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Abstract

We establish asymptotic distribution results for self-normalized Lévy processes at small and
large times that are analogs of those of Chistyakov and Go6tze (2004) for self-normalized
sums.
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1 Introduction and statements of main results

Let &, &1,&9,..., be i.i.d. nondegenerate random variables with common distribution function
F.Foreachn>1letS, =& 44+ &, and V,, = 5% + .+ 5,%. Consider the self-normalized

Ty := Sn/v/Va. (1.1)

(Here and elsewhere 0/0 := 0.) Giné, Gotze and Mason (1997) proved that T, converges in
distribution to a standard normal random variable Z if and only if F' is in the domain of
attraction of a normal law, written F' € D(N), and E§ = 0. This verified part of a conjecture
of Logan, Mallows, Rice and Shepp (1973). (Later Mason (2005) provided an alternate proof.)
Chistyakov and Gotze (2004) established the rest of the Logan et al. conjecture by completely
characterizing when T, converges in distribution to a non-degenerate random variable Y such
that P{|Y| =1} # 1. A bit later, as a by-product of the study of a seemingly unrelated
problem, Mason and Zinn (2005) found a simple proof of the full Logan et al. conjecture
assuming symmetry.

Theorem 1.1 of Chistyakov and Gé&tze (2004) implies the following: one has T, D, Y, where
P(]Y| = 1) = 0, if and only if there exists a sequence of norming constants b, > 0 such that

either
bols, 2 7 (1.2)
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or for some 0 < a < 2,
bols, = U, (1.3)

where U® is a strictly stable random variable as defined in the Appendix. In case (1.2), Y Dz

and in case (1.3), Y D ye /V V@ The V* random variable arises in the distributional limit in
(1.4), which is implied by (1.3):

(b S, b,2V,)) = (U, V). (1.4)

For details see the Appendix.

Our aim is to prove analogs of the Chistyakov and Gotze (2004) result for a Lévy process X,
t > 0, at small times (¢ N\, 0) and large times ({ — o). To state our results we must first
fix notation. We abbreviate “infinitely divisible” to “inf. div.” throughout. Let (Q,F, P) be
a probability space carrying a real-valued Lévy process (X;);>0 having nondegenerate inf. div.
characteristic function

EelfXt — o0 g c R, (1.5)

where )
U(0) = iy — =0°6> +/
2 R\{0}
v €R, 0% >0, and II is a measure on R\ {0} with fR\{O}(xQ A 1)II(dz) finite.

We say that X; has canonical triplet (v, 02,11) and X is inf. div. with triplet (v, 02,1I). The

tails II(z) and ﬁi(x) of II are defined by

(e = 1= 1021 <1y ) TI(d), (1.6)

0 (z) =I{(—o00,—)}, T (2) ={(z,00)}, and T(z) =T (z) + I (), z>0. (L7)

Assume throughout that o2 + II(0+) > 0, otherwise X degenerates to a constant drift.

Let (AX})i>0, with AX; = Xy — X;—, Xo— = 0, denote the jump process of X, and consider the
Lévy process
Vi=o’t+ Y (AX,)? t>0, (1.8)

0<s<t

V is a subordinator with drift 02 and Lévy measure satisfying Iy (z) = II(y/z), z > 0. By
Theorem 2.1 of Maller and Mason (2008) the joint characteristic function of (X, V) is given by

Eei(91Xt+92Vt)

= exp {it ((91’7 + 9202) — t9%0'2/2 + t/R (ei(91x+62x2) -1 191$1{|x|§1}) H(dx)} .

\{o}

We shall say that (X, V;) has triplet (v, o2, II).
Here is our small time (¢ N\, 0) analog of the Chistyakov and Gotze (2004) result.

Theorem 1.1 Let X;, t > 0, be a Levy process satisfying I1(0+) = oo. Assume that

X, /VVi =Y, as t \, 0, (1.9)



where Y is a finite rv with P(|Y| = 1) = 0. Then either Y is standard normal or
Yy 2 ue/vve, (1.10)
where (U*, V) is a strictly stable pair of index o for some 0 < o < 2, as in (1.4).

Here is our large time analog (t — o0) of the Chistyakov and Gotze (2004) result.
Theorem 1.2 Let Xy, t > 0, be a Levy process satisfying o + I1(0+) > 0. We have

X, /VVi Y, ast — oo, (1.11)

where P(|Y| = 1) = 0, if and only if either X1 has expectation 0 and is in the domain of
attraction of a mormal law, in which case Y = Z, or X; is in the domain of attraction of a
strictly stable law in the sense that for a sequence of positive norming constants b,

by {X )+ + Xy }

converges in distribution to a nondegenerate strictly stable law of inder 0 < «a < 2, where
X1y, X(2), -+ are i.i.d. as X1, in which case Y is as in (1.10).

Remark 1. Chistyakov and Gotze (2004) also show that T,, converges in distribution to a
non-degenerate random variable Y such that P {|Y| =1} = 1 if and only if P {|¢| > z} is slowly
varying at infinity. We do not have such a complete picture for X;. Assuming II (0+) = oo,
the proof of Lemma 5.3 of Maller and Mason (2010) shows that if II is slowly varying at zero

then | X /v/Vz 2 However, we do not know whether the converse is true, except in the case
when X is symmetric. In this case, Maller and Mason (2008) prove that whenever II (0+) = oo,
X /VVi D, Y, ast \, 0, where Y is equal to 1 or —1 with probability 1/2 each if and only if IT
is slowly varying at zero. Further results are given in Theorem 3.4 of Maller and Mason (2010).
Analogous statements can be said about the case t — oco.

1.1 Some needed technical results

To prove Theorems 1.1 and 1.2 we shall need to establish a number of technical results about
X:/v/Vi, which are also of independent interest. To do this we must introduce some more
notation and definitions. We will use some truncated mean and variance functions, defined for
x>0 by

v(z) = 7—/ y 1yl‘[(dy), Vix) = 02—|—/|| y*1I(dy), and U(z) = 0'2—|—2/0$ yI(y)dy. (1.12)
r<|y|< y|<z

These functions are finite for all > 0 by virtue of the properties of the Lévy measure II, which
further imply that lim,~\_ o 2?II(z) = 0, and lim,\ o zv(z) = 0.
By the relative compactness of a real-valued stochastic process (S)i>0, as t — oo, we will mean
that it satisfies

lim limsup P(|S;| > z) =0,

L0 t—oo



or, equivalently, every sequence t; — oo contains a subsequence ¢y — oo with S, converging
in distribution to an a.s. finite rv. If in addition each such subsequential limit is not degenerate
at a constant, we say that S; is stochastically compact, as t — oo.

