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Abstract

We study the mathematical models of population dynamics with
birth and death mechanisms. We show that there is no limiting dis-
tribution for such models in a time independent random environment.
The different examples of birth and death rates are considered.
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1 Introduction

Convergence to statistical equilibrium is the central topic in the theory of
Gibbs fields and in the whole statistical physics in general. Among huge
amount of literature in this area one should mention the first monograph by
V. Malyshev and R. Minlos [13]. This monograph, as well as the numerous
publications of Dobrushin, Malyshev, Minlos and Sinai school (see also [4]
and references therein), contains the purely mathematical treatment of Gibbs
random fields and a huge class of examples. The main technical tools here
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are the cluster expansions and related analytical, combinatorial and algebraic
methods.

The mathematical models of population dynamics, which analysis is an
essential part of modern mathematical biology, have several important fea-
tures and, first of all, birth and death mechanisms. It can be considered as
a part of the theory of branching processes with random spatial dynamics,
where typically, one can not expect the convergence to the statistical equi-
librium. However, there are several models of population dynamics which
have an ergodic state: for arbitrary non-degenerated initial configurations of
particles the state of the system at the moment of time t+ s (i.e. the integer
valued measure n(t + s,G), G ∈ B(Rd), B(Rd) - the Borel σ-algebra on Rd)
converges in law as s → ∞ to the limiting field n∗(t, G) which is invariant
with respect to translations t → t + h, G → G + x in time and space. A
typical example of such a situation can be found in [9] (contact model in
Rd, d ≥ 3). The results can be extended to R2 if the jump distribution
of the underlying Markov process has heavy tails. For other references, see
also [1, 2, 5, 10, 11, 12]. The main feature of all such results is that the
parameters of mathematical models (rate of jumps, birth and death rates,
etc) are constants and there exists a complete local equilibrium between the
rate of production of new particles and their annihilation (critical processes).
The central result of this paper can be formulated (at the physical level of
rigor) in the following opposite way: there is no limiting distribution for the
population dynamics models in a time independent random environment.

Mathematical formulation, of course, must include some restriction on
the medium and the exact definitions of the class of models for the evolu-
tion of particles field. In the present paper we will consider general mod-
els which cover a wide range of population dynamics schemes, including
the contact model (see e.g. [9, 10]), Fisher-Kolmogorov-Petrovski-Piskunov
(FKPP) model for the diffusion of genes (see [8]), and similar reaction-
diffusion type equations, in a random environment given by the probability
space (Ωm,Fm, Pm). The realization of the random environment has label
ωm ∈ Ωm. The initial configuration of particles (in the phase space Rd) is an
homogeneous point field n(0, G) (number of particles at the set G at the mo-
ment of time t = 0). It can be, for instance, the Poisson field with intensity
ρ0 > 0. In general,

E[n(0, G)] = ρ0|G|,

where |G| denotes the Lebesgue measure of G ∈ B(Rd). The evolution trans-
forms the initial point field into the configuration (integer-valued measure)
n(t, G, ω, ωm) on the probability space (Ωm,Fm, Pm) × (Ω,F , P )m. Here
(Ωm,Fm, Pm) corresponds to the stationary in space random environment,
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which includes the description of branching and mortality mechanisms. For a
fixed environment ωm the conditional probability space (Ω,F , P )m contains
the information about random motion of particles and their “reactions” (an-
nihilation, splitting, etc). The density ρ of particles (for fixed ωm) is given
by the relation

E[n(t, G, ωm, ω)|Fm] =

∫
G

ρ(t, x, ωm)dx,

where E[·] denotes the expectation with respect to P for a fixed random
environment ωm. To simplify notations, we will write ρt(x) := ρ(t, x, ωm) if
ωm is considered to be fixed. This density (or the first correlation function)
satisfies the parabolic Anderson equation:{

∂
∂t
ρt(x) = Lρt(x) + V (x, ωm)ρt(x)

ρ0(x) ≡ ρ0.
(1.1)

here L is the generator of the underlying Markov process X(s), s ≥ 0, ap-
pearing effectively from the evolution of particles, and V (x, ωm) is a random
potential. Usually, V (x, ωm) = b(x, ωm) − m(x, ωm), where b(x, ωm) is the
rate of birth of a new particle and m(x, ωm) is the mortality rate. Of course,
one may consider V of more general type.

