BOUNDS FOR CHARACTERISTIC FUNCTIONS IN TERMS
OF QUANTILES AND ENTROPY

S. G. BOBKOVY*, G. P. CHISTYAKOV?*, AND F. GOTZE>*

ABSTRACT. Upper bounds on characteristic functions are derived in terms of the entropic
distance to the class of normal distributions.

Let X be a random variable with density p and the characteristic function

f(t) =EetX = /+°0 ep(z) dx (teR).

By the Riemann-Lebesgue theorem, f(t) — 0, as ¢ — oo. So, for all T > 0,

5(T) = sup |£()] < 1.
[t|>T

An important problem is how to quantify this property by giving explicit upper bounds on
d(T). The problem arises naturally in various local limit theorems for densities of sums of
independent summands; see, for example, [St], [P] or [Se| for an interesting discussion. Our
motivation, which, however, we do not discuss in this note, has been the problem of optimal
rates of convergence in the entropic central limit theorem for non-i.i.d. summands. Let us only
mention that in investigating this rate of convergence explicit bounds on §(7) (also known as
Cramer’s condition (C)) in terms of the entropy of X are crucial.

A first possible answer may be given for random variables with finite variance, say o2 =
Var(X), and which have a uniformly bounded density, say p.

Theorem 1. Assume p(x) < M a.e. Then, for all o|t| > 7,

C1
FO <1 0
Moreover, in case 0 < olt| < T,
(&) t2
£ <1- 20 )

Here, c1,co > 0 are certain absolute constants.
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A similar bound with a slightly different dependence on (M, o) in the right-hand side of
(1) was obtained in the mid 1960’s by Statulevi¢ius [St]. He also considered more complicated
quantities reflecting the behavior of the density p on non-overlapping intervals of the real line
(cf. Remark 10 at the end of this note).

The bounds (1)-(2) may be considerably generalized for classes of non-bounded densities,
using other quantites of the distribution of p(X) with respect to the measure p(z) dz. One of
the results in this note is the following assertion.

Theorem 2. Let m be a median of the random variable p(X). If o|t| > T, we have

4
C1
Ol < 1- 5 3)
Moreover, in case 0 < olt| < 7,
C2 t2
o)< 1- 25 @)

Here, c1,co > 0 are absolute constants. (One may take ¢y = 107 and c5 = 1077 ).

Since the median of p(X) is majorized by the maximum M = ess sup, p(z), Theorem 2
immediately implies Theorem 1. Note in this case that the constants ¢; and ¢ in (1)-(2) can
be improved in comparison with the constants in (3)-(4).

One may further generalize Theorem 2 by removing the requirement that the second mo-
ment of X is finite. In this case, the standard deviation o should be replaced in (3)-(4) with
quantiles of | X — X’|, where X’ is an independent copy of X. This will be explained below in
the proof of Theorem 2. Thus, quantitative estimates for the maximum of the characteristic
functions on half-axes, such as (3)-(4), can be given in the class of all absolutely continuous
distributions on the line.

Let us describe a few applications, where the median m of p(X) can be controled explicitly
in terms of more other quantities. First, assume that the characteristic function f is square
integrable, i.e.,

+00
1713 = / P dt < +oo. (5)

—00

By Chebyshev’s inequality and Parseval’s identity, for any A > 0,

o0 2
P 22 < P80 = L [ e = Ul

—00

2
The right-hand side is smaller than %, whenever \ > ”J;HQ,

bound on any median of p(X). Hence, Theorem 2 implies:

so this ratio provides an upper

Corollary 3. If o|t| > 7§, then
c

FO] < 1= mm—

I£113 o2
where ¢ > 0 is an absolute constant. Moreover, in case 0 < o|t| < 7,
ct?

1115 o2

F@®f <1
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The integral fj;o p(z)?dx = % || fl? appears in problems of quantum mechanics and in-
formation theory, where it is referred to as the informational energy or the quadratic entropy.

