ANALYSIS OF JUMP PROCESSES WITH NONDEGENERATE
JUMPING KERNELS

MORITZ KASSMANN AND ANTE MIMICA

ABSTRACT. We prove regularity estimates for functions which are harmonic with
respect to certain jump processes. The aim of this article is to extend the method
of Bass-Levin[BL02] and Bogdan-Sztonyk[BS05] to more general processes. Fur-
thermore, we establish a new version of the Harnack inequality that implies regu-
larity estimates for corresponding harmonic functions.

1. INTRODUCTION

Let a € (0,2). We define a non-local operator £ by
£ha) = [ (fat k) = f@) = (TFa) ) L)l ) dh, (L)
RA{0}

for f € CZ(R?). Assume for a moment, that n: R? x (R\ {0}) — [0,00) is a
measurable function with

ci|h|7T < n(z, h) < eyl |74 (1.2)

for every h € R4\ {0}, any € R? and fixed positive reals ¢; < c¢;. Note that
n(z,h) = |h|~4 for every h implies Lf = —c(a)(—A)*/%f with some appropriate
constant c(a).

In [BLO2] it is shown that harmonic functions with respect to £ satisfy a Harnack
inequality in the following sense: There is a constant ¢z > 1 such that for every ball
Bpg the following implication holds:

f>0inRY fharmonicin B = Va,y € Brps: f(z) <c3f(y).

In [BLO2] it is also shown that harmonic functions with respect to £ satisfy the
following a-priori estimate: There are constants 5 € (0,1), ¢4 > 1 such that for
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every ball Br the following implication holds:

f harmonic in By = ||f||cza(§/2) < caf[ flloo -

This result and its proof recently generated several research activities, see the short
discussion below. Our aim is to prove similar results under weaker assumptions on
the kernel n.

Let us be more precise. We consider kernels n: R?x (R%\ {0}) — [0, 0o) that satisfy
for every x,h € R%, h # 0
n(z, h) = n(x, —h) (1.3)

and
E(2)5(1R]) < k) < Kok (1)) (1.9

where Ky > 1 and k: S9! — [0, 00) is a measurable bounded symmetric function on
the unit sphere satisfying the following conditions: There are N € N eq,...,eny >0
and 7y,...,ny € ST such that for S; = SN (B(mi, ;) U B(—m;, &)

N
K >1 it £el s (1.5)

Let j : (0,00) — [0,00) be a function such that [,.(]z]* A 1) j(|2|) dz is finite. We
assume further:

(J1) There exist o € (0,2) and a function ¢: (0,2) — (0,00) which is slowly
i t 0 (i li fwr)

varying a ie. lim
ying r—0+ £(r)
on every compact interval such that

: (1)
j(t):tdj forevery 0 <t <1.

(J2) There is a constant x > 1 such that

=1 for any A > 0) and bounded away from 0

Jj(t) < kj(s) whenever 1<s<t.
In order to establish regularity estimates we need an additional weak assumption.

(J3) There is o > 0 such that

R—o0

lim sup R"/ Jj(lz])dz < 1.
|z|>R

If this condition holds, then one can always choose o € (0, @).
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Remark: The symmetry assumption (1.3) is used only in Proposition 2.3 and can
be dispensed with if « € (0,1).

Example 1: If a kernel n satisfies condition (1.2), then it also satisfies (J1)-(J3).
Choose N =1, e, =4, ie. S =81 k=1, Ky = cy/cy, j(s) = c1579% in (1.4),
{=cin (J1), k =11in (J2) and o € (0, ) arbitrarily in (J3). In general, (J1)-(J3)
hold for jumping kernels corresponding to stable processes, stable-like processes and
truncated versions. Sums of such jumping kernels can be considered, too.

Example 2: Let N € N, ny,...,nv € S% 1 and €,..., ey be positive real numbers
such that the sets S; = S 1N (B(m,&tl-) U B(—m,ei)) are pairwise disjoint for

N
i=1,...,N. Set B =|JS;. Let k = 1p and K, = ¢ for some ¢ > 1. Let
i=1

j(s) = 5797 for s > 0. Then our assumptions are satisfied if (1.4) and (1.3) hold
true. For the particular choice where x +— n(z, h) is constant (case of Lévy process),
this class of examples is treated in [BS05, p.148], where it is shown that for N = oo
the Harnack inequality fails.

Given a linear operator £ as in (1.1) satisfying (J1) and (J2) we assume that there
exists a strong Markov process X = (X, P*) with paths that are right-continuous
with left limits such that the process

{f(Xt> — f(Xo) — /Ot Lf(X) dS}tzo

is a P?-martingale for all z € R? and f € CZ(RY). We say that a bounded function
f : R* — R is harmonic with respect to £ in an open set  if {f(Xmin(t,TQ,))}tzo
is a right-continuous martingale for every open € C R? with ' C ), where 7o/ =
inf{t > 0: X; € 2} denotes the first exit time from ' .

We can prove the following version of the Harnack inequality.

Theorem 1.1. Assume (J1) and (J2). There exists a constant ¢ > 1 such that
for every xy € R4, r € (O,i) and every bounded function f: R — R which is
non-negative in B(xg,4r) and harmonic in B(x,4r) the following estimate holds

a

f(a:)Scf(y)chT— sup /B( 4)cf’(z)n(v,z—v)dz

£<T> vEB(z0,2r)

for all x,y € B(xg,r).

