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Abstract

Let I" denote the space of all locally finite subsets (configurations) in
R?. A stochastic dynamics of binary jumps in continuum is a Markov
process on I' in which pairs of particles simultaneously hop over R%. We
discuss a non-equilibrium dynamics of binary jumps. We prove the exis-
tence of an evolution of correlation functions on a finite time interval. We
also show that a Vlasov-type mesoscopic scaling for such a dynamics leads
to a generalized Boltzmann non-linear equation for the particle density.
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1 Introduction

Let I' = I'(R?) denote the space of all locally finite subsets (configurations) in
R?, d € N. A stochastic dynamics of jumps in continuum is a Markov process
on I' in which groups of particles simultaneously hop over R, i.e., at each jump
time several points of the configuration change their positions.

The simplest case corresponds to the so-called Kawasaki-type dynamics in
continuum. This dynamics is a Markov process on I' in which particles hop over
R? so that, at each jump time, only one particle changes its position. For a
study of an equilibrium Kawasaki dynamics in continuum, we refer the reader
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to the papers [11-13,17,18,20, 21] and the references therein. Under the so-
called balance condition on the jump rate, a proper Gibbs distribution is an
invariant, and even symmetrizing measure for such a dynamics, see [13]. To
obtain a simpler measure, e.g. Poissonian, as a symmetrizing measure for a
Kawasaki-type dynamics, we should either suppose quite unnatural conditions
on the jump rate, or consider a free dynamics. In the free Kawasaki dynamics,
in the course of a random evolution, each particle of the configuration randomly
hops over R? without any interaction with other particles (see [19] for details).

In the dynamics of binary jumps, at each jump time two points of the (in-
finite) configuration change their positions in R?. A randomness for choosing
a pair of points provides a random interaction between particles of the system,
even in the case where the jump rate only depends on the hopping points (and
does not depend on the other points of the configuration). A Poisson measure
may be invariant, or even symmetrizing for such a dynamics. In the first part
of the present paper [10], we considered such a process with generator

(LF)(v) = Z Q(x1,x2,dhy x dhs)

{z1,22}Cy (R
X (F(’y\{xl,x2}u{x1+h1,x2+h2})—F(’y)). (11)

Here, the measure Q(x1,za,dh; x dhg) describes the rate at which two parti-
cles, 1 and xo, of configuration v simultaneously hop to 1 + hy and s + hao,
respectively. Under some additional conditions on the measure ), we studied
a corresponding equilibrium dynamics for which a Poisson measure is a sym-
metrizing measure. We also considered two different scalings of the rate measure
@, which led us to a diffusive dynamics and to a birth-and-death dynamics, re-
spectively.

In the present paper, we restrict our attention to the special case of the
generator (1.1). We denote the arrival points by y; = x; + h;, ¢ = 1,2. An
(informal) generator of a binary jump process of our interest is given by

= 3 > [ / (e am)
F(y\{z1, 22} U{y1,52}) — F (7)) dyrdya.  (1.2)

Here
c(z1, 22,91, y2) = c ({71, 22}, {y1,92}) (1.3)

is a proper non-negative measurable function. Our aim is to study a non-
equilibrium dynamics corresponding to (1.2). Note that the Poisson measure
with any positive constant intensity will be invariant for this dynamics. If,

additionally,
c({z1, 22} {y1,92}) = c({y1, y2} . {z1,22}) (1.4)

then any such measure will even be symmetrizing.
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It should be noted that similar dynamics of finite particle systems were
studied in [2,3,14]. In particular, in [3], the authors studied a non-equilibrium
dynamics of velocities of particles, such that the law of conservation of momen-
tum is satisfied for this system. However, the methods applied to finite particle
systems seem not to be applicable to infinite systems of our interest.

Let us also note an essential difference between lattice and continuous sys-
tems. An important example of a Markov dynamics on lattice configurations
is the so-called exclusion process. In this process, particles randomly hop over
the lattice under the only restriction to have no more than one particle at each
site of the lattice. This process may have a Bernoulli measure as an invariant
(and even symmetrizing) measure, but a corresponding stochastic dynamics has
non-trivial properties and possesses an interesting and reach scaling limit behav-
ior. A straightforward generalization of the exclusion process to the continuum
gives a free Kawasaki dynamics, because the exclusion restriction (yielding an
interaction between particles) obviously disappears for configurations in contin-
uum. To introduce the simplest (in certain sense) interaction, we consider the
generator above.

The generator (1.2) informally provides a functional evolution via the (back-
ward) Kolmogorov equation

% = LFt, Ft ’t:O: F(). (15)
However, the problem of existence of a solution to (1.5) in some functional space
seems to be a very difficult problem. Fortunately, in applications, we usually
need only an information about a mean value of a function on I' with respect to
some probability measure on I', rather than a full point-wise information about
this function. Therefore, we turn to a weak evolution of probability measures
(states) on I'. This evolution of states is informally given as a solution to the
initial value problem:

G P = (LFaw), e = o, (1.6)
provided, of course, that a solution exists. Here (F, ) = [ F(7)dp(y).

The problem (1.6) may be rewritten in terms of correlation functionals k;
of states p;. The corresponding dynamics of an infinite vector of correlation
functions has a chain structure which is similar to the BBGKY-hierarchy for
Hamiltonian dynamics. The corresponding generator of this dynamics has a
two-diagonal (upper-diagonal) structure in a Fock-type space. Note that the
most important case from the point of view of applications, being also the most
interesting from the mathematical point of view, is the case of bounded (non-
integrable) correlation functions. Because of (1.6), the dynamics of correlation
functions should be treated in a weak form. Therefore, we consider a pre-dual
evolution of the so-called quasi-observables, whose generator has a low-diagonal
structure in a Fock-type space of integrable functions.

The paper is organized as follows. In Section 2, we describe the model and
give some necessary preliminary information. Section 3 is devoted to the func-
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tional evolution of both quasi-observables and correlation functions. We derive
some information about the structure and properties of the two-diagonal gener-
ator of the dynamics of quasi-observables (Propositions 3.1 and 3.3). We further
prove a general result for a low-diagonal generator, which shows that the evolu-
tion may be obtained, for all times, recursively in a scale of Banach spaces whose
norms depend on time (Theorem 3.5). Next, we construct a dual dynamics on a
finite time interval (Theorem 3.6). We show that this dynamics is indeed an evo-
lution of correlation functions, which in turn leads to an evolution of probability
measures on I' (Theorem 3.9). In Section 4 we consider a Vlasov-type scaling
for our dynamics. The limiting evolution (which exists by Proposition 4.4) has
a chaos preservation property. This means that the corresponding dynamics
of states transfers a Poisson measure with a non-homogeneous intensity into a
Poisson measure whose non-homogeneous intensity satisfies a non-linear evolu-
tion (kinetic) equation. We finally present sufficient conditions for the existence
and uniqueness of a solution to this equation (Proposition 4.6).

It is worth noting that we rigorously prove the convergence of the scaled
evolution of the infinite particle system to the limiting evolution (which in turn
leads to the kinetic equation). This seems to be a new step even for finite
particle systems.

2 Preliminaries

Let B(RY) be the Borel o-algebra on RY, d € N, and let By,(R?) denote the
system of all bounded sets from B(R?). The configuration space over R? is
defined as the set of all locally finite subsets of R%:

I':= {7 c R¢ ’ |ya| < oo for any A € By, (RY) }

Here | - | denotes the cardinality of a set and 4 := v N A. One can iden-
tify any v € I' with the positive Radon measure ) .. 0, € M(R?), where
S, is the Dirac measure with mass at x, and M(R?) stands for the set of all
positive Radon measures on B(R?). The space I' can be endowed with the rel-
ative topology as a subset of the space M(R?) with the vague topology, i.e.,
the weakest topology on I' with respect to which all maps I' 3 v — (f,7) :=
Jga F(@)y(dx) = Y., f(2), f € Co(R?), are continuous. Here, Co(R?) is the
space of all continuous functions on R? with compact support. The correspond-
ing Borel o-algebra B(I') coincides with the smallest o-algebra on I' for which
all mappings I' 3 v+ |ya| € Ny := NU {0} are measurable for any A € By, (R%),
see e.g. [1]. Tt is worth noting that I is a Polish space (see e.g. [16]).

