
ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPSIN THE QUARTER PLANEIRINA KURKOVA AND KILIAN RASCHELAbstrat. Models of spatially homogeneous walks in the quarter plane with steps takenfrom the eight nearest neighbors are onsidered. Counting funtion (x, y, z) 7→ Q(x, y; z)of the numbers q(i, j; n) of suh walks starting at the origin and ending at (i, j) ∈ Z
2
+after n steps is studied. For all the 51 walks whih are non-singular and whih admit aertain in�nite group of birational transformations of C

2, the funtions x 7→ Q(x, 0; z)and y 7→ Q(0, y; z) are made expliit as multi-valued funtions on C, with in�nitely manymeromorphi branhes. The latter are shown to be non-holonomi for in�nitely many z.This entails the non-holonomy of (x, y, z) 7→ Q(x, y; z), and therefore proves a onjetureof Bousquet-Mélou and Mishna in [5℄.Keywords. Walks in the quarter plane, ounting generating funtion, holonomy, groupof the walk, Riemann surfae, ellipti funtions, uniformization, universal overingAMS 2000 Subjet Classifiation: primary 05A15; seondary 30F10, 30D051. Introdution and main resultsIn the �eld of enumerative ombinatoris, ounting walks on the lattie Z
2 is among themost lassial topis. While ounting problems have been largely resolved for unrestritedwalks on Z

2 and for walks staying in a half plane [6℄, walks on�ned to the quarter plane Z
2
+still pose onsiderable hallenges. In reent years, muh progress has been made for walks inthe quarter plane with small steps, whih means that the set S of possible steps is inludedin {−1, 0, 1}2 \ {(0, 0)}; for examples, see Figures 1 and 10. In [5℄, Bousquet-Mélou andMishna onstruted a thorough lassi�ation of these 28 walks. After eliminating trivialases and exploiting equivalenes, they showed that there remain 79 inherently di�erentwalks to study. Let q(i, j;n) denote the number of paths in Z

2
+ having length n, startingfrom (0, 0) and ending at (i, j). De�ne the ounting funtion (CF) as

Q(x, y; z) =
∑

i,j,n>0
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Figure 1. Example of model (with an in�nite group) onsidered here�onthe boundary, the jumps are the natural ones: those that would take thewalk out Z

2
+ are disarded(ii) Determining the nature of Q(x, y; z): is it holonomi (i.e., see [10℄, is the vetorspae over C(x, y, z)�the �eld of rational funtions in the three variables x, y, z�spanned by the set of all derivatives of Q(x, y; z) �nite dimensional)? And in thatevent, is it algebrai, or even rational?The ommon approah to treat these problems is to start from a funtional equation forthe CF, whih for the walks with small steps takes the form (see [5℄)(1.1)

K(x, y; z)Q(x, y; z) = K(x, 0; z)Q(x, 0; z) + K(0, y; z)Q(0, y; z) − K(0, 0; z)Q(0, 0; z) − xy,where(1.2) K(x, y; z) = xyz
[∑

(i,j)∈S xiyj − 1/z
]is alled the kernel of the walk. This equation determines Q(x, y; z) through the boundaryfuntions Q(x, 0; z), Q(0, y; z) and Q(0, 0; z).Known results regarding both problems (i) and (ii) highlight the notion of the group ofthe walk, introdued by Malyshev [15, 16, 17℄. This is the group(1.3) 〈ξ, η〉of birational transformations of C(x, y), generated by(1.4) ξ(x, y) =

(
x,

1

y

∑
(i,−1)∈S xi

∑
(i,+1)∈S xi

)
, η(x, y) =

(
1

x

∑
(−1,j)∈S yj

∑
(+1,j)∈S yj

, y

)
.Eah element of 〈ξ, η〉 leaves invariant the jump funtion∑(i,j)∈S xiyj. Further, ξ2 = η2 =

Id, and 〈ξ, η〉 is a dihedral group of order even and larger than or equal to four. It turnsout that 23 of the 79 walks have a �nite group, while the 56 others admit an in�nite group,see [5℄.For 22 of the 23 models with �nite group, CFs Q(x, 0; z), Q(0, y; z) and Q(0, 0; z)�andhene Q(x, y; z) by (1.1)�have been omputed in [5℄ by means of ertain (half-)orbit sumsof the funtional equation (1.1). For the 23rd model with �nite group, known as Gessel'swalk (see Figure 10), the CFs have been expressed by radials in [3℄ thanks to a guessing-proving method using omputer alulations; they were also found in [14℄ by solving someboundary value problems. For the 2 walks with in�nite group on the left in Figure 2, theyhave been obtained in [19℄, by exploiting a partiular property shared by the 5 models ofFigure 2 ommonly known as singular walks. Finally, in [20℄, the problem (i) was resolved
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Figure 2. The 5 singular walks in the lassi�ation of [5℄for all 54 remaining walks�and in fat for all the 79 models. For the 74 non-singularwalks, this was done via a uni�ed approah: expliit integral representations are obtainedfor CFs Q(x, 0; z), Q(0, y; z) and Q(0, 0; z) in ertain domains, by solving boundary valueproblems of Riemann-Carleman type.In this artile we go further, sine both funtions x 7→ Q(x, 0; z) and y 7→ Q(0, y; z) areomputed on the whole of C as multi-valued funtions with in�nitely many meromorphibranhes, that are made expliit for all z ∈]0, 1/|S|[. This result gives not only the mostomplete ontinuation of these CFs on their omplex planes along all paths, but also permitsto establish the nature of these funtions, i.e., to solve Problem (ii).Problem (ii) is atually resolved for only 28 of the 79 walks. All 23 �nite group modelsadmit a holonomi CF. Indeed, the nature of Q(x, y; z) was determined in [5℄ for 22 ofthese walks: 19 walks turn out to have a holonomi but non-algebrai CF, while for 3walks Q(x, y; z) is algebrai. As for the 23rd�again, Gessel's model�, the CF is algebrai[3℄. Alternative proofs for the nature of the (bivariate) CF for these 23 walks were given in[9℄. For the remaining 56 walks with an in�nite group, not muh is known: in [19℄ it wasshown that for 2 singular walks (namely, the 2 ones on the left in Figure 2), the funtion

z 7→ Q(1, 1; z) has in�nitely many poles and, as a onsequene [10℄, is non-holonomi.Aordingly [10℄, the trivariate funtion Q(x, y; z) is non-holonomi as well. It is reasonableto expet that the same approah would lead to the non-holonomy of all 5 singular walks,see [18, 19℄. As for the 51 non-singular walks with in�nite group, Bousquet-Mélou andMishna [5℄ onjetured that they also have a non-holonomi CF. The aim of this artile isto prove this onjeture, and we shall prove the following theorem.Theorem 1. For all 51 non-singular walks with in�nite group (1.3), there exist in�nitelymany z ∈]0, 1/|S|[ suh that x 7→ Q(x, 0; z) and y 7→ Q(0, y; z) are non-holonomi.It follows immediately from Theorem 1 that the trivariate funtion (x, y, z) 7→ Q(x, y; z)is non-holonomi as well, sine the holonomy is stable by speialization of a variable [10℄.The proof of Theorem 1 we shall do here is based on the above-mentioned onstrutionof the CF x 7→ Q(x, 0; z) (resp. y 7→ Q(0, y; z)) as a multi-valued funtion, that mustnow be slightly more detailed. First, we prove in this artile that for any z ∈]0, 1/|S|[,the integral expression of x 7→ Q(x, 0; z) given in [20℄ in a ertain domain of C admits adiret holomorphi ontinuation on C \ [x3(z), x4(z)]. Points x3(z), x4(z) are among fourbranh points x1(z), x2(z), x3(z), x4(z) of the two-valued algebrai funtion x 7→ Y (x; z)de�ned via the kernel (1.2) by the equation K(x, Y (x; z); z) = 0. These branh points areroots of the disriminant (2.2) of the latter equation, whih is of the seond order. We



4 IRINA KURKOVA AND KILIAN RASCHELrefer to Setion 2 for the numbering and for some properties of these branh points. Weprove next that funtion x 7→ Q(x, 0; z) does not admit a diret meromorphi ontinuationon any open domain ontaining the segment [x3(z), x4(z)], but admits a meromorphiontinuation along any path going one through [x3(z), x4(z)]. This way, we obtaina seond (and di�erent) branh of the funtion, whih admits a diret meromorphiontinuation on the whole ut plane C \ ([x1(z), x2(z)] ∪ [x3(z), x4(z)]). Next, if thefuntion x 7→ Q(x, 0; z) is ontinued along a path in C \ [x1(z), x2(z)] rossing oneagain [x3(z), x4(z)], we ome aross its �rst branh. But its ontinuation along a pathin C \ [x3(z), x4(z)] rossing one [x1(z), x2(z)] leads to a third branh of this CF, whihis meromorphi on C \ ([x1(z), x2(z)]∪ [x3(z), x4(z)]). Making loops through [x3(z), x4(z)]and [x1(z), x2(z)], suessively, we onstrut x 7→ Q(x, 0; z) as a multi-valued meromorphifuntion on C with branh points x1(z), x2(z), x3(z), x4(z), and with (generially) in�nitelymany branhes. The analogous onstrution is valid for y 7→ Q(0, y; z).In order to prove Theorem 1, we then show that for any of the 51 non-singular walkswith in�nite group (1.3), for in�nitely many z ∈]0, 1/|S|[, the set of the poles of all branhesof x 7→ Q(x, 0; z) (resp. y 7→ Q(0, y; z)) is in�nite�and even dense in ertain urves, to bespei�ed in Setion 7 (for many models, one of these urves is an interval of the real line).This is not ompatible with holonomy. Indeed, all branhes of a holonomi one-dimensionalfuntion must verify the same linear di�erential equation with polynomial oe�ients. Inpartiular, the poles of all branhes are among the zeros of these polynomials, and henethey must be in a �nite number.The rest of our paper is organized as follows. In Setion 2 we onstrut the Riemannsurfae T of the two-valued algebrai funtions X(y; z) and Y (x; z) de�ned by
K(X(y; z), y; z) = 0, K(x, Y (x; z); z) = 0.In Setion 3 we introdue and we study the universal overing of T. In Setion 4 we liftCFs Q(x, 0; z) and Q(0, y; z) to some domain of T, and then to a domain on its universalovering. Using a proper lifting of the automorphisms ξ and η de�ned in (1.4) as well as theindependene of K(x, 0; z)Q(x, 0; z) and K(0, y; z)Q(0, y; z) w.r.t. y and x, respetively, weontinue these funtions meromorphially on the whole of the universal overing. All thisproedure has been �rst arried out by Malyshev in the seventies [16, 17℄, at that time tostudy the stationary probability generating funtions for random walks with small stepsin the quarter plane Z
2
+. It is presented in [8, Chapter 3℄ for the ase of ergodi randomwalks in Z

2
+, and applies diretly for our Q(x, 0; 1/|S|) and Q(0, y; 1/|S|) if the drift vetor

(
∑

(i,j)∈S i,
∑

(i,j)∈S j) has not two positive oordinates. In Setions 3, 4 and 5 we developthis proedure for all z ∈]0, 1/|S|[ and all 51 non-singular walks, independently of the drift.Then, going bak from the universal overing to the omplex plane allows us to ontinue
x 7→ Q(x, 0; z) and y 7→ Q(0, y; z) as multi-valued meromorphi funtions with in�nitelymany branhes. In Setion 6 we show how our approah applies for the 23 walks with �nitegroup 〈ξ, η〉, and we reover most of the results of [3, 5, 9, 19℄�as, for example, the natureof the CFs. Finally, in Setion 7 we study the singularities of the branhes of x 7→ Q(x, 0; z)and y 7→ Q(0, y; z) for all the 51 non-singular walks with in�nite group. There, we provethe following fats (see Theorem 13):



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 5� The only singularities of the �rst branhes of x 7→ Q(x, 0; z) and y 7→ Q(0, y; z)are two branh points x3(z), x4(z) and y3(z), y4(z), respetively;� All other branhes have only a �nite number of poles;� For in�nitely many values of z, the set of poles of all these branhes is in�nite foreah of these funtions, and is dense on ertain urves; these urves are spei�edin Setion 7, and in partiular are pitured on Figure 11 for all 51 walks given onFigure 17. 2. Riemann surfae TIn the sequel we suppose that z ∈]0, 1/|S|[, and we drop the dependene of the di�erentquantities w.r.t. z.Kernel K(x, y). The kernel K(x, y) de�ned in (1.2) an be written as(2.1) xyz
[∑

(i,j)∈S xiyj − 1/z
]

= ã(y)x2 + b̃(y)x + c̃(y) = a(x)y2 + b(x)y + c(x),wherẽ
a(y) = zy

∑
(+1,j)∈S yj , b̃(y) = −y+zy

∑
(0,j)∈S yj, c̃(y) = zy

∑
(−1,j)∈S yj ,

a(x) = zx
∑

(i,+1)∈S xi, b(x) = −x+zx
∑

(i,0)∈S xi, c(x) = zx
∑

(i,−1)∈S xi.With these notations we de�ne(2.2) d̃(y) = b̃(y)2 − 4ã(y)c̃(y), d(x) = b(x)2 − 4a(x)c(x).If the walk is non-singular, then for any z ∈]0, 1/|S|[, the polynomial d̃ (resp. d) has threeor four roots, that we all yℓ (resp. xℓ). They are suh that |y1| < y2 < 1 < y3 < |y4| (resp.
|x1| < x2 < 1 < x3 < |x4|), with y4 = ∞ (resp. x4 = ∞) if d̃ (resp. d) has order three: thearguments given in [8, Part 2.3℄ for the ase z = 1/|S| indeed also apply for other valuesof z.Now we notie that the kernel (1.2) vanishes if and only if [̃b(y) + 2ã(y)x]2 = d̃(y) or
[b(x)+2a(x)y]2 = d(x). Consequently [12℄, the algebrai funtions X(y) and Y (x) de�nedby(2.3) ∑