It is worth noting that the evolution equation for densities in the case of
the contact model considered with random mortality rate and random rate of
birth has form (1.1) unless the corresponding generator L will be environment
dependent. However, if birth rate of the contact model is independent of the
random media then L would be also independent of it.

In the sequel, for simplicity, we assume that the generator L is indepen-
dent of the environment. Several examples with different generators L and
potentials V are discussed in Appendix 2.

2 Description of the model. The main result

Let X(s), s ≥ 0 be a Markov process in Rd with the generator L and the
positive and continuous density p(t, x, y):∫

A

p(t, x, y)dy = Px[X(t) ∈ A], A ∈ B(Rd).

Assume that X(·) is shift-invariant, i.e. p(t, x, y) = p(t, 0, y − x). We also
assume that the generator L of X(s) considered in L2(Rd, dx) is a self-
adjoint operator. The latter assumption means that p(t, x, y) = p(t, y, x)
or p(t, 0, z) = p(t, 0,−z).
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Below we introduce some examples of Markov process X(·) which will be
discussed in the present paper.

Examples:
(a) L = ∆, i.e. X(s) = b(s), s ≥ 0 is a Brownian motion.
(b)

Lf(x) = κ

∫
Rd
a(z)[f(x+ z)− f(x)]dz,

where a(z) = a(−z),
∫

Rd a(z)dz = 1. This is the generator of a jump process
with the jump rate κ and the distribution density of jumps a(z), i.e.

P [X(t+ dt) = x+ z + dz|X(t) = x] = κa(z)dzdt.

(c) Lattice models similar to (a) and (b), where X(·) is a random walk
with independent increments on the lattice Zd.

Now we introduce a model which is similar to (FKPP) model describing
the diffusion of genes in a random environment ωm and cover the contact
model with particular random birth and death mechanisms. In the sequel,
this model will be called (FKKP) scheme.

Let b(x, ωm) and m(x, ωm) be two non-negative, continuous, homogeneous
and ergodic fields on Rd. The first one is the rate of duplications (A→ A+A)
and the second one is the mortality rate (A → ∅). At the moment of time
t = 0 we start from the initial Poisson configuration of the particles with some
intensity ρ0 > 0 (initial density). Each particle produces (independently of
others) its own generation due to the following random dynamics: starting
from the initial position x ∈ Rd, the A-particle performs a random motion
(realization of the underlying process X(·)). During the time (s, s+ds) it can
either disappear with the probability m(X(s))ds or produce a new particle
(splitting) with the probability b(X(s))ds. The distribution of the random
time τ1 of the first reaction (A → A + A or A → ∅) along the trajectory
X(s), s ∈ [0, t] is given by

Px[τ1 > t] =
t∏

s=0

(1−m(X(s))ds−b(X(s))ds) = exp

{
−
∫ t

0

(m+ b)(X(s))ds

}
.

In the case of the reaction A→ A+A the offsprings start their own evolution
at the splitting point (independently of each other and the remaining parti-
cles). We have defined the evolution of the particles formally. There exists
a possibility of an explosion in a finite time interval of our system. The fol-
lowing well-known lemma gives sufficient conditions for the global existence
of the particle field n(t, G, ω, ωm).
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Lemma 2.1 (cf. [3], [6]). Assume that for any t > 0, x ∈ Rd

〈etb(x, ·)〉 = 〈etb(0, ·)〉 = A(t) <∞, (2.1)

where 〈·〉 is the expectation over the environment ωm. If n(0, G) is a Pois-
son initial point field, then the population dynamics, described above, defines
uniquely the point field n(t, G) and all statistical moments of this field are
finite: 〈

E·[nk(t, G)]
〉
<∞, k ∈ N, G ∈ B(Rd), |G| <∞.

