?
B l—e¢ N{(z,A)
oe2(1—¢/e) A
N (z,A
/ Nm / Nm (1—5)AN(msA)F>s”(1 g)#,

whence

/NxA (iA)

Setting here A = #(x) using (4.3) and noticing that A ~ ﬂ for large enough

dy, (z,y) we obtain (4.5). m
5. EXAMPLES

Here we present some examples of sequences {0} and {m (By (z))} where the
above results yield explicit estimates of the heat kernel and the Green function.

Example 5.1. Assume that, for some x € X and all k € Z
m (By (z)) = p", (5.1)
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where p > 1. For example, this is the case when X = Z(p)(m) or X = A, (the
p-adic net) with counting measure m. Clearly, (5.1) implies that Condition 3.13 is
satisfied. Assume also that the sequence {0y}, is satisfied the estimate

o ~ o (k)

where o (k) is a continuous, strictly monotone decreasing function of k € [0, +00)
such that o (k) — 0 as k — oo. It follows from (3.7) that

N(z,\)=<p® W), (5.2)

for all 0 < A < 0¢. Note that if the function A — N (z, A) is doubling then the sign
= in (5.2) can be replaced by ~. Consider some specific examples of o (k).
1. Let o (k) = a™* | for some a > 1. Condition 3.12 holds so that the function
A — N(z, A) is doubling. Then by (5.2)
N(z,\) ~ \*
for small A\, where a = %. It follows from (3.20) that

1
p(t,z,z) ~ N <:1;, z) ~ 19,

for large enough ¢. Then Corollary 3.16 yields, for all y € X and large enough ¢,
t

(¢ +do (2,9)""

In connection with this example recall that if hg(t, z,y) is the transition function of
the symmetric stable process in R¢ of index 0 < 8 < 2, then according to [5] (see
also [2]),

p(t,z,y) ~

t
t1/B 4 |z — y|)d+s"
Our result shows that p(t,z,y) has a shape similar to that of the 1-stable law of
“dimension a”.

The transience test (4.1) is satisfied if and only if o > 1 (that is, p > a). In this
case we obtain from (4.3) or (4.5) the following estimate of the Green function

hg(t, x,y) ~ (

-«

r(z,y) ~d, (z,y)

for large d, (z,y).
2. Let

o (k> = eXp(—ak),
for some constant @ > 1. Condition 3.12 holds and, hence, the function A — N(z, \)
is doubling. It follows from (5.2) that, for small enough A,

1\ @
N ~ | log —
ECHE
1

where o = %, which implies by (3.20)

1
p(t,z,z) ~ N (x, Z) ~ (logt)™?,
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for large enough ¢. By Corollary 3.16 we obtain
t
t+dy (z,y))log® (t + d, (z,y))
for all y € X and large enough ¢.
The transience test (4.1) fails so that in this case the semigroup {P'},, is recur-

rent.
3. Let o (k) = k=%, k > 1, for some a > 0. In this case Condition 3.12 fails. By

(5.2) we obtain |
N (2, 2) = exp {— (%)}

for small A. A direct estimate of the integrals in (3.11) yields

p(t,w,y)ﬁ(

p(t,z, ) =< exp (—ta%l> ,

for large t. Then Theorem 3.15 gives the following results
Clt 1
¢ > —C!(t+dy(z,y))a
p( ,$,y) - t—f—d(,(l',y) eXp{ 1( + (:E y)) }

p Y ) y ' l (gj’ y) p 2 Y y )

that are not as precise as in the previous two cases.
The transience test (4.1) is clearly satisfied, and we obtain from (4.3)

r(z,y) < exp (—da (fv?y)%)

for large d, (z,vy).
4. Let o(k) = (log(, k)~ for large enough k,where a > 0 and

log(,,) = logloglog

n times

Condition 3.12 does not hold. By (5.2) we obtain

1
1\ @
N(z,\) < exp {— eXP () (X) } ,

€XP(,) = EXP €XP ... eXp.
N————

where

n times

Using (3.11) it is possible to show that

p(t,z,z) < exp t
y Ly = ex N N )
(log(n) t)a

for large enough t (see [3] for the details of the computation).
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Example 5.2. Let mg be a counting measure on a discrete ultra-metric space (X, d)
that satisfies

mo (B (7)) = P’
for all x € X and k € Z,, where p > 1 is a constant. Fix a reference point 0 € X
and introduce the notation

|z| =d(x,0).
Let m be another measure on X that satisfy the relation

m(x) ~ g, (5.3)
where ¢ > 1 is a constant. For example, in the case of the p-adic net A, we have