(i,j)∈S X(y)iyj − 1/z = 0,
∑

(i,j)∈S xiY (x)j − 1/z = 0have two branhes, meromorphi on the ut planes C\([y1, y2]∪ [y3, y4]) and C\([x1, x2]∪
[x3, x4]), respetively�note that if y4 < 0, [y3, y4] stands for [y3,∞[∪{∞}∪] −∞, y4]; thesame holds for [x3, x4].We �x the notations of the two branhes of the algebrai funtions X(y) and Y (x) bysetting(2.4) X0(y) =

−b̃(y) + d̃(y)1/2

2ã(y)
, X1(y) =

−b̃(y) − d̃(y)1/2

2ã(y)
,as well as(2.5) Y0(x) =

−b(x) + d(x)1/2

2a(x)
, Y1(x) =

−b(x) − d(x)1/2

2a(x)
.The following straightforward result holds.
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x1 x1

x2 x2

x3 x3

x4 x4

S
1

x
S

2
x

x1 x1

x2 x2

x3 x3

x4 x4Figure 3. Constrution of the Riemann surfaeLemma 2. For all y ∈ C, we have |X0(y)| 6 |X1(y)|. Likewise, for all x ∈ C, we have
|Y0(x)| 6 |Y1(x)|.Proof. The arguments (via the maximum modulus priniple [12℄) given in [8, Part 5.3℄ for
z = 1/|S| also work for z ∈]0, 1/|S|[. �Riemann surfae T. We now onstrut the Riemann surfae T of the algebrai funtion
Y (x) introdued in (2.3). For this purpose we take two Riemann spheres C∪{∞}, say S

1
xand S

2
x, ut along the segments [x1, x2] and [x3, x4], and we glue them together along theborders of these uts, joining the lower border of the segment [x1, x2] (resp. [x3, x4]) on S

1
xto the upper border of the same segment on S

2
x and vie versa, see Figure 3. The resultingsurfae T is homeomorphi to a torus (i.e., a ompat Riemann surfae of genus 1) and isprojeted on the Riemann sphere S by a anonial overing map hx : T → S.In a standard way, we an lift the funtion Y (x) to T, by setting Y (s) = Yℓ(hx(s)) if

s ∈ S
ℓ
x ⊂ T, ℓ ∈ {1, 2}. Thus, Y (s) is single-valued and ontinuous on T. Furthermore,

K(hx(s), Y (s)) = 0 for any s ∈ T. For this reason, we all T the Riemann surfae of Y (x).In a similar fashion, one onstruts the Riemann surfae of the funtion X(y), by gluingtogether two opies S
1
y and S

2
y of the sphere S along the segments [y1, y2] and [y3, y4]. Itis again homeomorphi to a torus.Sine the Riemann surfaes of X(y) and Y (x) are equivalent, we an work on a singleRiemann surfae T, but with two di�erent overing maps hx, hy : T → S. Then, for s ∈ T,we set x(s) = hx(s) and y(s) = hy(s), and we will often represent a point s ∈ T by the pair
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x1 y1

x2 y2

Φ1 Φ0

y3 x3

y4 x4Figure 4. Loation of the branh points and of the yles Φ0 and Φ1 onthe Riemann surfae Tof its oordinates (x(s), y(s)). These oordinates are of ourse not independent, beausethe equation K(x(s), y(s)) = 0 is valid for any s ∈ T.Real points of T. Let us identify the set Φ of real points of T, that are the points s ∈ Twhere x(s) and y(s) are both real or equal to in�nity. Note that for y real, X(y) is real if
y ∈ [y4, y1] or y ∈ [y2, y3], and omplex if y ∈]y1, y2[ or y ∈]y3, y4[. Likewise, for real valuesof x, Y (x) is real if x ∈ [x4, x1] or x ∈ [x2, x3], and omplex if x ∈]x1, x2[ or x ∈]x3, x4[.The set Φ therefore onsists of two non-interseting losed analyti urves Φ0 and Φ1, equalto (see Figure 4)

Φ0 = {s ∈ T : x(s) ∈ [x2, x3]} = {s ∈ T : y(s) ∈ [y2, y3]}and
Φ1 = {s ∈ T : x(s) ∈ [x4, x1]} = {s ∈ T : y(s) ∈ [y4, y1]},and homologially equivalent to a basi yle on T�note, however, that the equivalenelass ontaining Φ0 and Φ1 is disjoint from that ontaining the yle h−1

x ({x ∈ C : |x| = 1}).Galois automorphisms ξ, η. We ontinue Setion 2 by introduing two Galois automor-phisms. De�ne �rst, for ℓ ∈ {1, 2}, the inised spheres
Ŝ

ℓ
x = S

ℓ
x \ ([x1, x2] ∪ [x3, x4]), Ŝ

ℓ
y = S

ℓ
y \ ([y1, y2] ∪ [y3, y4]).For any s ∈ T suh that x(s) is not equal to a branh point xℓ, there exists a unique s′ ∈ Tsuh that x(s) = x(s′); it is suh that s 6= s′. Furthermore, if s ∈ Ŝ

1
x then s′ ∈ Ŝ

2
x and vieversa. On the other hand, whenever x(s) is one of the branh points xℓ, s = s′. Also, sine

K(x(s), y(s)) = 0, y(s) and y(s′) give two values of funtion Y (x) at x = x(s) = x(s′). ByVieta's theorem and (2.1), y(s)y(s′) = c(x(s))/a(x(s)).Similarly, for any s ∈ T suh that y(s) is di�erent from the branh points yℓ, there existsa unique s′′ ∈ T (di�erent from s) suh that y(s) = y(s′′). If s ∈ Ŝ
1
y then s′′ ∈ Ŝ

2
y and vieversa. On the other hand, if y(s) is one of the branh points yℓ, we have s = s′′. Moreover,sine K(x(s), y(s)) = 0, x(s) and x(s′′) give two values of funtion X(y) at y(s) = y(s′′).Again, by Vieta's theorem and (2.1), x(s)x(s′′) = c̃(y(s))/ã(y(s)).De�ne now the mappings ξ : T → T and η : T → T by(2.6) {

ξs = s′ if x(s) = x(s′),
ηs = s′′ if y(s) = y(s′′).



8 IRINA KURKOVA AND KILIAN RASCHEL
x3 y3 x2 y2

x4 y4 x1 y1

ω1

ω1/2

0 ω3/2 ω2/2 [ω2 + ω3]/2 ω2Figure 5. The Riemann surfae C/(ω1Z + ω2Z) and the loation of thebranh pointsFollowing [16, 17℄, we all them Galois automorphisms of T. Then ξ2 = η2 = Id, and(2.7) y(ξs) =
c(x(s))

a(x(s))

1

y(s)
, x(ηs) =

c̃(y(s))

ã(y(s))

1

x(s)
.Any s ∈ T suh that x(s) = xℓ (resp. y(s) = yℓ) is a �xed point for ξ (resp. η). To getsome more intuition, it is helpful to draw the straight line through the pair of points of Φ0where x(s) = x2 and x3 (resp. y(s) = y2 and y3). Then points s and ξs (resp. s and ηs)on Figure 4 are symmetri about this straight line.The Riemann surfae T viewed as a parallelogram whose opposed edges areidenti�ed. Like any ompat Riemann surfae of genus 1, T is isomorphi to a ertainquotient spae(2.8) C/(ω1Z + ω2Z),where ω1, ω2 are omplex numbers linearly independent on R, see [12℄. The set (2.8) anobviously be thought as the (fundamental) parallelogram ω1[0, 1] + ω2[0, 1] whose opposededges are identi�ed. Up to a homotheti transformation, ω1, ω2 are unique, see [12℄. Inour ase, suitable ω1, ω2 will be found in (3.1).If we ut the torus on Figure 4 along [x1, x2] and Φ0, it beomes the parallelogram onthe left in Figure 5. On the right in the same �gure, this parallelogram is translated tothe omplex plane, and all orresponding important points are expressed in terms of theomplex numbers ω1, ω2 (see above) and of ω3 (to be de�ned below, in (3.2)).3. Universal overingAn informal onstrution of the universal overing. The Riemann surfae T anbe onsidered as a parallelogram whose opposite edges are identi�ed, see (2.8) and Figure5. The universal overing of T an then be viewed as the union of in�nitely many suhparallelograms glued together, as in Figure 6.
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T + ω1

T − ω2 T T + ω2

T − ω1Figure 6. Informal onstrution of the universal overingPeriods and overing map. We now give a proper onstrution of the universal overing.The Riemann surfae T being of genus 1, its universal overing has the form (C, λ), where
C is the omplex plane and λ : C → T is a non-branhing overing map, see [12℄. Thisway, the surfae T an be onsidered as the additive group C fatorized by the disretesubgroup ω1Z+ ω2Z, where the periods ω1, ω2 are omplex numbers, linearly independenton R. Any segment of length |ωℓ| and parallel to ωℓ, ℓ ∈ {1, 2}, is projeted into a losedurve on T homologial to one of the elements of the normal basis on the torus. We hoose
λ(ω1) to be homologial to the ut [x1, x2] (and hene also to all other uts [x3, x4], [y1, y2]and [y3, y4]); λ(ω2) is then homologial to the yles of real points Φ0 and Φ1; see Figures5 and 7.Our aim now is to �nd the expression of the overing λ. We will do this by �nding,for all ω ∈ C, the expliit expressions of the pair of oordinates (x(λω), y(λω)), that wehave introdued in Setion 2. First, the periods ω1, ω2 are obtained in [8, Lemma 3.3.2℄for z = 1/|S|. The reasoning is exatly the same for other values of z, and we obtain thatwith d as in (2.2),(3.1) ω1 = i

∫ x2

x1

dx
[−d(x)]1/2

, ω2 =

∫ x3

x2

dx
d(x)1/2

.We also need to introdue another period, namely,(3.2) ω3 =

∫ x1

X(y1)

dx
d(x)1/2

.Further, we de�ne
gx(t) =

{
d′′(x4)/6 + d′(x4)/[t − x4] if x4 6= ∞,

d′′(0)/6 + d′′′(0)t/6 if x4 = ∞,as well as
gy(t) =

{
d′′(y4)/6 + d′(y4)/[t − y4] if y4 6= ∞,

d′′(0)/6 + d′′′(0)t/6 if y4 = ∞,
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ωx4

+ ω1 ωy4
+ ω1 ωy4

+ ω1 + ω2

ωx3
ωy3

ωx2
ωy2

ωx3
+ ω2

ωx4
ωy4

ωx1
ωy1

ωx4
+ ω2

Lx2

x1
Ly2

y1Lx3

x4
Ly3

y4

Figure 7. Important points and yles on the universal overingand �nally we introdue ℘(ω;ω1, ω2), the Weierstrass ellipti funtion with periods ω1, ω2.Throughout, we shall write ℘(ω) for ℘(ω;ω1, ω2). By de�nition, see [12, 22℄, we have
℘(ω) =

1

ω2
+

∑

(ℓ1,ℓ2)∈Z2\{(0,0)}

[
1

(ω − ℓ1ω1 − ℓ2ω2)2
−

1

(ℓ1ω1 + ℓ2ω2)2

]
.Then we have the uniformization [8, Lemma 3.3.1℄(3.3) {

x(λω) = g−1
x (℘(ω)),

y(λω) = g−1
y (℘(ω − ω3/2)).From now on, whenever no ambiguity an arise, we drop the dependene w.r.t. λ, writing

x(ω) and y(ω) instead of x(λω) and y(λω), respetively. The oordinates x(ω), y(ω) de�nedin (3.3) are ellipti:(3.4) x(ω + ωℓ) = x(ω), y(ω + ωℓ) = y(ω), ∀ℓ ∈ {1, 2}, ∀ω ∈ C.Furthermore,
{

x(0) = x4

y(0) = Y (x4)
,

{
x(ω1/2) = x3

y(ω1/2) = Y (x3)
,

{
x(ω2/2) = x1

y(ω2/2) = Y (x1)
,

{
x([ω1 + ω2]/2) = x2

y([ω1 + ω2]/2) = Y (x2)
.Let us denote the points 0, ω1/2, ω2/2, [ω1 + ω2]/2 by ωx4

, ωx3
, ωx1

, ωx2
, respetively, seeFigures 5 and 7. Let

Lx3
x4

= ωx4
+ ω1R, Lx2

x1
= ωx1

+ ω1R.Then λLx3
x4

(resp. λLx2
x1
) is the ut of T where S

1
x and S

2
x are glued together, namely,

{s ∈ T : x(s) ∈ [x3, x4]} (resp. {s ∈ T : x(s) ∈ [x1, x2]}).Moreover, by onstrution we have (see again Figures 5 and 7)
{

x(ω3/2) = X(y4)
y(ω3/2) = y4

,

{
x([ω1 + ω3]/2) = X(y3)
y([ω1 + ω3]/2) = y3

,

{
x([ω2 + ω3]/2) = X(y1)
y([ω2 + ω3]/2) = y1

,and {
x([ω1 + ω2 + ω3]/2) = X(y2)
y([ω1 + ω2 + ω3]/2) = y2

.