However, it is infinite for many probability distributions. The condition (5), that is,
f:r;o p(x)? dr < 400, may be relaxed in terms of the so-called entropic distance to normality,
which is defined as the difference of the entropies D(X) = h(Z) — h(X). Here

+0o0

W) == [ plo)logp(a) da
—0o0

denotes the (differential) entropy for a random variable with density p, and Z is a normal

random variable with the same variance as X. The quantity h(X) is well defined in the usual

Lebesgue sense, as long as X has a finite variance 02 = Var(X). It is as well-known that

WX)<hZ),  Z~N(a,o?),
where equality is possible only, when X has a normal distribution. Hence,
0 < D(X) < +oo.

Note that this functional is translation and scale invariant with respect to X, and is not
determined by the mean or variance of X. It may also be described as the Kullback-Leibler
distance (or the informational divergence) from the distribution of X to the normal distribution
N(a,0?) with the same mean and variance as X . Hence, the closeness of D(X) to zero indicates
in a rather strong sense how close is the distribution of X to the class of normal distributions.

Although the value D(X) = o0 is still possible, the condition D(X) < +00, or equivalently

+oo
Elogp(X) =/ p(z) log p(z) dxr < +oo,

—00
is much weaker than (5). From Theorem 2 we derive:

Corollary 4. Assume a random variable X with finite variance o = Var(X) has a finite
entropy. Then, for all o|t| > Z, the characteristic function satisfies

[F(O] < 1= ee PO (6)
with some absolute constant ¢ > 0. Moreover, in case 0 < o|t| < 7,

1f(1)] < 1—co?t?e 2P0, (7)

Here, the coefficient 4 in the exponents can be improved at the expense of the constant ¢
in (6)-(7), and chosen to be arbtrarily close to 2.

Let us turn to the proofs. Since the argument involves a symmetrization of the distribu-
tion of X, we need study how the median and other functionals of p(X) will change under
convolutions.
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Notations. Given 0 < k < 1, we write m,, = m,(§) to indicate that m, is a k-quantile of
a random variable £ (or, a quantile of order ), which may be any number such that

P{¢ <m.} <k, P{>m.}<1-k.

If k = 1/2, the value m = m, /5 represents a median of &.

Lemma 5. Let X be a random variable with density p, and let q be the density of the
random variable Y = X + X', where X' is independent of X. Then

Eu(q(Y)) < Eu(p(X)), (8)

for any function v > 0, such that v(t) = tu(t) is non-decreasing and convez in t > 0.

Proof. Using a simple approximation, we may assume that the function v(t) = tu(t) has a
finite Lipschitz constant. In particular, v(t) < Ct, for all ¢ > 0 with some constant C. Write

Bup(x) = [ upe)p o= [ o)) de

—00 —00

The density of Y is given by ¢(z) = [ p(z —y) du(y), where p is the distribution of X’. Hence,

Buta) = [ o [ pte—nduty) ) do = 10

—00 —0o0
In particular, Eu(q(Y")) = I(6y) = Eu(p(X)), for any mass point p = 4, that is, when X' =y
a.s. Also note that () < C in the class of all Borel probability measures p on the line.
Since v is convex, the functional p — I(u) is convex, as well. Hence, for p discrete, say,
p= 10y, + -+ + andy,, where a; > 0, a1 +--- + ay = 1, we get by Jensen’s inequality,

N
Eu(g(Y)) < ail(6y,) = Bu(p(X)). (9)
k=1

Our next task is to extend this inequality to general p’s. First assume that p is continuous
everywhere and take a sequence of discrete probability measures u,, weakly convergent to a
given probability measure p on the real line. Using the identity

+o0 +o0
/ p(w—y)du(y)z/o My € Rip(x —y) >thdt

—0o0
and similarly for p,, one may apply Fatou’s lemma to conclude that, for all z € R,

+00 +oo
/ p(z —y) du(y) < liminf / p(z —y) dpn(y).

—0 n—o0 —00

Since v is continuous and non-decreasing,

/_;mv</_j p(z —y) du(y)) d < lim inf /_;oou</_jp(x ) dun(y)> dz.