Here, as before, E·[·] denotes expectation with respect to the law of the un-
derlying Markov processes X(s), s ≥ 0 with different starting points from the
configuration n(0, ·) and fixed random environment ωm.

Proof. The scheme of the proof is proposed in Remark 3.4 of Appendix 1.

Remark 2.2. Condition (2.1) means that the Laplace transform of b(·, ωm) is
an entire function of t.

Now we will formulate two specific conditions on the process X(t) and
the fields b and m which will be used in the sequel.

(A) For any L ≥ 1 one can find δ = δ(L) > 0 such that δ(L) → 0 as
L→∞ and

P0[max
s≤t
{|X(s)|} ≤ L] ≥ e−δ(L)t.

Due to the shift invariance of X(·), for any x ∈ Rd holds

Px[max
s≤t
{|X(s)− x|} ≤ L] ≥ e−δ(L)t.

Remark 2.3. We will see later that for the typical examples the following
holds

P0[max
s≤t
{|X(s)|} ≤ L] v e−t

c
Lκ

fore some appropriate κ > 0.

Remark 2.4. Condition (A) is a version of the self similarity for the process
X(·).

(B) There exists a (small) ε0 > 0 such that for any L > 0

P [V (z, ωm) ≥ ε0, |z| ≤ L] > 0.

Here V (z, ωm) = b(z, ωm)−m(z, ωm) is the potential in the Anderson parabolic
problem for the “quenched” density ρ(t, x, ωm), given by (1.1).
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Due to the ergodicity of the pair (b,m), condition (B) means that for
any L ≥ 1 there exists infinitely many disjoint spherical islands

Ij(ωm) = Ij := {x : |x− xj(ωm)| ≤ L}, j ≥ 1

such that V (x, ωm) ≥ ε0 on Ij(ωm) for any j ≥ 1. Noteworthy that due to
the independence of n(0, Ij(ωm)) for different j, there are P - almost surely
(a.s.) infinitely many islands Ij′ such that n(0, Ij′) ≥ 1.

The following main theorem gives the precise form of the “physical” state-
ment claimed in Introduction:

Theorem 2.5. Let b(x, ωm) and m(x, ωm) be continuous, ergodic, homoge-
neous, and non-negative fields such that 〈etb(0, ωm)〉 = A(t) < ∞. Suppose,
additionally, that the underlying process X(s), s ≥ 0 satisfies condition (A)
and V (x, ωm) = (b −m)(x, ωm) satisfies condition (B). Then for any open
domain D, |D| <∞:

n(t,D)→∞, t→∞, P − a.s.

and, even more,

lim inf
t→∞

lnn(t,D)

t
> 0, P − a.s.

Remark 2.6. It is worth noting that the central condition (B) on the poten-
tial V (x, ωm) = (b −m)(x, ωm) does not exclude the case 〈V 〉 < 0. Indeed,
consider the following example: assume that b(x, ·) and m(x, ·) are two inde-
pendent Bernoulli fields with constant values on the cubes

Q~n =

{
x : ‖x− ~n‖∞ ≤

1

2

}
, ~n ∈ Zd

such that on Q~n (independently for different ~n)

b(x, ωm) =

{
ε with probability ε1 > 0

0 with probability 1− ε1
and

m(x, ωm) =

{
0 with probability ε2 > 0

M with probability 1− ε2.
(2.2)

Here ε, ε1, ε2 are small parameters and the parameter M is large enough.
In this example V (x, ωm) ≥ ε, x ∈ Q~n with probability ε1 · ε2 and, hence,
condition (B) is satisfied.
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Proof of the main theorem. Let us fix L0 ≥ 1 such that δ(L0) < ε0
2

. If
D = IL0(x0) is the ball of radius L0 with its center at x0 such that V (x) =
(b−m)(x) ≥ ε0, x ∈ IL0(x0) then directly from the representation

qD(t, x, y) =
∞∑
k=0

eλktψk(x)ψk(y)

of the fundamental solution to the parabolic Anderson problem

∂qD
∂t

= LqD + V qD, qD(0, x, y) = δy(x), qD(t, x, y) ≡ 0, x /∈ D

one can deduce that λ0 = λ0(D) ≥ ε0
2
> 0 (cf. Khasminskii lemma [7]). Here,

as usual, {λk, k ≥ 0} are the eigenvalues for the problem Lψ+V ψ = λψ, with
ψ = 0 on D̃ = Rd \D, and {ψk, k ≥ 0} are the corresponding eigenfunctions.
It is important to emphasize that the principal eigenvalue λ0 is positive and
ψ0 > 0 on D. Moreover, λk → −∞ as k →∞.