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 11We denote the points ω3/2, [ω1 + ω3]/2, [ω2 + ω3]/2, [ω1 + ω2 + ω3]/2 by ωy4
, ωy3

, ωy1
, ωy2

,respetively. Let
Ly3

y4
= ωy4

+ ω1R, Ly2
y1

= ωy1
+ ω1R.Then λLy3

y4 (resp. λLy2
y1) is the ut of T where S

1
y and S

2
y are glued together, that is to say

{s ∈ T : y(s) ∈ [y3, y4]} (resp. {s ∈ T : y(s) ∈ [y1, y2]}).The distane between Lx3
x4

and Ly3
y4 is the same as between Lx2

x1
and Ly2

y1 and equals ω3/2.Lifted Galois automorphisms ξ̂, η̂. Any onformal automorphism ζ of the surfae Tan be ontinued as a onformal automorphism ζ̂ = λ−1ζλ of the universal overing C.This ontinuation is not unique, but it will be unique if we �x some ζ̂ω0 ∈ λ−1ζλω0 for agiven point ω0 ∈ C.Aording to [8℄, we de�ne ξ̂, η̂ by hoosing their �xed points to be ωx2
, ωy2

, respetively.Sine any onformal automorphism of C is an a�ne funtion of ω [12℄ and sine ξ̂ 2 = η̂ 2 =
Id, we have(3.5) ξ̂ω = −ω + 2ωx2

, η̂ω = −ω + 2ωy2
.It follows that η̂ξ̂ and ξ̂η̂ are just the shifts via the real numbers ω3 and −ω3, respetively:(3.6) η̂ξ̂ω = ω + 2(ωy2

− ωx2
) = ω + ω3, ξ̂η̂ω = ω + 2(ωx2

− ωy2
) = ω − ω3.By (2.6) and (2.7) we have(3.7) x(ξ̂ω) = x(ω), y(ξ̂ω) =

c(x(ω))

a(x(ω))

1

y(ω)
, x(η̂ω) =

c̃(y(ω))

ã(y(ω))

1

x(ω)
, y(η̂ω) = y(ω).Finally, ξ̂Lx2

x1
= Lx2

x1
, ξ̂Lx3

x4
= Lx3

x4
+ ω2 and η̂Ly2

y1 = Ly2
y1 , η̂Ly3

y4 = Ly3
y4 + ω2.4. Lifting of x 7→ Q(x, 0) and y 7→ Q(0, y) to the universal overingLifting to the Riemann surfae T. We have seen in Setion 2 that for any z ∈]0, 1/|S|[,exatly two branh points of Y (x) (namely, x1 and x2) are in the unit dis. For this reason,and by onstrution of the surfae T, the set {s ∈ T : |x(s)| = 1} is omposed of two yles(one belongs to S

1
x and the other to S

2
x) homologial to the ut {s ∈ T : x(s) ∈ [x1, x2]}.The domain Dx = {s ∈ T : |x(s)| < 1} is bounded by these two yles, see Figure 8, andontains the points s ∈ T suh that x(s) ∈ [x1, x2]. Sine the funtion x 7→ K(x, 0)Q(x, 0)is holomorphi in the unit dis, we an lift it to Dx ⊂ T as

rx(s) = K(x(s), 0)Q(x(s), 0), ∀s ∈ Dx.In the same way, the domain Dy = {s ∈ T : |y(s)| < 1} is bounded by {s ∈ T : |y(s)| =
1}, whih onsists in two yles homologial to the ut {s ∈ T : y(s) ∈ [y1, y2]}, see Figure8, and whih ontains the latter. We lift the funtion y 7→ K(0, y)Q(0, y) to Dy ⊂ T as

ry(s) = K(0, y(s))Q(0, y(s)), ∀s ∈ Dy.It is shown in [20, Lemma 3℄ that for any z ∈]0, 1/|S|[ and any x suh that |x| = 1, wehave |Y0(x)| < 1 and |Y1(x)| > 1. Hene, the yles that onstitute the boundary of Dxare
Γ0

x = {s ∈ T : |x(s)| = 1, |y(s)| < 1}, Γ1
x = {s ∈ T : |x(s)| = 1, |y(s)| > 1}.
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Dx

Γ0
y

Γ1
x

Γ0
x

Dy

Γ1
y

Figure 8. Loation of the domains Dx and Dy on the Riemann surfae TWe thus have Γ0
x ∈ Dy and Γ1

x /∈ Dy, see Figure 8. In the same way, for any z ∈]0, 1/|S|[and any y suh that |y| = 1, we have |X0(y)| < 1 and |X1(y)| > 1. Therefore, the ylesomposing the boundary of Dy are
Γ0

y = {s ∈ T : |y(s)| = 1, |x(s)| < 1}, Γ1
y = {s ∈ T : |y(s)| = 1, |x(s)| > 1}.Furthermore, Γ0

y ∈ Dx and Γ1
y /∈ Dx, see Figure 8.It follows that Dx∩Dy = {s ∈ T : |x(s)| < 1, |y(s)| < 1} is not empty, simply onnetedand bounded by Γ0

x and Γ0
y. Sine for any s ∈ T, K(x(s), y(s)) = 0, and sine the mainequation (1.1) is valid on {(x, y) ∈ C

2 : |x| < 1, |y| < 1}, we have(4.1) rx(s) + ry(s) − K(0, 0)Q(0, 0) − x(s)y(s) = 0, ∀s ∈ Dx ∩ Dy.Lifting to the universal overing C. The domain D lifted on the universal overingonsists of in�nitely many urvilinear strips shifted by ω2:
λ−1

Dx =
⋃

n∈Z

∆n
x, ∆n

x ⊂ ω1R+]nω2, (n + 1)ω2[,and, likewise,
λ−1

Dy =
⋃

n∈Z

∆n
y , ∆n

y ⊂ ω1R + ω3/2+]nω2, (n + 1)ω2[.Let us onsider these strips for n = 0, that we rename
∆x = ∆0

x, ∆y = ∆0
y.The �rst is bounded by Γ̂1

x ⊂ λ−1Γ1
x and by Γ̂0

x ⊂ λ−1Γ0
x, while the seond is delimited by

Γ̂0
y ⊂ λ−1Γ0

y and by Γ̂1
y ⊂ λ−1Γ1

y.Further, note that the straight line Lx2
x1

(resp. Ly2
y1) de�ned in Setion 3 is invariant w.r.t.

ξ̂ (resp. η̂) and belongs to ∆x (resp. ∆y).Then, by the fats that ξΓ1
x = Γ0

x and ηΓ1
y = Γ0

y, and by our hoie (3.5) of the de�nitionof ξ̂ and η̂ on the universal overing, we have ξ̂ Γ̂1
x = Γ̂0

x and η̂ Γ̂1
y = Γ̂0

y. In addition,(4.2) ξ̂ω ∈ ∆x, ∀ω ∈ ∆x, η̂ω ∈ ∆y, ∀ω ∈ ∆y.
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ωx4

+ ω1 ωy4
+ ω1 + ω2

Γ̂1
x

Lx2

x1
Ly2

y1
Γ̂1

y

ωx4
ωy4

+ ω2
∆Figure 9. Loation of ∆ = ∆x ∪ ∆yMoreover, sine Γ0

y ∈ Dx, Γ1
y /∈ Dx and Γ0

x ∈ Dy, Γ1
x /∈ Dy, we have Γ̂0

y ∈ ∆x, Γ̂1
y /∈ ∆x and

Γ̂0
x ∈ ∆y, Γ̂1

x /∈ ∆y. It follows that ∆x ∩ ∆y is a non-empty strip bounded by Γ̂0
x and Γ̂0

y,and that
∆ = ∆x ∪ ∆yis simply onneted, as in Figure 9.Let us lift the funtions rx(s) and ry(s) meromorphially to ∆x and ∆y, respetively:we put(4.3) {

rx(ω) = rx(λω) = K(x(ω), 0)Q(x(ω), 0), ∀ω ∈ ∆x,
ry(ω) = ry(λω) = K(0, y(ω))Q(0, y(ω)), ∀ω ∈ ∆y.It follows from (4.1) and (4.3) that(4.4) rx(ω) + ry(ω) − K(0, 0)Q(0, 0) − x(ω)y(ω) = 0, ∀ω ∈ ∆x ∩ ∆y.Equation (4.4) allows us to ontinue funtions rx(ω) and ry(ω) meromorphially on ∆: weput(4.5) {

rx(ω) = −ry(ω) + K(0, 0)Q(0, 0) + x(ω)y(ω), ∀ω ∈ ∆y,
ry(ω) = −rx(ω) + K(0, 0)Q(0, 0) + x(ω)y(ω), ∀ω ∈ ∆x.Equation (4.4) is then valid on the whole of ∆. We summarize all fats above in the nextresult.Theorem 3. The funtions

rx(ω) =

{
K(x(ω), 0)Q(x(ω), 0) if ω ∈ ∆x,

−K(0, y(ω))Q(0, y(ω)) + K(0, 0)Q(0, 0) + x(ω)y(ω) if ω ∈ ∆y,and
ry(ω) =

{
K(0, y(ω))Q(0, y(ω)) if ω ∈ ∆y,

−K(x(ω), 0)Q(x(ω), 0) + K(0, 0)Q(0, 0) + x(ω)y(ω) if ω ∈ ∆x,are meromorphi in ∆. Furthermore,(4.6) rx(ω) + ry(ω) − K(0, 0)Q(0, 0) − x(ω)y(ω) = 0, ∀ω ∈ ∆.



14 IRINA KURKOVA AND KILIAN RASCHEL5. Meromorphi ontinuation of x 7→ Q(x, 0) and y 7→ Q(0, y) on theuniversal overingMeromorphi ontinuation. In Theorem 3 we saw that rx(ω) and ry(ω) are meromor-phi on ∆. We now ontinue these funtions meromorphially from ∆ to the whole of C.Theorem 4. The funtions rx(ω) and ry(ω) an be ontinued meromorphially to the wholeof C. Further, for any ω ∈ C, we have
rx(ω − ω3) = rx(ω) + y(ω)[x(−ω + 2ωy2

) − x(ω)],(5.1)
ry(ω + ω3) = ry(ω) + x(ω)[y(−ω + 2ωx2

) − y(ω)],(5.2)
rx(ω) + ry(ω) − K(0, 0)Q(0, 0) − x(ω)y(ω) = 0,(5.3)
{

rx(ξ̂ω) = rx(ω),
ry(η̂ω) = ry(ω),

(5.4)
{

rx(ω + ω1) = rx(ω),
ry(ω + ω1) = ry(ω).

(5.5)For the proof of Theorem 4, we shall need the following lemma.Lemma 5. We have(5.6) ⋃

n∈Z

(∆ + nω3) = C.Proof. It has been notied in Setion 4 that ξ̂ Γ̂1
x = Γ̂0

x ∈ ∆y. By (4.2), η̂ Γ̂0
x ∈ ∆y ⊂ ∆, sothat, by (3.6),

Γ̂1
x + ω3 = η̂ξ̂ Γ̂1

x ∈ ∆.In the same way, Γ̂1
y −ω3 ∈ ∆. It follows that ∆∪ (∆ + ω3) is a simply onneted domain,see Figure 9. Identity (5.6) follows. �Proof of Theorem 4. For any ω ∈ ∆ we have by Theorem 3(5.7) rx(ω) + ry(ω) − K(0, 0)Q(0, 0) − x(ω)y(ω) = 0.For any ω ∈ ∆ lose enough to the yle Γ̂1

x, we have that ξ̂ω ∈ ∆y sine ξ̂ Γ̂1
x = Γ̂0

x ∈ ∆y.Then ω + ω3 = η̂ξ̂ω ∈ ∆y by (4.2). We now ompute ry(η̂ξ̂ω) for any suh ω. Equation(4.6), whih is valid in ∆ ⊃ ∆y, gives(5.8) rx(ξ̂ω) + ry(ξ̂ω) − K(0, 0)Q(0, 0) − x(ξ̂ω)y(ξ̂ω) = 0.By (3.7), x(ξ̂ω) = x(ω). For our ω ∈ ∆x, by (4.2) we have ξ̂ω ∈ ∆x, so that Theorem 3yields
rx(ξ̂ω) = K(x(ξ̂ω), 0)Q(x(ξ̂ω), 0) = K(x(ω), 0)Q(x(ω), 0) = rx(ω).If we now ombine the last fat together with Equation (5.7), Equation (5.8) and identity

x(ξ̂ω) = x(ω), we obtain that
ry(ξ̂ω) = ry(ω) + x(ω)[y(ξ̂ω) − y(ω)].



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 15Sine ξ̂ω ∈ ∆y, then by (4.2) we have η̂ξ̂ω ∈ ∆y. Equation (3.7) and Theorem 3 entail
ry(η̂ξ̂ω) = K(0, y(η̂ξ̂ω))Q(0, y(η̂ξ̂ω)) = K(0, y(ξ̂ω))Q(0, y(ξ̂ω)) = ry(ξ̂ω).Finally, for all ω ∈ ∆ lose enough to Γ̂1

x we have
ry(η̂ξ̂ω) = ry(ω) + x(ω)[y(ξ̂ω) − y(ω)].Using (3.6), we obtain exatly Equation (5.2). Thanks to Theorem 3 and Lemma 5, thisequation shown for any ω ∈ ∆ lose enough to Γ̂1

x allows us to ontinue ry meromorphiallyfrom ∆ to the whole of C. Equation (5.2) therefore stays valid for any ω ∈ C. The funtion
ry(η̂ω) = ry(−ω + ωy2

) is then also meromorphi on C. Sine these funtions oinide in
∆y, then by the priniple of analyti ontinuation [12℄ they do on the whole of C. Inthe same way, we prove Equation (5.1) for all ω ∈ ∆y lose enough to Γ̂1

y. Together withTheorem 3 and Lemma 5 this allows us to ontinue rx(ω) meromorphially to the whole of
C. By the same ontinuation argument, the identity rx(ω) = rx(ξ̂ω) is valid everywhereon C. Consequently Equation (5.3), whih a priori is satis�ed in ∆, must stay valid on thewhole of C. Sine x(ω) and y(ω) are ω1-periodi, it follows from Theorem 3 that rx(ω) and
ry(ω) are ω1-periodi in ∆. The vetor ω3 being real, by (5.1) and (5.2) these funtionsstay ω1-periodi on the whole of C. �Branhes of x 7→ Q(x, 0) and y 7→ Q(0, y). The restritions of rx(ω)/K(x(ω), 0) on(5.9) Mk,ℓ = ω1[ℓ, ℓ + 1[+ω2[k/2, (k + 1)/2[for k, ℓ ∈ Z provide all branhes on C \ ([x1, x2] ∪ [x3, x4]) of Q(x, 0) as follows:(5.10)