Remark: If f is, in addition, non-negative in all of R?, then the classical version of
the Harnack inequality follows, i.e. for all z,y € B(zg,7):

f(x) <eif(y)-
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As a corollary to the Harnack inequality we obtain the following regularity result.

Theorem 1.2. Assume (J1), (J2) and (J3). Then there exist § € (0,1), c3,¢4 > 1
such that for every xo € R, every R € (0,1), every function f : R? — R which is
harmonic in B(xg, R) and every p € (0, R/2)

sup  |f(2) = f(y)] < esll fllw(p/R), (1.6)
2,y B(zo,p)
in particular || fl| oo e mmy) < callflle- (1.7)

Let us comment on the differences between our results and those of [BL02]:

(1) We can treat kernels n(z, h) for which the quantity

inf liminf [{h € B(0,r);n(x,h) = 0}
reRe T 1B(0,7)]

is arbitrarily close to 1, e.g. n(z,h) as in (1.9).
(2) For fixed x € R%, upper and lower bounds for n(z, h) may not allow for scaling.
(3) Large jumps of the process might not be comparable, i.e. the quantity

sup {"<‘”’ M) e gl <1 B — Bl < 1, (ol 4 ] > 2}
n<y7 h?)

might be infinite.

(4) We establish a new version of the Harnack inequality and derive a-priori Hélder

regularity estimate as a consequence. In a different setting, this procedure was

recently established in [Kasl1].

(5) We establish a general tool, Theorem 4.1, that allows to deduce Hélder a-priori

estimates from the Harnack inequality.

The constants in the main results of our work and [BL02] depend on «. It would
be desirable to enhance the technique such that the results are robust for a« — 2—.
Under an assumption like (1.2), this has been acheived with analytic techniques in
[Sil06] and [Kas09]. Note that Theorem 4.1 is uniform with respect to a.

Comparing our results to the local theory of second order partial differential equa-
tions, a natural question arises: What is a broad natural class of kernels n such that
similar results hold true?

We call a kernel n of the above type nondegenerate if there is a function N : (0,1) —
(0, 00) with h%lJr N(p) = +oo and A, A > 0 such that for every p € (0,1) and x € R?
p—

the symmetric matrix [A};(x)]¢,_, defined by

A% (z) = N(p) / hhsn(a, h) dh.
{0<|h|<p}
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satisfies for every & € R?

d
MEP <Y AL ()& < A€ (1.8)

ij=1

If n depends only on h and N(p) = p® 2, then this condition implies that the corre-
sponding Lévy process has a smooth density, see [Pic96]. Note that condition (1.2)
implies the nondegeneracy condition (1.8) with N(p) = p®~2 but is not necessary,
just consider the example

n(z, h) = AL qjny>0.99/1} - (1.9)

Note that (1.8) holds under our assumptions.

Let us comment on other articles that generalize the results of [BL02]. Note that
we do not include works on nonlocal Dirichlet forms. [SV04] gives conditions on
Lévy processes and more general Markov jump processes such that the theory of
[BLO2] is applicable. In [BK05a] the theory is extended to the variable order case
and to situations where the lower and upper bound in (1.2) behave differently for
|h| — 0. In these cases, regularity of harmonic functions does not hold. Regularity is
established in [BK05b] for variable order cases under additional assumptions. Fine
potential theoretic results are obtained in [BSS02, BS05] for stable processes. The
case of Lévy processes with truncated stable Lévy densities is covered in [KSO7]
and generalized in [Mim10]. As mentioned above there is an independent approach
with analytic methods developed in [Sil06, CS09] covering linear and fully nonlinear
integro-differential operators.

Notation: For two functions f and g we write f(t) ~ g(t) if f(t)/g(t) — 1. For
A C R? open or closed 74 denotes the first exit time of the Markov process under
consideration. T4 denotes the the first hitting time of the set A.

Acknowledgement: The authors thank an anonymous referee for pointing out
that the previous version of assumptions (1.4), (1.5) was too general. Example 2
was added in order to motivate these assumptions. The authors thank Z. Vondracek
for reading parts of the manuscript carefully.

2. SOME PROBABILISTIC ESTIMATES

In this section we prove useful auxiliary results. We follow closely the ideas of [BL02].
However, we need to provide several computations because of the appearance of a
slowly varying function in (J1). The proofs of Proposition 2.6 and Proposition 2.8
are significantly different from their counterparts in [BL02].
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The following proposition will be used often in obtaining probabilistic estimates.

Proposition 2.1. Let F: R? x R? — [0, 00) be a measurable function that vanishes
along the diagonal. Then for every bounded stopping time T

T
B |3 F(X,, X,)| = E° UO /RdF(Xs,u)n(Xs,u—Xs)duds

s<T

for every x € R

For a proof see e.g. [CK08, Lemma 4.8].

The following result, taken from the theory of regular variation, will be repeatedly
used throughout the paper.

Proposition 2.2. Assume that ¢: (0,2) — (0, 00) varies slowly at 0 and let §; > —1
and By > 1. Then the following is true:

] r Be d ,r,1+51
i u”l(u) du ~
0 [ wttwdun {—

1 152
(ii) /T w20 (u) du ~ 51

0r) asr — 0+,

l(r) as r — 0+.