Due to (9), the right-hand side does not exceed Eu(p(X)), so we obtain the inequality (8),
that is,

[ ([ e nan)) o< [ eponds = Bupooy, o
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when p is continuous.
To extend (10) to more general densities, note that the functionals A(p) = f_Jr;o v(p) dx
and B(p) = fj;o v([ p(z — y) du(y)) dz, considered on the set L) of all integrable functions

p > 0, are continuous with respect to L'-norm.
Indeed, it was assumed that |v(t) — v(s)| < L|t — s|, for all ¢, s > 0 with some constant L.
Hence, given p1,ps € L}H we have [A(p1) — A(p2)| < ij;o Ip1(x) — p2(z)| dx and

v(/mpl(x—y)du(y)) —v</+°°p2<x—y> du@))‘ <1 [ Tinte ) -m-ylant)

—00 —0o0 —00

Integrating over x, we see that

+o0
B(p1) — B(ps)| < L / p1(2) — pala)| e

—00
This proves continuity of the functionals A and B. Therefore, the inequality (10) extends from

the class of all continuous densities p to the class of all densities p.
Thus, Lemma 5 is proved.

Lemma 6. Let X be a random variable with density p, and q be the density of Y = X + X',
where X' is independent of X. If my; = m.(p(X)), 0 < k < 1, then
11—k

P{Q(Y) > m:‘i/b} < 1—b

(0<b</{).

For example, choosing £ = 1/2 and b = 1/4, we get P{q(Y) > 4m} < 2, where m is a
median of p(X).

Proof. Apply Lemma 5 to u(t) = 1 (t — my)™, t > 0. Then u(t) < 1z, (t), so
Eu(p(X)) <P{p(X)>my} <1—k.
On the other hand, u(t) = 1 — %= > 1 — b, whenever t > %=, so u(t) > (1 —0) - Lyy>p, /5 and
Bu(g(Y)) > (1 - b)P{(Y) > ma/b}.

It remains to insert the two bounds in (8).

Lemma 7. If a random variable X with finite variance o = Var(X) has a density, bounded
by a constant M, then M?c? > %

This elementary inequality is known. Without proof it was already mentioned and used
in [St]. High dimensional variants were studied in Hensley [H] and Ball [B]. Equality in the
lemma is possible, and is achieved for a uniform distribution on bounded intervals.

It should also be emphasized that, although the proof of Theorem 2 will be based on
Lemma 7, modulo the constant 1—12, this lemma immediately follows from Theorem 2. Indeed,

the right-hand side of (3),
c

m202’
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must be non-negative, which implies m?c? > ¢, where m = m(p(X)). But m < M, so
M262 > c, as well.
Note as well that the inequality of Lemma 7 may be written in an equivalent form in the

space of all integrable functions ¢ > 0 on the line as the relation

<sgp q(x))Z/;OOx2 () da > 113 (/m (@) da;>3. (11)

Proof of Theorem 2. Let ¢ be the density of Y = X — X', where X’ is an independent
copy of X. Obviously, Y has the characteristic function |f(¢)|?> (where f is the characteristic
function of X), and we have the identity

1 oo

B (1—|f2mt)|?) = /_OO sin?(rtz) ¢(z) dz. (12)

Our task is to bound the integral in (12) from below.
By Lemma 6, given 0 < b < k1 < 1, we have

P{qm < 1mm} -/ al)da > 1— 2 5L (13)
b q(z) < My 1-b

where my, is a quantile of p(X) of order k.
We start with the obvious bound

|sin(ra)| > 2¢(a), a€R,

where 1(«) denotes the shortest distance from « to the set of all integers. Here, an equality
is only possible in case o = k/2 for an integer k. Hence, (12) gives

1
5 =17 >4 [ it gla)da (14
w
for arbitrary measurable sets W C R. We apply (14) to the sets of the form
W={zeR:—-A<|tz| <A, q(x) <my,/b},

where A = N + % with N =0,1,2,... to be chosen later on.
Given ¢ # 0, split the integral (14) into the sets Wy, = {z € W : k — § < [t|z < k+ 1}, that
is, write

/Ww(ta; z)de = Z wm z)de = Z/ (|t|x — k)? () dz.