Assume that this domain D contains at least one initial particle at the
point x1 ∈ D which will be fixed in the sequel. Let nD(t, G) be the (FKPP)
scheme inside D which corresponds to the random dynamics X(·, ω) with the
same birth-and-death rates b(x, ωm), m(x, ωm), x ∈ D and total annihilation
on D̃. Consider the initial configuration for nD(0, G) of the following type:
nD(0, G) = IG(x1), where IG(·) is the indicator function of G ∈ B(Rd). It
means that the initial configuration consists of a single particle localized at
x1 ∈ D. One can realize n(t, G), G ∈ B(Rd) and nD(t, G), G ⊂ D on the
same probability space in such a way that nD(t, G) ≤ n(t, G) for any t ≥ 0
and G ∈ B(Rd). Let ρD(t, x1, x) (of course, it depends also on ωm) be the
density of nD(t, G), i.e.

Ex1 [nD(t, G)] =

∫
G

ρD(t, x1, x)dx.

Then it satisfies{
∂
∂t
ρD = LρD + V ρD, ρD(t, x1, x) ≡ 0, x ∈ D̃,

ρD(0, x1, x) = δx1(x).

The Fourier method gives (we already formulated this fact):

ρD(t, x1, x) =
∞∑
k=0

eλktψk(x1)ψk(x) ∼ eλ0(D)tψ0(x1)ψ0(x), x ∈ D, t→∞.

In particular
m1(t, x1) = Ex1 [nD(t,D)]
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=

∫
D

ρD(t, x1, x)dx ∼ eλ0(D)tψ0(x1)(1, ψ0), t→∞.

The following important result is known in the mathematical community, but
we can give the corresponding reference only for the particular case L = ∆
(see e.g. [14] for the similar fact).

Lemma 2.7. If λ0 = λ0(D) > 0 then

nD(t,D)

eλ0t
→ n∗(D), t→∞ in law.

The limiting distribution is non-degenerate

q(x1) := Px1 [n
∗(D) > 0] > 0.

The sketch of the proof of this lemma will be given in Appendix 1.
Consider now an infinite set of “islands” IL0(xj(ωm)), j ≥ 1 for which

λ0(IL0(xj(ωm))) ≥ ε0
2

. Since the populations generated by different initial
particles are independent one can find such a particular “island” IL0(x0(ωm)) =
D0 that

nD0(t,D0)→∞, t→∞

exponentially, i.e.

lim
t→∞

lnnD0(t,D0)

t
= λ0(D0) = λ0

i.e. for any δ > 0 and t ≥ t(δ, ωm)

e(λ0−δ)t ≤ nD0(t,D0) ≤ et(λ0+δ).

For an arbitrary domain D ⊂ Rd we would like to estimate n(t,D) in terms
of the population on the island D0. Assume that t > 1 and ωm ∈ Ωm are
fixed. The cardinality of the configuration nD0(t−1, ·) at the moment of time
t − 1 will be not less than e(λ0−δ)(t−1). Elementary compactness arguments
show that one can find ε = ε(D0, D, ωm) > 0 such that for any particle of
nD0(t − 1, ·) located at some point z ∈ D0 its generation nz(1, D) in Rd for
the remaining unite time satisfies inequality

P [nz(1, D) > 0] ≥ ε > 0.

But
n(t,D) ≥

∑
z∈n(t−1,D0)

Inz(1,D)>0
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i.e. E[n(t,D)] ≥ εe(λ0−δ)(t−1). At the same time

Var [n(t,D)] ≤ 1

4
nD0(t− 1, D0) ≤

1

4
e(λ0+δ)(t−1).

