Correlation functions evolution
for the Glauber dynamics in continuum

Dmitri Finkelshtein*  Yuri Kondratiev! — Oleksandr Kutoviy*

July 1, 2011

Abstract

We construct a correlation functions evolution corresponding to the
Glauber dynamics in continuum. Existence of the corresponding strongly
continuous contraction semigroup in a proper Banach space is shown.
Additionally we prove the existence of the evolution of states and study
their ergodic properties.

1 Introduction

Among all birth-and-death Markov processes on configuration spaces in con-
tinuum the Glauber type stochastic dynamics is the object of permanent in-
terest for discovering. These dynamics have the given reversible states which
are grand canonical Gibbs measures. This gives a standard way to construct
properly associated stationary Markov processes using the corresponding (non-
local) Dirichlet forms related to the considered Markov generators and Gibbs
measures. These processes describe the equilibrium Glauber dynamics which
preserve the initial Gibbs state in the time evolution, see, e.g., [13], [14], [15],
[6]. Note that, in applications, the time evolution of initial state is the subject of
the primary interest. Therefore, we understand the considered stochastic (non-
equilibrium) dynamics as the evolution of initial distributions for the system.
Actually, the Markov process (provided it exists) itself gives a general technical
equipment to study this problem. However, we note that the transition from
the micro-state evolution corresponding to the given initial configuration to the
macro-state dynamics is the well developed concept in the theory of infinite
particle systems. This point of view appeared initially in the framework of the
Hamiltonian dynamics of classical gases, see, e.g., [2].
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The study of the non-equilibrium Glauber dynamics needs construction of
the time evolution for a wider class of initial measures. The lack of the general
Markov processes techniques for the considered systems makes necessary to
develop alternative approaches to study the state evolutions in the Glauber
dynamics. The approach realized in [11], [12], [5] is probably the only known
at the present time. The description of the time evolutions for measures on
configuration spaces in terms of an infinite system of evolutional equations for
the corresponding correlation functions was used there. The latter system is a
Glauber evolution’s analog of the famous BBGKY-hierarchy for the Hamiltonian
dynamics.

Here we extend constructive approach developed in [5] to correlation func-
tion evolution of the Glauber dynamics in continuum. We describe a reasonable
Banach space where the evolution problem can be solved. Moreover, we con-
struct an explicit approximation by bounded operators of the corresponding
evolutional semigroup. We prove that functions in this evolution stay corre-
lation functions of some measures (states) on configuration spaces; this means
that we show the existence of states evolution. At the end we obtain the ergodic
properties of the state evolution.

2 Basic facts and notation

Let B(R?) be the family of all Borel sets in R, d > 1; By, (R?) denote the system
of all bounded sets in B(RY).

The configuration space over space R? consists of all locally finite subsets
(configurations) of R, namely,

I'=Tga := {’y C R? ’ [y NA| < oo, forall A e Bb(Rd)}. (2.1)

The space I is equipped with the vague topology, i.e., the minimal topology for
which all mappings I' > v — > f(z) € R are continuous for any continuous
function f on R? with compact support; note that the summation in Yo N f(z)
is taken over only finitely many points of v which belong to the support of f.
In [10], it was shown that I" with the vague topology may be metrizable and it
becomes a Polish space (i.e., complete separable metric space). Corresponding
to this topology, Borel o-algebra B(T") is the smallest o-algebra for which all
mappings I' 3 v +— |[ya| € Ny := NU {0} are measurable for any A € By,(R?).
Here y5 := v N A, and | - | means the cardinality of a finite set.

The space of n-point configurations in an arbitrary Y € B(R?) is defined by

i = {ncy|m=n} nen.

We set also Fg? )= {0}. As a set, Fgf ) may be identify with the symmetrization
of

yn = {(wl,...,xn) eyn

oy # ifk;él}.