Let Fey1(I') denote the set of all measurable cylinder functions on I'. Each
F € F.1(T) is characterized by the following property: F(y) = F(ya) for some
A € By(R?) and for any v € T

A stochastic dynamics of binary jumps in continuum is a Markov process
on I' in which pairs of particles simultaneously hop over R?, i.e., at each jump
time two points of the configuration change their positions. Thus, an (informal)
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generator of such a process has the form (1.2), where c¢(x1,x2,y1,y2) is a non-
negative measurable function which satisfies (1.3) and

c(x1,x2,-,-) € LL (R x RY)  for a.a. x1,z € RY.

The function ¢ describes the rate at which pairs of particles hop over R?.

Remark 2.1. Note that, in general, the expression on the right hand side of (1.2)
is not necessarily well defined for all v € T', even if F' € F(I"). Nevertheless,
for such F, (LF) (y) has sense at least for all v € T’ with || < oo.

In various applications, the evolution of states of the system (i.e., measures
on the configuration space I') helps one to understand the behavior of the process
and gives possible candidates for invariant states. In fact, various properties of
such an evolution form the main information needed in applications. Using the
duality between functions and measures, this evolution may be considered in a
weak form, given, as usual, by the expression

(Fo) = / F(7)du(). (2.1)

Therefore, the evolution of states is informally given as a solution to the initial
value problem:

d
£<F7 pe) = (LF, ), Mt |, o= Ho; (2.2)

provided, of course, that a solution exists. For a wide class of probability mea-
sures on I', one can consider a corresponding evolution of their correlation func-
tionals, see below.

The space of n-point configurations in an arbitrary Y € B(R?) is defined by

T (y) = {n cy ‘ In| = n} neN.

We set IO (Y) := {#}. As aset, ™ (Y) may be identified with the quotient of
Yn = {(xl, s Tp) EYT ‘ x £ xp if k # l} with respect to the natural action
of the permutation group S,, on yn, Hence, one can introduce the corresponding
Borel o-algebra, which will be denoted by B (F(”)(Y)). The space of finite
configurations in an arbitrary Y € B(R?) is defined by

To(Y):= | | T™(Y),
n€Ny

This space is equipped with the topology of the disjoint union. Therefore,
we consider the corresponding Borel o-algebra B (FO(Y)). In the case where
Y = RY we will omit the index Y in the notation, namely, 'y = I'o(R9),
' =r®(RY,

The image of the Lebesgue product measure (dz)™ on (I‘("),B(F(”))) will
be denoted by m(™. We set m(©®) := dgpy- Let z > 0 be fixed. The Lebesgue—-
Poisson measure A\, on I'g is defined by

A= Zom, (2.3)
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For any A € By (R?), the restriction of A, to I'(A) := Tx(A) will also be de-
noted by A,. The space (F, B(F)) is the projective limit of the family of spaces
{(T(A), B(T(A))) }AeBb(Rd)' The Poisson measure 7 on (', B(T')) is given as the
projective limit of the family of measures {7} ¢ By (R4), Where = emmN ),
is a probability measure on (I'(A), B(I'(A))) and m(A) is the Lebesgue measure
of A € By (R?); for details see e.g. [1]. We will mostly use the measure A := \;.

A set M € B(Ty) is called bounded if there exist A € By,(R?) and N € N
such that M C |_|,]27:0 (™ (A). The set of bounded measurable functions with
bounded support will be denoted by Bys(I'o), i.e., G € Byps(I'o) if G [rp\pr= 0
for some bounded M € B(I'g). We also consider the larger set L{.(I'g) of all
measurable functions on I'y with local support, which means: G € L) (Ty) if
G Iro\ra)= 0 for some A € B,(R?). Any B(I'g)-measurable function G on
Iy is, in fact, defined by a sequence of functions {G(")}neNU , where G is

a B(I'™)-measurable function on I'™). Functions on I" and Ty will be called
observables and quasi-observables, respectively.
We consider the following mapping from LY (Ig) into Feyi(I):

(KG)(7) =) _ G(n), 7yeT, (24)

ney

where G € LY,(Ty), see, e.g., [15,23,24]. The summation in (2.4) is taken over all
finite subconfigurations n € I’y of the (infinite) configuration v € I'; we denote
this by the symbol n € v. The mapping K is linear, positivity preserving, and
invertible with

(KT'F) () = Y (~)IIF(), neTy. (2.5)

§Cn

Remark 2.2. Note that, using formula (2.5), we can extend the mapping K !
to functions F' which are well-defined, at least, on I'y.

Let M (T) denote the set of all probability measures p on (I', B(T')) which
have finite local moments of all orders, i.e., [ |ya|"p(dy) < +oo for all A €
By(RY) and n € No. A measure p on (Tg,B(Iy)) is called locally finite if
p(A) < oo for all bounded sets A from B(T'g). The set of all such measures is
denoted by My¢(Ty).

One can define a transform K* : M} (I') — My¢(Tp), which is dual to the
K-transform, i.e., for every u € M} (T) and G € Bps(Ty), we have

/F (KG)(u(dy) = | Gn) (K" p)(dn).

To

The measure p, := K*p is called the correlation measure of p.
As shown in [15], for any u € M} (') and G € L'(I'g, p,.), the series (2.4)
is p-a.s. absolutely convergent. Furthermore, KG € L!(T', i) and

G(n) py(dn) = / (KG)(7) uldv). (2.6)

To
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A measure g € M} (T') is called locally absolutely continuous with respect
to = if p = p opx1 is absolutely continuous with respect to 7 := 7
for all A € B,(RY). Here I' v — pa(y) := yNA € T(A). In this case,
the correlation measure p,, is absolutely continuous with respect to A = A;. A

correlation functional of p is then defined by

_dn,

The functions k,&o) =1 and
Y (RH — Ry, neN, (2.7)

—_—

3 d\n
kl(tn)(ml,”.’xn) — ku({xh...,xn}), if (x17...,$n)€(R )
0, otherwise

are called correlation functions of u, and they are well known in statistical
physics, see e.g [26], [27].
In view of Remark 2.1 and (2.5), the mapping

(L&)(n) == (K'LKG)(n), €Ty,

is well defined for any G € Bps(Ig), where K1 is understood in the sense of
Remark 2.2.

Let k be a measurable function on I'y such that [ p k dA < oo for any bounded
B € B(Ty). Then, for any G € Bys(Ty), we can consider an analog of pairing
(2.1),

(G, k) = /F G- kd\. (2.8)

Using this duality, we may consider a dual mapping L* of L. As a result, we
obtain two initial value problems:

oGy~
78_6 = LGt, Gy |t:0: G07 (29)
d

7 (G, k) = (G, L'ke) = (LG, ke, ke |,_g= ko (2.10)

We are going to solve the first problem in a proper functional space over T'y.
The second problem, corresponding to (2.2), can be realized by means of (2.8),
or solved independently.

The next section is devoted to a (rigorous) solution of these two problems.

3 Functional evolution

We denote, for any n € N,

X, == L ((RH", dz™), (3.1)
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where we set dz(™) = dx; ---dx, and Xy := R. The symbol | - ||x, stands for
the norm of the space (3.1).
For an arbitrary C' > 0, we consider the functional Banach space

Lo = L' (Lo, CMa\(n)). (3.2)

Throughout this paper, the symbol [|-[|, denotes for the norm of the space

(3.2). Then, for any G € L, we may identify G' with the sequence (G(™),,;>0,
where G(™) is a symmetric function on (R%)™ (defined almost everywhere) such
that

Glee =32 [ e E)jenan™ =3 Sjen | <o (33
n=0 (R )n n=0
In particular, G™ € X,,, n € Ny. Here and below we set z(™) = (z1,...,z,).