Q(x, 0) = {rx(ω)/K(x(ω), 0) : ω is the (unique) element of Mk,ℓ suh that x(ω) = x}.Due to the ω1-periodiity of rx(ω) and x(ω), the restritions of these funtions on Mk,ℓ donot depend on ℓ ∈ Z, and therefore determine the same branh as on Mk,0 for any ℓ.Furthermore, thanks to (5.4), (3.5) and (3.7) the restritions of rx(ω)/K(x(ω), 0) on
M−k+1,0 and on Mk,0 lead to the same branhes for any k ∈ Z. Hene, the restritions of
rx(ω)/K(x(ω), 0) to Mk,0 with k > 1 provide all di�erent branhes of this funtion. Theanalogous statement holds for the restritions of ry(ω)/K(0, y(ω)) on(5.11) Nk,ℓ = ω3/2 + ω1[ℓ, ℓ + 1[+ω2]k/2, (k + 1)/2]for k, ℓ ∈ Z, namely:(5.12)

Q(0, y) = {ry(ω)/K(0, y(ω)) : ω is the (unique) element of Nk,ℓ suh that y(ω) = y}.The restritions on Nk,ℓ for ℓ ∈ Z give the same branh as on Nk,0. For any k ∈ Z+ therestritions on N−k+1,0 and on Nk,0 determine the same branhes. Hene, the restritionsof ry(ω)/K(0, y(ω)) on Nk,0 with k > 1 provide all di�erent branhes of y 7→ Q(0, y).
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Figure 10. Three famous examples, known as Kreweras', Gessel's andGouyou-Beauhamps' walks, respetivelyFinite and in�nite group. In the ase of �nite group (1.3), the ratio ω2/ω3 is rationaland independent of z. This fat, spei�ed in Lemma 9 below, is ruial for the analysisof the assoiated models. This analysis is the subjet of Setion 6. In the in�nite groupase, the ratio ω2/ω3 is a non-onstant holomorphi funtion of z, see [20℄. Consequently,

ω2/ω3 takes rational and irrational values for in�nitely many z. For all these values of z,properties of the branhes of x 7→ Q(x, 0) and y 7→ Q(0, y) (in partiular, the set of theirpoles) will be studied in Setion 7.6. Finite group aseDe�ne the ovariane of the model as(6.1) ∑

(i,j)∈S

ij.Lemma 6 below is proved in [20, Proposition 5℄.Lemma 6. For all 23 models with �nite group (1.3), ω2/ω3 is rational and independent of
z. More preisely:� For the walks with a group of order 4, ω2/ω3 = 2;� For the walks with a group of order 6 and suh that the ovariane is negative(resp. positive), ω2/ω3 = 3 (resp. 3/2);� For the models having a group of order 8 and a negative (resp. positive) ovariane,

ω2/ω3 = 4 (resp. 4/3).In the sequel, we note ω2/ω3 = k/ℓ; then, 2k is the order of the group. Sine kω3 = ℓω2,we obviously always have
rx(ω + ℓω2) − rx(ω) =

∑

16m6k

rx(ω + mω3) − rx(ω + (m − 1)ω3).



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 17It follows from (5.1) and from properties (3.5), (3.6) and (3.7) of the Galois automorphismsthat
rx(ω + ℓω2) − rx(ω) =

∑

16m6k

(xy)(ω + mω3) − (xy)(η̂(ω + mω3))

=
∑

16m6k

(xy)((η̂ξ̂)mω) − (xy)(ξ̂(η̂ξ̂)m−1ω))

=
∑

θ∈〈ξ̂,η̂〉

(−1)θxy(θ(ω)).(6.2)The same identity with the opposite sign holds for ry. The quantity (6.2) is the orbit-sumof the funtion xy under the group 〈ξ̂, η̂〉, and is denoted by O(ω). It satis�es the propertyhereunder, whih is proved in [5℄.Lemma 7. In the �nite group ase, the orbit-sum O(ω) is identially zero if and only ifthe ovariane (6.1) is positive.We therefore ome to the following orollary.Corollary 8. In the �nite group ase, the funtions x 7→ Q(x, 0) and y 7→ Q(0, y) haveonly a �nite number of di�erent branhes if and only if the ovariane (6.1) is positive.After the lifting to the universal overing done in Theorem 4, results of [3, 5℄ onerningthe nature of the funtions x 7→ Q(x, 0) and y 7→ Q(0, y) in all �nite group ases an nowbe established by very short reasonings. For the sake of ompleteness, we show how thisworks.Proposition 9 ([3, 5℄). For all models with a �nite group and a positive ovariane (6.1),
x 7→ Q(x, 0) and y 7→ Q(0, y) are algebrai.Proposition 10 ([5℄). For all models with a �nite group and a negative or zero ovariane(6.1), x 7→ Q(x, 0) and y 7→ Q(0, y) are holonomi and non-algebrai.Proofs of both of these propositions involve the following lemma.Lemma 11. Let ℘ be a Weierstrass ellipti funtion with ertain periods ω, ω̂.(P1) We have

℘′(ω)2 = 4[℘(ω) − ℘(ω/2)][℘(ω) − ℘([ω + ω̂]/2)][℘(ω) − ℘(ω̂/2)], ∀ω ∈ C.(P2) Let p be some positive integer. The Weierstrass ellipti funtion with periods ω, ω̂/pan be written in terms of ℘ as
℘(ω) +

p−1∑

ℓ=1

[℘(ω + ℓω̂/p) − ℘(ℓω̂/p)], ∀ω ∈ C.(P3) We have the addition theorem:
℘(ω + ω̃) = −℘(ω) − ℘(ω̃) +

1

4

[
℘′(ω) − ℘′(ω̃)

℘(ω) − ℘(ω̃)

]2

, ∀ω, ω̃ ∈ C.



18 IRINA KURKOVA AND KILIAN RASCHEL(P4) For any ellipti funtion f with periods ω, ω̂, there exist two rational funtions Rand S suh that
f(ω) = R(℘(ω)) + ℘′(ω)S(℘(ω)), ∀ω ∈ C.(P5) There exists a funtion Φ whih is ω-periodi and suh that Φ(ω + ω̂) = Φ(ω)− 1,

∀ω ∈ C.Proof. Properties (P1), (P3) and (P4) are most lassial, and an be found, e.g., in [12, 22℄.For (P2) we refer to [22, page 456℄, and for (P5), see [8, Equation (4.3.7)℄. Note that thefuntion Φ in (P5) an be onstruted via the zeta funtion of Weierstrass. �Proof of Proposition 9. If the orbit-sum O(ω) is zero, Equation (6.2) implies that rx(ω) is
ℓω2-periodi. In partiular, the property (P4) of Lemma 11 entails that there exist tworational funtions R and S suh that(6.3) rx(ω) = R(℘(ω;ω1, ℓω2)) + ℘′(ω;ω1, ℓω2)S(℘(ω;ω1, ℓω2)).Further, the property (P2) together with the addition formula (P3) of Lemma 11 gives that
℘(ω;ω1, ℓω2) is an algebrai funtion of ℘(ω)�we reall that ℘(ω) denotes the Weierstrassfuntion ℘(ω;ω1, ω2). Due to Lemma 11 (P1), ℘′(ω) is an algebrai funtion of ℘(ω) too,so that ℘′(ω;ω1, ℓω2) is also an algebrai funtion of ℘(ω). Thanks to (6.3), we get that
rx(ω) is algebrai in ℘(ω). Sine ℘(ω) is a rational funtion of x(ω), see (3.3), we �nallyobtain that rx(ω) is algebrai in x(ω). Then qx(ω) = rx(ω)/K(x(ω), 0) is algebrai in x(ω)and so is qy(ω) in y(ω). �Proof of Proposition 10. In this proof we have ℓ = 1, see Lemma 6. Thanks to Lemma 11(P5), there exists a funtion Φ whih is ω1-periodi and suh that Φ(ω + ω2) = Φ(ω) − 1.In partiular, transforming (6.2) we an write

rx(ω + ω2) + Φ(ω + ω2)O(ω + ω2) = rx(ω) + Φ(ω)O(ω).This entails that rx(ω) + Φ(ω)O(ω) is ellipti with periods ω1, ω2. In partiular, for thesame reasons as in the proof of Proposition 9, this is an algebrai funtion of x(ω). Thefuntion O(ω) is obviously also algebrai in x(ω). As for the funtion Φ(ω), it is proved in[8, page 71℄ that it is a non-algebrai funtion of x(ω). Moreover, it is shown in [9, Lemma2.1℄ that it is holonomi in x(ω). Hene rx(ω) is holonomi in x(ω) but not algebrai. Thesame is true for qx(ω) = rx(ω)/K(x(ω), 0) in x(ω) and for qy(ω) in y(ω). �7. Infinite group aseIn the ase of in�nite group (1.3), ω2/ω3 is a real, holonomi and non-onstant funtionof z ∈]0, 1/|S|[, see [20℄. It therefore takes rational and irrational values for in�nitely many
z ∈]0, 1/|S|[. The ase of rational ω2/ω3 is onsidered in the result that follows.Theorem 12. For all 51 non-singular walks with in�nite group (1.3) and any z suh that
ω2/ω3 is rational, the funtions x 7→ Q(x, 0) and y 7→ Q(0, y) are holonomi.Proof. The proof is similar to that, in [9℄, on the holonomy of the ounting funtions inthe �nite group ase. �



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 19We now onsider the ase of irrational ω2/ω3, and we �rst informally explain why theset of poles of all branhes of x 7→ Q(x, 0) and y 7→ Q(0, y) an be dense on ertain urves.We shall denote by ℜω and ℑω the real and imaginary parts of ω ∈ C. Let Πx and Πy bethe parallelograms de�ned by(7.1)
Πx = M0,0 ∪ M0,1 = ω1[0, 1[+ω2[0, 1[, Πy = N0,0 ∪ N0,1 = ω3/2 + ω1[0, 1[+ω2]0, 1],with the notations (5.9) and (5.11). Funtion rx(ω) (resp. ry(ω)) on Πx (resp. Πy) de�nesthe �rst (main) branh of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) twie via (5.10) (resp. (5.12)).Denote by fy(ω) = x(ω)[y(−ω + 2ωx1

) − y(ω)] the funtion used in the meromorphiontinuation proedure (5.2). Assume that at some ω0 ∈ Πy, ry(ω0) 6= ∞ and fy(ω0) = ∞.Further, suppose that(7.2) ∄ω ∈ Πy : ℑω = ℑω0, fy(ω) = ∞.By (5.2), for any n > 1(7.3) ry(ω0 + nω3) = ry(ω0) + fy(ω0) +
n−1∑

k=1

fy(ω0 + kω3).We have ry(ω0) + fy(ω0) = ∞. If ω2/ω3 is irrational, then for any k > 1 there is no p ∈ Zsuh that ω0 +kω3 = ω0 +pω2. Funtion fy being ω2-periodi, it follows from this fat andassumption (7.2) that fy(ω0 + kω3) 6= ∞ for any k > 1. Hene by (7.3), ry(ω0 +nω3) = ∞for all n > 1. Due to irrationality of ω2/ω3, for any n > 1 there exists a unique ωn(ω0) ∈ Πyand p ∈ Z suh that ω0 + nω3 = ωn(ω0) + pω2, and the set {ωn(ω0)}n>1 is dense on theurve (possibly inluding ∞)(7.4) Iy(ω0) = y({ω : ℑω = ℑω0, ω ∈ Πy})By de�nition (5.12), the set of poles of all branhes of y 7→ K(0, y)Q(0, y) is dense on theurve Iy(ω0). The number of zeros of y 7→ K(0, y) being at most two, the same onlusionholds true for y 7→ Q(0, y).We shall see that there exists at most six points ω0 in Πy suh that fy(ω0) = ∞, butassumption (7.2) is not always satis�ed for all of them, so that some poles of fy an beompensated in the sum (7.3). Furthermore, it may happen that fy(ω0) = ∞ but also
ry(ω0) = ∞, and onsequently fy(ω) + ry(ω) may have no pole at ω = ω0. For this reasonwe need a loser inspetion of eah of the 51 models.In addition to the notation (7.4), de�ne(7.5) Ix(ω0) = x({ω : ℑω = ℑω0, ω ∈ Πx}).We are now ready to formulate the main theorem.Theorem 13. For all 51 non-singular walks with in�nite group (1.3) and any z suh that
ω2/ω3 is irrational, the following statements hold.(i) The only singularities on C of the �rst branh of x 7→ Q(x, 0) (resp. y 7→ Q(0, y))are the branh points x3 and x4 (resp. y3 and y4).(ii) Eah branh of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) is meromorphi on C with a �nitenumber of poles.