By the Feller class at 0 we will mean the class of Lévy processes which are stochastically compact
at 0 after norming and centering; that is, those for which there are nonstochastic functions a(t),
b(t) > 0 (where, throughout, b(t) will be assumed positive, but not, a priori, monotone), such
that every sequence t; \, 0 contains a subsequence ¢ \, 0 with

(Xu, — altr)) /btir) ==Y, as K — oo, (1.13)

where Y’ is a finite nondegenerate rv, a.s. (The prime on Y’ denotes that in general it will
depend on the choice of subsequence t;.) We describe this kind of convergence as “X; € F'C at
0”.
It was shown in Maller and Mason (2008) that when the relation (1.13) holds (with Y’ not
degenerate at a constant) then it must be the case that Y’ is an inf. div. rv, and b(tx) — 0 as
trr "\ 0.
Closely related is the centered Feller class at 0. This is the class of Lévy processes which are
stochastically compact at 0, after norming, but with no centering function needed; that is, those
for which there is a nonstochastic function b(t) > 0 such that every sequence t; \, 0 contains a
subsequence tp \,0 with

Xi, [b(tp) == Y, as K — oo, (1.14)

where Y’ is a finite, nondegenerate, necessarily inf. div., rv, a.s. We describe this as “X; € F(Cy
at 07.

The classes FIC and FCy “at infinity” are defined in exactly the same ways, but with the
subsequences tending to infinity rather than to 0. Maller and Mason (2009, 2010) have carried
out a thorough study of F'C' and FCy at 0 and infinity and have obtained a number of useful
analytic equivalences in terms of the Lévy measure II of Xj.

The following propositions connect the self-normalized and compactness ideas, and will be es-
sential ingredients in the proofs of Theorems 1.1 and 1.2.

Proposition 1.1 Suppose X;/\/V; is relatively compact as t \,0 and no subsequential limit has
positive mass at 1. Then X € FCy as t\,0, or, equivalently, by Theorem 2.3 of Maller and
Mason (2010)
2|
limsupx () + zjv ()] < 00. (1.15)
£\.0 V(z)

Proposition 1.2 Suppose X;/\/V; is relatively compact as t — oo and no subsequential limit
has positive mass at £1. Then X € FCy ast — oo, or, equivalently, by Theorem 1 (ii) of Maller
and Mason (2009)

2?Tl(z) + z|v ()]

lim sup Vi) < 00. (1.16)

These two propositions will be proved in a separate section.



2 Proofs of Theorems

The proofs will require the following two limit theorems, which we state as Lemmas 2.1 and 2.2.
Recall that (X;);>o is Lévy with canonical triplet (7, 0% ). Suppose that, for a sequence of
integers nj — 00,
D
Xy /B () — U, (2.1)

where U is inf. div. with triplet (b, a,A). Notice that necessarily B (ng) — oo.
Each random variable X,,, /B (ny) is inf. div. with triplet (b, , an,, Ay, ), where

bn, = niY/B (n1) , an,, = npo?/B? (ng,) and A, (dz) = ngI1(dz/B (ny,)) .
Moreover, (X, /B (ny), Vn,/B? (ny)) has joint characteristic function

i1 X0, /B(ni)+0:Vn, /B2 (ny))

= exp {i (elbnk + annk) — H%Gnk/z + / (ei(91x+92x2) —1 - i@lxl{mgl}) Ank (daz)} .
R

\{o}

Lemma 2.1 Whenever (2.1) holds,
(Xn/B (k) Vo / B () = (U W), (22)

where (U, W) has joint characteristic function

Eei(91 U+62W)
= exp {i (016 4 09a) — 03a/2 + / (ei(91$+92x2) —1— i91x1{|x‘<1}> A(dx)} . (2.3)
R\{0} a
Proof. For each h > 0 let
a" =a+ / 2%A (dz) and b" = b — / zA (dx), (2.4)
0<|z|<h h<|z|<1

and let aﬁkand bﬁk be defined as in (2.4) with A replaced by A,,, a by ay,, and b by by,,.
According to Theorem 15.14 of Kallenberg (2001), (2.1) happens if and only if

A, converges vaguely to A on R\ {0} (2.5)

and for any h > 0 such that A{|z|=h} =0,

aZk — a" and bzk — b (2.6)
By the vague convergence of A,, to A, and since azk — al, we also have, for any r > 2,
/ 2" Ay, (dz) — / z"A (dx) . (2.7)
0<|z|<h 0<|z|<h



To verify (2.7), take r > 2 and 0 < § < h, with 0 and h continuity points of A, and write

/ z" Ay, (dz) < 57"_2/ 2%\, (dx)
0<|z|<o

0<|z|<o

<6 (ank + / %A, (dx)) .
0<|z|<h

lim lim sup/ 2" Ay, (dz) < lim 6" 2" = 0.
6 0<|z|<6 LAY

N0 koo

Thus

We also have by vague convergence of A,, to A,

lim " Ay, (dz) = / z"A (dx) .

k—oo Js<|z|<h 5<|z|<h

These two convergences imply that for all » > 2, we have (2.7).

h

Also aﬁk — a" implies that

cﬁk = Cp, — / 2%\, (dz) — ¢ — / 22A (dx),
h<|z|<1

h<|z|<1
where
Cny, = Qn,, + / 2%A,, (dz) and ¢ = a —I—/ 22A (dz).
0<|z|<1 0<|z|<1
Write v = Ao T, where T (z) = (z,2%). Now on account of (2.5) we can readily infer

that A,, o T~! converges vaguely to v on R’ \ {(0,0)}. Thus by using the bivariate version of
Theorem 15.14 of Kallenberg (2001), we get after a little algebra that (2.2) holds with (U, W)
having characteristic function