We consider the dual space (L) of Le. It is evident that this space can be
realized as the Banach space

Kc={k:Tog—R |k-C7 I e L*g,d\)}

with the norm |kl = ||k(')C*|"||Lao(pO7/\), where the pairing between any
G € Lo and k € K¢ is given by (2.8). In particular,

(G, BN < (Gl - [kllce-
Clearly, k € K¢ implies
lk(n)] < ||k||lxe C™ for M-a.a. n € Iy. (3.4)

Proposition 3.1. Let for a.a. x1,x9,y; € R?

&(w1, 22,91) = ({1, w2}, 1) := / c(x1,r2,Y1,Y2) dya < 0. (3.5)
]Rd

Then, for any G € Byps(To), the following formula holds

(LG) (n) = (LoG) (n) + (WG) (n), (3.6)

where

me = X [ [ @

{z1,22}Cn

x (G (n\ {z1, 22} U {y1, y2}) — G (n))dyrdys, (3.7)

Wom=% 3 [ cwnam

T2EN x1EN\22

% (G ((n\ 22) \ @1 Un) — G (1 \ 2))dyn. (3.8)
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Proof. We have, for F' = KG,
(KG) (v \ {z1, 22} U{y1,92}) — (KG) (7)

= > G(m)-> G

nEY\{z1,x2}U{y1,y2} ney
= > GOuy)+ >, Gnuwp)
n€y\{z1,z2} n€v\{z1,z2}
+ > GOumuw)- > GHum)
n€Y\{z1,z2} n€Y\{z1,z2}
- Z G(nUwx2) — Z G(nUz Uxs)
n€v\{z1,z2} n€y\{z1,z2}

=(E(G(Uy)+G(Uy2) +G(U{yry})
—G(Ux1) = G(-Uxg) = G(-U{z1,22}))) (v \ {21, 22}) .

Hence, for any measurable h on I' x R? x R,

K1 Z h(-\{z1,z2},21,22) | ()

{z1,z2}C-

:Z(_I)VI\H Z h(ﬁ\{xhxz},xl,xg)

£Cn {@1,22}CE

_ Z Z (71)'7]\{I1>12}\§| h (€, a1, 22)

{z1,22}Cn ECn\{z1,z2}

= Z (K7 h (21, 22)) (n\ {z1, 22}) .

{z1,22}Cn

Therefore,
(LG) (n) = (K 'LKG) ()
= T [ [t tnh @\ e ow
+ G\ {71, 22} Uya) + G (n\ {z1, 22} U{y1,92})) dy1dys
= 5[]t ) €0 (o0} V)

{z1,22}Cn
+ G (n\A{z1, z2} Umy) + G (n\ {z1, 22} U {z1, 22}))dyrdye,
from where the statement follows. O

As we noted before, any function G on I') may be identified with the infi-
nite vector (G("))n>0 of symmetric functions. Due to this identification, any
operator on functions on I'y may be considered as an infinite operator ma-
trix. By Proposition 3.1, the operator matrix L has a two-diagonal structure.
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)

More precisely, on the main diagonal, we have operators L((Jn , n € Ng, where

LY = LY = 0 and for n > 2

(L(()”)G(”))(x(")) - Z Z /]Rd /Rd c (@i, 5,91, Y2,)

i=1 j=i+1
X (G(n)(xla--~7y1a~~-,y2a-~~v$n) -am (;c(”)))dyldyz. (39)
i J

On the low diagonal, we have operators W™ n e N, where W) = 0 and for
n>2

(W(n)G(n*U)(m(”))ZQZ Z / é(wi,z4,91)
]Rd

i=1 j=i+1

x (G(nfl)(m,...7$i—1,$z‘+1a-~"yl""’x")
J
_ G("*U(ggl, ce s T 1, Ty - - ,xn))dy1~ (3.10)

Let us formulate our main conditions on the rate c:

€1 : = esssup / / c(z1, 22, y1,y2) dy1dys < 00, (3.11)
x1,x0€RE JRE JRE

Cg 1 = esssup / / c(y1,y2,x1,x2) dyrdys < 00, (3.12)
r1,r2€RE JRI JRA

€3 1 = esssup / / / c (w1, 22,y1,Y2) dy1dyadas < 00, (3.13)
1 €R4 Rd JRd JRd

C4 ;= esssup / / / c(y1,Yy2, 21, x2) dyrdyadas < oo. (3.14)
z1€RE JRd JRd JRd

Under conditions (3.11)—(3.12), we define the following functions
ai(x1,22) : =/ / ¢ (21, 22,41, y2) dyrdys € [0, 00), (3.15)
Re JRA
as(xy,29) 1 = /d /dc(yl,yg,xl,xg) dy1dys € [0, 00). (3.16)
R JR

Remark 3.2. Note that, if the function c satisfies the symmetry condition (1.4),
then conditions (3.12), (3.14) follow from (3.11), (3.13), respectively, and

al(zl,xg) = ag(l‘l,IQ). (317)

In this case, the operator L((Jn) is symmetric in LQ((Rd)", dx(”)). Moreover, the
operator L given by (1.2) is (informally) symmetric in L?(T, 7,) for any z > 0.
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Proposition 3.3. (i) Let (3.11), (3.12) hold. Then, for any G™ € X,,,

n nn—1
16y, < M 6y 4 )6, (3.18)
Moreover, if additionally
az(z1,22) < a1(zy, ) for a.a. 1, z9 € RY, (3.19)

then L(()n) is the gemerator of a contraction semigroup in X,.
(ii) Let (3.13), (3.14) hold. Then, for any G € X,,_,

”W(n)G(nq)Hxn <n(n—1)(cs + C4)||G("*1)||Xn,1~ (3.20)

Proof. The estimates (3.18), (3.20) follow directly from (3.9), (3.10) and (3.11)—

(3.14). To prove that the bounded operator L(()") is the generator of a contraction

semigroup in X,,, it is enough to show that L((J")

For any x > 0 and G € X,,,

is dissipative (see e.g. [25]).

1L G — kG| x,

N /(Rd)n

Z Z / /dc(xi’xj7y17y27)G(n)($l7'",yla"'7y2a"'a$n)dy1dy2
R

i=1 j—it17 R A P
S Y (s )G (™) — £GO () a2,
i=1 j=it1

and, using the obvious inequality [|f — gl|x, > || fllx, — llgllx, |, we continue

ZZ / /d (@i, 25, Y1, 92,)

1=1 j=i+1
X G(n)(xla"-7y17"'7y27"'a$n)dy1dy2 dz(™
Y
/ <Z Z ax( fz,wj)+fi>‘G(”) (x("))’dx(”) .
(R)™ i=1 j=i+1

Since G(™ is a symmetric function, we get

/(Rd)" Z Z /d /Rdc(xi’xj’yl’m’)

i=1 j=i+1
X G(n)(l'l’...’y17...,y27,,,71‘n)dy1dy2
A A

%

dx(™

n(n —1)

< 5 /d az(yl,y2)‘G(n)(y1,y2,$17~-~733n72)’dy1dy2d$1-~-d$n72-
(ReE)m™
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Therefore, if (3.19) holds, then
IL67 G — wG™lx, = KlIG™x,.

which proves the dissipativity of Lén), see e.g. [5, Proposition 3.23]. O

Remark 3.4. If the function c satisfies the symmetry condition (1.4), then (3.19)
trivially follows from (3.17).

In Theorems 3.5 and 3.6 below, we formulate general results which are ap-
plicable to our dynamics under assumptions (3.11)—(3.14), (3.19).

Theorem 3.5. Consider the initial value problem

£.Gu () = (LoGi) () + (WG (), #>0, n €Ty,
(3.21)
Gy }t=0 = Go.

Here, for any G = (G(”))

n>0"’

(LoG)™ = L{VG™ | n > 1;
(WE)™ = wmae=1, p > 9,
(LoG) O = (W& = (wa)V =o.