Hence one can introduce the corresponding Borel o-algebra, which we denote
by B(Fg}l )). The space of finite configurations in an arbitrary Y € B(R?) is

defined by
Loy = | | T¥.

n&eNp

This space is equipped with the topology of disjoint unions. Therefore, one can
introduce the corresponding Borel o-algebra B(I y). In the case of Y = R? we

will omit the index Y in the notation, namely, I'g := I'g ga, rm .= Fﬁ{fi).
The restriction of the Lebesgue product measure (dz)" to (I'™, B(I'™)) we

denote by m(™. We set m(® := d7py- The Lebesgue—Poisson measure A on I'g
is defined by

oo

1 n
kz}ZamU. (2.2)
n=0

For any A € By(R?) the restriction of A to 'y := I'ga will be also denoted
by A. The space (F,B(F)) is the projective limits of the family of spaces
{(FA’B(FA))}AeBb(Rd)' The Poisson measure m on (T',B(T')) is given as the

projective limit of the family of measures {WA}Aelgb(Rd) where 7 = e=(M)\
is the probability measure on (T'y, B(T's)). Here m(A) is the Lebesgue measure
of A € By(R?).

For any measurable function f : R — R we define a Lebesgue—Poisson
exponent

6)\(f7 77) = H f(x)7 ne FO; 6)\(.fa @) =1 (23)

reEN

Then, by (2.2), for f € L(R¢, dz) we obtain ey (f) € L'(T'g,d\) and

/Fo ex(f,mdA(n) = exp{ y f(x)dx}. (2.4)

A set M € B(Ty) is called bounded if there exists A € B,(R?) and N € N

such that M C |_|£LV=0 I‘E\"). We will use the following classes of functions on I'y:
LIOS(FO) is the set of all measurable functions on Iy which have a local support,
i.e. G € L{(Ty) if there exists A € By(R?) such that G [py\r,= 0; Bys(Tp) is
the set of bounded measurable functions with bounded support, i.e. G' [\ p= 0
for some bounded B € B(Ty).

Any B(Tg)-measurable function G on 'y, in fact, is a sequence of functions
{g }neNg where G(™) is a B(I'™)-measurable function on I'").

On I' we consider the set of cylinder functions Fgy(I"). These functions are
characterized by the following relation: F'(y) = F [r, (ya)-

There is the following mapping from LY (T) into Feyi(I'), which plays the
key role in our further considerations:

KG(y):=)Y _ G(n), 7eT, (2.5)

ney



where G € L{.(Ty), see, e.g., [9, 16, 17]. The summation in (2.5) is taken over all
finite subconfigurations n € Ty of the (infinite) configuration v € T'; we denote
this, by the symbol, n € v. The mapping K is linear, positivity preserving, and
invertible, with

K'F(n) =) (-1)"™IF(©), neT,. (2.6)
£Cn

Here and in the sequel inclusions like £ C 7 hold for £ = () as well as for £ = 7.
We denote the restriction of K onto functions on 'y by Kj.

For any fixed C' > 1 we consider the following space of B(I'g)-measurable
functions

Lo = {Gifo—’R‘ iGle= [ GOICTaNm <oof. @1

In the sequel, Elg denotes the set L?S(FO) N Lo. The space Lo can be made
into a Banach space in a standard way; simply taking the quotient space with
respect to the kernel of || - ||¢. To simplify notations, we use the same symbol
L¢ for the corresponding Banach space.

A measure p € Mj (T') is called locally absolutely continuous with respect
to (w.r.t. for short) Poisson measure 7 if for any A € By,(R?) the projection of
p onto T'y is absolutely continuous w.r.t. projection of 7 onto I'y. By [9], in
this case, there exists a correlation functional k, : I'o — R4 such that for any
G € Bps(T'o) the following equality holds

/F(KG)(”Y)CZM(’Y) =/ G()ky(m)dA(n). (2.8)
0
Restrictions kﬁn) of this functional on Fén), n € Ny are called correlation func-

tions of the measure p. Note that k,&o) =1
We recall now without a proof the partial case of the well-known technical
lemma (cf., [15]) which plays very important role in our calculations.