2
exp {_at% 414 (bh01 + a92> + / (exp (z (Glx + 92:62)) —1—ib1zl{|z| < h}) A (dm)} ,
2 R\{0}

(2.8)
for any h > 0 such that A{|z| = h} = 0. Note that in applying the bivariate version of Theorem
15.14 of Kallenberg (2001), we get, using azk — a” and (2.7), that

ap, f0<\:c|§h 2° Ay, (dz) -
f0<\x|§

hngnk (dx) f0<\x|§h x4Ank (dx)

< ah f0<\z|§h 3A (dx) >

f0<|m|§h 2*A (dz) fo<\x|§h z*A (dz)

and

bk bh
ng
< any, + f0<|x\§1 2?An,, (dz) ) - < a+ f0<\x|§1 2?A (dz) ) '



We see then that the resulting limiting infinitely divisible vector has in its defining characteristic
function the Lévy measure v = A o T~! on R’ \ {(0,0)} and the matrix and constant vector,

respectively,
( 0 0) and ( b )
0 0 a+t foopp< @A (d2) )

For very similar details see the proof of Lemma 4 of Giné and Mason (1998). Since

bh:b—/ zA (dx),
h<|z|<1

we get that the characteristic function (2.8) is equal to (2.3). O

As above, let £1,&s, ..., be i.i.d. nondegenerate random variables with cumulative distribution
function F, and for each integer n > 1 denote the sums S, = > ;& and V, = >0, 2.
Suppose that there exist a subsequence {n;} C {n} and norming constants B (nj) such that

S, /B (ni) = U, (2.9)
where U is an inf. div. random variable with triplet (b, a, A).
Lemma 2.2 Whenever (2.9) holds,
(Sny/B (n1,) , Vi / B (ni)) —= (U, W), (2.10)

where (U, W) has joint characteristic function (2.3).

Proof. By Corollary 15.16 of Kallenberg (2001), (2.9) occurs if and only if
niL (£/B (ng)) converges vaguely to A on R\ {0} (2.11)

and for any h > 0 such that A{|z| =h} =0

neE | (¢/B (n))* 1{|¢/B (ng)| < h}| — " (2.12)
and
neE[(§/B (ni)) 1{§/B (ni)| < h}] — b".
Also, as in the proof of Lemma 2.1, for every r > 2,
B [(€/B (n))" 1{|§/B (nk)| < h}] — z"A (dz),

0<|z|<h

and similarly as in the proof of Lemma 2.1, ny L (£/B (ng) ,&%/B? (ny)) converges vaguely to v
on R*\ {(0,0)}. O

Remark 2. In the sequel we shall only need the special case of Lemma 2.2 when &1, &s,. .., are
i.id ¢ = X7, where X is inf. div. with canonical triplet (v, o2, I1).



2.1 Proof of Theorem 1.2

It is more efficient to prove Theorem 1.2 first. By Proposition 1.2, whenever
D
Xi/V Vi — Y, as t — o0,

where Y does not put positive mass +1, then X; is centered stochastically compact at infinity
with a norming function b;. This implies by Lemmas 2.1 and 2.2 that if &, ...,&, are i.i.d. Xj,
there exists a positive norming b, such that

(X /by Vi /62,) and (Sp /b, Vi /62,)

have the same nondegenerate subsequential distributional limits. Thus both

X/ Vin and S/ \/V,y

converge in distribution to the same nondegenerate random variable Y that does not put positive
mass on £1. The proof of Theorem 1.2 now follows from the Chistyakov and G&tze (2004) result.
d

2.2 Proof of Theorem 1.1

Assume that (1.9) holds, where P {]Y| =1} = 0. We know by Proposition 1.1 that this forces
X; to be centered stochastically compact at 0. Thus there exists a norming function a; such
that every subsequence t; converging to zero contains a further subsequence s, with

D
(thn/asn, V}Sn/agn)tzo — (U, Wi)>0, as n — 00, (2.13)
where the Lévy process (U, W), which may depend on the subsequence s,,, has joint characteristic
function

Eei(91Ut+92Wt)

= exp {it (91& + 92[)) — t@%b/? + t/ <ei(91x+92x2) —1 - ielxl{mgl}) A(dx)} ,
R

\{0}

with @ € R, b > 0 and A being a Lévy measure on R \ {0}. See Maller and Mason (2010)
Theorem 2.3 for the functional convergence in (2.13).

We first claim that if U contains a normal component, i.e. b # 0, this forces Y to be standard
normal. This will be a consequence of the following lemma.

Lemma 2.3 If U contains a normal component (a # 0), then one can find a subsequence t'
N\, 0 such that

(X /ay, Vy /a}) 2, (aZ, a), (2.14)

where Z is standard normal.



Proof. Using (2.13), we see that, for each fixed m > 1,

(Xsn/m/ (GSn/\/TTL) 7‘/sn/m/ (agn/m)) & (\/TT’LUl/ma le/m)a as n — 00,
where (v/mUj jp,, mW1,) has characteristic function
=exp{i <91b + 02@) —0%a/2 + 1 (ei(\/ﬁelx+mezmg) -1- h/ﬁ@lxl{mq}) A(dz) 7,
Vvm m JRrR\{0} B

which as we will show converges as m — oo to exp {—67a/2 + if2a}. Thus with some abuse of
notation we can extract a sequence s, /mj, converging to 0 so that as k — oo,

(Kew e/ (G IN8) Vi i (2, /i) ) =2 (aZ, a), (2.15)

having characteristic function exp {—9%&/ 2+ i@ga}. Actually to show (2.15) it remains to prove
that

m—oo M,

lim 1 ellvmbratmbza®) _q ivmbixlg,<1n ) A(dz) = 0. 2.16
{lzl<1}
R\{0}

To see why (2.16) is true notice that

2
< limsup —A (1/v/m < |z] < 00) = 0.

m—oo TN

(eXmtmas) 1) A(da)