)

Further suppose that Lgn is a bounded generator of a strongly continuous con-

. . (n) . . .
traction semigroup o in X,,, while W™ is a bounded operator from X,_q
into X, whose norm satisfies

Wl <Bn(n-1), n>1,

n-1—Xn
for some B > 1 which is independent of n.

Let C > 0 and Gog € Lo. Then the initial value problem (3.21) has a unique
solution Gy € L, ¢y, where

C
= 22
Furthermore,
HGtH‘cp(t,C) < ”GO”EC' (323)

Proof. Let us rewrite the initial value problem (3.21) as an infinite system of
differential equations. Namely, for any n > 1,

26 (™) = (LG7) (@) + (WD) (at) (3.24)



Binary jumps in continuum. II. Non-equilibrium process 13

with Ggo) = G(()O). This system may be solved recurrently: for each n > 1
n n (n) n n
G (@) = (7P (+0)
t
N / (e<tfs>Lé"’w<n>ng*1>) (2(™)ds. (3.25)
0

Tterating (3.25), we obtain

n

ng) (x(”)) _ Z(Vk,n(t)G(()nik)) (m(”)),
k=0

where Vi, (t) : X, — X, is given by

Lo U 5 o s (D 1
Vk,n(t) = A 6( s1)Lg W(”)e(él s2) Ly W("L ) .
o Jo 0

B (n—k+1) _ (n—k)
x e(sr=175K)Lg W=kt eskLg dsy - --dsy

for2<k<n-1, and

t
Vin(H)G" ::/ =L prm s LY gD g,
0

Von(t)G™ = etLgﬂ)G(n)y
Vn’n(t)G(n) = X{n:o}G(0)~

Then, using the conditions on Ly and W, for 1 <k <n—-1,n > 2

< ﬁBkn(nf1)(11—1)(7172)~~«(nflerl)(n—k:)

HVkvn(t)G(n7k) HXn — kl

n! (n—
Eln—Ek)!'(n—k

- uny Dot

and HV(M(t)G(n)HX < ||G™)||x, for n > 1. Therefore, for n > 1,

1

3
|

n n! n—1)! n
1G], < kz_:o(tB)kk!(n —k)! (n(— k —)1)! eIy,
i n! n—1)!
g 2 Ek - 13! 1657 I, (3.26)

>
Il
—
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Then, for any ¢(t) > 0,

Gl e,y
cn
\G(OHZ T e
( cn q ) n! (n—l)!
\GOH; : Zneknx s )
= |6t 2 1” kak' . (n—k)! (k—1)!

G<0>+Zua<kuqu i oy R

k=1 =

1
1+ BCt’

LA &K, (n+m)!
(1—z) _E:Om nlm!

n=

Now, let ¢(t) = For any z € [0,1) and m € N,

Applying this equality to z = ¢(t)BCt < 1 and m = k — 1, we obtain

Wt k-1)1 at)  \
Zq BO) = (1—q(t)BCt) =1

Therefore,

1G]l gy <1687 14+ SONGE |, = IGollce
k=1

which proves the statement. [

In fact, we have a linear evolution operator
V(t): Lo — Ly,
satisfying Gy = V(t)Gp and
IVOllce—t,we <1 (3.27)

Theorem 3.6. Let the conditions of Theorem 3.5 be satisfied. Further suppose
that there exists A > 0 such that ||Lén)||Xn_,Xn < An(n—1),n>1. Let Cy > 0,
ko € Ke,, T = %%' Then for any t € (0,T), there exists ky € K¢, with

Co
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such that, for any G € Bps(Ty),

d

7 (G k) = (Lo + W)G. ke)), 1€ (0,T).
Moreover, for anyt € (0,T),

Iktllco, < llkollce, - (3.29)

Proof. Let t € (0, T) be arbitrary. The function f(@) =p(t,2) = 1755, ¢ >0,
increases to % as x — 4oo. Since Cy < tB, there exists a unique solution
to f(z) = Co, namely, x = C%, given by (3.28). Take any Gy € L¢,. By
Theorem 3.5, there exists an evolution Gy — G, for any 7 > 0 such that
G: € L(r,c,)- Consider this evolution at the moment 7 = ¢. Since

C

Pt C) = 1 BC,1

= Cy, (3.30)

we have Gt € L¢,. Therefore, (G, ko)) is well-defined. Moreover, by (3.23),
(G ko)) | < 1Gillza, Ikollice, = 1Gll 2o e 1Follice,
< 1Gollze, Ikollke, - (3.31)

Therefore, the mapping Go — (G, ko)) is a linear continuous functional on the
space L¢,. Hence, there exists k; € K¢, such that, for any Go € L¢,,

(Go, ki) = (G, ko)) = (V(£)Go, ko). (3.32)

We note that k; depends on ko and does not depend on Gy. Further, (3.31)
implies (3.29).

Let now Gy € Bps(I'g). Consider a function ¢ = ggok : [0,7) — R,
g(t) := (G4, ko) = (Go, kt)). We have

- 1 n n n n
g(t) = (G, ko)) Z n/Rd)n Gl )(x("))k(() )(z( ))d:v( ). (3.33)

By (3.31), for any [0,T'] C [0,T),
(G ko) | < 1Gollce,, kol € [0,T7].

Hence, the series (3.33) converges on [0,7”]. Using the well-known representa-
tion

n t n
8 Go = Go + / 16" LM Gyds (3.34)
0
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(see e.g. [5, Lemma 1.3 (iv)]), we derive from (3.25) and Fubini’s theorem:
a(®)i= [ G ) () da
(Rd)’n,
_ LS ) () £ ()Y g ()
/(Rd)n(e o Gy )(x ko (™)) da:
L / t / (eu—s)Lé"’ W(n)g(n—l)) (2™)E (2™) da™ ds
0 (]Rd)n s
_ GO () B (2)) g ()
[, G870
t ™ ) ) ()
+// (eSLD L(()'GO )(x(”))ko (x(”))dx(")ds
0 (]Rd)"
t
+// (e(t’s)Lén)W(”)ngfl)) (m("))k(()")(x("))dx(")ds. (3.35)
0 (]Rd)"

Since L(()") X, — X, and W™ . X, | — X, are bounded, the functions
inside the time integrals are continuous in s. Therefore, by (3.35) and (3.25),
gn(t) is differentiable on (0,7T) and

n (n) n n n n n
gn(t) = /(Rd)n (Lé JetLo Gé )) (1'( ))k(() )(:17( ))d:r( )

¢
+/ / (Lén)e(tfs)Lén)W(")ngfl)) (:E("))kén)(x("))d:c(”)ds
0 (]Rd)"

+/ (n) 2N dz(™ g
e (V6 e
:/ (L(H)G(")( ”))k ")( )dx(")d
(]Rd)n
+/ ( n 1)) (n k:(") ("))dx(”)ds. (3.36)
(Rd)ﬂ

Hence, for any n > 2,

190 (0)] < [[Kollce, Conin — 1) (AllGil x,, + BlGillx,_.)-

Analogously to the proof of Theorem 3.5, we obtain, for all ¢ € [0,T'] C [0,T),

3 il

n . n! (n— (k)
< const - Z C’On n — 1 ; tB ( k) )'k' (/ﬂ |||G ||Xk
—1
< const - Z ,HG(k)Hx ZC (TB)(” k)T(L( )') Ek_ ;
n=~k
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— C} = Z(n+Ek—=1)(n+k)!
= const - Z k—?HGg’C)ka Z Cy(T'B) (n - ) ((Z — 1;! < oo, (3.37)
k=1 n=0

since Gy € Bps(T'g) (and so there exists K € N such that G(()k) =0forall k > K)
and the inner series converges as CoT'B < 1.