Lemma 2.1. For any measurable function H : Ty x I'g x T'g — R

/FZH@,n\f,n)dA(n):/Fo [ HEnuon©nm @9

0¢écCn

if only both sides of the equality make sense.

3 Non-equilibrium Glauber dynamics in contin-
uum

Let ¢ : R? — R, := [0;+00) be an even non-negative function which satisfies
the following integrability condition

Cy = / (1- efd’(x))dx < 400 (3.1)
R4
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For any v € T, z € R?\ 7 we set

=3 d(a—y) € [0:00]. (3.2)

yey

Let us define the (pre-)generator of the Glauber dynamics: for any F €
Feyi(T) we set

(LF)(7) =Y _[F(y\z) — F(7)] (3.3)

xTeEy

+ z/ [F(yUz) — F(v)] exp{—E¢(m,7)}dm, vyel.
Rd

Here z > 0 is the activity parameter. Note that for any F' € Feyi(I') there exists
A € By (R?) such that F(y\z) = F(y) for any @ € yxc and F(yUz) = F(y) for
any x € A°; note also that exp{—E‘f)(as7 'y)} < 1; therefore, sum and integral in
(3.3) are finite.

In [5], it was shown that the mapping L := K~'LK given on Bys(Ig) by
the following expression

(LG)(n) = — [n|G(n) (3-4)
+ zZ/ “E@OG(E Un)en(e ¥ — 1, €)da

£Cn

is a linear operator on Lo with the dense domain D(L ) = Loc C Lo I
additionally,
z <min{Ce ““%; 20e 29}, (3.5)

then (ﬁ D(ﬁ)) is closable linear operator in £ and its closure (Which we denote

by L also) generates a strongly continuous contraction semigroup T( )on Le¢.

Let us define d\¢ := Cl'ld\. The topologically dual space is the space
(Lo) = (L'(To,dAe)) = L®(Tg,dA¢). The space L>(T'g,dA¢) is isometri-
cally isomorphic to the Banach space

Ke = {k; ‘To =R ‘ k-l e LOO(FO,)\)}

with the norm ||k|/xc, = ||C~ ()
by the isometry R¢

|| Lo (To0)’ where the isomorphism is provided

(Lo) 2 k+— Rek:=k-Cll e Ke. (3.6)

In fact, we may say about a duality between Banach spaces Lo and K¢,
which is given by the following expression

(G k)= [ G kd\ GeLe, kekKe (3.7)
To



with
(G k) < Gl - [kl (3.8)
It is clear that for any k € K¢

k()] < ||kllxe €M for A-a.a. i € Ty, (3.9)

Let (ﬁ', D(ﬁ')) be an operator in (L)’ which is dual to the closed operator
(I:, D(ﬁ)) We consider also its image in K¢ under isometry R¢o, namely, let
L* = RAC.i//Rcfl with a domain D(L*) = RgD(L'). Then, for any G € D(L),
k € D(L*)

G -L*kd\= | G- -RcL'Re-1kd\= | G-L'Ro-1kd\e
T'o To To

:/ EG-Rcflkd)\C:/ LG - kd),
To o

therefore, L* is the dual operator to L w.r.t. the duality (3.7).
By [7], we have the precise form of L* on D(L*):

(L*k)(n) = — [nlk(n) (3.10)
+zy e M) / ex(e7 ™) — 1LOk((n\ z) UE) dA(9).