) 1
lim sup —
m—oo M

/I/WSIIQXJ
Alsoforall0 < d < 1

1 1
lim sup — / ivmaly<nAldz)| < limsup/ || 141z« A(dT)
moso M |.J1/ fmslal<1 (= M) mece VM iy gmpes S
1
+ lim sup — / 1< A(dx
m—os /T | Js<iai<1 {lej<13A(d2)
< limsup/ x21{|x‘<1}A(dx)
m—oo J1/y/m<|z|<§ -
= / x21{|x\§1}A(dx)
0<|z|<é
Since § > 0 can be made arbitrarily small we get
M M| J1/y/m<a|<1 B
Thus to complete the proof of (2.16) it suffices to show that
1 .
lim — (e‘(\/ml“m‘%“) —1- im@lxl{mgl},) A(dz) = 0. (2.18)

eI Jo<||<1/v/m
Now the LHS of (2.18) does not exceed
1

d(Vmbrz+m022%) 1 5 (S xl + mbx?) | A(dz
1L H{|z[<1} 2
m Jo<|z|<1/vim -




+/ oz A(dz),
0<|e|<1/y/m

and for some C > 0
1

m Jo<|z|<1/vm

ei(\/m91ac+m92x2) S (\/ﬁell‘l{mgl} + m92x2) ‘ A(dl‘)

< ¢ / |v/mb .z + m92x2|2 A(dz),
m Jo<|az|<1/ym

which for some D > 0 depending on #; and 05 is

<D 22 A(dx).
0<]z|<1/v/m

Since the limit of this as m — oo is 0, we have shown (2.18), which together with (2.2) and
(2.17) gives (2.16). O

Hence if there exists a nonzero normal component in the characteristic function of U in (2.13) for
convergence of (X¢/az, V;/a?) along a subsequence s,,, then Y must be standard normal. Since
in this case for some subsequence ¢ we have Xy /\/Vy 2, Z,ast' \, 0 we get Y = Z in (1.9).

From now on we shall assume that Y is not standard normal, which means that a = 0 in the
characteristic function of the (U, W) appearing in (2.13) for convergence of (X;/as, V;/a?) along
a subsequence s,. Also note that (U, W) may be different for different subsequences. However,
in all cases, by assumption (1.9),

Ui/ Wy D Y, for each ¢t > 0.

Note that Theorem 2.1 (iii) of Maller and Mason (2010) implies that P {W > 0} = 1. Moreover,
it can be shown that for any integer m > 1,
Un D Up+ -+ Uy D
VWi /Wy 4+ Wiy

Y, (2.19)

where (U(l), W(l)), ceey (U(m), W(m)) are i.i.d. (U1, W7). To see this, observe that for any fixed
integer m > 1,

(X /@on Vinsn /@2,) = (Ugay + - + Ugmy, Wty + -+ + Wigmy) = (U, Vi) -

We claim that
U/ /Wi =Y, as t — oc. (2.20)

This follows from (2.19) combined with the facts that

D P
W1 — Wi = W(l) = Op(l), W(l) + -+ W(m+1) — 0
and

D
sup  |Up — Un| = sup |Ui] = Op(1),
m<t<m+1 0<t<1

10



which together imply that

sup ‘Ut/\/Wt— Um/M) P.o.

m<t<m+1

Therefore we can apply Theorem 1.2 combined with the fact that Y is not standard normal to
conclude that U is in the domain of attraction of a strictly stable law of index 0 < a < 2, and

thus Y 2 U*/VVe. O
Remark 3. We do not have such a complete picture of the distributional limits of X;/\/V; as

t \\ 0 as Chistyakov and Gotze (2004) obtained for self-normalized sums in their Theorem 1.1.
All we can say is that if

Xi/\/Vi =Y, as t\, 0,
where Y does not place positive mass on any constant then either Y 2zoy 2ye /VVe.

Only in the case when Y D 7 do we know that this happens if and only if for some norming
function by,

X, /by = Z, as t \, 0.

This was proved in Theorem 2.4 of Maller and Mason (2010). The story for the case Y D
U“/v/V is not complete. Presently all that we can infer is that if for some 0 < «a < 2,

X /by D, U, ast\,0,

then

X,/ Vi = UY/VVe, as t N\, 0.

However, right now, we cannot go the other way, except under the assumption of symmetry. See
Maller and Mason (2008).

3 Proofs of Propositions 1.1 and 1.2 .

3.1 Proof of Proposition 1.1

Suppose X;/+/V; is relatively compact as t | 0 and no subsequential limit has positive mass at
+1. Then by Theorem 3.1 of Maller and Mason (2010) we have

|y (z)]

alv(z)]

lim sup =limsup —=————— < o0, 3.1
210 Ulx) 10 x?(z) 4+ V(z) 3.1)
while by Proposition 5.5 of Maller and Mason (2010) we have
2?TI(x)
lim sup < 00, 3.2
z10 V(z) (32)

since if (3.2) fails then there is a subsequential limit rv of X;/+/V; (as t | 0) with positive mass
at £1. Now (3.1) and (3.2) imply

lim sup zlv(z)l < 00
z]0 V(.Q?)

which together with (3.2) gives (1.15). O

11



3.2 Proof of Proposition 1.2

The proof of Proposition 1.2 will be a consequence of the following two propositions and theorem,
which are the large time analogs of their small time versions given in Propositions 5.1 and 5.5
and Theorem 3.1 of Maller and Mason (2010).

Recall the definition of U(x) given in (1.12). Note that, after integrating by parts,
Ux) = V(z) + 2*T(x), = > 0. (3.3)
The function U(x) is continuous, in fact, differentiable, at each = > 0, with

d <U(aj)> _ —2(U(z) —2T())

dz \ =2 N 3

Further,

Ulx) - 2°Ti(x) = 0® + 2 /0 "y (Tly) - M) dy > 2 /0 "y (T(y) - Ti(x)) dy.

The right-hand side here could be 0 only if TI(y) is constant on (0, z], and since II(c0) = 0, as
long as II(z) > 0 for some = > 0, we see that 272U (z) is strictly decreasing for large enough =,
and 272U (z) — 00lyp2-0p + I(04)1 5203 > 0 as 2 \,0, while 272U (x) \,0 as = " co.
In view of the monotonicity of 272U (z) just established, for each A > 0, once ¢ is large enough,
depending on A, for 272U () < 001,250} + I1(04)1g,2_0;, the function

ba(t) :=inf{z > 0:272U(z) < (M)}

is finite, positive, is such that by(t) — oo as t — oo, and is such that

tU(ba(t)) _ 1
RS (3.4)

Further, 72U (x) has no intervals of constancy once x is large enough, because of its strict
monotonicity, so by(t) is continuous and strictly increasing for each A > 0, for large enough ¢.