Hence, ¢(t) is differentiable on any [0,7"] C [0,T"). Next, (3.33), (3.36), and
(3.37) imply that

g'(t) = % (G, ko)) = ((Lo + W)Gy, ko)) (3.38)

and, moreover, (Lo + W)G; € L¢g,. Therefore, using (3.32), (3.38) and the
obvious inclusion (Lg + W)Gy € L¢,, we obtain

@ (Go, be) = 5 (G ko) = (Lo + W)Ge, ko) = (Lo + W)V (H)Go, ho)

dt
= (V) (Lo + W)Go, ko)) = (Lo + W)Go, ki),

provided

N
To prove (3.39), we consider, for each N € N, the space Xy := P X,, with
n=0
N
the norm || - [[xy == > || - |x,. For any G € Xy, G = (G©,...,G™), we
n=0
define the following function on I'y:
InG := (G©,...,G™,0,0,...).

For any function G on Ty, G = (G©,...,G™,...), with G™ € X,,, we define
the following element of X:

PyG = (GO, ...,GM).

The system of differential equations (3.24) for 1 < n < N can be considered as
one equation %Gt = LyG; in X with

Ly := IPN(L() + W)]IN

Clearly, L is a bounded operator in X . Hence, there exists a unique vector-
valued solution of this equation, G; = e“NGg. The n-th component of G, i.e.,
ng), coincides with the ng) obtained in Theorem 3.5, for each 0 < n < N,
where Gy = IyGg. More precisely, for 0 <n < N,

(V(t)Go)(") = (HNetLNGo)(n) = <6tLN(Gr0)(n) = (etLN]PNGo)(n). (340)

It is well known that a bounded operator L commutes with its semigroup e~ .
Note also that, for 0 < n < N, G = (PyG)™. Therefore, for all N > 1,
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0 <n <N, and for Gg = InGg, we obtain

(Lo + W)V ()Go)™ = (Pn (Lo + W)V (£)Go)™ = (Lye™ Go)™
= (e™VLyGo)™ = (e™ Py (Lo + W)INGo)™
= (V(£)(Lo + W)Go)™,

where in the last equality we applied (3.40) for (Lo + W)Gq instead of Gj.
Hence, (3.39) holds. O

0 ~
Remark 3.7. Note that the initial value problem &kt = L*k;, k¢ =k €

|t:t1

Kc . for some t; < T = , has a solution only on the time interval [t1,t; +

b

BCy
1 1-BGCt

BC,,  BG

t

Ty) = [t1,T), since Ty =

=T —t,.

0G,

Remark 3.8. Using an estimate analogous to (3.37), one can show that — €
Lyt,cy if Go belongs to Bys(I'g) (or even to a larger subset of L¢).

Thus, by Theorems 3.5 and 3.6, under conditions (3.11)—(3.14), (3.19) for
the binary jumps dynamics with generator (1.2) we have the evolution of quasi-
observables and the corresponding dual one. We will now show that the latter
evolution generates an evolution of probability measures on I'.

Theorem 3.9. Let (3.11)—(3.14) and (3.19) hold. Fiz a measure u € M} (T)
which has a correlation functional k, € K¢,, Co > 0. Consider the evolution
ky — ki € Kg,, t € (0,T), where T = 1/(c3 + ¢c4)Co. Then, for any t €
(0,T), there exists a unique measure py € Mi_(T') such that k; is the correlation
functional of ;.

Proof. We first recall the following definition. Let a measurable, non-negative
function k on Ty be such that [, k(1) dA(n) < oo for any bounded M € B(T).
The function k is said to be Lenard positive definite if (G,k)) > 0 for any
G € Bps(T) such that KG > 0. It was shown in [24] that any such k is the
correlation functional of some probability measure on I'. If, additionally, k € K¢
for some C > 0, then this measure is uniquely defined (cf. [22]) and belongs to
M} (T) (cf. [15]). Therefore, to prove the theorem, it is enough to show that
k; is Lenard positive definite for any ¢ € (0,7).

Since the measure 1 € M}, (') has the correlation functional k,,, y is locally
absolutely continuous with respect to m, and for any A € Bps(Ty) and M-a.a
nel'(A)

M( = —_1)lél
o= [ 0k mueae). (3.41)
T(A)

see [15, Proposition 4.3]. Since k, € K¢,, we have, by (3.41), (3.4), and (2.3),

i

(1) < ke, eV Cy (3.42)
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for A-a.a n € T'(A).
We fix Ag € By(R?) and consider the projection pg := p’*° on I'(Ag). By
(3.42), for M-a.a. n € T'(Ao)

d
Ro(n) := —2(n) < AoCY, (3.43)

where Ao = |kullxc, eCom(Mo) - Clearly, 1o may be considered as a measure on

the whole of T" if we set Rg equal to 0 outside of I'(Ag). In this case
po)= [ Romaxw), A€ BO).
T(Ao)NA

On the other hand, Ry extended by zero outside of I'(Ag) can also be regarded as
a B(I'g) measurable function. Evidently, that in this case 0 < Ry € L*(T'g, d))
with [, Rod\ = 1. Note that

ko := HF(AO)kM € Ke, (3.44)

is the correlation functional of py. Here and below, I A stands for the indicator
function of a set A. By [15, Proposition 4.2], for A-a.a. n € T'(Ag)

Fo(n) = / Ro(1 U €)dA(©). (3.45)
I'(Ao)

There exists an Ny € N such that f(Rd)NU R(()No)dx(NO) > 0 (otherwise Ry = 0
A-a.e.). We set

ro= /|_|N0 - Ro(n)dX(n) € (0,1].

For each N > Ny, we define

Ronn) = Ugmem Bl ( [ Romarm) . @40

Lot

Then, clearly, 0 < Rg y € L'(T'g,d)), with fFo Ro,n d\ = 1. Moreover, Ry n
has a bounded support on I'g. By (3.46) and (3.43) we have

Ro.n(n) <77 Ro(n) < 171 4,CY" (3.47)
for M-a.a. n €T.
We define a probability measure pon € Mj, ('), concentrated on Ty, by

duo.n = Ro ndA. By [15, Proposition 4.2], the correlation functional ko n of
1o, N has the following representation

Fon(n) = / CIEEG (3.48)
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for A-a.a. 1 € I'(Ag). It is evident now that ko n has a bounded support
on I'y. Moreover, by (3.45), (3.48), and the first inequality in (3.47), we get
kon < %]4}0 € K¢, and

1
Iko,nllicc, < — Ikollxe, - (3.49)

By the definition of a correlation functional, for any G € Bys(Ty)

(G, ko) — (G ko )| =

/F (KG)(n)(Ro(n) — Ro. ())dA(n)
<D / (1+ )™ |Ro(n) — Ron(m)|dA(n)  (3.50)
I'(Ao)

for some D = D(G) > 0 and M = M(G) € N (see [15, Proposition 3.1]). By
(3.46), Ro.n(n) — Ro(n) for A-a.a. n € I'(Ag). Indeed, by (3.43) and (3.47),

| Ro(n) = Ro.v(m)] < Ag(14771)Cy".

By (2.3),
/ (1+ )M CfdA@m) < oo.
I'(Ao)

Therefore, by the dominated convergence theorem, (3.50) yields

lim (G, ko) = (G, ko)) (3.51)

N—o0

As before, we identify a function F' on I'y with a sequence of symmetric
functions F™ on (RY)", n € Ny. Fix any G € Bys(Ty) and let F be the
restriction of KG to I'g. Then there exist A = Ap € By(R?), M = Mp € N,
and D = Dp > 0 such that for all n € T'g,

[F(n)| = [F(nn A)] < D(1+ [nn ADY

(see [15, Proposition 3.1]). In particular, F(™ is bounded on (R%)™ for each n.
We restrict the operator L given by (1.2) to functions on I'g. This restriction,
Ly, is given by (3.7).

We define, for any R € L'(T, \), the function L{R on Ty by (LiR)™ :=
(Lén))*R("), where (Lén))* is given by the right hand side of (3.9) in which
c(zi, xj,y1,y2) is replaced by ¢(y1, y2, i, ;). Analogously to the proof of Propo-
sition 3.3, we conclude that (Lé"))* is a bounded generator of a strongly continu-
ous semigroup on X,, = L' ((R%)", dz(™)). In the dual space X} := L ((R%)", dz(™),
we consider the dual operator to (L,(Jn))*7 which is just the L(()") given by (3.9).