Changing the variable z = y + - on each Wy, we may also write

\tl

k
| vt ate) o = Z /y o0+ ) st @0 (19)
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Now, by the inequality (11), applied to the functions gx(y) = q(y + %) 1{q(y+‘7k|)<l ey} O1
t [
the interval (—ﬁ, ﬁ), and using a uniform bound g (y) < 3 M, , we have

L ay > — gl d 3 i d 3
/1 v ar(y) dy > 2m2, /1 qr(y) dy = mz /WkQ(w) x| .

[t] 2

Using this estimate in (15), the inequality (14) yields
1

R
(G- lfemP) > 27 3 a, (16)
Rl p=—N

N |

where g, = [y, q(z) dz.
Next, subject to the constraint ¢_ny + -+ + gy = @ with ¢z > 0, the sum ZkN:_N qi’ is
minimized, when all g; are equal to each other, i.e., for ¢ = Q/(2N +1). So,
N

O i (a7)
Pt (2N 4+ 1)2

In our case,

N
Q=Y P{Y eWi}=P{Y e W} =P{|tY| <4, q(Y) <my, /b}.
k=—N
Hence, combining (16) with (17), we arrive at
t2 b?
(2N +1)2 3m2

K

5 (1-1FCrn)P) > P{tY| <4, V) <mo Y’ (1)

To bound from below the probability in (18), fix 0 < k3 < 1 and take a quantile m,, =
My, (]Y]) for the random variable Y of order k9. Then P{|tY| < A} > ko, as long as

1
Myey | ] SA:N+§. (19)
In this case, by (13),
1—
P{ItY| < A, q(Y) < mi, b} = Ky — L,
which makes sense, if kg — 11__”21 > 0. Hence, (18) may be continued as
1 2 b? 1—w1)°
—(L=|f@2mt)]?) > : - : 20
o 1= > G 3, ('QZ 10) (20)
Assume that s = my,|t| > 3 and take the value N = [s — 3] + 1 to satisfy (19). Then,
it 1 s < 1
2N +1  me, 2[s—3]+3 7 3ms,’
where the inequality becomes an equality for s approaching 1/2 from the right. Thus,

2 _ 3
5 (L= 172nP) > o (= 5

2 2
27mg, mg,
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where 0 < b < %’?—1, provided that ki + ko > 1. The right-hand side may be optimized
over all admissible b, and we arrive at the inequality of the form

1 c 1
—(1—|f2rt)]?) > —urz t> =, 21
F (L SCROP) > s e il (21)
where ) 5
b 1—ky
Crihe = sup 97 </<52 “ 1% ) , (22)

0<b<LﬁQi1
K2
provided that k1 + k2 > 1 (Note that the sup is attained, so we may keep in (21) the strict
inequality sign). Replacing 27t with ¢ in (21) and using
1 1
5 (1= F®)1?) = 5 A= 1FODA+IF@OD =1 -1 @),
we arrive at

C1,k2
1-— t) > ———— t| > .
e RO E

Finally, if m,,|t| < § , the optimal value in (19) will be N = 0, and (20) becomes

3 (=17 > o (k= 20

K1

Again, replacing 27t with ¢, we arrive at
1—[f(®)] >

9 c,ﬂmt2

2 2 ’
e my,

0 <my,lt] <

with the same constants ¢y, «, as in (22).
Let us summarize the results obtained so far.

Theorem 8. Let a random variable X have density p and the characteristic function f.
Let my, and my, be quantiles or orders k1, Ky for random variables p(X) and | X — X'|, where
X' is an independent copy of X (0 < k1,ky <1, k1 + Ky > 1). Then,

c1
O < 1= o mal 2 (23)
t2
)] < 1- 2, 0 < my,lt| <, (24)
m

K1
where c1,co > 0 are constants, depending on (K1, K2), only.