20 IRINA KURKOVA AND KILIAN RASCHELTheorem 13 (iii.a), i.e., Subase I.A
Ix(a1) Ix(b1) Iy(a1) Iy(b1)

x4 x1 y4 y1 y2 y3Theorem 13 (iii.b), i.e., Subase I.B and Subase I.C
Ix(a1) R\]x1, x4[ [y4, y1] Iy(a1)

x1 x2x3 x4 y4 y1Theorem 13 (iii.), i.e., Subase II.A
[x4, x1] Ix(b1) Iy(b1) R\]y1, y4[

x4 x1 y1 y2 y3 y4Theorem 13 (iii.d), i.e., Subase II.B, Subase II.C, Subase II.D and Case III
R\]x1, x4[ R\]y1, y4[

x1 x4 y1 y4Figure 11. For walks pitured on Figure 17, urves where poles of the setof branhes of x 7→ Q(x, 0) and y 7→ Q(0, y) are dense



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 21(iii) The set of poles on C of all branhes of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) is in�nite.More preisely, with the notation (7.7), it is dense on the following urves (seeFigure 11):(iii.a) Subase I.A: Ix(a1) and Ix(b1) for x 7→ Q(x, 0); Iy(a1) and Iy(b1) for y 7→
Q(0, y).(iii.b) Subase I.B and Subase I.C: Ix(a1) and R\]x1, x4[ for x 7→ Q(x, 0); Iy(a1)and [y4, y1] for y 7→ Q(0, y).(iii.) Subase II.A: Ix(b1) and [x4, x1] for x 7→ Q(x, 0); Iy(b1) and R\]y1, y4[ for
y 7→ Q(0, y).(iii.d) Subase II.B, Subase II.C, Subase II.D and Case III: R\]x1, x4[ for x 7→
Q(x, 0); R\]y1, y4[ for y 7→ Q(0, y).Before giving the proof of Theorem 13, we need to introdue some additional tools. Ifthe value of ω2/ω3 being irrational, for any ω0 ∈ C and any n ∈ Z+, there exists a unique

ωy
n(ω0) ∈ Πy (resp. ωx

n(ω0) ∈ Πx) as well as a unique number py ∈ Z (resp. px ∈ Z) suhthat ω0 + nω3 = pyω2 + ωy
n(ω0) (resp. ω0 + nω3 = pxω2 + ωx

n(ω0)). With these notationswe an state the following lemma.Lemma 14. Let z be suh that ω2/ω3 is irrational.(a) For all n 6= m, we have ωx
n(ω0) 6= ωx

m(ω0) and ωy
n(ω0) 6= ωy

m(ω0).(b) The set {ωx
n(ω0)}n∈Z+

(resp. {ωy
n(ω0)}n∈Z+

) is dense on the segment {ω ∈ Πx :
ℑω = ℑω0} (resp. {ω ∈ Πy : ℑω = ℑω0}).Proof. Both (a) and (b) are diret onsequenes of the irrationality of ω2/ω3. �In the next de�nition, we introdue a partial order in Πy.De�nition 15. For any ω, ω′ ∈ Πy, we write ω ≪ ω′ if for some n ∈ Z+ and some p ∈ Z,

ω + nω3 = ω′ + pω2.If ω ≪ ω′ (and if ω2/ω3 is irrational), both n and p are unique and sometimes we shallwrite ω ≪n ω′. In partiular, for any ω ∈ Πy, we have ω ≪ ω, sine ω ≪0 ω.De�nition 16. If either ω ≪ ω′ or ω ≪ ω′, we say that ω and ω′ are ordered, and wewrite ω ∼ ω′.Let us denote by fx and fy the (meromorphi) funtions used in the meromorphi on-tinuation proedures (5.1) and (5.2), namely, by using (3.5):
fx(ω) = y(ω)[x(η̂ω) − x(ω)], fy(ω) = x(ω)[y(ξ̂ω) − y(ω)].The following lemma will be the key tool for the proof of Theorem 13.Lemma 17. Let z be suh that ω2/ω3 is irrational; let ω0 ∈ Πy be suh that ry(ω0) 6= ∞,and let

A(ω0) = {ω ∈ Πy : ℑω = ℑω0, fy(ω) = ∞}.Assume that ω0 ∈ A(ω0) and that for some ω1, . . . , ωk ∈ A(ω0):(A) ω0 ≪n1
ω1 ≪n2

· · · ≪nk
ωk;(B) limω→ω0

{fy(ω) + fy(ω + n1ω3) + fy(ω + n2ω3) + · · · + fy(ω + nkωk)} = ∞;



22 IRINA KURKOVA AND KILIAN RASCHEL(C) there is no other ω ∈ A(ω0) suh that ω0 ≪ ω.Then the set of poles of all branhes of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) is dense on theurve Ix(ω0) (resp. Iy(ω0)) de�ned in (7.5) (resp. (7.4)).Proof. By Equation (5.2) of Theorem 4, we have, for any n ∈ Z+ and any ω ∈ Πy,(7.6) ry(ω + nω3) = ry(ω) + fy(ω) + fy(ω + ω3) + fy(ω + 2ω3) + · · ·+ fy(ω0 + (n− 1)ω3).Let ω0 be as in the statement of Lemma 17. Due to assumption (C) and Lemma 14 (a),the set {ω0 + nω3}n>n1+···+nk
does not ontain any point ω where fy(ω) = ∞. Further,also due to (C) and Lemma 14 (a), for any 1 6 j 6 k, the set {ω0 + nω3}06n6n1+···+nkontains exatly one point ω suh that fy(ω) = fy(ω

j) = ∞, and no any other point ωsuh that fy(ω) = ∞. Then, by (7.6), (B) and the fat that ry(ω0) 6= ∞, we reah theonlusion that for any n > n1 + · · · + nk, the point ω0 + nω3 is a pole of ry(ω).Due to Equation (5.3), any ω pole of ry suh that x(ω)y(ω) 6= ∞ is also a pole of
rx. De�ne now B, the set of (at most twelve) points in Πy where either x(ω) = ∞,
y(ω) = ∞, K(x(ω), 0) = 0 or K(0, y(ω)) = 0. Introdue also M = max{m > 0 :
ω0 ≪m ω for some ω ∈ B}�with the usual onvention M = −∞ if ω0 ≪ ω for none
ω ∈ B. If n > max(M,n1 + · · · + nk), the points ω0 + nω3 are poles of rx as well,and both K(x(ω0 + nω3), 0) and K(0, y(ω0 + nω3)) are non-zero. By Lemma 14 (b) andde�nitions (5.10) and (5.12), Lemma 17 follows. �Let us now identify the points ω in Πy where fy(ω) is in�nite. They are (at most) sixsuh points a1, a2, a3, a4, b1, b2 ∈ Πy, whih orrespond to the following pairs (x(ω), y(ω)):(7.7)
a1 = (x⋆,∞), a4 = (x⋆, y⋆), a2 = (x⋆,∞), a3 = (x⋆, y⋆), b1 = (∞, y◦), b2 = (∞, y•).Here by (2.4) and (2.5)
x⋆ = lim

y→∞

−b̃(y) + [̃b(y)2 − 4ã(y)c̃(y)]1/2

2ã(y)
, x⋆ = lim

y→∞

−b̃(y) − [̃b(y)2 − 4ã(y)c̃(y)]1/2

2ã(y)
,

y⋆ = lim
x→x⋆

−b(x) + [b(x)2 − 4a(x)c(x)]1/2

2a(x)
, y⋆ = lim

x→x⋆

−b(x) − [b(x)2 − 4a(x)c(x)]1/2

2a(x)
,

y◦ = lim
x→∞

−b(x) + [b(x)2 − 4a(x)c(x)]1/2

2a(x)
, y• = lim

x→∞

−b(x) − [b(x)2 − 4a(x)c(x)]1/2

2a(x)
.where a, b, c, ã, b̃, c̃ are introdued below (2.1).The loation of these points on Πy depends heavily on the signs of x4 and y4, see Figures12, 13, 14, 15 and 16. We always have 0 < x3 < ∞ and 0 < y3 < ∞, see Setion 2.If y4 < 0 (resp. x4 < 0), the point y = ∞ (resp. x = ∞) obviously belongs to thereal yle ]y3,∞[∪{∞}∪]∞, y4[ (resp. ]x3,∞[∪{∞}∪]∞, x4[) of the omplex sphere S. Byonstrution of the Riemann surfae T and of its universal overing, the points a1, a2(resp. b1, b2) then lie on the open interval {ω : ω ∈ Ly3

y4 + ω2, 0 < ℑω < ω1} (resp.
{ω : ω ∈ Lx3

x4
+ ω2, 0 < ℑω < ω1}). These points are symmetri w.r.t. the enter of theinterval, namely ω1/2 + ω2 + ω3/2 (resp. ω1/2 + ω2). The points ω orresponding to a3and a4 are on the open interval {ω : ω ∈ Ly3

y4 + ω2 − ω3, 0 < ℑω < ω1} and are symmetriw.r.t. the enter ω1/2 + ω2 − ω3/2 as well. Furthermore, a4 + ω3 = a2 and a3 + ω3 = a1,
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ωx4

+ ω1

b2
a2 − ω2 a4 a2

ωx2
ωy2

a1 − ω2 a3 a1

b1

ωx4
ωy4

ωx1
ωy1 ω3/2 ω3/2Figure 12. Loation of a1, a2, a3, a4, b1, b2 if x4 < 0 and y4 < 0 (Subase I.A)so that a4 ≪1 a2 and a3 ≪1 a1, see Figure 12. Finally, we have ℑa4 = ℑa2 6= ℑa1 = ℑ3,hene for any a ∈ {a2, a4} and any a′ ∈ {a1, a3}, a 6∼ a′ (in the sense of De�nition 16).If y4 > 0 or y4 = ∞ (resp. x4 > 0 or x4 = ∞), the point y = ∞ (resp. x = ∞) is on

]y4,∞] ∪ {∞}∪]∞, y1[ (resp. ]x4,∞]∪ {∞}∪]∞, x1[). Aordingly, the points a1, a2 (resp.
b1, b2) and also a3, a4 are on the segment ]ω3/2, ω2 + ω3/2].Their loation on this segmentwill be spei�ed latter.We are now ready to give the proof of Theorem 13.Proof of Theorem 13. Funtions fy(ω) and y(ω) being ω2-periodi, it follows that both ofthem have no pole at any ω with 0 6 ℑω < ω1 and ℑω /∈ {ℑa1,ℑa2,ℑa3,ℑa4,ℑb1,ℑb2}.Then, by (5.2),(7.8) ∀ω ∈

∞⋃

k=0

Nk,0 with ℑω 6= {ℑa1,ℑa2,ℑa3,ℑa4,ℑb1,ℑb2}, ry(ω) 6= ∞.Funtion x(ω) being ω2-periodi, it has no pole at any ω suh that 0 6 ℑω < ω1 and
ℑω /∈ {ℑb1,ℑb2}. Then Equation (5.3) and the fat that ∪∞

k=1Mk,0 ⊂ ∪∞
k=0Nk,0 implythat(7.9) ∀ω ∈

∞⋃

k=1

Mk,0 with ℑω 6= {ℑa1,ℑa2,ℑa3,ℑa4,ℑb1,ℑb2}, rx(ω) 6= ∞.In order to prove Theorem 13 (i), we shall prove that for any ω ∈ M1,0 (resp. ω ∈ N1,0) with
x(ω) 6= ∞ (resp. y(ω) 6= ∞) and ℑω ∈ {ℑa1,ℑa2,ℑa3,ℑa4,ℑb1,ℑb2}, we have rx(ω) 6= ∞(resp. ry(ω) 6= ∞).Sine for any p ∈ Z+, there only exist �nitely many ω ∈ ∪p

k=1Mk,0 (resp. ω ∈ ∪p
ℓ=1N0,ℓ)where fx(ω) = ∞ or K(x(ω), 0) = 0 (resp. fy(ω) = ∞ or K(0, y(ω)) = 0), Theorem 13(ii) immediately follows from the meromorphi ontinuation proedure of rx and ry donein Setion 5, namely Equations (5.1) and (5.2) as well as the de�nitions (5.10) and (5.12).To prove Theorem 13 (iii), we shall use Lemma 17 with ω0 among a1, a2, a3, a4, b1, b2.The poles of x 7→ Q(x, 0) and y 7→ Q(0, y) will be proved to be dense on the set of the sixurves Ix(ω0) with ω0 ∈ {a1, a2, a3, a4, b1, b2}. It will turn out that some of these urvesoinide, so that this set will be the same as laimed in Theorem 13 (iii).



24 IRINA KURKOVA AND KILIAN RASCHELSine the loation of points a1, a2, a3, a4, b1, b2 depends on the signs of x4 and y4 (seeabove), we have to onsider separately several (sub)ases, namely Subase I.A, Subase I.B,Subase I.C, Subase II.A, Subase II.B, Subase II.C, Subase II.D and Case III below.We have pitured on Figure 17 the walks whih are inluded in eah of these ases. �Case I. y4 < 0.Subase I.A. x4 < 0. This assumption yields x⋆ 6= x⋆; x⋆, x⋆ 6= ∞; y 6= y•; y◦, y• 6= ∞;
y⋆, y⋆ 6= ∞. The loation of the six points a1, a2, a3, a4, b1, b2 is desribed above and ispitured on Figure 12.We �rst show that for all ω ∈ {ω : ℑω = ℑa3, ωy1

6 ℜω < ωy4
+ω2}, we have ry(ω) 6= ∞.The proof onsists in three steps.Step 1. Let us �rst prove that ry(a3) 6= ∞ and ry(a4) 6= ∞. If |y⋆| < 1, then a3 ∈ ∆y (seeSetion 4 for the de�nition of ∆y) and it is immediate from Theorem 3 that ry(a3) 6= ∞. If

|y⋆| > 1, then by Lemma 5 there exists n ∈ Z+ suh that a3 − nω3 ∈ ∆, and by Equation(5.2) of Theorem 4,(7.10) ry(a3) = ry(a3 − nω3) +

1∑

k=n

fy(a3 − kω3).Introduing, for any ω0, the set(7.11) O
∆(ω0) = {ω0 −ω3, ω0 − 2ω3, . . . , ω0 −nω0

ω3}, nω0
= inf{ℓ > 0 : ω0− ℓω3 ∈ ∆},we an rewrite (7.10) as(7.12) ry(a3) = ry(a3 − na3

ω3) +
∑

ω∈O∆(a3)

fy(ω).In (7.12), the quantity ry(a3 − na3
ω3) is de�ned thanks to Theorem 3. It may be in�nite,but only if y(a3 −na3

ω3) = ∞. In this ase we must have a3 −na3
ω3 = a1 −ω2. But sine

a3 + ω3 = a1, we then have (na3
+ 1)ω3 = ω2 whih is impossible, due to irrationality of

ω2/ω3. Hene ry(a3 − na3
ω3) 6= ∞. Further, we immediately have (see indeed Figure 12)that a2, a4, a2−ω2, a4−ω2 /∈ O∆(a3). Moreover, sine either ℑb1 6= ℑa3, or ℑb1 = ℑa3 butthen a3+ω3/2 = b1 (see again Figure 12), we also have that b1, b2, b1−ω2, b2−ω2 /∈ O∆(a3).Finally a1 = a3 + ω3 /∈ O∆(a3) and a1 − ω2 = a3 + ω3 − ω2 /∈ O∆(a3), sine ω2/ω3 isirrational. Thus fy(a3 − kω3) 6= ∞ for any k ∈ {1, . . . , na3

}. Aordingly, ry(a3) 6= ∞ andby the same arguments, ry(a4) 6= ∞.Step 2. We now show that ry(a1−ω2)+fy(a1−ω2) 6= ∞ and ry(a2−ω2)+fy(a2−ω2) 6= ∞.By Equation (5.3), ry(a1 − ω2) = −rx(a1 − ω2) + K(0, 0)Q(0, 0) + x(a1 − ω2)y(a1 − ω2)and fy(a1 − ω2) = x(a1 − ω2)[y(a4) − y(a1 − ω2)]; hene(7.13) ry(a1 − ω2) + fy(a1 − ω2) = −rx(a1 − ω2) + K(0, 0)Q(0, 0) + x(a1 − ω2)y(a4).It follows from Equation (5.3) and from the �rst step that rx(a4) 6= ∞, sine x(a4)y(a4) =

x⋆y⋆ 6= ∞. Then, by (3.5) and (5.4) we get that rx(a1 − ω2) = rx(ξ̂a4) = rx(a4) 6= ∞.Furthermore, x(a1−ω2)y(a4) = x⋆y⋆ 6= ∞. Finally, thanks to (7.13), ry(a1−ω2)+fy(a1−
ω2) 6= ∞ and by the same arguments, ry(a2 − ω2) + fy(a2 − ω2) 6= ∞.