Proof. By a change of variables and using [BGT87, Proposition 1.5.10] we obtain

r [e%¢) 1451
/ uPl(u) du = / w20 du ~ r )

0 rl L+
since u — ¢(u~!) varies slowly at infinity. This proves (i). Similarly, with the help
of [BGT87, Proposition 1.5.8] we obtain (ii). O
Remark: Using [BGT87, Theorem 1.5.4] we conclude that for a function ¢: (0,2) —
(0,00) that varies slowly at O there exists a non-increasing function ¢: (0,2) —
(0, 00) such that
—d—ae
lim )y (2.1)
r—0+ gb(?")

Before proving our main probabilistic estimates, note that (1.5) implies that there
exists ¥ € (0,7/2] such that for every i € {1,..., N}

ho -
n(z,h) > j(|h|) for all h € RY, h#0, I |’h7|71>| > cosv. (2.2)
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2.1. Exit time estimates.

Proposition 2.3. There exists a constant Cy; > 0 such that for every zo € RY,
r€(0,1) and t >0

]P)mo(TB(xmr) S t) S Clt@

TCV

Proof. Again, we closely follow the ideas in [BL02]. Let zo € R r € (0,1) and let
f € C?(R%) be a positive function such that

[ le—mf - <}
“@—{ R RPN

and

0
a:‘:l(x) <c¢r and

uungqﬂ,)

for some constant ¢; > 0.
Let # € RY. We estimate £f(z) in a few steps.

First

[ b= 1) = (9.1 ) no )

< 02/ \h|?n(x, h) dh < ¢, / |R|2=¢(|h|) dh
B(0,r) B(0,r)
< c3r® (1),

where in the last line we have used Proposition 2.2 (i). Similarly, by Proposition 2.2
(ii) on B(0,7)¢ we get

/' (ﬂx+m—f@»MLth§MMm/ n(x, h) dh
B(0,r)°

B(0,r)°
<l (eo ] preephans [ e an)
B(0,1)\B(0,r) B(0,1)¢
< ¢yr? (C5T_O‘€(T) + 06) < cr? (7).
In the last inequality we have used the fact that li%1+r*°‘€(r) = oo (cf. [BGTSY7,
r—

Proposition 1.3.6 (v)]). Finally, by symmetry of the kernel, we have

/ (h, Vf(x))n(z,h)dh = 0. (2.3)
B(0,1)\B(0,r)
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Therefore, by preceding estimates, we conclude that there is a constant ¢; > 0 such
that for all x € R and r € (0,1)

Lf(x) < cgr* *(r). (2.4)

It follows from the optional stopping theorem that
t/\TB(zo,r)
E™ f(Xinrpgayy) — f(20) = E™ / Lf(X,)ds < egtr* *0(r), t>0. (2.5)
0

On {7p(sor) < t} one has Xinrp,, o & B(wg,7) and so f(Xinry, = r2. Then

(2.5) gives

10,7‘))

P (Tp(ser) < 1) < cstr™U(r).
O

Proposition 2.4. There exists a constant Co > 0 such that for every r € (0,1) and
To € R¢
/r.Cll
inf  EY7gu,») > Co——.
venlars 00T = )

Proof. Let r € (0,1), o € R? and y € B(zg,r/2). Using Proposition 2.3 we obtain

Py<TB($O7r) < t) < Py(TB(y7r/2) < t) < t'f’iag('f’) for ¢ > 0.

Let
o=
O 20 (r)
Then
EYTB(zy.m > tolPY o) > o) = .
TB(aor) = P (TB(ag.r) > to) = 1000
[
Proposition 2.5. There ezists a constant Cs > 0 such that for every r € (0, %) and
Tg € Rd
T.Oé
sup EY7pur) < Cs3—.
ventan T )

Proof. Let r € (0,3), o € R and y € B(xg, 7). Denote by S the first time when
process (X¢)i>o has a jump larger than 2r, i.e.

S =inf{t > 0: | X; — X;_| > 2r}.
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Assume first that PY(S < %) < 1. Then by Proposition 2.1

Py <S < %) =EY Z L, —x.- |20}

SS Zr(r)

Z(T) NS
— B / / n(Xs, h) dh ds (2.6)
B(0,2r)c

Choose arbitrary & € {n1,...,nn} and let 9 be as in (2.2). Then

/ n(X,, h) dh > / n(X,, h) dh
B(0,2r)°

{nerd: 2r<|nj<1, K500 > o5 9}

>/ L(|n])

- {he]Rd: 2r§|h\<1,%2cow} | h|dte
! 1) E(r)

201/ fta dt > C2m o

where in the last inequality we have used Proposition 2.2 (ii). Using this estimate
we get from (2.6) the following estimate

Therefore, in any case the following inequality holds:

Since S > Tg(a,,r) We conclude

re re
PY < — | > <— 12>
(o < 57) 27 (5 5)

C2
N —.
2
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with ¢; = 3 A %. By the Markov property, for m € N we obtain
PY\ TB(o,r) > (m+ 1)—7*0‘ <PV mB@o,r) > m—a s TB(woyr) © Oy ro > —7»0!
’ lr)y) — ’ 0(r) ’ Ty (r)

ro
) ;TB(mo,r) > mM]

(67

v | mes r
— E |:IP> £(r) (TB(Io,T‘) > m
< (1 - C3)Py (TB(:BO,T) > mi) )
((r)

where 6, denotes the usual shift operator. By iteration we obtain

T.Oé
Py (TB(IO,T) > mm) <(1—¢c3)™, meN.