Recall that the constant ¢; = ¢y, 4, is described in (22),

b2 ( 1— H1>3
Criwe = sup o \ 2~ )
0<b<ﬂ1+,:22_1 27 1 — b

and one may take co = % c1. For example, choosing k1 = 1/2, ko = 7/8, and b = 1/4 in the

sup, we get
S 1 51°
rime = 9697 \24)
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An inspection of the proof of Theorem 8 shows that (23)-(24) remain valid for any number
M > My, in place of my,. In case of finite variance 02 = Var(X), we have Var(X — X') = 202,
and by Chebyshev’s inequality,

1
P{|X—X/]24a}§§:1—/<;2.

So my, < m =40, and as a result, we arrive at the formulation of Theorem 2 with constants

1 5\%1 9
_ ) S = 1.3082... 1075, ey = — ¢y = 2.9823...- 1077
9627 <24> 12 » 2T @

in the inequalities (3)-(4). Theorem 2 is thus proved.
Now, let us turn to the entropic variant of Theorem 2.

Lemma 9. Let X be a random variable with finite variance 0® = Var(X) and finite entropy.
Then, any quantile m,, (0 < k < 1) of the random variable p(X) satisfies

(DO /(1—r) (25)

My 0 <

Ver

Proof. Rewrite the entropic distance to normality as the Kullback-Leibler distance
+oo
D(X) = / p(z) log p(z) dx,
—0c0 Pa,0(2)

where ¢, , is the density of the normal law N(a,0?) with @ = EX and ¢? = Var(X).
First, since p(x) > my on the set V ={z : p(z) > my} and P{X € V} > 1 — &,

/_ ;Oo p(z) log <1 n (pfi”%) dz /V (@) log <1 + @f,f?x)> dz

m
> p(x) log dx
 pnios s

= log(muoV/2m) /vp(:v) dx + 1 (z — a)*p(z) dx

2
20 Vv

v

v

(1 — k) log(mxoV2r).

On the other hand, using the following elementary inequality ¢ log(1+t)—tlogt < 1 (¢ > 0),
we get an upper bound

/+OOP($) log (1 1) )dx B /Jm e o <1+ P >%’U(x) “

— Pa,0(T) —oo Pao(T) Ya,0(7)

“+oo

p(x) p(x)

log Pao(x)dr +1

L. ey ety 2o
= D(X)+1.

Hence, (1 — k) log(m,ov2r) < D(X) + 1, and the lemma follows.

Proof of Corollary 4. This Corollary can be derived, using Lemma 9 with x = 1/2
directly from Theorem 2. However, to get a sharper statement, let 0 < k1, ko < 1, K1+ Ko > 1,
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as in Theorem 8. Combining the inequality (23) with (25), where k = k1, for any m > m,,,
we get

2
Ol <1- =2 <1 = 2T 2000/ (m)

2 72 = 52
M, m m

in the region mlt| > 7. As we have already noted, m,, < m = o 1%, so, for this value m,
V T—r2

1F(8)] <1 —erm (1 — ko) e 2PEFD/A=r) =y >
Similarly, by (24),
1F(8)] <1 —2cy w1202 e 2POH)/(=k1) 0 <mlt] <.

In both inequalities, the coefficient in front of D(X) can be made as close to 2, as we wish,
and with the constants ¢; and ¢z, depending on (k1, k2), as in Theorem 8.
In particular, for ko = 7/8, we have m = 40, so, whenever x; > 1/8,

O] < 1= SF e PO/, olt| > 7

1F()] < 1—2cymtio? e 2PEX)+D/(=r) 0<olt| < %,
In case k1 = 1/2, we arrive at the desired inequalities (6)-(7).

Remark 10. Lemma 1 in the paper of Statulevicius [St] states the following. Let X be
a random variable with density p(z) and characteristic function f(¢). Let p(x) denote the
density of the random variable X — X’, where X’ is an independent copy of X. Then for
any sequence {A;} of non-overlapping intervals on the line with lengths |A;|, for all constants
0 < M; < o0, and for all t € R, one has

t? o 3
101 o =53 s g ) 20

i=1

where
Qi:/ min{p(z), M;} dx.
Ay

In particular, as emphasized in [St], if Var(X) = o2 and p(x) < M, one may take just one
interval A = [~20,20]. Then @1 > 1, so the inequality (26) leads to

t? 1
00 < ew{ - o g |

This may be viewed as a variant of Theorem 1.
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