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 25Step 3. Let us now take any ω0 in {ω : ℑω = ℑa3, ωy1
6 ℜω < ωy4

+ ω2}. If ω0 ∈ ∆,then ω0 ∈ ∆y. Indeed, it is proved in Setion 4 that the domain ∆y (resp. ∆x), whih isbounded by Γ̂0
y and Γ̂1

y (resp. Γ̂0
x and Γ̂1

x), is entered around Ly2
y1 (resp. Lx2

x1
). Furthermore,

Γ̂0
y ∈ ∆x and Γ̂1

y /∈ ∆x (resp. Γ̂0
x ∈ ∆y and Γ̂1

x /∈ ∆y). It follows that for any ω0 ∈ ∆ \ ∆y,
ℜω0 < ωy1

. Then, by Theorem 3, ry(ω0) 6= ∞. If ω0 /∈ ∆, with (7.11) and (7.12) we have
ry(ω0) = ry(ω0 − nω0

ω3) +
∑

ω∈O∆(ω0)

fy(ω).For the same reasons as in the �rst step, we have that a2, a4, a2 −ω2, a4 −ω2 /∈ O∆(ω0). If
ℜω0 < ℜa3, for obvious reasons O∆(ω0) annot ontain a3. If ℜa3 6 ℜω0 < ωy4

+ω2, it anneither ontain a3, sine ωy4
+ω2−ℜa3 = ω3, and hene ℜω0−ω3 < ℜa3. If ℑb1 6= ℑa3, or

ℑb1 = ℑa3 and ℜω0 < ℜb1, it annot ontain b1. If ℑb1 = ℑa3 and ℜb1 6 ℜω0 < ωy4
+ω2,then ℜω0 −ℜb1 6 ωy4

+ ω2 −ℜb1 = ω3/2 < ω3, and b1 /∈ O∆(ω0).If a1 − ω2 /∈ O∆(ω0), then we have ry(ω0 − nω0
ω3) 6= ∞ and fy(ω0 − kω3) 6= ∞ for all

k ∈ {1, . . . , nω0
}, so that ry(ω0) 6= ∞ by (7.12).If a1 − ω2 ∈ O∆(ω0), then for some j ∈ {1, . . . nω0

}, we have ω0 − jω3 = a1 − ω2. Then
ry(ω0 − nω0

ω3) +
∑j+1

k=n fy(ω0 − kω3) = ry(a1 − ω2) and thus by (7.12),
ry(ω0) = ry(a1 − ω2) + fy(a1 − ω2) +

1∑

k=j−1

fy(ω0 − kω3).The �rst term here is �nite by the seond step and fy(ω0−kω3) 6= ∞ for k ∈ {1, . . . , j−1}by all properties said above, so that ry(ω0) 6= ∞.So far we have proved that for all ω ∈ {ω : ℑω = ℑa3, ωy1
6 ℜω < ωy4

+ω2}, ry(ω) 6= ∞.In the same way, we obtain that ry(ω) 6= ∞ for ω ∈ {ω : ℑω = ℑa4, ωy1
6 ℜω < ωy4

+ω2}.Sine by (3.5),
η̂{ω : ℑω = ℑa3, ωy1

6 ℜω < ωy4
+ ω2} = {ω : ℑω = ℑa4, ωy4

< ℜω 6 ωy1
},

η̂{ω : ℑω = ℑa4, ωy1
6 ℜω < ωy4

+ ω2} = {ω : ℑω = ℑa3, ωy4
< ℜω 6 ωy1

},Equation (5.4) implies that ry(ω) 6= ∞ on the segments {ω ∈ Πy : ℑω = a3, a4}, exeptfor their ends a1, a2. The segments {ω : ℑω = a3, a4, ωx1
6 ℜω 6 ωx4

+ ω2} do notontain any point where y(ω) = ∞. It follows from Equation (5.3) that rx(ω) 6= ∞ onthese segments exept for points where x(ω) = ∞ if they exist. This last fat happens ifand only if ℑb1 = ℑa3 and only at the ends b1, b2 of the segments.If ℑb1 6= ℑa3, we an show exatly in the same way that ry(ω) 6= ∞ on the two segments
{ω ∈ Πy : ℑω = b1, b2} and that rx(ω) 6= ∞ on the segments {ω : ℑω = b1, b2, ωx1

6 ℜω 6

ωx4
+ ω2}, exept for their ends b1, b2. This onludes the proof of Theorem 13 (i).We proeed with the proof of Theorem 13 (iii). Let us verify the assumptions of Lemma17 for ω0 = a3, a4, b1, b2. We have proved that ry(a3), ry(a4), ry(b1), ry(b2) 6= ∞, a3 ≪1 a1,

a4 ≪1 a2 and that the pairs {a1, a3} and {a2, a4} are not ordered. Let us now show thatfor any k ∈ {3, 4} and ℓ ∈ {1, 2}, it is impossible to have ak ∼ bℓ. If ℑbℓ 6= ℑa3,ℑa4, thisis obvious. If ℑbℓ = ℑa3, then it is enough to note that bℓ − a3 = ω3/2 and a1 − b1 = ω3/2(see Figure 12). From the irrationality of ω2/ω3, it follows that bℓ 6∼ a1, a3 and in the same



26 IRINA KURKOVA AND KILIAN RASCHELway bℓ 6∼ a2, a4. Then there is no other ω ∈ Πy exept for a1 (resp. a2) suh that a3 ≪ ω(resp. a4 ≪ ω) and fy(ω) = ∞. There is no ω ∈ Πy suh that bℓ ≪ ω and fy(ω) = ∞,
ℓ = 1, 2. Hene, Lemma 17 ould be applied to any of four points ω0 = a3, a4, b1, b2 ifthe assumption (B) of this lemma is satis�ed for these points. It is then immediate that
limω→bℓ

fy(ω) = limω→bℓ
x(ω)[y(ξ̂ω)−y(ω)] = ∞, ℓ ∈ {1, 2}, sine x(ω) → ∞ and the otherterm onverges to ±[y◦ − y•] 6= 0. Let us verify that limω→a3

{fy(ω) + fy(ω + ω3)} = ∞.We have
lim

ω→a3

{fy(ω) + fy(ω + ω3)} = lim
ω→a3

{x(ω)[y(ξ̂ω) − y(ω)] + x(η̂ξ̂ω)[y(ξ̂η̂ξ̂ω) − y(η̂ξ̂ω)]}

= lim
ω→a3

{x(η̂ξ̂ω)y(ξ̂η̂ξ̂ω) − x(ω)y(ω)}

+ lim
ω→a3

{x(ω)y(ξ̂ω) − x(η̂ξ̂ω)y(η̂ξ̂ω)}.The �rst term above onverges to x⋆y⋆ − x⋆y⋆. By (3.7) the seond term equals thelimit of the produt y(ξ̂ω)[x(ξ̂ω) − x(η̂ξ̂ω)]. If ω → a3, then ξ̂ω → a2 − ω2 so that the�rst term in the produt onverges to y(a2 − ω2) = y(a2) = ∞. The seond term of thisprodut onverges to x(a2 − ω2) − x(a1) = x⋆ − x⋆ whih is di�erent from 0 as x⋆ 6= x⋆.Then assumption (B) is satis�ed for ω0 = a3 and in the same way for ω0 = a4. Lemma 17applies to any of the four points ω0 = a3, a4, b1, b2. But by (3.7), Ix(a3) = Ix(a4) = Ix(a1),
Iy(a3) = Iy(a4) = Iy(a1), Ix(b1) = Ix(b2), Iy(b1) = Iy(b2) so that poles of x 7→ Q(x, 0)are dense on the urves Ix(a1) and Ix(b1) and those of y 7→ Q(0, y) are dense on the urves
Iy(a1) and Iy(b1). Theorem 13 (iii) is proved.Subase I.B. x4 = ∞. This assumption implies that x⋆ 6= x⋆; x⋆, x⋆ 6= ∞; y◦ = y• 6= ∞;
y⋆, y⋆ 6= ∞.The points a1, a2, a3, a4 are loated as in the previous ase, see Figure 12. Consequentlywe have the following fats: ry(ω) 6= ∞ on the segments {ω ∈ Πy : ℑω = a3, a4}, exept fortheir ends ω = a1, a2; rx(ω) 6= ∞ on the segments {ω : ℑω = a3, a4, ωx1

6 ℜω 6 ωx4
+ω2}.Lemma 17 applies to ω0 = a3, a4 as in the previous ase, as x⋆ 6= x⋆. Then the set of polesof all branhes of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) is dense on Ix(a1) (resp. Iy(a1)).Sine x4 = ∞, we have that b1 = b2 = ωx4

+ ω2. Take any ω0 with ℑω0 = 0 suh that
ωy1

6 ℜω0 6 ωy4
+ω2. Then y(ω0) 6= ∞. Let us show that ry(ω0) 6= ∞. If ω0 ∈ ∆, then bythe same reasons as in Subase I.A, ω0 ∈ ∆y and ry(ω0) 6= ∞. If ω0 /∈ ∆, onsider O∆(ω0)de�ned as in (7.11) and (7.12). Clearly b1−ω2 = ωx4

/∈ O∆(ω0). Sine b1+ω3/2 = ωy4
+ω2,we have ω0 − ω3 6 ωy4

+ ω2 − ω3 < b1 and then b1 /∈ O∆(ω0). Hene O∆(ω0) does notontain any point where y(ω) or fy(ω) is in�nite. Thus by (7.12), ry(ω0) 6= ∞.We have η̂{ω : ℑω = 0, ωy1
6 ℜω0 6 ωy4

+ ω2} = {ω : ℑω = ω1, ωy4
6 ℜω0 6 ωy1

}.Then by (5.4) and (5.5), we get that ry(ω) 6= ∞ for all ω ∈ Πy with ℑω = 0. The segment
{ω : ℑω = 0, ωx1

6 ω 6 ωx4
+ ω2} does not ontain any point with y(ω) = ∞. By (5.3)this gives rx(ω) 6= ∞ for all ω on this segment exept for the points where x(ω) = ∞ (thatis only at ω = ωx4

+ ω2 = b1), and this onludes the proof of Theorem 13 (i).
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b1 b2

ωx4
ωy4

ωx1
ωy4

+ ω2 − ω3 ωx4
+ ω2 ωy4

+ ω2Figure 13. Loation of b1, b2 for Subase I.C, Subase II.B and Subase II.CWe have proved in partiular that ry(ω0) 6= ∞ for ω0 = b1. Furthermore, there is no
ω ∈ Πy suh that b1 ≪ ω and fy(ω) = ∞. Finally(7.14)

lim
ω→b1

fy(ω) = lim
ω→b1

x(ω)[y(ξ̂ω) − y(ω)] = lim
ω→b1

x(ω)
[b(x(ω))2 − 4a(x(ω))c(x(ω))]1/2

a(x(ω))
,where x(ω) → ∞ as x → b1. For all models in Subase I.B, deg a(x) = 2, deg b(x) = 1and deg c(x) = 1, so that (7.14) is of the order O(|x(ω)|1/2). Thus limω→b1 fy(ω) = ∞.By Lemma 17 with ω0 = b1, the poles of x 7→ Q(x, 0) and those of y 7→ Q(0, y) are denseon Ix(b1) and Iy(b1), respetively. They are the intervals of the real line laimed in thetheorem.Subase I.C. x4 > 0. The statements and results about a1, a2, a3, a4 are the same as inSubase I.B, see Figure 12 for their loation.We now loate b1, b2. By de�nition (see Setion 2), the values y1, y2, y3, y4 are the rootsof

d̃(y) = (̃b(y) − 2[ã(y)c̃(y)]1/2)(̃b(y) + 2[ã(y)c̃(y)]1/2) = 0.Hene, for two of these roots b̃(y) = −2[ã(y)c̃(y)]1/2 and then X(y) > 0 (see (2.4)), and forthe two others b̃(y) = 2[ã(y)c̃(y)]1/2 and then X(y) 6 0. But X(y2) and X(y3) are on thesegment [x2, x3] ⊂]0,∞[. Thus X(y1) 6 0 and X(y4) 6 0. Sine x(b1) = x(b1 − ω2) = ∞,
x4 = x(ωx4