Finally,
ro o ro
EYTB(z0r) < W Z(m + 1)P¥ (TB(xo,r) > mm)
m=0
re & r®
< — 1)(1 — m < cp——ro.
= E(T) mzzo(m + )( 03) = C4€(7")
O

2.2. Krylov-Safonov type estimate. Fix ¢ € (0,7/2] such that (2.2) holds
Proposition 2.6. Let A € (0,%2%]. There exists a constant Cy = C4(X) > 0 such
that for every zg € R?, r € (0, 3), closed set A C B(wo, \r) and x € B(zo, Ar)
|A]
P*(Ts < TB(zo.r)) = Co—-
( A < TB(xo, ))— 4|B<5L’0,7’)‘

;) and set Tp = x9 — §&. The idea is to

Proof. Choose arbitrary & € {n,...

choose A € (0, £] such that
(2.7)

vl

|u = vl
Since for every u € B(xzg,2\r) and v €

for all u € B(xg,2Ar), v € B(Zg,2Ar).

B(.f‘o, 2)\7“)
|{(u —v,&)] (1) — (2Ar)? _ VT

lu — | i

it is enough to choose A € (0, 1] such that
1 — (8\)% > cos,



NONDEGENERATE JUMP PROCESSES 11

FiGURE 1. The choice of 2y and .

or, more explicitly,
sin ¥

8

A<

For s > 0 we denote B(xo, s) and B(&o, s) by B, and B;. Let r € (0,1), A € (0, sind]
x € By, and let A C B,, be a closed subset. The strong Markov property now
implies

P*(Ty < 75,) > P* (XTBW € By, Xy 00, € A)
X XT . D
_E [IP’ (X, €A} Xy, € BM} . (2.8)
For every y € By, and ¢ > 0 Proposition 2.1 and (2.7) yield
]P)y(XTB2A € A) =EY Z Lix,_#x,,X.cA}

s< TB2 Nt

BQ/\r BQAT X |)
[/ / Xs;z— dZd8:|>Ey [/ deﬁdS]

Letting ¢ — oo and using the monotone convergence theorem we deduce

IE”?’(XTB,QA cA)>FE [/ /\z—X|d+ dzds].
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Since |z — X| < r/2+ 4 r <r, by (2.1) we conclude

Using Proposition 2.4 we deduce

((r)

PY(X .
( 0(2Ar) | B,

e
Baar

614)203

Since ¢ varies slowly at 0 we finally obtain

4]

|B|

€A >¢ for all y € B,\T,

for some constant ¢4 = ¢4(\) > 0. By symmetry and (2.10) we deduce

) By
P*(X,, € By)> c4| 5 | forall 5 e By,

vl

Finally, by (2.8), (2.10) and (2.11) we get

|A]

PY(Ty < 7B,) > ci)\d|B |

(2.9)

(2.10)

(2.11)

U

2.3. Restricted Harnack inequality. The aim of this subsection is to establish

a Harnack inequality for a restricted class of harmonic functions.
The following lemma can be proved similarly as [Mim10, Lemma 2.7].
Lemma 2.7. Let g: (0,00) — [0,00) be a function satisfying

g(s) <cg(t) forall 0<t<s,

for some constant ¢ > 0. There is a constant ¢ > 0 such that for any xy € R? and

r > 0 we have
oz =ah <t [ gz ul)du,
B(zo,r)

for all x € B(xo,7/2) and z € B(xy,2r)°.

(2.2) holds.
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Proposition 2.8. There is a constant Ay € (0,5) so that for every A € (0, \o]

there ezists a constant Cs = Cs5(\) > 1 such that for all zp € R?, r € (0,3) and
z,y € B(xo, Ar)

E:B I:H<XTB(IO,)\T) )] S C5Ey [H<XTB(ZO,T) )] ?

for every non-negative function H: R? — [0, 00) supported in B(xzg, 3r/2)C.

Proof. Let zy € RY, r € (0,3) and let 2,y € B(xo, A1), where A € (0,Xg) and g €

(0, 116) is chosen later. )y will depend only on constants in our main assumptions.

Take z € B(xg,3r/2)°. There are only two cases.
Case 1: There exists ug € B(xg, Ar) so that n(ug, z — ug) > 0.
Case 2: n(u,z —u) =0 for all u € B(xg, Ar).

We consider Case 1. By (1.4) and (1.5) there exist & € {£n,...,£nn} and ¥ €
(0, %] with

72

(z — ugp, &)

> costY.
|z — upg|

Note that &', depend on ug, 2,z and r but ¢ > ¢ uniformly with ¥ as in (2.2).