Under condition (3.5), we consider the adjoint semigroup 7"(t) in (L¢)’
and its image T*(t) in Lc. Now, we may apply general results about adjoint
semigroups (see, e.g., [3]) onto the semigroup T*(¢). The last semigroup will
be weak*-continuous, moreover, weak*-differentiable at 0 and L* will be weak*-
generator of T*(t) Here and below we mean “weak*-properties” w.r.t. duality
(3.7). Let

Ke = {k e Ke | 3lm 17" Ok — ke, = 0}. (3.11)

Then K¢ is a closed, weak*-dense, T*(t)—invariant linear subspace of K. More-
over, K¢ = DA(f/*) (the closure is in the norm of K¢). Let TO(t) denote the
restriction of T*(t) onto Banach space K¢. Then T(t) is a Co-semigroup on
K¢ and its generator L® will be part of L*, namely,

D(L®) = {k € D(L") ) L'k e D(L7)}

and L*k = LOFk for any k € D(IA/QA).
And now we consider another 7™(¢)-invariant subspace. We present, at first,
the useful subspace in D(L*).

Proposition 3.1. For any a € (0;1) the following inclusions hold Koo C
D(L*) ¢ D(L*) ¢ K.




Proof. Let a € (0;1) and k € K¢ then, using (2.4) and (3.9), for M-a.a. n € Iy
we may estimate

ikl + 3 [ ex (1= ,€) Mk (0 a) U A (©

xen

<O | k..., (aC)'™
+30 [ (1= g) e bl (a0) O d(g)
T'o

xen

1 —(z—-
=aly] ||k||,€ac+w||k||,caca|"|2/r ex (aC (1—e o >),5) dA(€)

TEN

1
=l [kl + o0 Mkl ol || exp {aCCy}

-1 1
<1 + oo &P {aCC¢}> )

< Mlkoe T1a

1 .
for any o € (0;1) and = > 0. Using the definition of D(L*)
a

and Lemma 2.1 we get immediately the statement of the proposition. O

since ra® < —

Remark 3.2. By the same arguments, the set of all functions k € K¢ such that
1
[l
is a subset of D(ﬁ*) Due to the elementary inequality o® < const -z~ for any

a € (0;1), z > 0, we have that this set contains . But the smaller set Ko
is more useful for our calculations.

|k(n)| < const - —C!"l. 5 eTy\ {0}

Proposition 3.3. Suppose that (3.5) is satisfied. Furthermore, we additionally
assume that
z<Ce %, if CCy<In2. (3.12)

Then there exists ap = ag(2,¢,C) € (0;1) such that for any a € (ao; 1) the set
Kac is the T*(t)-invariant linear subspace of K¢ .

—x

Proof. Let us consider function f(z) := xze™®, x > 0. It has the following prop-
erties: f is increasing on [0; 1] from 0 to e~! and it is asymptotically decreasing
on [1;+00) from e™! to 0; f(z) < f(2z) for z € (0,In2); z = In2 is the only
non-zero solution to f(x) = f(2z).

By assumption (3.5), 2Cy < min{CCye=¢%s, 2CC4e~2¢Cs}. Therefore, if
CCye=CC% £ 20C4e2¢% then (3.5) with necessity implies

20y < et (3.13)

This inequality remains also true if CCy = In2 because of (3.12). Under condi-
tion (3.13), the equation f(z) = 2Cy has exactly two roots, say, 0 < z1 < 1 <
zg < +00. Then, (3.12) implies z1 < CCy < 2CCy < z5.



If CCy > 1 then we set o := max {%, %%; %} < 1. This yields 2aCCy > CCy

and aCCy > 1 > z1. If 11 < CCy < 1 then we set o := max{%; C%@%} <1
that gives 2aCCy > CCy and aCCy > ;.

As a result,
r1 < OéCC¢, < CO¢ < QOéCng < QOC¢ < x5 (314)

and 1 < aC < C < 2aC < 2C. The last inequality shows that Lo C Lo C
Lo C Lac. Moreover, by (3.14), we may prove that the operator (ﬁ,ﬁgac) is
closable in L,¢ and its closure is a generator of a contraction semigroup T, (t)
on Lyc. The proof is identical to that in [5].