In the sequel we shall often use the following decomposition, or a variant of it (see Sato (1999),
Theorem 19.2 p.120, or Doney and Maller (2002), Eq. (6.1)):

Xy =tv(b) +0Z+ X5 + xPY >0, (3.5)

where Z; is a standard Brownian motion, Xt(S’b) is the compensated sum of “small” jumps, i.e.

Xt(S’b) = a.s.lim Z AXslieqiax. <oy — t/ all(dz) |, £ =0,

L0\ o< e<le|<b
and Xt(B’b) is the “big” jumps, i.e.,
B,b

XY = 3" AXgax, e 2 0.

0<s<t

Further, the processes (Z)>0, (Xt(s’b))tzo and (Xt(B’b))tzo are all independent.

12



Theorem 3.1 We have that

X x|v(x
2 s relatively compact as t — oo if and only if limsup V(@) < 00

VVi v—oo U(x)

We will deduce Theorem 3.1 from the following analogue of Theorem 2 of Griffin (2002) and
Corollary 3.1 is immediate from it.

(3.6)

Proposition 3.1 There is a nonstochastic function a(t) such that

(Xt —a(t))/\/ Vi is relatively compact as t — oo (3.7)
if and only if
lim sup [tr(bat)) = a(®)] < 00, (3.8)
t—00 ba(t)

for all small, and hence, all, A > 0.

Corollary 3.1 (Corollary to Proposition 3.1) (i) (X; — tv(bx(t))/V/ Vi is always relatively
compact as t — oo, for any A > 0.
(i1) If Xy is symmetric, then X;/\/V; is always relatively compact as t — oo.

Proof of Proposition 3.1: (i) First suppose EX? < co. From (3.4) we see that by (t) < v/t as
t — o0o. The convergences

X;—tEXy p
—— — N(0,1
v/tVarX; (0,1)

and
Vi)t 2 EX2,

as t — oo can be found in Bertoin (1996), Sato (1999) or see Doney and Maller (2002). So (3.7)
holds with a(t) = tE X7, and with this choice,

tr(ba(t) — a(t) _ g0 YY)
ba(t) ba(t)
13 y|>0 yQH(dy)
Q)
So Proposition 3.1 is true when EX? < oo.
(ii) Next suppose EX? = co. In particular, this means II(z) > 0 for all x > 0. Fix A > 0
and then take ¢ > 0 big enough, depending on A, for by(t) > 1.

From (3.5) with b =1 we have, for ¢t > 0,

= 0(1).

X =tv(l) +0Z; + Xt(S,l) n Xt(B,l)

=ty + X7V + 0p(VD), as t — oo,
because Xt(s’l) is a mean 0, finite variance Lévy process. Also

Vi =%t + Z (AX)*1ax, <1y + Z (AX)*Lgax,>1}
0<s<t 0<s<t
= 0%t + Vt(s’l) + ‘Q(B’l)

= VP 4L 0p(t), ast — oo

13



(S5:1)

This is true because V, is a Lévy process with finite mean, so V;(S’l)/t =0Op(l) ast — oo

by the weak law of large numbers. But V;(B’l)/t L, o as t — oo since EX? = oo, so
I/;/V;(B’l) Llast— 0o, and thus from
XPV iy —at)  Xi—at) [ Vi o t
V(B Ve Ay B0 Ty
g t t
X —alt
= t\/va()(l—l—oP(l))—i—oP(l), as t — oo, (3.9)
t

we see that (3.7) holds if and only if

(Xt(B’l) — 5(15)) / V;(B’l) is relatively compact as t — oo,

for some a(t) = a(t) — ty. So we can ignore small jumps in X and assume X is compound
Poisson with no drift, no Brownian component, and all jumps exceeding 1 in magnitude.

Thus in (1.12) we take v = 0 = 0, and can write

N
Xe=) Ji (3.10)
i=1
and
Ny
Vi= ) (AX) Lax,s1y = ) J7 (3.11)
0<s<t i=1

for (Ji)i=12,.. iid. and distributed as II(dz)1f>13/I(1), and (NV;);>0 independently dis-
tributed as a Poisson process with rate TI(1).

We decompose X; as

X =Ti(N\) + Re(N), (3.12)
where
Nt Nt
Ti(N) =D Jilgnizony = D Jilp<iaisno)
i=1 i=1
and N
t
Ri(A) := Z JiL{| 505 ()} (3.13)
i=1

Then we can calculate
B(T) = 1) [ o PATID) = 02 (0),

and

14



We can thus write, for any L > 0,

P (tw(ba()) — a(t)] > 3L7b,(1))
< P(ITy(N) — ETy(\)| > L2bA(8)) + P (ITy(\) — a(t)] > 2L%bx (1)) , (3.14)

and we proceed by estimating the quantities on the right-hand side of (3.14).
By Chebyshev’s inequality, for any L > 0, K > 0,
P(|Ty(A) — ETy(N)| > LKDA(1)) <

1
2 ) - L2K2N

(3.15)

With K = L this gives a bound for the first term on the right-hand side of (3.14). The second
term on the right-hand side of (3.14) does not exceed

P (ITi(N) = ()] > 2L205(t), Loa(t) = v/Vi) + P (Lba(t) < Vi) (3.16)
Let
Ny
=TI AL (3.17)
=1

It’s not hard to check that
E(Us(\) = A3 (t) — tV(1). (3.18)

On the event {maxi<;<n, |Ji| < bx(t)} we have V; = Ui()\), so
2,2 ,
P (V> 1) < P (V> PR, max 141 <000

_ | <
+1-P (12@’& | Ji] < b)\(t)>

P (U,(\) > LPb3(t)) + 1= > P™(|J1] < bA() P(N, = n)
n>0
E(U

- L?b2 +1_Ze JP(|J1| < ba(t)))"/n!