|z| = log, |||,
and (5.3) means that

m(z) ~ ||z,

loggq

where v = losp"
We claim that

k
max(|z , |zl <,
(B ) = gt L Bl < 64

Indeed, if the balls By, (z) and By (o) are disjoint then, for any y € By, (z), we have
ly| > k. Tt follows that
|z < max ([yl, d(z,y)) = [y|
and in the same way |y| < |z| so that |y| = |z|. Therefore, m (y) ~ ¢/*! and
m (By (z)) = ¢"'mq (By (2)) = p"¢.
If the balls By, (z) and By (o) intersect then they coincide and we obtain

m (B (z)) = m (B (o))
~ 1+ Z (pi _pifl) ¢

) (pQ)k —1

= 1l+qg(p—-1
( pg—1

",

12

which finishes the proof of (5.4).

Note that, for any fixed = the function (5.4) satisfies Condition 3.13 with a con-
stant v, that is the same for all x € X. Now let us consider two examples of the
sequence {0} as in Example 5.1, that satisfy Condition 3.12. Hence, the function
A — N (x,)) is doubling and we can obtain the heat kernel bounds by Theorem
3.11 and Corollary 3.17.

1. Let
oy = a0+
where a > 1. Then by (3.7)

N(.T,)\) gp—k:q—max(\ad,k) if a—(k-‘,—l) <A< a—k

Y
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where the latter condition implies

A~a”
It follows that, for small enough A,
AN < gl

~ Y, —max(|z|log, +) _
N (2, \) = A~ mex(lehios. ) _{ ael A > a-lel (5.5)
where | |
a=22 and =29 (5.6)
loga loga
By (3.20) we obtain, for large enough ¢,
—(e+B) ¢ > glol
~ =0, —max(|z|log,t) _ 13 ) Za™,
p(t,z,z) =21 { t—og 1l ¢ < alol,
In terms of the metric d,, we have
1
dy (z,0) = —1=akl-1
Olz|-1
whence
|z| =log, (1 +dy, (z,0)).
By Corollary 3.17 we obtain
p(t,y) = EAN (x,\) (5.7)
where .
A= —m—.
t+dy (z,)

Substituting this value of A into (5.5) and (5.7) and noticing that

1
max (|x|,loga X) = log, max (1 +d, (z,0),t + d, (z,y))

~ log, (t + do (z,y) + dy (,0))

we obtain
t

(t+dy (2, )" (t + dy (x,9) + dy (z,0))°

In particular, for z = o we have

p(t,z,y) ~

¢
(t + dy (z,y)) ot

The transience test (4.1) is satisfied if and only if a + § > 1, that is, if pg > a. In
this case we obtain by (4.3) and (5.5) that

r(z,y) ~ dy (z,y) "

p(t,z,y) ~

for large enough d, (z,y).
2. Put now
o =exp (1 —a"*"),

where a > 1. Then by (3.7)

N($,>\) gp—kq—max(|x|,k) if el—ak+1 <\< el—ak’
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where the latter condition implies

1
log " ~ a.
It follows that, for small enough A,
1\ “ 1
N (z,)\) =~ (log X) q max(|af log, log ) (5.8)
_(O‘—"_ﬁ) €T
= (log %)_a , A< exp(—d), (5.9)
(log %) gl X >exp (—a'm‘) .

where o and (3 are given by (5.6). By (3.20) we obtain, for large enough ¢,

—a _—max(|z|,log, logt)

p(t,z,x) ~ (logt) “q

{ (log t)_(a+ﬂ) , t>exp(a),
(logt) “ g1, t <exp (all).

In terms of the metric d,, we obtain

d, (x,0) = L 1 =exp (a‘“’l -1) -1
Tlal|-1
whence
|z| = log, (1 + log (1 + d, (z,0)))
For !
A= t+d, (x,y)’

we obtain from (5.8) and (5.7)

t
(t +dy (x,y)) log® (t + dy (x,y)) log? (t + d, (z,y) + dy (z,0))
In particular, for x = o, we have

p(t,z,y) ~

t
(t+dy (2,9)) 10g™* (t + dy (z,9))
The transience test (4.1) fails so that the semigroup {P'},., is recurrent.

p(t,z,y) ~

6. THE MOMENTS OF THE MARKOV PROCESS

Let X = ({Xi},50, {Pz},cx) be the Markov process associated with the semigroup
{P'},5¢- For any v > 0, the y-moment of X’ is defined by