It is easy to see, that Th(t)G = T(t)G for any G € Lc. Indeed, from
the construction of the semigroup 7'(t), see [5], and analogous construction for
the semigroup T, (t), we have that there exists family of mappings ]55, 6>0
independent of o and C, namely,

(B:G) =3 (19 [ (56 (¢uw) (3.15)
£Cn To
X H e B ) H (efEd)(y’“’) — 1) d\(w), mneTy.
yes yeEN\§

such that 135[3] for any ¢t > 0 strongly converges to T'(t) and T, (t) in Lo and
Lo, correspondingly, as 6 — 0. Here and below [-] means the entire part of a
number. Then for any G € Lo C Loc we have that T(t)G € Lo C Loc and
T (t)G € Loc and

t

IT()G = Tu(H)Glac < |[T()G - plHla toa - plilg

+|
aC

<|[rwe - Pﬁ]GHC + |06 - plila

aC

— 0,
aC

as § — 0. Therefore, Tt)G = To(t)G in Loc (recall that G € L¢) that yields
T(t)G(n) = To(t)G(n) for A-a.a. n € Ty and, therefore, T'(t)G = T, (t)G in Lc.
Note that for any G € Lo C Loc and for any k£ € Koo C Ko we have

Ta(t)G € L,c and
(t06.8) - G700,

where, by construction, Té (t)k € Koc. But G € L, k € K¢ implies

<<Ta(t)G,k>> - <<T(t)G, k>> - <<G,T*(t)k>>.

Hence, ’f’*(t)k: = Ta* (t)k € Kuac, k € Koo that proves the statement. O

Remark 3.4. As a result, (3.5) implies that for any kg € D(L*) the Cauchy
problem in K¢

a A>|<
gt = Lk (3.16)
kt‘t:O = ko



has a unique mild solution: k; = T*(t)kg = T®(t)ko € D(L*). Moreover,
ko € Koo implies k; € Koo provided (3.12) is satisfied.

Remark 3.5. The Cauchy problem (3.16) is well-posed in Ko = D(ﬁ*), i.e., for
every ko € D(L®) there exists a unique solution k; € K¢ of (3.16).

Let (3.5) and (3.12) be satisfied and let ag be chosen as in the proof of
Proposition 3.3 and fixed. Suppose that « € (ag;1). Then, Propositions 3.1
and 3.3 imply Koc C D(L*) and the Banach subspace Kqc is 7*(t)- and,
therefore, 7T© (t)-invariant due to the continuity of these operators.

Let now T©%(t) be the restriction of the strongly continuous semigroup 7' (¢)
onto the closed linear subspace K,c. By general result (see, e.g., [3]), o (t)
is a strongly continuous semigroups on Kyco with generator L which is the
restriction of the operator Lo, Namely,

D(LO%) = {k € Kuc ’ Lk e m} (3.17)

and R R . .
Lo = L®k = L*F, ke D(LQO‘) (3.18)

Since T'(t) is a contraction semigroup on L¢, then, T”(t) is also a contraction
semigroup on (L¢)'; but isomorphism (3.6) is isometrical, therefore, 7% (t) is a
contraction semigroup on K¢. As a result, its restriction 7 ©a(¢) is a contraction
semigroup on K,c. Note also, that by (3.17),

Dyc = {k € Kac ‘ f/*k S m}

is a core for Lo in Kac.
By (3.15), for any k € Koc, G € Bps(T'o) we have

[ (B )k () 2 (0

= 1=k [ @G Euw J[e P @

~/F0 % /FO yl;[ﬁ

<11 (e—Ed)(W) _ 1) dX (w) k (1) dX ()

yen\§

5)\é o] —E%(yw)

(20)'G(EUw)|]e

=f fao 1
I (e —1)dA(w)k(nU£)dA(£)dA(n)
1 \f\w 25 |w] G e—E¢(y w

/I‘o /Fo wC¢E ygw

< T (709 = 1) kmug\w)dr(© dr(m),

Yyen



therefore,

(Bik) () =>_ (1= 0" (zo)! T e B ) (3.19)
wCn yEN\w
equb(y’“’) — w .
/Hﬁ( 1) k(€U W) dA (9