Set 7y = xp — 5¢’ and take \g < SifGﬂ. Let By := B(xg, s) and B, = B(Zg, s). Asin
(2.7), for A < A\ we have

[(u—2,¢)]

| | > cos? for all u € Boyy, v € Bay, .
u—v

Choose 2y € 0B, ; so that the following conditions hold:

|z —w| <|z—u| forall u€ By, we B(%,%),

<U} _,07§,>

W > cos Y for all v € Byy,, w € B(z, 1) (2.12)
_ !

w > cos for all w € B(%, 4)
ol

In the appendix we briefly explain the geometric argument behind the choice of
Zo € 0B, /2
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Let B, = B(%y, s). By the strong Markov property,

TBT TBT‘ -
EY l/ n(Xs, z — X;) ds] > EY / n(Xs, z — Xs) ds; Xy, € By
0

TBoxr

- TBT ~
= kY {/0 'I’L(Xsa Z — XS) dS} © QTBQ)\T ; XTB2>\T = B)\r:|

- . i
= EY |E¥ 5 {/0 n(Xs, z — Xs) ds] s Xrp,, € er} )
) (2.13)

Similarly, for v € B \ We have

TB, TB,
E [/ n(Xs, z — X;) ds] > [EY {EX”%M [/ n(Xs, z — X;) ds] ; Xo s € B'A_T} )
0 0 21

Let w € B),. Then (J1), (J2), Proposition 2.4 and (2.12) yield
8

B, Trt
EY {/ n(Xs, z — X;) ds] > EY {/ Ty n(Xs, z — Xs) ds]
0 0

TB/
> ¢ EY [/ * (|2 — X)) ds] > B 7y, (2Ar) ¢ i(lz — ul) du
0 4 Baxr

rafd

> et | iz =uhdu. (2.15)
4 27

Combining (2.13), (2.14) and (2.15) we obtain

EY [/ ' n(Xs, z — Xs) ds]
0

Ta—d

()

S lggz)')( € lgkr
T 8

?“ T TBoxy

> Cg)\a—d

/ (1= — ul) du Y [B¥onn (X,
Baoxr

2

Similarly as in the proof of Proposition 2.6 we obtain, for some ¢4, = ¢4(\) > 0

and

IP“(XTBQM € B)\r) > ¢y forall u e By, .
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Therefore,

a—d

EY UOB (X, 2 — X.) ds} zcg,;(—%) /ij(|z—u|)du. (2.16)

On the other hand, by Proposition 2.5 and Lemma 2.7,

TByp TB
E” [/ n(Xsaz_XS)d$:| §06E$ |:/ j(|z_XS|)d$:|
0 0

< C7EmTBM(2’I“)d/ Jj(lz — ul) du

Baoxr

Ta—d

< 086(2)\7“) /B4Mj(|z — ul) du. (2.17)

It follows from (2.16) and (2.17) that

TB), TB,
E” [/ ’ n(Xs, z — X;) ds] < colBY [/ n(Xs, z — Xs) ds] . (2.18)
0 0

Next, we consider Case 2, i.e. n(u,z —u) = 0 for all u € B(zp, Ar). Also in this
case, assertion (2.18) holds true, because

EY U Tn(Xs,z—XS)ds} >0,
0 (2.19)

By
E® [/ n(XS,z—XS)ds} =0.
0

We have shown that (2.18) always holds. It is enough to prove the proposition for
H = 14, where A C B(x,3r/2)°. We conclude from Proposition 2.1 and (2.18)
that

PY(X,, €A)= / EY [/ ' n(Xs, z —Xs)ds] dz
A 0

TBT
ch_l/El" {/ ’ n(XS,z—XS)ds} dz
A 0

= ¢y 'P*(X,, € A).
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3. HARNACK INEQUALITY
In this section we prove Theorem 1.1.

Proof of Theorem 1.1. Since f is non-negative in B(zg,4r), we may assume that

};I(lf : f(z) is positive. If not, we would prove the claim for f. = f + ¢ and

reEb(xo,r

then consider ¢ — 0+. By taking a constant multiple of f we may further assume
inf r) =1

x€B(zo,r) f( ) 2

Choose u € B(xg,r) such that f(u) < 1. By Proposition 2.5 and using properties
of slowly varying functions we can find a constant ¢; > 0 such that for all u,v € R?
and s € (0, 7]

(e «

s r

E“Tpas) < c1— and E'7pp.q) < c1——. 3.1

TB(v2s) = €1 (s) an TB(v,s) = €1 o(r) (3.1)

From Proposition 2.6 we deduce that there is a constant ¢, > 0 and A € (0, Sifg]
such that for all A C B(xg,2Ar) and y € B(xg, 2Ar)

4]
PY(T vo.2r)) = CoTm———. 3.2
( A < TB(wo,2 )>_62‘B<$0,2T)| ( )

Similarly, by Proposition 2.6 we see that there exists a constant ¢z € (0, 1) such that
for every z € RY, s <r and C' C B(z, As) with |C|/|B(xz, As)| > 3

P1<TC < TB(J:,S)) > C3.
The idea of the proof is to show that f is bounded from the above in B(z,r) by

alie ™ s / F (v, = —v)dz | |
f(?") vEB(x0,2r) J B(z0,47)¢

for some constant ¢, > 0 that does not depend on f. This will be proved by
contradiction.

Define c
3 n
d I .
and (¢ A (3.3)

where (' is taken from Proposition 2.8.

Assume that there exists © € B(zo, &) such that f(z) = K for some

K, . Qdy\—d
¢ 218

where
(e}

Ky=1+ clr— sup / f~(z)n(v,z —v)dz. (3.4)
E(T) vEB(x0,21) J B(z0,41)°
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1/d
Let s = (%) 2\"Lr. Then s < Z and

2K,

|B(x, \s)| = o K

| B(xq, 2r)]| .