The Borel-Cantelli lemma together with the Chebyshev inequality gives:

n(t,D) ≥ εe−(λ0−δ)t, t ≥ t0(ωm), Pm − a.s.

It proves the main theorem. �

3 Appendix 1. The limit theorem for the

branching process with the random space

evolution in the supercritical regime (the

compact phase space)

Consider the (FKPP) scheme in the bounded domain D ⊂ Rd (e.g., the ball
BL(x0) = {x : |x − x0| ≤ L}). The underlying Markov process has the
self-adjoint generator L = L∗ in L2(D, dx) with the boundary condition of
annihilation on D̃ = Rd\D. Assume that the fundamental solution pD(t, x, y)
of

∂pD
∂t

= LpD, pD(t, x, y) ≡ 0, y ∈ D̃, x ∈ D,

pD(0, x, y) = δy(x), x, y ∈ D.
is continuous in x and y for any t > 0 in the closure D̄ of D and strictly
positive on D. Let also b(x), m(x), x ∈ D̄ be the rates of the duplication and
annihilation for the particles with, as usual, independent evolution after the
branching. Suppose that we start from a single particle at the point x ∈ D at
the moment t = 0. If n(t,D) is the total number of the particles in our model
at the moment t > 0 then for the generating function uz(t, x) = Exz

n(t,D) we
have the usual Skorokhod equation

∂uz
∂t

= Luz + bu2
z − (b+m)uz +m,

uz(0, x) = zID(x),

uz(t, x) = 1, x /∈ D.
Differentiating the latter equation with respect to z in z = 1 one obtains the
sequence of moment equations for the particle field

mk(t, x) = Ex [n(t,D)(n(t,D)− 1) . . . (n(t,D)− k + 1)] .

They have the following forms:
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• k = 1
∂m1

∂t
= Lm1 + V m1,

m1(0, x) = ID(x).

• k = 2
∂m2

∂t
= Lm2 + V m2 + 2bm2

1,

m2(0, x) = 0.

• k ≥ 2

∂mk

∂t
= Lmk + V mk + b

k−1∑
i=1

Ci
kmimk−i,

mk(0, x) = 0, k ≥ 2.

Let λ0 > λ1 ≥ . . . ≥ λk > . . . , with λk → −∞ be the spectrum of the
self-adjoint operator

HV ψ = Lψ + V ψ,

ψ(x) = 0, x ∈ D̃

and the corresponding orthonormal eigenbasis is {ψk, k ≥ 1} ⊂ L2(D).
The central assumption in this section will be λ0 > 0. In this case the

corresponding eigenfunction ψ0 is positive on D due Perrount-Frobenius the-
orem. In terms of branching processes it means that n(t, G) is a supercritical
process. Below we are giving the proof of Lemma 2.7 reformulating it once
again.

Lemma 3.1. (cf. Lemma 2.7) Under the assumption λ0 > 0, the normal-
ized population e−λ0t nx1(t, D) converges in law to n∗(D) as t tends to ∞.
Moreover,

Px1 [n∗(D) > 0] = q(x1) > 0.

Proof. The monotonicity arguments show that one can consider the case
when b(x, ωm) ≥ ε0, x ∈ D and m̃(x, ω) = b(x, ωm) − ε0, i.e. V (x, ωm) = ε0

(in particular, it gives q(x1) ≥ qε0(x1), where qε0(x1) corresponds to the case
described above). Using the method of moments we are going to prove that
for any k ≥ 1

Ex1

[
(nx1(t,D))k

eλ0t

]
→ ckk!ψ0(x1), t→∞ (3.1)
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where ck ≤ Ak for some fixed A ≥ 1, i.e.〈
E·
[
nk· (t,D)

]〉
≤ cAkk!.

The Carleman estimate above will provide us the limit theorem.
In its turn the proof of (3.1) is based on induction. As we have already

shown
Ex1 [nx1(t,D)] ∼ ψ0(x1)e

λ0(D)t(1, ψ0).