Proposition 3.6. Suppose that (3.5) and (3.12) are fulfilled. Then, for any
k € Doc and a € (ag, 1), where ag is chosen as in the proof of Proposition 3.3,

= 0. (3.20)

Proof. Let us recall (3.10) and define
(B k) (n) = (1 )"k (n);
(B; k) () =26 (1= )" ey (79 \ )

<[ e (7 1) k(e Un\ ) a(©);

and P22 = pr _ pr®) _ pri),
We will use the following elementary inequality, for any n € NU{0}, 6 € (0;1)
1—-(1-9) <5n(n71).
0 - 2
Then, for any k € Koo and M-a.a. n € Tg, n # 0

0<n—

¢~

S = k() + k(o)

1—(1=o8)| ¢
< [kl Il — 5)‘ < §||k|\;cuca'”'|nl(ln| -1 (3:21)

[nl
aC’a

and the function o”x(z — 1) is bounded for z > 1, a € (0;1). Next, for any
k€ Koc and M-a.a. n €Tg, n# 0

c~ |1 )— =z exle ‘bw_‘)m\x
P ;7/ A )
xex (e*¢<x*-> - 1,5) FEeUn\2)ar()
<|k| ac—alnl §)m=1 ex (aC(e ?@=) 1), &) dA(€)
> ) [ ex (oc )
< kllx. 7Oé|17lz §)"= Y exp {aCCy}
TeEn
<[kllkac %a'”'élnl(lm — 1) exp{aCCs}. (3.22)

10



which is small in § uniformly by |n|. Now, using inequality

1— e El(yw) _ 1_He—¢(f y)<Z(1_e (z— y))’

TrTEW TEW
we obtain
,C WS (1= g (z5) < e, <€—E¢(-,w)7n\w)
wCn
|w|>2

€) IK(E U\ w)ldA (€)

X / ey (‘e’m("“’) —1
o

1 EL !
el s 30 1= (2 ewtaccs)

wCn
lw|=2

recall that o > ay, therefore, zexp{aCCy} < aC, and one may continue

1 w| clw
SElcacal™s D7 (1 -8 g

wCn

lw|>2
| |Z|n| [nl! Inl—k
— i : 1 _ n— k—2
Hk||lcac6a —~ k‘ (|77| _ k)' ( 6) 6
| |n22 ik fnl—k—2
— n : 1— n—r— k
= [kllic.c00 7] (Jn] — 1) ” (1= )=k g*
(I — & — 2)!
In] g ‘ | |—2 Inl—2—k ok
< lacal ol (ol - 1) S e UL
k=0 :
= [|kllxc, 50! [n] (In] = 1). (3.23)
ombining inequalities (3.21)—(3.23) we obtain (3.20).
Comb lities (3.21)—(3.23) btain (3.20) O

We recall now well-known approximation result (cf., e.g., [4, Theorem 6.5])

Lemma 3.7. Let L, L,,, n € N be Banach spaces, and p,, : L — L, be bounded
linear transformation, such that sup, ||pn| < oco. For any n € N, let T, be
a linear contraction on Ly, let €, > 0 be such that lim,, ... €, = 0, and put
A, =e; YT, —1). Let Ty be a strongly continuous contraction semigroup on L
with generator A and let D be a core for A. Then the following are equivalent:

1. For each f € L, ||Tt/€"pnf —pnLifll, — 0, n — oo forallt > 0
uniformly on bounded intervals. Here and below [- ] mean the entire part
of a real number.

11



2. For each f € D, there exists f, € L,, for each n € N such that
II[fn = pufllL, — 0 and |[An fr — pnAfllL, — 0, n — oo.

Theorem 3.8. Let ag be chosen as in the proof of the Proposition 3.3 and be
fized. Let a € (ap;1) and k € K¢ be given. Then

(B0 — Tk, 60

in the space Koo with norm ||+ ||k for allt > 0 uniformly on bounded intervals.