M, (z,t) = E, (dy (2, X)), (6.1)

where [E, is expectation associated with the probability measure P,. In terms of the
heat kernel, we have

M, (z,1) = /X dy (2,9)" p (t,2,y) dm (3) (6.2)

The aim of this section is to estimate the moment M, (z,t) as a function of ¢. We
precede the main result by a lemma. Consider open balls with respect to the metric
dy:

Bl (z)={ye X :d, (z,y) <r}.
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Lemma 6.1. For allx € X andr > 0,

1
N (a: L) )

) 14r

m (B (z)) = (6.3)

Proof. Set r, = % — 1. By (3.21), the equation d (z,y) = n + 1 is equivalent to
dy (z,y) = r,, whence it follows that

dy (z,y) <1y < d(z,y) < n.

For any r > 0 there is n > 0 such that
Tpo1 <71 < 7Tp.

Then we have

do (z,y) <71 & dy (z,y) <71y
whence it follows that

BY (x) = B, (x) = By (a). (6.4)

On the other hand, we have

1 1 1
147, " 1+r 1+7r,4

On = 0Onp-1

whence by (3.7)

N<x’1ir>:m<31<x>>'

Comparing with (6.4) we obtain (6.3). =

Theorem 6.2. For any v € (0,1) and all x € X, t > 0, the following estimate is
true:

1 t
M, (x,t) < —— min t”,—). 6.5
o) < i (1. (6.5)

Proof. Set V (r) = m (B? (x)) so that by Lemma 6.1

By (3.8) we have

p(t,z,y) =t / T N (@A) (L A,
0
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so that p (¢,z,y) is a function of ¢t and r = d,, (z,y) . Therefore, we obtain from (6.2)

M, (z,t) = /Ooor”p(t,x,y) v (r)
_ t/o‘” . (/O* Nz, (1 — A)t‘1d>\> dv (r)
_ / / R FIN (2, A) (1 — AL dAdV ()
. / / I PN (2, (1 — A LAY (r)
_ /O 1 ( /(0&_1) qV (r)) N(z, A)(1 — )~ tdA (6.6)

< t/ol G - 1>7v G - 1> Nz, \) (1 — A)1d)

1
1
=t A=) N(z, \)d)

L(1—~)T(t+79)
I't+1) ’

where B (-, -) is the beta function and I' (+) is the gamma function.
Let us use the following properties of the gamma function:

(1) For all ¢t > 0 and v € (0,1)
IO
(cf. Lemma 8.1 in Appendix).
(2) T(2) < 1forall z€ (0,1). Indeed, 2I'(z) = I'(z + 1), while the gamma
function is bounded by 1 on the interval [1,2].
Using these properties, we obtain, for all £ > 0 and v € (0, 1),

I'(t+7) I'(t+7) 1
M t) <tI'(1 — ——= =T (1—-7~)t < t7.
’Y(x7 )— ( V)F(t—i-l) ( 7) tF(t) —1_7
The function I )
t+y
t P
Tt

is monotone decreasing in ¢ > 0 (cf. Lemma 8.1), which implies that

FTA-yl+y) Tl=—yll)__~ _ 1
Lt+1) r(1) sinty — y(1—7)’

<

whence
t

y(1=7)
Combining the above two upper bounds of M, (z,t), we obtain (6.5). =

M, (z,t) <
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Theorem 6.3. Assume that, for some x € X, the function A — N (x,\) satisfies
the reverse doubling property:

N(z,)) > (1+n)N (z,6)) 6.7)

for all X € (0,1) and some §,n € (0,1). Then, for allt >0 and v € (0,1),
M, (z,t) > % min (¢7,t)

where ¢ = ¢ (d,n) > 0.

Proof. For any R > 0 and € = §/2, we have

/ Fdv (r) > / rdV (r) > (eR)" (V (R) — V (eR))
(0,R) [eR,R)

, 1 1
= R (N(w,ﬁ) N(x,@)'

Note that
ﬁ _1+eR <
1 - _—
ek 1+R
provided
1-9
R > )
T d—c¢

In this case, we obtain by (6.7)

1 1 1 ( 1 )
_ > 1— —
N(z,mp) N(omm)  Noge) 149

whence

Y Y
/ r7dV (r) > cn R T
(0,R) L+nN (z,115)

Setting R = % — 1 we obtain that, if

d—e¢

)\S/\()I:l y
— &

then

v 1 _ YN
/ r’dV (r) > e ( AT A
0,+-1) 1+n N(z,\)