This means that (3.1) is fulfilled for k = 1. Moreover, c1 = (1, ψ0). The
transition to the higher moments will be based on the following elementary
proposition

Proposition 3.2. Consider the problem

∂u(t, x)

∂t
= Lu(t, x) + V (x)u(t, x) + F (t, x),

u(0, x) = 0,

where
F (t, x) ∼ f(x)eκt, t→∞, κ > λ0 > 0.

Then,

u(t, x) ∼ ψ0(x)
eκt

κ − λ0

(f, ψ0), t→∞.

Proof. In fact

F (t, x) =
∑
k

ψk(x)(F (t, x), ψk) ∼ ψ0(x)eκt(f, ψ0), t→∞, κ > λ0.

The latter means that

u(t, x) ∼ ũ(t, x), t→∞,

where ũ is a solution to the following problem

∂ũ(t, x)

∂t
= Lũ(t, x) + V (x)ũ(t, x) + ψ0(x)eκt(f, ψ0), ũ(0, x) = 0.

We will be looking for the solution to the previous equation in the form
ũ(t, x) = a(t)ψ0(x), a(0) = 0. Then

a′(t) = λ0a(t) + eκt(f, ψ0), a(0) = 0.

This equation can be also written in the following way(
a(t)e−λ0t

)′
= e(κ−λ0)t(f, ψ0), a(0) = 0.
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Integrating the last equality from 0 to t we get

a(t)e−λ0t = (f, ψ0)
e(κ−κ0)t − 1

κ − λ0

.

Finally,

u(t, x) ∼ (f, ψ0)e
κtψ0(x)

κ − λ0

, t→∞.

The induction completes the proof of Lemma 2.7.

Remark 3.3. Let us consider the corresponding equation for the second mo-
ments

∂m2(t, x)

∂t
= Lm2(t, x) + V (x)m2(t, x) + 2b(x)m2

1(t, x),

m2(0, x) = 0.

Since
2b(x)m2

1(t, x) ∼ 2b(x)ψ2
0(x)e2λ0t, t→∞

in view of Proposition 3.2 we have

m2(t, x) ∼ e2λ0t(bψ2
0, ψ0)

λ0

, t→∞.

In this case c2 =
(bψ2

0 ,ψ0)

λ0
. In fact one can calculate exactly all moments of

the limiting distribution.

Remark 3.4. (Proof of Lemma 2.1) Let us consider the case k = 1. Let
G ⊂ D be arbitrary and fixed. Due to Feynmann-Kac formula

Ex1 [nD(t, G)] = Ex1

[
e

R t∧τD
0 V (Xs)dsIG(Xt)

]
≤ Ex1

[
e

1
t

R t
0 tV (Xs)dsIG(Xt)

]
,

where τD is the first exit time of the process from D. Using Jensen inequality
we can estimate the latter expression by

1

t

∫ t

0

Ex1

[
etV (Xs)IG(Xt)

]
ds.

As result
〈Ex1 [n(t, G)]〉 =

〈
etV (0)

〉
Px1 [Xt ∈ G]
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Here x1 ∈ D is one of the initial points inside D. But the number ν(D)
of such points has Poissonian law with intensity ρ(D) and each point x1 is
uniformly distributed on D. Then

〈
En(0,·)∩D [nD(t, G)]

〉
≤ E

〈
ν(D)∑
i=0

1

|D|

[∫
D

p(t, x1, G)dx1

] 〈
etV (0)

〉〉
=

Eν(D)
|G|
|D|

= ρ0|G|
〈
etV (0)

〉
.

If D tends to Rd then 〈E [n(t, G)]〉 ≤ ρ0|G|
〈
etV (0)

〉
.

Similar calculations can be done for higher moments.

4 Appendix 2. Examples.

We will present three examples of the ”typical” underlying Markov process
and the fields b(x, ·), m(x, ·) for which one can check the basic assumptions
(A), (B) presented in Section 2.