n>0

_ (A_lbi(t) —tV (1)) 41— TP >br(0)
L2063 (t)

<AL 21— e TO®) < N2y A (3.19)

(In the last inequality, recall that x?TI(x) < U(x), so tII(by(t)) < 1/A.) (3.19) gives a bound for
the second term in (3.16).
Next, to estimate R;()) in (3.13), put

Ny
N =Y L)
=1

15



Then by Cauchy-Schwarz,

Ny Ny
[R(N)I” < <Z Jf) (Z 1{|Ji>zu(t>}> = ViSi(N).
=1 i=1

Thus, for L > 0,
P (IR > LYVE) < P(SiV) > 12) < L2E(Si(V)
= L2(¢TI(1))TI(by(¢))/TI(1) < L2271 (3.20)

So (cf. (3.12)) we see that the first term in (3.16) does not exceed

P (ITi(\) = () > 2L/V;)
< P (1%~ ()] > LVWi) + P(R(N)| > LV/V)
<P (|Xt —a(t)| > L\/Vt) + L2 (3.21)

by (3.20). Going back to (3.14), we put together (3.16) with K = L, and the bounds in (3.19)
and (3.21), to deduce that

P (|tr(ba(t)) — a(t)] > 3L7bA(1)) = L{ju (b)) —a(t)|>3L2x (1)}
<ALt N2l e g p <|Xt —a(t)| > Lﬁ) LI

Choose L so large that A™'L~* + 2L72X"! < ¢=*"' /2. Then

Lo (1)) —a() 32200 (1)) < P(IXe —a(t)] > Ly/V) +1— e /2.

Now assume (3.7), i.e., that |X; — a(t)|/+/V; is relatively compact as t — oo. Letting t — oo
then L — oo gives

. . _)—1
JHim Hm sup Lo, ) -a(of>s02,0) S L - /2 < L.
So, for L > some Lo(A) > 0, and ¢t > some to(L, A) > 0, we have Ly, (1)) —a(t)|>3L200 (1)} < L,
hence [tv(by(t)) — a(t)| < 3L2by(t). Thus for t > to(Lo, A),

[tv(bA(t)) — a(®)]

< 3L2,
ba(t) -

which implies (3.8).
For the converse, suppose (3.8) holds for all sufficiently small A > 0. Fix such a A € (0,1).
Therefore by (3.8) we can find a ¢y > 0 such that

— o [(0A(F) — a(t)]
c(N) = ts;t;i )\b)\(t) < 0. (3.22)
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Then for all ¢ > ¢y and any L >0

P(|Xt—a(\>3L\/Vt><P<|Xt—tub)\ N > 3LV Vi — (V) )
<P(]Xt—t1/b,\ \>2L\/Vt)+P(L\/Vt<c ) (3.23)

To deal with the first term on the right-hand side, take K € (0, )\*1/2), and suppose t > 0 is so
large that ¢V (1) < (A™! — K?)b3(¢). This is possible since b3 (t)/t = AU (bx(t)) — oo as t — oco.
Recall that X; = T3(\) + Ri(\) by (3.12), where ET;(\) = tr(b(t)), and argue as follows:

P <|Xt — tu(by(t))] > 2L\/X7t> <P (\Tt( ) — tr(ba(t))] > L\/Vt)
+ P (IR > LvTi)
P (ITy(A) — tw(ba(t))| > LKby(t)) + P (m < wa))
+P (|Rt(>\)] > L\/\Z)
< %KU +P (m < KbA(t)> + W (by (3.15) and (3.20)). (3.24)
Recall (3.17) and note that V; > Uy()), so for £ > 0
P (\/Vt > KbA(t)> > P (Uy()) > K23(t)) .

Using a second moment version of Wald’s lemma we see that

1<|y|<bA (L)
< b3 (1)U (bx (1) = A710% (¢).

I
< th3 (t) (bi (t) I (by (¢) + / Y11 (dy)>

Recall that we keep K2 < A™! and tV (1) < (A™! — K?)b3(t). There is a one-sided Chebyshev
inequality of the form P(Y — EY < z) > 22 /(2% + VarY), for any rv Y and = > 0 (e.g., Beichelt
(2006), p.70). Apply this with ¥ = —U;(\), recalling that E(Uy()\)) = X713 (t) — tV (1), by
(3.18), to get

P(VV, > Kby(t)) > P (U(\) > K263 (1))
=P (=U(\) + E(U(N) < (A" = K*)b3(t) — tV (1))
(A= K2)B3(1) — tv (1))
(! K?)bi( ) = V(D))" + Var(U:(V))
1- ) 204 (£) — 2tA(1 — K262 (1) V(1)
bi(t)(1+ ) + t222V2(1) '

>

(3.25)
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For the second term on the right-hand side of (3.23), use (3.25) with K replaced by K) :=
(N L™, with L > ¢(A\)VA, so Ky < A~Y/2. Thus, finally,

P(|X; — a(t)| > 3L+\/V7)

- N [ C (1= KPA)R() — 2t0(1 — KQA)bi(t)V(l)]

~ AL2K? bY(E)(1+ N) + t2X2V2(1)

(1= K3N)205(t) — 2tA(1 — K3 (H)V (1) 1
DA (1 + ) + 202V (1) } AL?

+[1—

Let t — oo, recalling that ¢t = o(b3(t)), then L — oo, noting that K, = ¢(A\)L™' — 0, then let
K |0, to see that
2\
lim limsup P(|X: —a (t) | > 3L\/V;) < Ton

L—oco (-0

Then let A | 0 to get (3.7). O

Proof of Theorem 3.1: Suppose X;/+/V; is relatively compact but there is a sequence zj — oo

such that
zi|v(zy)|
Ul(zy)

Let ¢, = 23 /U (zk), so o, = b1(tx), in the notation of (3.4). Then

— 00, as k — oo.

telv (01 (t))| _ telv(zp)l _ zilv(e)]
b1 (tr) T, Ul(xr) 7

which contradicts (3.8) with a(t) =0 and A = 1.