Set B, := B(x,s) and 7, := Tp(z,5)- Let A be a compact subset of
={w € B(z,As): f(w) > (K}.
By the optional stopping theorem, (3.1), (3.2) and Proposition 2.1

1> f(u) = Eu[f(XTA/\TB(xO,2r))]
> Eu[f(‘)(TA/\TB(zO 27‘))‘ Ty < TB(xo, Qr)] - E [fi (XTA/\TB(IO 27‘))' Ty > TB(zo,Zr)]
> CK]P) (TA < TB(xo, 2r)) Eu[f

TB(SCO 21")

TB(zq,2r)
= CKP (TA < TB(:BO 27« |:/ " / Xt7 Xt) dZ dt
B(zo,4r)c

|A]
>co(K————— —c¢17/—= sup f~(z)n(v, z —v)dz.
|B<.§L’0, 2T>| E( ) vEB(x0,2r) J B(x,4r)¢

Using (3.4) we obtain
|A]
|B(z,As)| —
r - | B(x0o, 2r)]
<|14+c—= sup / f(z)n(v,z —wv)dz
< IE(T) vE€B(z0,2r) J B(zo,4r)° ( ) ( ) CQCK‘B(I‘, )\S)|
KO |B<.§U0,27’)‘ 1

T (K |B(z,\s)] 2

which implies
AL
|B(z,As)| — 2
Let C C B(z,As) \ A’ be a compact subset such that
]
| B(x, As)]

IN

v

1
3
Let H=f"1 BS, 5 Assume that

E*[H(X.,,)] > k. (3.6)
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Then for any y € B(z, As) we have
fly) =B f(Xr,) =B f7(X5,) - BV f(X7,)
=E'fT(Xr,) —BY[f~(Xr): Xr, & Blzo, 4r)]
> BY[fT(X5); X, & Baoja] = BY[f7(Xr,); Xr, & Blao, 4r)].
Applying Proposition 2.8 to H it follows
fly) > Cgle[f—i_(XT,\s); Xo, & B3S/2]

i sup / f (z)n(v,z —v)dz.
B(zo,4r)

f("ﬂ) vEB(xz0,2r)

Combining the last display with the assumption (3.6) and the definition of ¢ in (3.3)
gives

f(y) = C5 ' — Ko = CK (2= 56) > CK forall y € B(z, s),

which is a contradiction to (3.5). Therefore E*[H (X, )] < nK .

Let M = sup,cp,,, f(v). Then

K = f(z) = E*[f(X1.); Te < 75| + E*[f(Xr,); 7s <Te, X7, € Bsspol
_'_Ex[f(XTS);TS < TCasz ¢ B33/2]
< (KPY(Tp < 75) + M(1 - P*(Tp < 7)) + 1K
and thus
M S 1—n—(CP"(Te < 75)
K= 1-P:(Te<m)

From the last display we conclude that M > K(1 4 2p3) with g = ) + > 0.
Thus there exists 2’ € B(z, %) so that f(z') > K(1+ f).
Using this procedure we obtain sequences (z,,) and (s,) such that @,41 € B(z,, )

and K, := f(x,) > (1 + 8)" 'K. Thus

3 K 1/d
E |Tni1 — 3] <3 g si<ecs(52) ',

for some constant c5 > 0.
If K> Kyc, then (z,) is a sequence in B(zg, %) such that

lim f(x,) > lim (1+8)" 'K, =

n—+oo n—+oo
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This contradicts the boundedness of f and so K < ¢ZKj. Thus
sup  f(v) < 2 K,

vEB(zo,r)
_ (1 T s / f~()n(v,z—v)dz | .
U(r) veB(eo.2r) J Blawo,ar)e

Now, let x,y € B(xg,r). Then

«

fl@) <t {14+ — sup / fr(2)n(v, 2 —v)dz
U(r) veB(wo,2r) J B(zo,ar)e

<2¢f(y) + cgfr— sup / [~ (2)n(v, z —v) dz.
£<T> B(xo,4r)°

vEB(z0,2r)

The proof is complete. O

4. HARNACK AND HOLDER

In this section we prove a general tool that allows to deduce regularity estimates
from our version of the Harnack equality given in Theorem 1.1. This approach is
developed in [Kasl1], see also [DK]. We show that the implication

Harnack inequality = Holder regularity estimates

holds true for nonlocal operators. Since this implication is of general interest, we
formulate the set-up independently of Theorem 1.2.

Let m: R x (R*\ {0}) — [0,00) be a measurable function. Assume there is a
function v : (0,00) — (0,00) such that [o.(|ul> A 1)y(Ju)du < oo and for all
z,h € RN £0,

k(i) v(InD) < m(e, k) < (A (4.)

where k : S — [0,00) is a measurable bounded symmetric function such that
k > 1 on a non-empty open set I C S9!, Note that this is a very weak assumption.

We assume that there exist € > 0 and L > 1 such that for 0 < r <1 and r < R the

following estimate holds:
[n s¥ 1 (s) ds R\°
[7 st=1y(s) ds =1L r) (4.2)
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Finally, let £ be a non-local operator defined by

L) = [ (et h) = )~ (), 1) Lwan)mie. dh - (43

for f € CE(RY).