(e=2)"n A
~—  14n N(z,))
)\*’Y

> c

N (z,\)’
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where ¢ = 7= (we use that 7 < 1). Substituting into (6.6) and assuming that
t> /\io we obtain

Ao
M, (z,t) > ct/ AT7(1 = N
0

v

1/t
ct/ ATT(1 = )
0

1 t—1 1/t

(1 — —) / ATTdA
t 0

t

v
]

v

Ift < /\io then similarly

Ao
M, (x,t) > ct/ AT7(1 = A
0

Ao -
> ct A1 = Xg)* TdA
0
1—
> Et)‘o7
T e l—7w
> C 0y,
el —r

m
Let us introduce the following two conditions (cf. Conditions 3.12 and 3.13).

Condition 6.4. There exists a constant 0 < k_ < 1 such that for all k > 0,
Ok+1 = K_Og.

Condition 6.5. For a fixred x € X, there exists a constant v_ > 1 such that for all
k>0,

m(By1 (z)) = v_m(By (z)).
Proposition 6.6. If Conditions 6.4 and 6.5 are satisfied then the function N (x,\)

satisfies the reverse doubling condition (6.7). Consequently, the conclusion of The-
orem 6.3 is satisfied.

Proof. If 0, < A < 0_1 then by Condition 6.4
K_ A< k_op_1 < 0.
Therefore, by (3.7) and Condition 6.5,
1 v_
>
m (B (z)) ~ m(By+ (7))
so that (6.7) is satisfied with 0 =x_and 1 +n=v_. =
The case v > 1 is treated in the following theorem.

N (z,)\) =

>v_N(z,k_N),
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Theorem 6.7. If v > 1 and Condition 6.5 holds, then M., (z,t) = oo for allz € X
and t > 0.

Proof. Since
[ pltydm(y) = PLa) =1,
X

the divergence of the integral (6.2) can occur only for large d, (z,y). Therefore, the
divergence of (6.2) for v = 1 implies that for v > 1. Hence, we can assume in the
sequel that v = 1. We use notation

p(tx, A) = / p(t,z,) dm (3)

where A is a subset of A. Set
1
r,=——1, k>-—1, (6.8)
Ok

so that d, (z,y) = ry if d(z,y) = k+ 1. It follows from (6.2) that

M@ = S [ deyptan)

k>0

=" Bt1(2)\Bg(z)
= Y _mp(t,z, Bipa(x) \ Bi(z))
= Y rilp(t,z, Bi(x)°) = plt, z, By1 (2)°)). (6.9)

Next, by (3.5) and (3.1) we have
Pt Bu(o)) = 35 (5 = s12) Prlaor(0) = 30 (s = ) (1= D).

>0 >k

It follows from (6.10) and Condition 6.5 that

plt. Bu(a)?) = it Bra(2)) = (shos =) (1 22000 (o)

> ¢ (32+1 - s};)

where ¢ = 1 — ——. Therefore, we obtain by (6.9)
M(z,t) > CZ?}(SZ_H - S)Itc)
k>0
Next, we use the inequality
a' =" >t(a—b)min ("', b"")

that is true for all 0 < b < a and t > 0, which follows from the identity of the
mean-value theorem

at— b =t (a—b),
where & € [a,b]. It follows that

M (x,t) > ct Zrk (Sk+1 — %) min (s§ ", s74) -
k>0
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Since s}~ ' 51 as k — oo, it suffices to prove that

Z Tk (Sk1 — Sk) = 00

k>N
for some N. Choose N so large that ry > 1. By (6.8) we have
Tk
pr— ]_ —_ pu—
o 7k rp+1’

whence it follows that

Tk+1—7“k
E L (S — s = E r
k( k+1 k) k Tk+1+ Tk—l-l)

E>N k>N
Tk 1 — Tk

Tra1l

k>N E+1Tk

Set ay, = . Since

H(l—ak): T—k:O,

,
k>N k>N Rt

it follows that ;- v i = oo, whence M, (z,t) = co. m

Example 6.8. As in example 5.1, assume that, for some z € X and for all k =

0,1,...

m (By, (z)) ~ p.
for some p > 1. Clearly, Condition 6.5 is satisfied. Therefore, by Theorems 6.2 and
6.7, M, (x,t) is finite if and only if v < 1; for such v and for large enough ¢, we have

£

=15
Furthermore, if Condition 6.4 is also satisfied then we have by Theorem 6.3 a match-
ing lower bound, so that

M, (x,t) <

£
1—~
Let us show that without Condition 6.4 the lower bound of Theorem 6.3 fails. As-
sume that