Proof. We may apply Proposition 3.6 to use Lemma 3.7 in the case L, = L =
£aCapn:]17fn:f:k,é‘n:a—)O,nEN. O

4 Positive definiteness

Definition 4.1. A measurable function k£ : I'y — R is called a positive defined
function (cf. [16, 17]) if for any G € L) (Ty) such that KG > 0 and G € L¢ for
some C' > 1 the following inequality holds

G (n) k(n)dA(n) = 0.
To
In [16, 17], it was shown that if k is a positive defined function and |k(n)| <
CIl(In|N2, n € Ty then there exists a unique measure p € M} (T') such that
k = k, be its correlation functional in the sense of (2.8). Our aim is to show
that the evolution k +— TtQk preserves the property of the positive definiteness.

Theorem 4.2. Let (3.5) holds and k € D(L*) C K¢ be a positive defined

function. Then ky := TPk € D(I:*) C K¢ will be a positive defined function for
any t > 0.

Proof. Let C > 0 be arbitrary and fixed. For any G € L5 we have

G (n) ks (n) dA (n) = / (T,G) () k (n) A (1) (4.1)

To To

By [5, Proposition 3.10], under condition (3.5), we obtain that

T7r,, G () = Ir,, (0)(T.G) ()| C"dA () =0,

lim
n—0

Ta,

where for n > 2 R
T, = P

and A,, /' R%. Note that, by the dominated convergence theorem,

/F (TyG) () k () dA (n) = lim LI, (n) (T:G) () k (n) dX (n)

n—oo FO

= lim (T,G) () k () dA (n).

n—oo FAn

12



Next,

/F (T:G) (n) k (n) dX (n) — / T, G (n)k(n)dX (n)

FAn

< [ [TEe, 6 ) = e, (0EE) ()] k() d ()

<[kl /
T'a

Therefore,

/F (BG) (m k() dA() = tim [ T000, G km)dA(m).  (42)

—
n o0 FAn

T, G (1) = ey, (1)(TG) ()] CMdA (n) 0, 0 — oc.

n

Our aim is to show that for any G' € L the inequality KG > 0 implies

G (n) ke (n) dX (n) > 0.

Lo

By (4.1) and (4.2), it is enough to show that for any m € N and for any G € L
such that KG > 0 the following inequality holds

[ U T e G kA () 20, m e N (4.3)
To

The inequality (4.3) is fulfilled if only
Klp, TG, >0, (4.4)
where Gy, := 1ir, G. Note that

(Klp, , T'Gn) (7) = Ty, () (T3'Ga) () (4.5)

ney

= 3 (@76 () = (KTGy) ()

NCYAR

for any m € Ny. In particular,
(KGn) (v) = (Klr,,G) (v) = (KG) (a,) > 0. (4.6)

Let us now consider any G € EIC% (stress that G is not necessary equal to 0
outside of I'x,,) and suppose that (KG) (y) > 0 for any v € I'y,,. Then

(KTuG) (3a,) = (KPY"G) (3a,) = (P2 KG) () (47)

“Ere) S () (-0

NCYAR

() L0 (K8 (1, \m) ) @) 2 0

YyEw

13



By (4.6), setting G = G,, € L5 we obtain, because of (4.7), KT,,G,, > 0. Next,
setting G = T,G,, € L5 we obtain, by (4.7), KT?G,, > 0. Then, using an
induction mechanism, we obtain that

(KT;"Gy) (7a,) = 0, m € No,

that, by (4.4) and (4.5), yields (4.3). This completes the proof. O

5 Ergodicity

Let k € Koc be such that k(@) = 0 then, by (3.19), (Pik) (0) = 0. Class of all
such functions we denote by K2.