Theorem 4.1. Assume (4.1), (4.2) and (4.3). Assume that harmonic functions
with respect to L satisfy a Harnack inequality in the following sense: There ezists
a constant ¢ > 1 such that for every zo € RY, r € (0, i) and for every bounded
function f: R — R which is non-negative in B(xo,4r) and harmonic in B(xq,4r)
the following inequality holds for all x,y € B(xq,r)
f@) <l +eMon) sw [ pEmee-nds, @)
) J B(zo,4r)c

vEB(x0,2r
where M(xqy,r) = (fB(m 4y M(T0, 2 — o) dz)~t.
Then there exist 8 € (0,1), cg > 1 such that for every ro € RY, every R € (0,1),
every function f : R? — R which is harmonic in B(zg, R) and every p € (0, R/2)

sup | (@) = ()] < coll fllwop/R)". (4.5)

z,y€B(z0,p)

Note that conditions (4.1), (4.2), (4.3) do not imply in general that £ satisfies a
Harnack inequality, see the discussion of Example 2.

Let us illustrate the above result.

Example 3: Assume m(x,h) = |h|7% % ie. k=1, y(t) =t ¢ = a. Then
L = cA%?. The Harnack inequality (4.4) then becomes

s et et [ el s (1.6)

Theorem 4.1 says that (4.6) implies a Holder regularity estimate. Note that (4.4)
follows from the more classical Harnack inequality for positive functions, see [DK] .

Proof of Theorem 4.1. Let zy € R% For s € (0,1) and = € B(xg,s/2) we define a

measure

I/x(A): fA’Y<|Z—.T‘)dZ
fB(mo,s)C ’7(‘2 - xOD dz

for measurable A C B(x, s)°.

Note that, by the assumption & > 1 on I C S ! we can deduce

/ m(xo,z—xo)dzzco/ v(|z = zo|) dz,
B(xo,s)°

B(xzo,s)°
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with a constant ¢y > 0 depending on /.

Let 7 € (0,1) and let f: R? — R be a bounded function that is harmonic in B(z, 7).
Then

M (zg,r/4)  sup /B( . f()m(x,z —x)dz

z€B(z0,r/2)

C,SuprB(xo,r/Q) fB(a:o,r)C f*(z)7(|z - l‘|) dZ
fB(mo,r)C 7(|Z - $0|) ,dz
By the Harnack inequality (4.4) with r replaced by r/4 we get

sup f<c¢ inf f+c sup )/( )f_(z)yf(dz). (4.7)
B(xg,r)¢

B(zo,r/4) B(zo,r/4) Bl(zo,r/2
Set k = i We will choose 5 € (0,1) in the course of the proof such that
(1—5)4° <1.

The main idea is to construct an increasing sequence (my,),en, and a decreasing
sequence (M,,)nen, so that for all n € Ny

m, < f(x) < M, forall z € Byn,,

4.8

M, —m, =4"K, (4.8)

where My = sup f(z), mo = inf f(z), K = My—my € [0,2]|f]|] and B; = B(zo, ).
Rd R

Set m_,, = mg and M_,, = My forn € N .

Assume that there are k € N, mg < m; < ... <my_; and My > M; > ... > M;_
such that (4.8) holds forn <k —1.

We need to choose my > my_; and My, < My such that (4.8) holds for n = k.

Set

M1 + Mk—l) 2. 415

o) = () = " =

Then for x € By—x-1),

< My — myp_q 2 - 4018

=1
g(z) < 5 7
=M, 12.4Kk-18
gla) = T~ 1 e [g(o)] < 1
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Let y € R? be such that |y — zo| > 4~V Then there exists j € N such that
4R < |y — o] < 4RI

Therefore, since f(y) < My_;—1 and my_;—1 < my_q,

K B my—1+ My
mg(y) = fly) - 9
M1 —my_
2
s K

< My—jq1 —myp—j_1 —
— g~ k=i-1)Bpr _ g—(k=1)
and so

gly) <2-47 — 1.

Similarly,
gly) 21 -2 47,

Now there are two cases:
Case 1: [{z € By-r, : g(x) < 0} > £|By-r,|
Case 2: [{x € By, : g(x) > 0}) > £|By-x,|

We work out details for Case 1 and comment afterwards on Case 2. In Case 1 our

aim is to show g(z) < 1 —k for every € By, and k = 5~ . Because then for every

2c
x € B,—, we obtain

flz) < M1+ mp n (1—;)K4—(k—1)6

- 2
M1 —my_ VK (b
=mp_1 + ’“12 k1+(12)K4 (k—1)B

= gy + K408y QI —(k-1)s

=mp_1 + (1 - 54 "R
<mp_1+ 47RB R

In this case we set m; = my_; and M) = m; + 4 K and obtain, using (4.9),
my < f(x) < My for every x € By, as desired.