M, (t,2) ~ (6.12)

OF ™~ exp (—ak) ,
where a > 1, and show that in this case M, admits the following upper bound
M, (t,z) <Ct"+o0(t") ast— oo, (6.13)

where o = }zgg and the constant C' does not depend on 7 (but may depend on

«). The difference between the estimates (6.12) and (6.13) is that in the latter the
leading coeflicient in front of ¢” remains uniformly bounded for all v € (0, 1).
As was shown in Example 5.1, we have

N (2, )) ~ (log (1 + %))_a (6.14)
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for all A € (0,1), where a = %. By Lemma 6.1, we have

Vir):=m(B;(z) = ———~ ~log®* (2+7)
for all » > 0. By Corollary 3.17, we have

t 1
taoy)~ —— N(o,—
pnn > g e (o)
for all y € X and t > 1. Therefore, we obtain by (6.2), for ¢ > 1,

o t 1
M t) ~ K N d .
St = [T (e v ()

Making change u = r/t and using the monotonicity of N (z,-), we obtain

M, (0,) =~ /0 Tty N (xﬁ) 4V (ut)

1+u

N Y 1
< t g Nz, =) dV (ut).
0 U t

Let us define the function

u'y
14w
Using the estimate (6.14), we can write, for large ¢,

t7 o
F (u)dV (ut
oo [ P ()
Comes | V(@) (- () d
— u — u u
log®t J, ’
where we have integrated by parts and used the fact that the function
u’y

1+u

M, (z,t) < C

V (ut) F (u) ~ log™ (2 + ut)

vanishes at © = 0 and u — oco. Noticing that
wt

—F'(u) = (1+u)2

and that —F" (u) > 0 for u > uy := 1%7 we obtain

/OOOV(ut) (—F' (u))du < /OOV(ut) (—F' (u))du

uo

(1=7)u—7)

< C’/Oo (log®t +log® (2 +u)) (—dF (u))

uo

Clearly, we have

uo

Using the estimate

/ " log™ t (—dF (w)) = (log™ £) F (ug) = (log® 1) 7" (1 —7)'™" < log™ .

(6.15)



ON A CLASS OF MARKOV SEMIGROUPS ON DISCRETE ULTRA-METRIC SPACES 35

we obtain

[Tlogrerware) < [log 2wt

uQ uo

< 0, wTte 4y
U

1—v
2

Cuy

IN

Since ug depends only on ~, we can write
/ V (ut) (—F" (u)) du < Clog®t + C,
0

where the constant C' does not depend on v (but can depend on «). Substituting
this estimate into (6.15), we obtain

t7 tY
ogy (CloB™t+Cy) = C + Oy o

M t) <
’Y(m7 )—C log"t’

whence (6.13) follows.

7. THE LAPLACE OPERATOR

It is known that any strongly continuous contraction semigroup {P;},., in a
Hilbert space H has the generator

that is a densely defined operator in H. Moreover, if the operators P; are symmetric
then L is a self-adjoint operator and P, = exp (—tL). The purpose of the next
theorem is to evaluate the generator £ of the semigroup {P'},., in L* (X, m) defined
by (3.5). We will refer to £ as the Laplace operator of {P*},.

Theorem 7.1. Let L be the generator of {Pt}tzo' Then the following identity holds

L— g <log S—1k> (Pe = Prss), (7.1)

where the series converges in the strong operator topology of L? (X, m). Conse-
quently, L is a bounded, non-negative definite, self-adjoint operator in L* (X, m),
and the spectrum of L is given by

specys £ — {log i}; {0} (7.2)

Each value log i is an eigenvalue of L with infinite multiplicity.

Proof. The defining identity P! = e~ is equivalent to P = e~ whence £ = log +.
Using the spectral resolution (3.4) of P, we obtain (7.1). It follows from (7.1) that
L has the spectrum (7.2), where 0 is added as the only accumulation point of the

sequence {log i} . Since this sequence is non-negative and bounded, the operator

L is non-negative definite and bounded.
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It follows from (7.1) that log i is an eigenvalue of £ with the eigenspace (P — Py.1) L.
Let us show that this space is infinite dimensional. For any a € X and k € Z, define
a function