Conversely, suppose limsup,_, .. z|v(x)|/U(z) < ¢ < co. Then with a(t) = 0 we have

' la(t) —tr(bA(®))] _ ..
TR R Ume)

C
§X7

o (3.8) holds with a(t) = 0, and X;/+/V; is relatively compact as ¢ — oo, by Proposition 3.1.
g

Proposition 3.2 Suppose T; := X;/\/V; is relatively compact as t — oo, and also that

lim sup z°TL(z)/V (z) = cc.

Tr—00

Then there is a sequence t, — oo such that

(lsii%limsup P(||T;,| — 1] <9) > 0. (3.26)

tk—>OO

Proof of Proposition 3.2: Assume that T} is relatively compact as t — oo and let

R(x) := 2*I(x)/V (). (3.27)

18



Suppose limsup,_, ., R(r) = co. This implies that EX? = oo, thus by (3.9) again we need only
deal with the big jump process. So we take X and V as in (3.10) and (3.11), and set v = 02 = 0
in (1.12).

We first show the existence of a sequence (; — oo such that

lim inf  R(A(i) =00, foreach 0 < \; < 1< Ay < 00. (3.28)
k—00 0< A1 <A<\

To this end, fix 0 < A} < 1 < A2 < 00, choose ¢, T oo such that R(c,) T oo, let ny = min{m >
1: ¢y > 2, and R(cp,) > 23}, and then for k = 1,2, ..., set

N1 = min{m > ng : ¢, /28 > 27%¢, + k41, and R(c,,) > 23F+D},

Then put ¢ = 27%¢,, , so that ¢, — oo as kT oco. Note that R(x)/z? is nonincreasing on (0, c0).
Choose A € [1, \2] and k such that 2¥ > \y. Then \ < 2F and

R(AG) _ C%l%(ACk):> CZR(2%¢)
A2 (ACk)2 — (2Fr)?

so infiop<n, ROAE) > 28 — oo, Thus R((x) > 28 — oo, and for A € [A,1], MR(() <
N R(¢k) < R(A), so infy, <x<1 R(A(k) — oo. Hence (3.28) holds.

Recall that U(z) > 22T(z) for all z > 0, so for A > 0,

= 27R(2"¢x) = 27" R(cn, ) > 2,

G TIOG)  V(AG) VA
P51 T000) T U0G) T GGy - ROG) (3.29)
uniformly in A € [\, Ag], where 0 < A\; < 1 < A2 < 0o. Now
M (5G)?M(sGe)ds 1 (2% dU(s) 1 (U(&g))
/Al UGsGe) s 2 /Algk U(s) 25\ Uuey) (3.80)

(recall that U(z) is continuous at each x > 0). The left-hand side of the last expression
tends to f;f ds/s = log(A2/A1), so we have U(XaCr)/U(MCk) — (A2/A1)% Then by (3.29),
TI(A2Ck) /TI(A\1¢k) — 1, and so we deduce

TI(AGk)
TI(Cr)

lim sup
k=00 gca; <A<,

— 1' =0, for each 0 < A\; < Aa. (3.31)

Recall the representation of X; in (3.10) and the definition of the J;. Let J ](\}t) be any J; which is

largest in modulus among Ji, ..., Jy,, and let J](\?t) denote any term among Ji, ..., Jy, of second
largest modulus.
Define

Ny
WX =X -y =S Ji )
=1

and
OV, = Vi - I
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Put t3 := 1/TI((), so that t;, — oo. For § > 0 and 0 < A\; < Ay, define the events
Ay = {|J1(v2t)k| < Ak < Aoy < |J1(\}t)k|},

Bu(8) = {|W X, > 614 1}

and )
C(0) = { v, > 2) P}

In the following, we will keep A1(; > 1. A straightforward calculation gives
P(A) = tTl(AoGy)e WG = 5 (A, ), say. (3.32)
Also, on Ay, we have
Ne, N,
By (9) C { > Tl neney| > 5>\2§k} = { > JF > 5>\2Ck} ; (3.33)
i=1 i=1

where Ji]C = Jil{y;1<xn¢.)- Note that

B = | g, HT)

and E(Ny, ) = t,II(1), so we can write

Ny, Ny,
; Jf = ; (Jzk - E(Jf)) + (N, — E(Ny,) E(JF) + ti /1<x|9\1<k 2T1(dz). (3.34)

Now since T; is assumed relatively compact, we have by (3.6)
zlv(x)| < M(2*T(z) + V (2)),

for x > some x, for some M € (0,00). Further, by (3.29), we have V(A() < (ACk)?TL(A(R), for
k large, uniformly in A € [\, A\2]. Thus for k large, firstly,

tk/ xll(dx)| = tg|v(Ai(k)| (recall v =0 in (1.12))

1<]@| <A1 Gk
< 2M ity (M C)TI( A1 Gr)
<AMMG, (by (3.31), and t = 1/I1(Cx))
< (0/2) Aol

for Ao > A1 large enough. Secondly,

Ny,
Var (Z (- E(J{“))) = E(Ny,)Var(Jf)

=1
< tkH(l)/K e 2*T1(dz) /TI(1)

<tV (ACe)-
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Third, using Cauchy-Schwarz,

2
Var [(Ntk - E(Ntk))E(Jf)} = t,TI(1) / 2T1(da) /TI(1)
1

<|]z|<A1 ¢k

< tk/ 2211 (dx)
1<|z|<A1¢k

<t V(A1)

Putting the three estimates into (3.34) and using Chebyshev’s inequality, we find that for §; > 0
and A; > Ao large enough

P(By(61) N Ag)
Ne,
S (7E - BUD) + (N — B(N,)) B

<P
i=1

8tV (A1Ck)
(01 X2Ck)?

By a similar argument as in (3.33) and Markov’s inequality we get for d > 0

> (51/2))‘2Ck>

Ny,
P(Cr(02) N A) < P (Z |TFP > (52>\2Ck)2)

i=1

E(Ny, )E(JF)? < WV (MG)

(0222Ck)* 7 (92X2Ck)?
Putting these together gives
1 1\ 8tV (A (¢

=: nk(él, 52), say.