Thus we need to prove

g(x) <1—k forevery = € By, .
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Define w = 1 — g. Then w is non-negative and harmonic in B,-«+1, and thus, by
(4.7), we deduce

sup w < c¢ inf w+c sup / W (Y)Vy—rsr, (dy) .
B

Bk, By—k, TE€B, 4—ky I BS 1y,
Since supp _, w > 1, we get
. 1 > »
Blnf w > - = Z sup ’ ’ (1—g(y)) V4—(k_1)r(dy)
ah ¢ 7=1 z€B, 4k, J A(xg, 4= FHir4—k+itlr)
1 < -
Z c 22(4j6 - ]') sSup Vz‘f(kfl)r(A(I’o, 4 k:—l—]T’ 4 k+]+1r))’
¢ j:l Z‘6B2.4—kr

where A(wg, s1,82) = {y € R%: 51 < |y — x| < 52} .
By assumption (4.2) and the definition of v/§_,_,, we obtain

sup fo,(k,l)r(A(xo, 4"“”7“, 4_k+j+1r))

T€B, 4k,

fB(O,A:kﬂ'*lr)c V(ul) du

< C1L47€(j72) .
fB(0,47k+lr)c V(lul) du

<

Choose [y € (0,¢). Then for 8 € (0, 5y)
Z(4j5 —1) sup Vg, (A(wg, 47 A7)

]:1 1'632-4*k'r

< 4% Z 4= o5

j=1
Choose | = (¢, ¢1, L, o, €) € N so that

c14% L Z 4ie=ho) <
j=14+1

1
8c
and then 8 € (0, 5y) small enough so that

l

l
2(4]5—1) sup Vi, (Ao, 47" p 47FIHR)) < 4% L 2(415—1)4*” < —.
z€eB 8c

j=1 2.4=kp Jj=1
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Therefore,
inf w > L 2 ! + !
inf w>--2(—+—|=x
B, k., C 8 8¢ ’

g<1—k forall z € Byx,.

1.e.

In Case 2 our aim is to show g(z) > —14 x. This time, set w = 1+ v. Following the
strategy above one sets My, = M;_; and m; = M, — 4 *PK leading to the desired
result.

Let us show how (4.8) proves the assertion of the theorem. Let p € (0,7/2). Choose
m € Ny with 4™+ < p < 477 Then condition (4.8) implies

B8
sup | f(z) = f(y)| <4TPK = (47 )P PP K < 4/31((3)
l‘,yEBp(l‘o) T

The assertion of the lemma follows and the proof is complete O
Now we are finally able to prove Theorem 1.2.

Proof of Theorem 1.2. We apply Theorem 4.1. Let k = k; asin (1.4) and [ = S; as
n (1.5). Set m(x,h) = n(z,h), y(t) = j(t). We need to check condition (4.2). We
will show that there is € > 0 with the desired property.

Let r € (0,1). Using condition (J1) and Proposition 2.2 (ii) we obtain

/OO s71j(s) ds > /1 7 (s)ds > crU(r). (4.10)

Assume first that R € (r,1). Then

o0 1
/ s 1j(s) ds < 02/ 57 Y(s) 4+ 3 < ey RU(R).
R R

Choose 0; € (0, «). By the theorem of Potter (see [BGT87, Theorem 1.5.6 (ii)]) there

is a constant ¢5 > 0 such that i((—f)) < ¢s (g)él for all 0 < r < R < 1. Therefore,

() ds ek (R) (RO
[ s 1(s)ds — crm L(r) ~ 0 '

”
Next we treat the case R > 1. (J3) implies [ 5% 'j(s)ds < ¢zR™7. Choose
dy € (0,0 — o) with 0 € (0, ) as in (J3). The theorem of Potter and (4.10) imply
that there is a constant cg > 0 with

/OO s71i(s) ds > clﬁ(l)r_a% > C1£<1>C8T_(a_62) )
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In this case,

X d—1 - d —0o —0
Jr s j(s)ds < <§) po—de=a < o <E> 7
r

[ 54 14(s) ds r
sincer<landa—30—0>0.

Therefore, condition (4.2) is satisfied for ¢ = min{a — 6, 0}. O

APPENDIX

We explain the geometric arguments behind the proof of Proposition 2.8
Given n € S% ! and p > 0 we define a cone V (7, p) C R? as follows. Set
S(n,p) = (B(n,p) U B(=n,p)) N ST and V(n,p) = {z € Rz # 0,5 € S(n,p)} -

From now on, we keep € S ! and p > 0 fixed and write V instead of V (1, p).

Choose 9 € (0, %] so that p* = 2(1 — cos ).

FIGURE 2. The choice of zy and Z,.

Using a simple geometric argument one can establish the following fact:
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Let A € (0,%2%), x5 € R? r € (0,2), ugp € Bx(20) and z € B(zo, %)°. Assume

8

z €wug+ V. Set 2y = xp — 5§ € 0B(w, 5) where §{ € {+n, —n} is chosen so that
(z — up, &) > 0, see Figure 2. Then the choice of A implies

(1) B(&g,2Ar) C N (w+V).

u€B(xz0,2Ar)

Moreover, there is Zy € 9B(xo, ) such that

(2) B(,)c N Ww+V),

vEB(Z0,2Ar)

(3) z € N (w+V),

wGB(20,¥)

(4) |z = 2| <[z = 20|

and thus |z — w| < |z — u for all u € B(wo,4\r),w € B(Z, %) .

These conditions assure that the Markov jump process under consideration has a
strictly positive probability to jump from a neighborhood of xy via neighborhoods
of oy and Zy to z. One could avoid the introduction of Z;, and let the process jump
directly from the neighborhood of Zy to z but this would result in a slightly stronger
assumption than (J2).
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