It is easy to see that, under condition (3.12), Lén) is a bounded operator on X .
Note that Lé")l = 0 implies

/ L) R(m) gp(n) / (67 1) R da™ = / R gy
(Rd)n (Rd)n (Rd)n
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To show that et(Zs"”)" preserves the cone X of all positive functions in X,
we write (Lén))* = L; + Ly, where

(LlR(n))(x(n)) — Z Z /Rd /Rdc(yl,yg,xi,$j)

i=1 j=i+1
x R(n)(xh,_,,yAl,...,yAQ,...,xn)dyldyQ
g J
and o
(LoR™) (2™ = — <Z > a2(xi,xj)> RM (z™),
i=1 j=i+1

Clearly, L; and Lo are bounded operators on X,,. Since ¢ > 0, L; preserves the
cone X7, hence so does the semigroup e**1. Since Ly is a bounded multiplica-
tion operator, the semigroup e*’2 is a positive multiplication operator in X,,.

Therefore, et(Ls”)" preserves X,I by the Lie-Trotter product formula.
Therefore, if we define functions Ry n, N > Ny (cf. (3.46)) on Iy by

R = R,

then 0 < R,y € L'(To,d\) with [ RendA = 1. Note that Ri'y = 0 for
n > N. Therefore, we can define a measure iy y € M} (T), concentrated on
Ty, by dji, v = Ry, ndA (in fact, the measure fi; v is concentrated on |_|fALV:0 I‘(")).
We denote by l;;t7 ~ the correlation functional of fis .

For each function G on I'g we define KoG := (KG)|r,. Take any Gy €
Bys(Tg) such that KGo > 0 on I'. We denote Fyy := K¢Go > 0 on I'g. We have,
by the definition of a correlation functional,

(Go, k) = (KoGo, R,n) = 0. (3.52)

On the other hand, if we define a function U(t)Fy on Ty by (U(t)Fy)™ =

(n) .
etls” F{™ | we obtain

N N
1 " 1 (n)y=
(Fo, Rew) = 3 BV Ry = 3 (B e B0 Ry
n=0 n=0 """

N
1 ") _(n n
=) (e Fy )»R((),z)v> = (U(t)Fo, Ro,n)

(Ko 'U(t)KoGo, ko n)- (3.53)
It is evident, by Proposition 3.1, that

(K3 U (1) KoGo)™ = !B+ WGl = (V(0)Go) ™, (3.54)
where V' (¢) is as in (3.27).
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As a result, from (3.52)—(3.54), we get

(Go, ke.v)) = (G, ko.n ), (3.55)

where Gy = V(t)Go. By (3.44), ko € K¢,. Hence, by Theorem 3.6, for any
t € (0,7, there exists k; € K¢, such that

(Go, k) = (Gt ko). (3.56)

Note that here, for a given ¢t € (0,7, we may consider Gy € Bns(I'y) C L¢,,
where C} is given by (3.28). Then, by the proof of Theorem 3.6, G; = V(¢)Gy €
Le,. By (3.55) and (3.56), to prove that

(Go, k) = Jim (Go, kr.n)), (3.57)
we only need to show that
Jim (G ko,n)) = (G, ko)) (3.58)

The latter fact is a direct consequence of (3.51) if we take into account that
G € L, and that the set Bpg(T'o) is dense in L¢,. Indeed, let us consider,
for a fixed ¢t € (0,7) and for any ¢ > 0, a function G € Byps(I'g) such that
|G — Gillze, <e. Then, by (3.51), there exists an N1 > Ny, such that, for any
N >N,

(G, ko) — (G ko)) < =.

Therefore, by (3.49), for any N > N;

|(Gt, kon) — (G, ko))
<G = Gillee, Ikon ke, + [(Gskon) — (G ko)) | + 1G = Gill 2o, kol ke,
<e(r™" 4+ Dlkollke, + ¢

which proves (3.58). Therefore, (3.57) holds. Hence, by (3.52), ky =: k™ is
Lenard positive definite for any ¢ € (0,7). ~

As a result, for each A € By(R?), the evolution k,a — ki, ¢t € (0,7),
preserves positive-definiteness and (Go, kM) = (G, uA). On the other hand,
by Theorem 3.6, we have the evolution k, — k;, t € (0,T) satisfying (Go, k+)) =
(Gr k).

Since kya = llpayky, it is evident that, for any t € (0,7), (G, k) —
(G, k) as A /7 R Therefore,

(Go k) = lim (Go, k') > 0.

Hence, for each t € (0,7, there exists a unique measure u; € M} (T') whose
correlation functional is k;. O
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4 Vlasov-type scaling

For the reader’s convenience, we start with explaining the idea of the Vlasov-
type scaling. A general scheme for both birth-and-death and conservative dy-
namics may be found in [7]. Certain realizations of this approach were studied
in [4,6,8,9].

We would like to construct a scaling of the generator L, say L., € > 0, such
that the following requirements are satisfied. Assume we have an evolution V()
corresponding to the equation %Gm = Zth,E. Assume that, in a proper func-
tional space, we have the dual evolution V*(t) with respect to the duality (2.8).
Let us choose an initial function for this dual evolution with a big singularity
in €, namely, k(()s)(n) ~ e7lMro(n) as e — 0 (n € Ty), with some function 7,
being independent of . Our first requirement on the scaling L — L. is that the
evolution V*(¢) preserve the order of the singularity:

(V2R () ~ 71, (n) ase—0, 5 €Ty, (4.1)

where r; is such that the dynamics rg +— r; preserves the so-called Lebesgue—
Poisson exponents. Namely, if ro() = ex(po,n) := [[4e, Po(z), then 74(n) =
ex(pe;n) = [luen pe(z). (Here, [],cp := 1.) Furthermore, we require that the
p¢’s satisfy a (nonlinear, in general) differential equation

o () = v(po)(2), (4.2

which will be called a Viasov-type equation.
For any ¢ > 0, we set (R.G) () = ¢"lG (n). Roughly speaking, (4.1) means
that
R.VI(t)R.-119 ~ T¢.

This gives us a hint to consider the map RsE:RE—l, which is dual to
Ea,ren = Rs*1E6R5~

Remark 4.1. We expect that the limiting dynamics for R.V*(¢)R.-1 will pre-
serve the Lebesgue—Poisson exponents. Note that the Lebesgue—Poisson expo-
nent ex(p), t > 0, is the correlation functional of the Poisson measure 7,, on
I’ with the non-constant intensity p; (for a rigorous definition of such a Poisson
measure, see e.g. [1]). Therefore, at least heuristically, we expect to have the
limiting dynamics: m,, — mp,, where p, satisfies the equation (4.2).

Below we will realize this scheme in the case of the generator L given by (1.2).
We will consider, for any € > 0, the scaled operator L. = eL. Then, obviously,
L.G=¢LG = EL()G + eWG, where Ly and W are given by Proposition 3.1.

Proposition 4.2. For any e >0

Leren = Lo+ W. (4.3)
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Moreover, let (3.11)—(3.14), (3.19) hold. Then, for any C > 0, the initial value
problem

1o ~
7Gt € = LE renGt € ’
57 e (1) = (LerenGire) (1) (4.4)

Gt,e ’t:O = GO,E S EC’
has a unique solution Gy . € Lyy,cy, where p(t,C) is given by (3.22).

Proof. By Proposition 3.1, LyR. = R.Ly and WR, = e 'R.W. Therefore,

~

Ls,ren = Re—lgLORe + Ra—1€WR5
=eR..1R.Ly+e 'eR.-.1R.W =Ly + W.