Jra = (Pr — Prs1)1a)

so that fj , is an eigenfunction of £ with the eigenvalue log i Since

_ 1 ~ m({a})1p,(z)
Prlia() = B @) /BM Laydm == @)

we see that supp Pi1¢, C By (a). It follows that supp fir. C Birt1(a). In particular,
if the balls By.1(a) and Byiq(b) are disjoint then the functions fi, and fi; have
disjoint supports and therefore are orthogonal in L?. Since there are infinitely many
disjoint balls of radius £+ 1, we obtain that the eigenspace of £ with the eigenvalue
log i is infinitely dimensional. m

Corollary 7.2. Let L be the Laplace operator of the semigroup {Pt}tZO' Let ¢ :
[0,00) — [0,00) be a continuous, strictly monotone increasing function such that
¢ (0) = 0. Then the operator ¢(L) is the Laplace operator of the semigroup {P;}DO

that is defined by

o0

P¢ = Z C?Pk,

k=0

o0
where {cz} 18 a stochastic sequence given by
k=0

¢} = exp <—¢ (log i)) — exp <—¢ (log i)) ,k>1, (7.3)
) = exp <—¢ (log Si())) : (7.4)

Proof. Note that the sequence {exp (—(b (log i))} is strictly monotone in-

k=0
creasing in k, which implies ¢ > 0. It follows from (7.3)-(7.4) that

1
sf = cg + ...+ CZ’ = exp (—¢ (log s_)> .
k

Hence,
D e = Jim sy =exp(—¢(0)) =1
k=0

so that the sequence {cf} is stochastic. By Lemma 3.2, {Pdi}t>0 is a strongly
k=0 >
continuous Markov semigroup in L? (X, m), and by Theorem 7.1, the generator L4

of this semigroup is given by

- 1
L, <1Og —¢> (Pr — Prt1) -
0
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On the other hand, we obtain from (7.1) by the functional calculus that

= Z ¢ <log S—lk> (Pr — Pry1) -
k=0

Then the identity £, = ¢ (L) follows from
1 1
log—¢ =9 <log —> .
Sz, Sk
|

If A is a (non-negative definite) symmetric operator such that the semigroup
{e_tA} >0 18 Markov then we refer to A as a Laplace operator. By a theorem of

Bochner, for any Laplace operator A, the operator ¢ (A) is again a Laplace operator,
provided ¢ is a Bernstein function. For example, ¢ (\) = A* is a Bernstein function
if 0 < a <1 and is not if @ > 1. In general, it is not true that A* with o > 1 is a
Laplace operator. However, in the specific case of the semigroup {P*},., given by
(3.5), the operator £* is by Corollary 7.2 a Laplace operator for any o > 0.

Theorem 7.3. For any p € [1,4+00], the operator L can be extended as a bounded
operator acting on LP = LP(X, F,m). Moreover, we have

specy, L =spec;2 L, for any p € [1,+00]. (7.5)
Proof. Denoting I, = log i we have by (7.1)

Lf =) W(Puf = Pesif), (7.6)
k=0
for any f € L?. Applying the Abel transformation to (7.6), we obtain
Lf=1of =Y (k-1 — k) Pif. (7.7)
k=1

We use (7.7) to define Lf for f € L? for any p € [1, +oo]. Indeed, since || Pkl ;p_, ;o <
1 and [ | 0 as k — oo, we have

ZH o1 = ) Pell e <O (et — k) = lp < 00
k=1 k=1

so that the series in (7.7) converges in LP. Hence, (7.7) defines £ as a bounded
operator in LP, which proves the first claim.
For any f € L? and for any A ¢ spec; £, we have from (7.6)

(L —X\id)"f = Z

Applying again the Abel transformatlon with [_; := 0 we obtain

C 1 1 1
(L—Nid) Y = —Xf+§< A—lk_l_QPkf

; Pkf Prirf).
-

1 - Ik — 1y
- (@) 09
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Since by (7.2)
fnf |l = ) (lea = A)[ >0,

we have
o0

2

k=0

o1 =l
(le = A) (lg=1 — A)

whence it follows that the series (7.8) converges in all LP. Clearly, (7.8) defines
(£ — Xid)~! as a bounded operator in LP, which proves that A ¢ spec;, £, that is,

< 00,

specy, L C spec2 L.

To prove the opposite inclusion, observe that, for any k£ € Z, and a € X, the func-
tion fro = (Pr — Pr+1)0. belongs to all spaces LP and, by (7.1), is an eigenfunction
of the operator £ with the eigenvalue [;. Therefore, spec;, £ contains all [, and,
hence, also 0 as an accumulation point of {l;}, which together with (7.2) finishes
the proof of (7.5). =

To state the next theorem observe that, for any non-negative function f on X,
Prf is also a non-negative function on X (cf. (3.1)). Hence, the identity (7.7)
defines Lf as a function on X with values in [—o00, +00). For example, £ const = 0.