) > 0 and X(y4) = x(ωy4
) < 0, it follows that b1 −ω2 ∈]ωx4

, ωy4
[, in suh a waythat b1 ∈]ωx4

+ ω2, ωy4
+ ω2[. Also, b2 = ξ̂(b1 − ω2) − ω1 = 2(ωx4

+ ω2) − b1 is symmetrito b1 w.r.t. ωx4
+ ω2. Sine x(ωy1

) = X(y1) 6 0 and x(ωx4
+ ω2) = x4 > 0, it follows that

ωy1
< b2 < ωx4

+ ω2, see Figure 13.Now we show that for any ω0 with ℑω0 = 0 and ωy1
6 ℜω0 6 ωy4

+ ω2, ry(ω0) 6= ∞.Note that y(ω0) 6= ∞. If ω0 ∈ ∆, by the same arguments as in Subase I.A, ω0 ∈ ∆y and
ry(ω0) 6= ∞. If ω0 /∈ ∆, then onsider O∆(ω0) with the notation (7.11).Note that b1 − ω2 /∈ ∆. For this, it is enough to prove that b1 − ω2 /∈ ∆x and that
b1 − ω2 /∈ ∆y. First, b1 − ω2 /∈ ∆x, sine x(b1) = x(b1 − ω2) = ∞. Furthermore, ∆y isentered w.r.t. Ly2

y1 , and ωy4
/∈ ∆y (sine |y4| > 1). Hene the point b1 − ω2 < ωy4

annotbe in ∆y.Sine ∆∩{ω ∈ C : ℑω = 0} is an open interval ontaining ωy1
, and sine b1−ω2 < ωy1

6

ω0, it follows that b1 − ω2 < ω0 −nω0
ω3 (see (7.11)), so that b1 − ω2 /∈ O∆(ω0). Obviously

b2−ω2 /∈ O∆(ω0). Furthermore, sine ωy4
+ω2−b2 = ω3/2+ωx4

+ω2−b2 < ω3/2+ω3/2 =

ω3, it follows that ω0 − ω3 < b2 < b1 for any suh ω0. Hene b1, b2 /∈ O∆(ω0). Thus forany ω ∈ O∆(ω0), y(ω) 6= ∞ and fy(ω) 6= ∞. By (7.12), ry(ω0) 6= ∞. This implies, exatlyas in Subase I.B�by (5.4) and (5.5)�, that ry(ω) 6= ∞ for all ω ∈ Πy suh that ℑω = 0.
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a1 − ω2 a2 a3 a4 a1

ωx4
ωy4

ωx1
ωy1

ωx4
+ ω2 ωy4

+ ω2Figure 14. Loation of a1, a2, a3, a4 if x4 < 0 and y4 > 0 (Subase II.A)By (5.3) this gives rx(ω) 6= ∞ for all ω with ℑω = 0 and ωx1
6 ℑω 6 ωx4

+ ω2, exept forpoints ω where x(ω) = ∞ (that happens for ω = b2 only), and this onludes the proof ofTheorem 13 (i).In partiular, we proved that ry(b1) 6= ∞ and also ry(b2) 6= ∞. Sine y◦ 6= y•, we have
limω→b1 fy(ω) = ∞ and also limω→b2 fy(ω) = ∞ by the same arguments as in Subase I.A.If b1 and b2 are not ordered, Lemma 17 applies to both of these points. If b1 ≪ b2 (resp.
b2 ≪ b1), then there is no ω ∈ Πy suh that ω 6= b2 (resp. ω 6= b1), fy(ω) = ∞ and b2 ≪ ω(resp. b1 ≪ ω). Hene Lemma 17 applies to ω0 = b2 (resp. ω0 = b1). Thus the set of polesof all branhes of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) is dense on the urves Ix(b2) and Iy(b2)(resp. Ix(b1) and Iy(b1)). We onlude with the observation that Ix(b2) = Ix(b1), while
Iy(b2) = Iy(b1) are intervals of the real line as laimed in Theorem 13 (iii).Case II. y4 > 0. We �rst exlude Subase II.D where x4 = ∞ and Y (x4) = ∞, and weloate the points a1, a2, a3, a4. In this ase we have x⋆ 6= x⋆. Note that x1, x2, x3, x4 arethe roots of the equation

d(x) = (b(x) − [a(x)c(x)]1/2)(b(x) + [a(x)c(x)]1/2) = 0.Hene for two of these roots b(x) = −2[a(x)c(x)]1/2 and then Y (x) > 0 (see (2.5)), andfor two others b(x) = 2[a(x)c(x)]1/2 and then Y (x) 6 0. But Y (x2) and Y (x3) are onthe segment [y2, y3] ⊂]0,∞[. Hene Y (x1) 6 0 and Y (x4) 6 0. If in addition x4 = ∞,then Y (x4) equals 0 or ∞; note also that if Y (x4) = ∞ then neessarily x4 = ∞. But thease when Y (x4) = ∞ and x4 = ∞ is exluded from our onsideration at this moment. Itfollows that ∞ ∈ [y4, Y (x4)[, and in fat ∞ ∈]y4, Y (x4)[, sine the ase y4 = ∞ is exludedfrom Case II.It follows from the above onsiderations that a1 ∈]ωx4
+ ω2, ωy4

+ ω2[, see Figure 14. Inpartiular, we have a1−ω2 ∈]ωx4
, ωy4

[ and a2 = η̂a1−ω1 = −(a1−ω2)+2ωy4
. This meansthat a1 −ω2 and a2 are symmetri w.r.t. ωy4

. Furthermore a2 ∈]ωy4
, ωy1

[, but sine y4 > 0and Y (x1) 6 0, we have a2 ∈]ωy4
, ωx1

[. We must put a3 = ξ̂a2 − ω1 = −a2 + 2ωx1
, in suha way that the points a2 and a3 are symmetri w.r.t. ωx1

. Finally, a4 = ξ̂(a1 − ω2)− ω1 =
−(a1 − ω2) + 2ωx1

= a3 + a2 − (a1 − ω2). Note that ωx4
+ ω2 − a4 = a1 − ω2 − ωx4

> 0.Furthermore, a1 − a3 = ω3 and a2 + ω2 − a4 = ω3, so that a3 ≪ a1 and a4 ≪ a2.Subase II.A. x4 < 0. In this ase we have y◦ 6= y•; y◦, y• 6= ∞; x⋆, x⋆ 6= ∞; y⋆, y⋆ 6= ∞.The points b1, b2 are loated as in Subase I.A, see Figure 12. Further, we an show as inSubase I.A that ry(ω) 6= ∞ on the segments {ω : ℑω = b1, b2, ωy1
6 ℜω 6 ωy4

+ω2}, andwe dedue that rx(ω) 6= ∞ on {ω : ℑω = b1, b2, ωx1
6 ℜω 6 ωx4

+ω2} exept for their ends
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b1, b2. Consequently, the set of poles of all branhes of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) isdense on the urve Ix(b1) (resp. Iy(b1)), as laimed in the theorem.Consider now rx(ω) and ry(ω) for ω with ℑω = 0. See Figure 14 for the loation of thepoints a1, a2, a3, a4.We �rst prove that for(7.15) ry(ω0) 6= ∞, ∀ω0 ∈ {ω : ℑω = 0, ωy1

6 ω0 6 ωy4
+ ω2} \ {a1}.The proof onsists in three steps.Step 1. We prove that ry(a3) 6= ∞ and ry(a4) 6= ∞.If a3 ∈ ∆, then neessarily ry(a3) 6= ∞, sine x⋆, y⋆ 6= ∞. Otherwise |x⋆|, |y⋆| > 1,and then a2 = ξ̂a3 − ω1 /∈ ∆. Sine a2 < ωx1

< a3, ωx1
∈ ∆ and a2, a3 /∈ ∆, it follows thatany ω ∈ O∆(a3) must be in ]a2, a3[, hene fy(ω) 6= ∞, x(ω) 6= ∞ and y(ω) 6= ∞. Thus by(7.12), ry(a3) 6= ∞.We now show that ry(a4) 6= ∞. Suppose �rst that a1−ω2 ∈ ∆. Then, sine a1−ω2 /∈ Πy,we have a1 − ω2 ∈ ∆x, so that rx(a1 − ω2) 6= ∞ by Theorem 3. Then by Equations (5.4)and (5.5), rx(a4) = rx(ξ̂(a1 − ω2) − ω1) = rx(a1) 6= ∞. Sine x⋆, y⋆ 6= ∞, we also have

ry(a4) 6= ∞ by (5.3). Assume now that a1 − ω2 /∈ ∆. Sine a1 − ω2 < ωx1
< a4, then

a1 −ω2 /∈ O∆(a4). Furthermore a2 /∈ O∆(a4) as a4 + ω3 = a2 + ω2 and ω3/ω2 is irrational.Finally a4 − a3 < a1 − a3 = ω3, so that a3 /∈ O∆(a4). It follows that for any ω ∈ O∆(a4),we have fy(ω) 6= ∞ and y(ω) 6= ∞. Hene ry(a4) 6= ∞.Step 2. We prove that ry(a2) + fy(a2) 6= ∞ and that ry(a1 − ω2) + fy(a1 − ω2) 6= ∞. ByEquation (5.3)
ry(a2) + fy(a2) = −rx(a2) + K(0, 0)Q(0, 0) + x(a2)y(a2) + x(a2)[y(ξ̂a2) − y(a2)]

= −rx(a2) + K(0, 0)Q(0, 0) + x(a2)y(ξ̂a2).(7.16)Sine ry(a3) 6= ∞ and sine x⋆, y⋆ 6= ∞, it follows from Equation (5.3) that rx(a3) 6= ∞.Then by (5.4) and (5.5), rx(a2) = rx(ξ̂a3 − ω1) = rx(a3) 6= ∞. Sine x(a2) = x⋆ 6= ∞and y(ξ̂a2) = y⋆ 6= ∞, (7.16) is �nite. By ompletely analogous arguments we obtain that
ry(a1 − ω2) + fy(a1 − ω2) 6= ∞.Step 3. Let us now show (7.15). If ω0 ∈ ∆, then by the same arguments as in Subase I.A,
ω0 ∈ ∆y and then ry(ω0) 6= ∞ by Theorem 3. Otherwise, onsider O∆(ω0) de�ned in(7.11). Note that(7.17) ω /∈ O

∆(ω0), ∀ω ∈]ωx4
+ ω2 − ω3/2, ωy4

+ ω2],sine in this ase ω0 − ω3 < ω. In partiular, a4 /∈ O∆(ω0). Furthermore, a3 ∈ O∆(ω0)implies that ω0 = a3 + ℓω3 for some ℓ > 1. But a3 +ω3 = a1 6= ω0 and a3 + ℓω3 > ωy4
+ω2for any ℓ > 2. Hene a3 /∈ O∆(ω0). Sine a2 − (a1 − ω2) < ω3, it is impossible that both

a2 and a1 −ω2 belong to O∆(ω0). If none of them belongs to O∆(ω0), then y(ω) 6= ∞ and
fy(ω) 6= ∞ for any O∆(ω0), and then ry(ω0) 6= ∞. Suppose, e.g., that a2 ∈ O∆(ω0). Thenfor some ℓ > 1, ω0 = a2+ℓω3, and by (7.12), ry(ω0) = ry(a2)+fy(a2)+

∑1
k=ℓ−1 fy(ω0−kω3).But ry(a2) + fy(a2) 6= ∞ by the seond step, and obviously ∑1

k=ℓ−1 f(ω0 − kω3) 6= ∞ by



30 IRINA KURKOVA AND KILIAN RASCHELall fats said above, so that ry(ω0) 6= ∞. The reasoning is the same if a1 − ω2 ∈ O∆(ω0).This onludes the proof of (7.15).Applying (5.4) and (5.5) exatly as in Subase I.B, we now reah the onlusion that
ry(ω0) 6= ∞ for all ω0 6= a2 = η̂a1 with ℑω0 = 0 and ωy4

6 ℜω0 6 ωy1
as well. Next,exatly as in Subase I.B, thanks to (5.3), we derive that rx(ω) 6= ∞ for all ω0 suh that

ℑω = 0 and ωx1
6 ℜω 6 ωx4

+ ω2 exept possibly for points where x(ω) = ∞. But thesepoints are absent on this segment in this ase. This onludes the proof of Theorem 13 (i).For the same reason as in Subase I.A, the fat that x⋆ 6= x⋆ gives limω→a4
{fy(ω) +

fy(ω+ω3)} = ∞ and limω→a3
{fy(ω)+fy(ω+ω3)} = ∞. Further, a3 ≪1 a1 and a4 ≪1 a2.If in addition a3 ≪ a4, then due to the fat that a3+ω3 = a1 we have a3 ≪1 a1 ≪ a4 ≪1 a2.There is no point ω ∈ Πy \ {a2} suh that a4 ≪ ω and fy(ω) = ∞. Lemma 17 applies to

ω0 = a4. If a4 ≪ a3, then also a4 ≪1 a2 ≪ a3 ≪1 a1 and this lemma applies to ω0 = a3.If a3 6∼ a4, Lemma 17 an be applied to both a3 and a4. Sine Ix(a3) = Ix(a4) = [x1, x4]and Iy(a3) = Iy(a4) = R\]y4, y1[, the set of poles of x 7→ Q(x, 0) (resp. y 7→ Q(0, y)) isdense on the announed intervals.Subase II.B. x4 > 0 and exatly one of y◦, y• is ∞. Assume, e.g., that y◦ = ∞ and
y• 6= ∞. Then x⋆ = ∞; y⋆ = y• 6= ∞; x⋆ 6= x⋆ = ∞; y⋆ 6= ∞. It follows that b1 = a1 and
b2 = ξ̂b1 − ω1 − ω2 = a4, while a1, a2, a3, a4 are pitured as previously, in Subase II.A.We �rst derive (7.15). By the same reasoning as in Subase II.A, we reah the onlusionthat ry(a3) 6= ∞. Let us note that in this ase a1 −ω2 /∈ ∆, as x(a1 −ω2), y(a1 −ω2) = ∞.Next, we derive as in Subase II.A that ry(a4) 6= ∞ and that ry(a2) + fy(a2) 6= ∞, sine
x⋆y⋆ 6= ∞. Finally, again by the same arguments as in Subase II.A, we onlude that forany ω0 6= a1 with ℑω0 = 0 and ωy1