By Proposition 3.3, (ELO)(") is a generator of a contraction semigroup in X, for
any n > 1. Hence, the statement is a direct consequence of Theorem 3.5. Note
that the solution of (4.4) can be found recursively:

n n (n n n
G (M) = (estLO >va2) (&™)

t
+ / (IR WG (o), n =1, (45)
0

and G\ = GY. O

~

By (4.3), LerenG(n) — WG(n) as € — 0 (n € I'y). Let (3.13)-(3.14) hold.
By Theorem 3.5, for any C' > 0, the initial value problem

0
ﬁGt,v () =(WGev) (), (4.6)

Gt,V|t:0 = Goy S EC

has a unique solution Gy, € L,,¢) , with p (¢, C) given by (3.22). This solution

can be constructed recursively, namely, GE?‘)/ = Gé?‘)/ and
t
n n n n n n—1 n
GEV&(Q?( )) = G(()y‘)/(x( )) —I—/O (W( )Gg,v )) (x( ))ds7 n > 1. (4.7)

Theorem 4.3. Suppose that conditions (3.11)—(3.14) and (3.19) hold. Let C >
0 and let {Go,v,Go.e,e > 0} C Lo be such that

HGO)E - G07VH£C —0 ase—0. (48)
Then, for any T > 0 and any r < p(T,C),

sup HGt,e — thHL —0 ase—0. (4.9)
te[0,T "
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Proof. By (4.5) and (4.7), we have

|6 = GVl

(n)
= HeatLon Géf? - O,VHXn

t
+/ Hee(t s)Lg L n)Gn 1) (n)GgT,‘;l) ds
0

Xn

P -l v
t
_|_/0 s(t s)Lg n)(G(n 1) GZZ‘;U)‘X ds

+ / tH (eeufs)Lé"’ — 1w
0

By Proposition 3.3, Lén) is the generator of a contraction semigroup in X,
hence we continue

n n (n) n
(|68 = G L, + || (7 = 1)&ly

Xn
[l o,
n /0 H (==L _ 1y (4.10)
By (3.3), for any n € Ny
- e - e, < 1IGo. - Govle,.- (4.11)

Hence, condition (4.8) implies that HGénE) - Gé?‘),HX — 0 as ¢ — 0. Since Lén)

is a bounded generator of a strongly continuous contraction semigroup on X,
and since Gé"‘), € X, we get from (3.34):

sup H(e”Lém (”) H < 5THL(”)G(") ||X —0 ase—0.
t€[0,T]

Next, by the inclusion W(")Gi?v_l) € X, formula (3.34) also yields that, for
any fixed ¢ > 0 and any s € [0, ¢],

H(ea(t—s)LfJ") . 1)w(n)G( -

=y (n)
N A et
n 0

c1 + co

By Proposition 3.3, we continue with A := and B :=c3 + ¢4:

Hxn,ldT

e(t—s)
< ABn?(n— 1) / s
0
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By (3.3), similarly to (4.11), we estimate:

e(t—s)
<ABn?(n—1) /0 (p(r,C))~ "D (n = W Grv iz, .0 dT

For 0 <s<t<Tand0<e<1, by (3.22) and (3.23), we continue:

< eTABn* (n—1)" (p(T,C))" " (n = 1)!||Go,vlcc-
Therefore,
t
sup / H (ea(t*S)Lém — 1)W(”)G§"‘;1)||X ds—0 ase—0.
tefo,7] Jo ’ "

Suppose now that

sup ||G Ggfl‘;l)
te[0,T]

Then, by (3.20),

I, , —0 ase—0. (4.12)

sup / HW(n) (n— 1) G(’ﬂv 1)) ’ ds
t€[0,T] Xn
<Bn(n—-1)T sup HG G(" 1)HX —0 ase—0.

telo
Note that, for any ¢ € [0, 7], using (4.11), we obtain
69— GO = 60— GO~ 0 asc o0,
As a result, by the induction principle, we conclude from (4.10) that, for any

n € Ny,

sup [|GIY — G VHX —0 ase—0. (4.13)
te[0,T]

Let now 0 < r < p(T,C). Then

o0

sup [|Gre = Guyl|, < ZL sup \(c,v(")_ag?gnxn. (4.14)

t€[0,T) n=0 t€[0,T]

Hence, by (4.13) and (4.14), to prove the theorem it suffices to show that the
series (4.14) converges uniformly in e. But the latter series may be estimated,
similarly to the considerations above:

S0 s (e, +elx,)

n—0 te(0,T

- Lsup( (£, C))~"nl|| G (o) Govll, )

ey +

PICLIES

since Go . — Go,y in Lo yields sup.sg [|Gocllze < 0. O

< (||Go,v||cc
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Proposition 4.4. Let the conditions of Theorem 3.6 hold. Let Cy > 0, T =
%%, and {kzoy,ko,s,e > O} C K¢,. Then, for any t € (0,T), there exist
functions {kit,v, ktec,e > O} C Ke¢,, with Cy given by (3.28), such that, for any
G € Bys(Io),

O (@ k) = (Lo + WIC k), o

Moreover, |[keclle, < lkocllcey s ke lle, < Ikovllce, - If, additionally,

(G ki) = (WG kv ).

lim [[ko,- — ko,v ke, =0, (4.15)
e—0

then for any T' € (0,T), ro > Cr+, and Go € L,,,

sup } Go, kt o kt,v>>| —0 ase—0. (4.16)
te[0,1]

Proof. The first part of the statement follows from Theorem 3.6. Since the

function [0,77] 5 t — C; is (strictly) increasing, we have {ky v, ke, > 0} C
Kc,, C Ky, Moreover, by the proof of Theorem 3.6, for any Gy € L,,, C Lc¢,,

(Goskte)) = (Gre koe)s  (Go,kev)) = (Grv, ko)), (4.17)

where Gy . and Gy v are solutions to (4.4) and (4.6), respectively. Therefore, by
Theorem 3.5, {Gw,Gt,V} C Lyt,ry), Where the function p is given by (3.22).
Since p is (strictly) increasing in the second variable and since ro > Crpr, we
have

p(T/, ’I“o) > p(T’, CT/) = C).

Applying Theorem 4.3 with C' =g, r = Co, T =T", and Go. = Go,v = Go we
obtain

tes[glrj)” HGt c Gt’vuﬁ% —0 ase—0. (4.18)

Then, by (4.17),
sup ’ Gkats kt,V>>‘ = Sup |<<Gt,a;k0,a>>_<<Gt,V7kO,V>>|

t€(0,17] t€[0,17]
< sup |(Gre — Gy, ko) + sup |[(Gryv,koe — ko))
te[0,77] te[0,77]
< swp [Gie — Guvlle,|
te[0,T7]
+ sup (G vlce, ko —kovlixe,- (4.19)
te[0,77]

Since ko — ko v in K¢y, we get sup.q ||k075||;¢00 < 00. Then, by (4.18), the
first summand in (4.19) converges to 0 as ¢ — 0. Next, by (3.23),

1Gtvllce, = 1Gev e, e, < 1Gollee, < lGollce,, <IlGolc,,-

Hence, by (4.15), the second summand in (4.19) also converges to 0 as ¢ — 0,
which proves the second part of the statement. O



Binary jumps in continuum. II. Non-equilibrium process 28

We will now show that the evolution kg — k: satisfies our second re-
quirement on the initial scaling L +— L., namely, ex(po,n) — ex(p:, 7).

Proposition 4.5. Let the conditions of Theorem 3.6 hold. Then for any G €
Bys(Tp) and any k € Ko with C > 0,

/F (WG) () k(n)dA(n) = g G (n) (W7k) (n) dX (n), (4.20)
where

W =3 [ [ eranm) kU e\ ) dead,

Y1

_ Z -/Rd a1 (z1,x2)k (nU z3) dzs. (4.21)

T1EN
Here the functions ¢ and a; are defined by (3.5) and (3.15), respectively.