Theorem 7.4. (A strong Liouville property) If f is a non-negative function on
X such that Lf = 0 then f = const. In particular, the point 0 of spec; L is an
eigenvalue of multiplicity 1.

Proof. Since PyPrn = PmPr = Pumax(k,m), We obtain from (7.7) that, for any
m € Z.,
L(Pnf) =Pm(Lf) =0, (7.9)
and
LPnf) = Puf—> (ks =) Puf = D> oy — ) Prf

k<m k>m+1

o

= InwPuf = > (k-1 — ) Pif. (7.10)

k=m+1

Applying (7.10) to m + 1 instead of m and subtracting the result from (7.10) we
obtain

Since I,,, # 0, it follows from (7.9) that
me - Pm+1f - 0

It follows by induction that f = P, f for all m € Z ., which implies that f must be
constant on all balls and, hence, f = const. m

Corollary 7.5. Let ¢ be a function as in Corollary 7.2. If f is a mon-negative
function on X such that ¢ (L) f =0 then f = const.

Proof. Indeed, by Corollary 7.2 the operator ¢ (£) is a Laplace operator. Applying
to this operator Theorem 7.4, we finish the proof. =
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Example 7.6. Taking ¢ (t) = t* where a > 0, we obtain that £*f = 0 implies

—at

f = const (assuming a priori that f > 0). Take now ¢ (t) = 1 — e~*" and observe
that by (7.1) and (3.5)

[e.o]

$(L) = (1=5%) (P — Pyya) = id —P*.

k=0

Hence, P*f = f for some o > 0 implies f = const .

8. APPENDIX: SOME PROPERTIES OF THE GAMMA FUNCTION

Lemma 8.1. Fiz vy € (0,1).

(a) The function t — I;gﬂ; is monotone decreasing in t > 0.

(b) For allt > 0, we have

C(t+v) <tT(¢). (8.1)
Proof. It is known that, for all t > 0,
d - 1 1
t) ;= —Inl'(t) = — - — .2
@ (t) = gyl ) C+;(n+1 n+t)’ (8.2)

where C' is the Euler constant (see [1, eq. 6.3.16]).
(a) It is clear from (8.2) that ¢ (¢) is monotone increasing in t. Therefore, we have

& D (47) ~IT (1 +1) = o (1 +9) ot +1) <0,

whence the claim follows.
(b) It follows from (8.2) that

M]3

Pt —e®) = (nit_n+1+fy)

3
Il

N g}
B ;(n+t)(n+t+7)
> - 1
= T (1t
_ 7

3

Therefore, setting
F(t):=Inl'(t+v) —InT(t) — vyInt,

we obtain that

d
GE @ =el+7)—e(t) -
that is, the function F'(t) is monotone increasing. Using Stirling’s formula in the

form

>0,

~+ |2

1
InT (t) = (t_ﬁ) Int —t+Inv2r+o0(l) ast— oo,
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we obtain

Flt) = (t—l—v——)ln(t—i—v) (t+7)—(t—%)lnt+t—71nt+o(1)

= (t+7——)n<i%l>—v+oﬂ)

g

= (1) :

Hence, lim; ,o F (t) = 0. Since the function F'(t) is monotone increasing, it follows
that F'(t) <0 for all ¢ > 0, which is equivalent to (8.1). =

Acknowledgement. This paper was written during a visit of the first-named
author to the University of Bielefeld. He would like to express his gratitude to
the colleagues from SFB 701 for the opportunity to work on the project. The au-
thors thank Wolthard Hansen, Laurent Saloff-Coste and Wolfgang Woess for fruitful
discussions and valuable comments.

REFERENCES

[1] M. Abramowitz and I.A. Stegun. Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables,. New York: Dover, 1972.

[2] A. Bendikov. Asymptotic formulas for symmetric stable semigroups. Fzposition. Math., 12,
no. 4:381-384, 1994.

[3] A. Bendikov, B. Bobikau, and Ch. Pittet. Spectral properties of a class of random walks on
locally finite groups. Preprint, , 2010.

[4] A. Bendikov, Ch. Pittet, and R. Sauer. Spectral distribution and [-isoperimetric profile of
laplace operators on groups. to appear in Math. Ann., , 2011.

[5] R. M. Blumenthal and R. K. Getoor. Some theorems on stable processes. Trans. Amer. Math.
Soc., 95:263-273, 1960.