6 ℜω0 6 ωy4
+ ω2, the orbit O∆(ω0) does not ontain

a3 and a4. The orbit an neither ontain a1−ω2, sine a1−ω2 /∈ ∆ and a1−ω2 < ωy1
< ω0,where ωy1

∈ ∆. Sine ry(a2) + fy(a2) 6= ∞, then as in Subase II.A we have ry(ω0) 6= ∞.It follows from (5.4) and (5.5) that ry(ω0) 6= ∞ for any ω0 suh that ℑω0 = 0 and
ωy4

6 ω0 6 ωy4
+ ω2, exept for a1 and η̂a1 − ω1 = a2. By (5.3), rx(ω0) 6= ∞ for any ω0suh that ℑω0 = 0 and ωx1

6 ω0 6 ωx4
+ ω2, exept for points ω0 where x(ω0) = ∞ (thisis ω0 = a4 in this ase). This �nishes the proof of Theorem 13 (i) in this ase.Sine x⋆ 6= x⋆, the same reasoning as in Subase I.A gives limω→a4

{fy(ω)+fy(ω+ω3)} =
∞ and limω→a3

{fy(ω) + fy(ω + ω3)} = ∞. The rest of the proof via the use of Lemma 17with ω0 = a3 if a4 ≪ a3 and ω0 = a4 if a3 ≪ a4 is the same as in Subase II.A.Subase II.C. x4 > 0 and y◦, y• 6= ∞, or x4 = ∞ and Y (x4) 6= ∞. In this ase, we have
y◦, y• 6= ∞; x⋆, x⋆ 6= ∞; x⋆ 6= x⋆, y⋆, y⋆ 6= ∞.The points a1, a2, a3, a4 are pitured as in Subase II.A, see Figure 14, while b1, b2 arepitured as in Subase I.B or Subase I.C, see Figure 13. They are suh that b1 6= a1 and
b2 6= a4. In partiular, b1, b2 ∈]ωx4

+ ω2 − ω3, ωx4
+ ω2[ and are symmetri w.r.t. ωx4

+ ω2;
b1 = b2 is in the middle of this interval if and only if x4 = ∞. Hene for any ω0 with
ℑω0 = 0 and ωy1

6 ℜω0 6 ωy4
+ ω2, we have ω0 − ω3 < b2 < b1, so that b1, b2 /∈ O∆(ω0).Furthermore, by the same arguments as in Subase I.C, b1 − ω2 /∈ O∆(ω0). Hene (7.15)proved in Subase II.A stays valid in this ase and by (5.4) and (5.5), ry(ω) 6= ∞ forall ω with ℑω = 0 and ωy4

6 ℜω 6 ωy4
+ ω2, exept for ω = a1, a2. By the identity
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a2 a3 a1 = a4

ωx4
ωy4

ωx1
ωx4

+ ω2Figure 15. Loation of a1, a2, a3, a4 in Subase II.D(5.3), rx(ω) 6= ∞ for all ω with ℑω = 0 and ωx1
6 ℜω 6 ωx4

+ ω2, exept for points
ω where x(ω) = ∞, namely ω = b2. This proves in partiular that ry(ω0) 6= ∞ for any
ω0 ∈ {a3, a4, b1, b2}, and this onludes the proof of Theorem 13 (i).Using x⋆ 6= x⋆, we verify as in Subase I.A. that limω→a4

{fy(ω)+fy(ω+ω3)} = ∞ and
limω→a3

{fy(ω)+fy(ω+ω3)} = ∞. If x4 > 0, sine y◦ 6= y•, we verify as in Subase I.A that
limω→b1 fy(ω) = ∞ and limω→b2 fy(ω) = ∞. If x4 = ∞, then b1 = b2 and we verify as inSubase I.B that limω→b1 fy(ω) = ∞. If a3, a4, b1, b2 are ordered (e.g., a3 ≪ b1 ≪ a4 ≪ b2,then immediately a3 ≪1 a1 ≪ b1 ≪ a4 ≪1 a2 ≪ b2), there is a maximal point in thesense of this order. If the maximal element is bℓ for some ℓ ∈ {1, 2}, then there is no
ω ∈ Πy with fy(ω) = ∞ suh that bℓ ≪ ω. If the maximal element is a3 (resp. a4), thenthere is no ω ∈ Πy exept for a1 (resp. a2) with fy(ω) = ∞ suh that a3 ≪ ω (resp.
a4 ≪ ω). Lemma 17 applies with ω0 equal this maximal element sine all assumptions(A), (B) and (C) are satis�ed. If a3, a4, b1, b2 are not all ordered, then it is enough to applyLemma 17 to the maximal element of any ordered subset. Finally Ix(ω0) = R\]x1, x4[and Iy(ω0) = R\]y4, y1[ for any ω0 ∈ {a3, a4, b1, b2}, hene the set of poles of x 7→ Q(x, 0)(resp. y 7→ Q(0, y)) is dense on the announed intervals.Subase II.D. x4 = ∞ and Y (x4) = ∞. In this ase x⋆ = ∞; y⋆ = ∞; x⋆, y⋆ 6= ∞.We have a1 = ωx4

+ω2, and a2 = η̂a1−ω1 = ωx4
+ω3 is symmetri to a1−ω2 w.r.t. ωy4

.Further, sine y4 > 0 and Y (x1) 6 0, a2 ∈]ωy4
, ωx1

[. Then a3 = ξ̂a2 − ω1 = ωx4
+ ω2 − ω3is symmetri to a2 w.r.t. ωx1

. Finally, a4 = ωx4
+ ω2 = a1, b1 = b2 = a1, a3 + ω3 = a1 and

a1 + ω3 = a2 + ω2, so that a3 ≪1 a1 ≪1 a2, see Figure 15.We prove (7.15). For this purpose, we �rst show that ry(a3) 6= ∞. If a3 ∈ ∆,
x⋆, y⋆ 6= ∞, then by Theorem 3, ry(a3) 6= ∞ If a3 /∈ ∆, onsider O∆(ω0). Sine
a3+2ω3 = a2+ω2, a2 /∈ O∆(ω0) by the irrationality of ω2/ω3. Obviously a1−ω2 = ωx4

/∈ ∆and then it is not in O∆(ω0). Hene ry(a3) 6= ∞. Next we prove that ry(a2)+fy(a2) exatlyas in Subase II.A, by using that x⋆y⋆ 6= ∞.For any ω0 6= a1 with ℑω0 = 0 and ωy1
6 ω0 6 ωy4

+ω2, the orbit O∆(ω0) annot ontain
a3, sine a3 +ω3 = a1 and a3 +2ω3 > ω0. It an neither ontain a1, sine ω0−ω3 < a1, norobviously a1 − ω2 = ωx4

. If it does not ontain a2, then by (7.12), ry(ω0) 6= ∞. If it does,then exatly as in Subase II.A, using ry(a2) + fy(a2) 6= ∞, we prove that ry(ω0) 6= ∞ aswell. This �nishes the proof of (7.15).By Equations (5.4), (5.5) and (5.3), we derive as in Subase II.A that rx(ω0) 6= ∞ forall ω0 ∈ {ω : ℑω = 0, ωx1
6 ω0 6 ωx4

+ ω2} exept for ω0 where x(ω0) = ∞, that is for
a1. This �nishes the proof of Theorem 13 (i) in this ase.To prove the statement (iii), we would like to apply Lemma 17 with ω0 = a3. We haveshown that ry(a3) 6= ∞, a3 ≪1 a1 = a4 = b1 = b2 ≪ a2, so that there is no ω ∈ Πy\{a1, a2}
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a3 = a4 b1 = b2 a1 = a2

ωx4
ωy4

ωx1
ωy4

+ ω2 − ω3 ωx4
+ ω2 ωy4

+ ω2Figure 16. Loation of a1, a2, a3, a4, b1, b2 in Case IIIsuh that a3 ≪ ω and fy(ω) = ∞. It remains to verify assumption (B) of Lemma 17 for
ω0 = a3, that is that fy(ω)+ fy(ω +ω3)+ fy(ω +2ω3) onverges to in�nity if ω → a3. Thelast quantity is the sum of

x(ω)[y(ξ̂ω) − y(ω)] + x(η̂ξ̂ω)[y(ξ̂η̂ξ̂ω) − y(η̂ξ̂ω)] + x(η̂ξ̂η̂ξ̂ω)[y(ξ̂η̂ξ̂η̂ξ̂ω) − y(η̂ξ̂η̂ξ̂ω)],whih equals(7.18)
x(η̂ξ̂η̂ξ̂ω)y(ξ̂η̂ξ̂η̂ξ̂ω)−x(ω)y(ω)+x(η̂ξ̂ω)[y(ξ̂η̂ξ̂ω)−y(η̂ξ̂ω)]+x(ω)y(ξ̂ω)−x(η̂ξ̂η̂ξ̂ω)y(ξ̂η̂ξ̂ω)where we used (3.7). If ω → a3, then the �rst term in this sum onverges to x⋆y⋆−x⋆y⋆ = 0.Next, η̂ξ̂ω → a1, so that x(η̂ξ̂ω) → ∞. We an also ompute the values of y(ξ̂ω) and
y(ξ̂η̂ξ̂ω) as (−b(x) ± [b(x)2 − 4a(x)c(x)]1/2)/(2a(x)) with x = x(η̂ξ̂ω). Sine for all ofthe 9 models omposing Subase II.D, deg a = deg b = 1 and deg c = 2, then y(ξ̂ω) and
y(ξ̂η̂ξ̂ω) are of order O(|x(η̂ξ̂ω)|1/2), and their di�erene |y(ξ̂ω) − y(ξ̂η̂ξ̂ω)| is not smallerthan O(|x(η̂ξ̂ω)|1/2) as ω → a3. Finally, x(ω), x(η̂ξ̂η̂ξ̂ω) → x⋆ 6= ∞ as ω → a3. Then as
ω → a3 in the sum (7.18) the seond term is of the order O(|x(η̂ξ̂ω)|3/2) while the �rstvanishes and the third has the order O(|x(η̂ξ̂ω)|1/2). This proves the assumption (B) ofLemma 17 for ω0 = a3. By this lemma the poles of x 7→ Q(x, 0) and y 7→ Q(0, y) are denseon the intervals of the real line, as announed in the theorem.Case III. y4 = ∞. It remains here exatly one ase to study, see Figure 17. It is suh that
y4 = ∞, x4 = ∞ and X(y4) 6= ∞. Then x⋆ = x⋆ 6= ∞; y◦ = y• 6= ∞; y⋆ = y⋆ 6= ∞.The points b1 = b2 = ωx4

+ ω2 are loated as in Subase I.B, a1 = a2 = ωy4
+ ω2 and

a3 = a4 = ωy4
+ ω2 − ω3. In partiular, a3 + ω3/2 = b1, b1 + ω3/2 = a1, see Figure 16.We start by showing that ry(a3) 6= ∞. If a3 ∈ ∆, this is true thanks to (5.3) andsine x⋆, y⋆ 6= ∞. If a3 /∈ ∆, onsider the orbit O∆(a3). It annot ontain a1 − ω2 sine

a3 + ω3 = a1, neither b1, nor b1 − ω2 = ωx4
. It follows that ry(a3) 6= ∞.Sine x⋆, y⋆ 6= ∞, it follows from Equations (5.3), (5.4) and (5.5) that rx(a1 − ω2) =

rx(ξ̂(a1 −ω2)) = rx(ξ̂(a1 −ω2)−ω1) = rx(a3) 6= ∞. Then, by (5.3), ry(a1 − ω2) + fy(a1 −

ω2) = −rx(a1 − ω2) + K(0, 0)Q(0, 0) + x(a1 − ω2)y(ξ̂(a1 − ω2)) 6= ∞.Take any ω0 with ℑω0 = 0 and ωy1
6 ω0 < ωy4

+ ω2. If ω0 ∈ ∆, then by thesame arguments as in Subase I.A, ω0 ∈ ∆y, so that ry(ω0) 6= ∞. Otherwise, we notiethat ω0 − ω3 < a3, so that no point�and in partiular b1�of [ωy4
+ ω2 − ω3, ωy4

+ ω2[belongs to O∆(ω0). Clearly b1 − ω2 = ωx4
/∈ O∆(ω0). Sine either a1 − ω2 /∈ O∆(ω0) or

a1 − ω2 ∈ O∆(ω0) but ry(a1 − ω2) + fy(a1 − ω2) 6= ∞, and by the same reasoning as inSubase I.A, we derive that ry(ω0) 6= ∞. The rest of the proof of Theorem 13 (i) in thisase goes along the same lines as in Case II.



ON THE FUNCTIONS COUNTING WALKS WITH SMALL STEPS IN THE QUARTER PLANE 33Subase I.A (y4 < 0 and x4 < 0)Subase I.B (y4 < 0 and x4 = ∞)Subase I.C (y4 < 0 and x4 > 0)Subase II.A (y4 > 0 and x4 < 0)Subase II.B (y4 > 0, x4 > 0, one of y◦, y• is ∞)Subase II.C (y4 > 0, x4 = ∞ and Y (x4) 6= ∞ as well as y4 > 0, x4 > 0, y◦, y• 6= ∞)Subase II.D (y4 > 0, x4 = ∞ and Y (x4) = ∞)Case III (y4 = ∞, x4 = ∞ and X(y4) 6= ∞)
Figure 17. Di�erent ases onsidered in the proof of Theorem 13�theyorrespond to the 51 non-singular walks with in�nite group, see [5℄Now note that b1 is not ordered with a1 and a3. Indeed, sine b1 + ω3/2 = a1 and

b1 − ω3/2 = a3, this would ontradit the irrationality of ω2/ω3. Then there is no
ω ∈ Πy suh that b1 ≪ ω and fy(ω) = ∞. We also have fy(ω) = x(ω)[y(ξ̂ω) − y(ω)] =

x(ω)[b2(x(ω)) − 4a(x(ω))c(x(ω))]1/2/a(x(ω)). If ω → b1, then x(ω) → ∞ and sine
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