Proposition 5.1. Assume that there exists v € (0;1) such that
z < min{uC’e*CC‘f’; QC’e*QCC‘ﬁ}. (5.1)

Let, additionally, o € (a3 1), where ag is chosen as in the proof of the Propo-
sition 3.3. Then for any 6 € (0;1) the following estimate holds

|25 1

fa

<1-(1-w)d. (5.2)
Proof. Tt is easily seen that for any k € K the following inequality holds

[k ()] < Lyjso [l C, A—aca. 1 € To.

Then, using (3.19), we have
o (Bik) ()|

<M ST (1= 6y (zg)! /F [T (1—e = 09) k(un\w)dA(©)

wCn yEeE
|w]
w| [ 20 _ w
<kl Y (1= a)n (C) / II (1 —e P )) ClI g4 pwi>0dA (€)
wCn Toyee
|w]
wl [ 20 _ w
=l > (1= 8" <C> / 1T (1 —e B >) ClElan (¢)
wGn Toyee
In]
20 _ w
e, (32) [ TL(1- 0 cg.pan (@
Poyee
|w]
wl (20 _ w
I, S -9 () [ T (1= =) el
wGn Toyee
In] In]
z0 _ w z0
+ ||kH;cc <C> /F H (1 _ B, )) Clelax &) — Hk“Kc <C>
0yeg

14



=[Ikllce D (1= 6)" (?)'w' / [1(1-e 7w clange)

wCn

28 [
~ il (%)
ol
_ _ syl (29 B (yw)
_HkH/CcZ(l J) (C’) exp{C/Rd (1 e )dy

wCn

In]
26
Il (3)

< I, 3 1-9" (2)

wCn

25\ 17
<kl - (1 =8 @o) ! — k], ( & )

wCn

|w] 25 [n]
exp (CCalol} ~ bl ()

[n|—1 J
20 1—4] 20
il (1= =00 = 2) X - -ne) b
c - = C
[n|—1 J
20 1)
< _ ol i
el (1-0-05-2) X (%)
7=0
[l
20 17(@)
Ml (1- @ -ms- 2) 1L
c C’ 1_66
20 1
<||kH1c <1 (1-v)é C> —5
C
(1-v)é
— [kl (1 B2 <kl (1 (- 0)9),
C

where we have used that, clearly, z < vC' < C. The statement is proved.

Remark 5.2. Condition (5.1) is equivalent to (3.5) and (3.12).
Suppose that (cf. (3.13))

2Cy < (2¢)71,

then (see, e.g., [6] for details) there exists a Gibbs measure p on (T, B(T")) cor-
responding to the potential ¢ > 0 and activity parameter z. We denote the
corresponding correlation function by k,. The measure p is reversible (sym-
metrizing) for the operator defined by (3.3) (see, e.g., [6], [13]). Therefore, for
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any F e KBbS(Fo)
/ LF(y)du(y) = 0. (5.4)
r
Theorem 5.3. Let (5.3) and (5.1) hold and let o € (ap; 1), where v is chosen

as in the proof of Proposition 3.3. Let ko € Koo, ki = Tea(t)ko. Then for any
t>0

ke = kullco < €07 lko — kullice. (5.5)

Proof. First of all, let us note that for any o € (ap;1) the inequality (3.14)
implies 2 < aCexp{—aCCy}. Hence k,(n) < (aC)", n € Ty. Therefore,
ku € Koo C KacND(L*). By (5.4), for any G € Bus(To) we have (LG, k,,)) = 0.
It means that L*k, = 0. Therefore, L%k, = 0. As a result, T®%(t)k, = k,,.
Let 7o = ko — ku € Kac. Then ry € K9 and

ke = Fullice = |

<)t

T@a (t)’r‘o H/Cc

o [Eem - (25) 5l

Ko

<18 tes |- ol + 7o 00— (25,

Kc

< (1= (= 0)0) rollee + |7 @ro — (21) 1

3

Kc

7‘0‘

since 0 < 1—(1-v)§ <1and £ < [£] + 1. Taking the limit as § | 0 in the
right hand side of this inequality we obtain (5.5). O
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