[6] S. Brofferio and W. Woess. On transience of card shuffling. Proc. Amer. Math. Soc., 129, no.
5:1513-1519, 2001.

[7] T. Coulhon, A. Grigor’yan, and Ch. Pittet. A geometric approach to on-diagonal heat kernel
low bounds on groups. Ann. Inst. Fourier (Grenoble)., 51, no. 6:1763-1827, 2001.

[8] D. A. Darling and P. Erdés. On the recurrence of a certain chain. Proc. Amer. Math. Soc.,
13:447-450, 1962.

[9] N. Fereig and S. A. Molchanov. Random walks on abelian groups with an infinite number of
generators. Vestnik Moskov. Univ. Ser. I Mat. Mekh., 5 :22-29, 1978.

[10] L. Flatto and J. Pitt. Recurrence criteria for random walks on countable abelian groups.
Illinois J. Math., 18:1-19, 1974.

[11] A. Grigor’yan. Heat Kernel and Analysis on Manifolds, volume 47. AMS/IP Studies in Ad-
vanced Mathematics, 2009.

[12] M. Gromov. Asymptotic invariants of infinite groups, volume 182 of Geometric group theory,
Vol. 2(Sussex, 1991), London Math. Soc. Lecture Notes Ser., pages 1-295. Cambridge Univ.
Press, Cambridge, 1993.

[13] M. A. Kasymdzhanova. Recurrence of invariant markov chains on a class of abelian groups.
Vestnik Moskov. Univ. Ser. I Mat. Mekh., 3:3—7, 1981.

[14] H. Kesten and F. Spitzer. Random walks on countably infinite abelian groups. Acta. Math.,
114:237-265, 1965.

[15] G.F.Lawler. Recurrence and transience for a card shuffling model. Combin. Probab. Comput.,
4, no. 2:133-142, 1995.

[16] M. Del Muto and A. Figa-Talamanca. Diffusion on locally compact ultrametric spaces. Expo.
Math., 22:197-211, 2004.



ON A CLASS OF MARKOV SEMIGROUPS ON DISCRETE ULTRA-METRIC SPACES 41

[17] M. Del Muto and A. Figa-Talamanca. Anisotropic diffusion on totally disconnected abelian
groups. Pacific J. Math., 225:221-229, 2006.

[18] Ch. Pittet and L. Saloff-Coste. Amenable groups, isoperimetric profiles and random walks. in:
Geometric group Theory (Canberra, 1996), pages 293-316, 1999.

[19] Ch. Pittet and L. Saloff-Coste. On random walks on wreath products. Ann. Probab.,
(30(2)):948-977, 2002.

[20] L. Saloff-Coste. Probability on groups: random walks and invariant diffusions. Notices Amer.
Math. Soc., (48(9)):968-977, 2001.

[21] N. Th. Varopoulos, L. Saloff-Coste, and T. Coulhon. Analysis and geometry on groups. Cam-
bridge Tracts in Mathematics, vol. 100, Cambridge Univ. Press, Cambridge, 1992.

[22] André Weil. Basic number theory. Classics in Mathematics. Springer-Verlag, Berlin, 1995.
Reprint of the second (1973) edition.

[23] W. Woess. Random Walks on Infinite Graphs and Groups, volume 138. Cambridge University
Press, 2000.

INSTITUTE OF MATHEMATICS, WROCEAW UNIVERSITY, 50-384 WROCLAW, PL. GRUND-
WALDZKI 2/4, POLAND
E-mail address: bendikov@math.uni.wroc.pl

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BIELEFELD, 33501 BIELEFELD, GERMANY
E-mail address: grigor@math.uni-bielefeld.de

CMI, 39 RUE JoLIOT-CURIE, 13453 MARSEILLE CEDEX 13, UNIVERSITE D’ AIX-MARSEILLE
I, FRANCE
E-mail address: pittet@cmi.univ-mrs.fr



	1. Introduction
	2. Explicit description of discrete ultra-metric spaces
	2.1. Downward trees
	2.2. Partitions
	2.3. { nk} -adic sequences
	2.4. Radially homogeneous ultra-metric spaces
	2.5. p-adic net

	3. Heat semigroup and heat kernel
	3.1. Markov chains on ultra-metric spaces
	3.2. The spectral density
	3.3. Basic estimates of the heat kernel
	3.4. Change of metric and off-diagonal estimates

	4. Green function and transience
	5. Examples
	6. The moments of the Markov process
	7. The Laplace operator
	8. Appendix: some properties of the gamma function
	References