Proof. First, we note that, under conditions (3.11)—(3.14), for G € Bys(T')
and k € K¢, both integrals in (4.20) are well defined. Then, using (3.8) and
e.g. [7, Lemma 1], we have

[ ey mrm i
:/FO /Rd Z /Rdé(ml,:cz,m)G(n\xl Uyr) dyrk (nU x) dzad) (1)

T1EN
3 / & (21,22, 91) G (1) dyuk (n U ) daad (1)
R

/FO /]Rd T1EN

:/FO/Rd/Rd Zé($17$27y1)G(’l’})]€(’l’]Ux2U;§1\yl)dedxld)\(n)

Yy1EN

Z /d ¢(x1,22,y1) G () dyik (nU x2) dzadA () ,
R
which proves the statement. O

Tr1EN

Thus, for any p; € L= (R?),

W ese)n) =S extoen\o) [ [ eloraa,n) man)i o) daadey

yen

=S e\ w0 [ aa)ple)de

yen

On the other hand, if %pt exists, then

%@\(pt,n) = Ze,\(ptﬂ? \ y)%pt(y)

yen
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Therefore, there exists a (point-wise) solution k; = ey (pt, ) of the initial value
problem

Ok .
ot Wk, ki |t:0= ex(Po;n), (4.22)
provided p; satisfies the non-linear Vlasov-type equation

0 .
@) = [ [ v () () dnd
Rd JR4

—pe () /Rd a1(x, x2)pt (x2) das. (4.23)

If the symmetry condition (1.4) holds, then we may rewrite (4.23) in the Boltzmann-
type form

B
&Pt () :/Rd /Rd /Rdc(xaanyl,yQ)
% [pt (Y1) e (y2) — pe () pi (22)] dyrdyadas. (4.24)

We are interested in positive bounded solutions of (4.23).

Proposition 4.6. Let C > 0 and let 0 < py € L>(R?) with ||po| o (re) < C.
Assume that (3.11) and (3.14) hold and, moreover,

//C(yaulvxaUZ)duldUQS/ / c(x,y, ur, uz2)duydus. (4.25)
R JRd R JRd

Then, for any T > 0, there exists a function 0 < p; € L>®(R%), t € [0, T], which
solves (4.23) and, moreover,

iy < C. 4.26
tg[l(%IIptIIL ®a) < (4.26)

This functions is a unique non-negative solution to (4.23) which satisfies (4.26).

Proof. Let us fix an arbitrary T > 0 and define the Banach space X :=
C([0,T], L (R%)) of all continuous functions on [0, 7] with values in L>(R%);
the norm on X7 is given by

[ullr == e, [[well oo (a)-

We denote by X; the cone of all nonnegative functions from Xp. For a given
C > 0, denote by B;C the set of all functions u from X with |lul|z < C.

Let ® be a mapping which assigns to any v € X the solution u; of the
linear Cauchy problem

e (@) == @) [ o )y
(Y1, y2, T)ve (Y1) ve (Y2 10Y2, 4.27
[ ] St ) o), @20
w (@) =po(a),

t=
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namely,

(®v)¢(z) = exp / /Rd ay(z,y)vs ( )dyds}po( )

T /0 exp] / / a1, y)v ) dydr

x/ / &(y1, Y2, )vs (Y1) vs (y2) dy1dyads. (4.28)
Rd JRd

Clearly, v; > 0 implies (®v); > 0. Moreover, v € X yields
[(@v,) ()| < [po()] + caT[|v]|7-
Therefore, ® : X/ — X;.. Obviously, u, solves (4.23) if and only if u is a fixed

point of the map ®.
Since 0 < po(x) < C for a.a. x € R, we get from (4.28) and (4.25), for any

v E BTC,
0 < @) < Coxp - | [ o s}

w0 [eof- [ [ @i [ a6 )i
< Cexp{— /Ot /Rd ar(z, y)vs (y) dde}

t t
+ C’/ 9 exp{f/ / a1 (z, y)vr (y) dydT}ds =C.
o Os s JRd

Therefore, P : B;C — B;’C

Let us choose any T € (0,T) such that 2C(c3 +¢4)T < 1. Clearly, v € B;C)C
implies v € By . By the proved above, ® : By  — B?,c- Note the elementary
inequalities |[e™® — 7| < |a — b| and

pe™® —qe™"| < e Ip =gl +qe "™ 1] < e™lp — q| + ge"la — b],
which hold for any a, b, p,q > 0. Hence, for any v,w € B{C, t € [0, Y], we get
|(®v ) ) — (Pw)(2)]

ay(z,y)vs ( dyds—// a1(x, y)ws (y) dyds
R R4

+/O exp /g /Rd a1 (z,y)v, (y) dydT}

x / / &1, g2, 2)vs (1) vs () dyndys
Rd JRA

po(x)
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—/ / ¢(y1, Y2, T)ws (y1) ws (y2) dy1dya|ds
Rd JRd

: /Ot exp{i /st /Rd a1 (z, y)w- (y) dydr}

x / / Eyr, yo. 2w, (1) ws (32) dyrdyo
Rd ]Rd

t t
/ / ar(,9)vr (y) dydr — / / a(z,y)ws (y) dydr
s JR4 s JRd
= I1 + .[2 -|— Ig.

X ds

By (3.11), (3.14), and (4.25), we have

I < Cesllv — w|r T,

t 8 t
I3 < C’%Hv—w”«rt/ —exp{—/ / a1 (z, y)wr (y) dydT}ds
0 85 s Rd

< Cesllv — wljy T,
I, < 2Ccey|lv —wl||r Y.

Therefore,
H(I)’U — (I)wH'r S 20(63 + C4)T||’U — U)HT

for any v,w € B}“’C. Since B?C is a metric space (with the metric induced
by the norm || - ||x) and since 2C(cs + ¢4)Y < 1, there exists a unique u* €
BY ¢ such that u* = ®(u*). Hence, uj solves (4.23) for ¢ € [0,7]. Since
0 < ui(z) < C for a.a. * € R, we can consider the equation (4.23) with the
initial value p;(z)|,_y = u%(z). Then we obtain a unique non-negative solution
which satisfies max;e[y 2v) [[ut| Lo (rey < C, and so on. As a result, we obtain
a solution of (4.23) on [0,7]. The uniqueness among all solutions from B;C is
now obvious. O

Remark 4.7. Note that, in the proof of Proposition 4.6, we did not use the
property (1.3). On the other hand, all considerations remain true if, instead of
(4.25), we assume that

//c(ul,y,x,ug)duldugg/ / c(x, y, u1, ug)duy dus. (4.29)
Rd JRd Rd JRd

Suppose we have an expansion

c({@, 2o}, {y1, y2}) = (x1, 22,91, y2) + ' (@1, 22, Y1, Y2) (4.30)

where ¢/, ¢” are functions which satisfy conditions (4.25) and (4.29), respectively,
as well as conditions (3.11) and (3.14) (but do not necessarily satisfy (1.3)). It
is easy to see that all considerations in the proof of Proposition 4.6 remain true
for this c¢. Let us give a quite natural example of functions ¢, ¢”.
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Example 4.8 (cf. [10]). Let ¢ be given by (4.30) with

(21, 22,91, 42) = xa(z1 — y1)a(zz — yo) [b(xl —x2) + by — UQ)}'

and
(@1, 22,y1,92) = (22, 21, Y1, y2)-

Here 3 > 0, 0 < a,b € L*(R) N L>®(R?), [lal|p1gay = ||bl|p1 ey = 1 and b is
an even function. Then the condition (4.29) for ¢’ coincides with the condition
(4.25) for /. Note also that (3.11)—(3.14) are satisfied for ¢. For example,
¢4 = 43¢ and

c1 < 23¢/[b]| oo ra) + 25l al| oo re) |B]] oo () < 00

Next, let us check whether (4.25) holds for ¢/. We have

%/ / (y,u1, @, uz)dus dusg

R JRA

= %/ / a(y — z)a(uy — ug) (b(y — u1) + b(x — ug))durduy = 25ca(y — x)
Rd JRd

and

%/ / (Y, u1, ug)duydug

Re JR4

= %/ / a(z —ur)a(y — ug) (b(x — y) + b(ur — uz))durduy
Re J R

= sb(z — y) + %/Rd /R a(z — wr)aly — us)b(us — us)duydus.

Since b is even, (4.25) holds if, for example, 2a(z) < b(x), z € R%.
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