Now, since V; = DV, + \J](\i)lz > ]J](\}t)|2, we can write, for § > 0,

‘th‘
Pll—==—-1|>9¢
( ‘/’tk
= P (|IX0] ~ Vi > 6V/75)

< ({fpl - v

u{ i, > 6/22198) 12})

1 1
> 0I5 1 OV, < (622194 2}

The latter does not exceed

P({|xi =8| > 810 172} U {0, > 67221001} (3.36)
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because, /(VV;, < (6/2)|§) |, thus [\/Vi, = [J3) || < (8/2)|J;) |, together with

[ARRVIA R/ |>\\/ ~ 1§

imply

1
‘ th - J](Vt)k

1
> |1 Xael = 176 1] = [|1Xeel = vV

- |v¥ - 18|

> (5= 0/2)l7y,) | = 017 |/2.

1
- |V -]

= ‘|th| - \/V;fk

Observe that (3.36) does not exceed P(By(d/2) U Cy(d/2)). Argue that, by (3.35) and (3.32),

P(By(01) U Ck(02)) < P ({Bk(61) N Ax} U{Ck(d2)) N Ax})
11— P(A)
< (01, 02) + 1 — pr(A1, Az).
Thus by (3.36)

P’( Lj%zl«_ 1 >>5) < me(6/2,6/2) + 1 — pp(A1, Ma). (3.37)

Now by (3.29) and (3.31)

tkV (MG) = o (teGTI(MCk)) = o((R),

so nk(61,02) — 0 as k — oo, while, by (3.31), pr(A1,X2) — e~ as k — oco. Letting k — oo in
(3.37) gives

limsupP< X -1

t—00 \/
0 (3.26) holds. O

We are now ready to complete the proof of Proposition 1.2. Suppose X;/v/V; is relatively
compact as t — oo and no subsequential limit has positive mass at +1. Then by Theorem 3.1
we have

>5><1e <1,

, zlv(z)] . zlv(z)|
lim su =limsup —————— < o0, 3.38
o U)ot 22T(x) + V(2) (3.38)
while by Proposition 3.2 we have
o
II
T ) (CO) (3.39)

T—00 V(l') < 0

since if (3.39) fails then there is a subsequential limit rv of X;/v/V; with positive mass at +1.
Now (3.38) and (3.39) imply

ligs;ip m";((j)” < 00, (3.40)
which together with (3.39) gives (1.16). O
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3.2.1 Comments on proofs of Propositions 3.1 and 3.2

The proofs of Propositions 3.1 and 3.2 parallel very closely, after notational changes, those
of Propositions 5.1 and 5.5 of Maller and Mason (2010), which are their small time versions.
Therefore for the sake of brevity, but at the sacrifice of readability, we could have replaced the
foregoing proofs by the following road maps:

For the proof of Proposition 3.1 proceed exactly as it is given above until right before equation
(3.14), and then continue on as in the proof of Proposition 5.1 of Maller and Mason (2010)
starting at its equation (5.8) with the role of € suppressed, i.e. T;(e,\), Ri(g,A),S:(g,N),
Ni (e, A), Ue (e, N), Vi(e),V (¢) and X; (¢), are replaced by Ty (N\), R: (A), St (A), Ne (N), Ur (),
Vi, V(1) and X, respectively. Also replace tv () by 0 and «ay (e, \) by T; (M), and use the
definition of ¢(\) given in (3.22).

From equation (3.29) the proof of Proposition 3.2 goes exactly as that of Proposition 5.5 of
Maller and Mason (2010) beginning from its equation (5.38) with the role of & suppressed in the
notation analogously as it was done in the proof of Proposition 1.1 and with ¢; ™\, 0 changed to
tp — 00, tgr (tg) to 0 and € < A& to 1 < A&,

3.3 Appendix: Strictly stable bivariate laws

Theorem 1.1 of Chistyakov and Gotze (2004) says that T, 2, Y, where P{lY|=1} =0, if

and only there exists a sequence of norming constants b, such that either b, 1S, L. Zor & is
in the domain of attraction of a stable law of index 0 < a < 2. Moreover, in the normal case
E¢ =0, in the case 1 < a < 2, F§ = 0 and in the case a = 1, £ is in the domain of attraction
of Cauchy’s law and Feller’s condition holds, that is,

lim Esin(¢/by,) exists and is finite.
n—oo

This means that in the stable law of index 0 < o < 2 case, one can use the fact that necessarily,
for some function L slowly varying at infinity,

1—F(z):=P{|{|>x}=2"“L(x), forz >0,
and some 0<p<1,asxz— o0,
P{¢>at /P{{| > 2} — pand P{{ < —a} /P{[{| > 2} — ¢

By applying Theorem 15.14 of Kallenberg (2001) much as we did in the proofs of Lemma 2.1
and 2.2, we can show that for a suitable ¢ > 0 with a norming sequence b,, of the form

by ~ cF~ Y (1/n) = en™“L* (1/n),

with L* slowly varying at zero, one has (b, 'Sy, b,,?V;,) R (U*,V*), where (U*, V) has joint
characteristic function
©Ya (s,t) = Eexp (isUY +itV?),

of the following form: For » > 0 and [ > 0 with at least one strictly positive define

r, y >0
KT,l (3/): Ovyzo
I, y<0
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where p =1/ (r +1).
Case 1: 0<ax<l1

©Ya (8,1) = exp (/OO (exp (isy + ity2) — 1) []Zﬁ‘g) dy> .

— 00

Case 2: a=1

o1 (5,1) = exp ( / " (exp (ity?) cos (sy) — 1) ledy) .

—0o0

Case 3: 1<a<?2

) K,
©Ya (8,t) = exp (/ (exp (isy + z'tyQ) —-1- isy) ‘y’ii’? dy> .

—0o0

An easy calculation verifies that for alln > 1 and 0 < o < 2

o (s/nl/a,t/n2/a> = @q (8,1) .

Thus if (Uf, V), ..., (UY,V,Y) are iid. (U%, V) then for all n > 1

(n—l/a i Uia7 n—Q/a i Via> D (Ua, Va) .
=1 =1

This says that (U, V?) is a strictly bivariate stable random vector and in the stable 0 < a < 2
case S, /v Vi L, Y, where YV D Uue/Vve.
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