1a. b(t), t ≥ 0 is a Brownian motion on Rd with the generator L = 4.
Its transition probabilities are

p(t, x, y) =
1

(4πt)
d
2

e−
|x−y|2

4t

and P {maxs≤t |b(s)| ≤ L} ∼ exp (−λ0t
L2 ), t

L2 →∞, where −λ0 is the princi-
ple eigenvalue of4 in the unite ball B1 with the Dirichlet boundary condition
on ∂B1 (due to self-similarity of b).

1b. xα(t) is the isotropic stable process in Rd with the generator L =
−(−4)α/2, 0 < α < 2. The process xα(t) is self similar, i.e.

xα(st)

t1/α
= xα(s) in law

and P {maxs≤t |xα(s)| ≤ L} ∼ e−λα
t
Lα , t

Lα
→∞. The process x(t) is discon-

tinuous and the Dirichlet boundary conditions for L have the form

ψ(x) = 0, |x| > L.

1c. Jumping process with the generator

Lψ(x) = κ

∫
Rd
a(z)[ψ(x+ z)− ψ(x)]dz.
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Assume that a(z) ∼ c0
|z|d+α , |z| → ∞, 0 < α < 2. Due to the central limit

theorem for stable distributions and appropriate c0

x1 + . . .+ xk
c0k1/α

→ Stα, in law.

It is worth noting that Stα = xα(1) from the previous example. These facts
imply the property (A) with δ(L) ∼ C1

Lα

The last example provides the asymptotic formula for λ0(R) ∼ cα, d
Rα

but
under the strong regularity conditions on the density a(z). The next theorem
covers arbitrary a(z), whereas the estimate for the λ0(R) is very rough.

Theorem 4.1. Consider the non-negative operator

Lf(x) =

∫
Rd

(f(x+ z)− f(x))a(z)dz,

where a(z) = a(−z) ∈ L1(Rd) ∩ L∞(Rd) and the spectral problem in the ball
BR(0) = {x | |x| ≤ R}:

Lψ = λψ, x ∈ BR(0),

ψ ≡ 0, x /∈ BR(0).

Let λa(R) be the minimal eigenvalue of the above problem. Then λa(R) →
0, R→∞.

Proof. Let us note that the operator L is a bounded symmetric operator in
L2(Rd). In Fourier representation it acts as a multiplication, by 1− â(k). It
is also compact in L2(BR(0)) since a ∈ L2(BR(0)×BR(0)).

To estimate λa(R) let us select the test function ψ0 =
√
cd

I{|x|≤R}
Rd/2

, where
cd is the volume of B1(0). It is well known that

λa(R) = min
ψ∈L2(BR(0)), ||ψ||L2=1

(Lf, f) ≤ (Lψ0, ψ0)

=
cd
Rd

∫
BR(0)

(I(x)− I(x+ z))ψ0(x)a(z)dxdz =
cd
Rd

∫∫
|x|≤R, |x+z|>R

a(z)dxdz

=
cd
Rd

[∫∫
R−
√
R≤|x|≤R

a(z)dxdz +

∫∫
|x|<R−

√
R, |x+z|≥R

a(z)dxdz

]
≤ cd
Rd
V ol{R−

√
R ≤ |x| ≤ R}+

cd
Rd

∫∫
|x|<R−

√
R, |z|≥

√
R

a(z)dz.
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Finally,

λa(R) ≤ c1(d)
√
RRd−1

Rd
+ c2(d)

∫
|z|≥
√
R

a(z)dz
(R−

√
R)d

Rd

≤ c1(d)√
R

+ c2

∫
|z|≥
√
R

a(z)dz → 0, R→∞.

Remark 4.2. There are situations when our basic condition (B) does not
hold, but one can use it in the integral form. Consider the Hamiltonian

H = L+ V (x, ωm), Lf(x) =

∫
Rd

(f(x+ z)− f(x))a(z)dz,

V (x, ωm) =
∑
n∈Zd

ϕ(x− n)Xn − µ, µ > 0

where the function ϕ(z) ≥ 0 is compactly supported (suppϕ(·) ⊂ Br0(0),
r0 <

1
2
). The random variables Xn ≥ 0, n ∈ Zd are i.i.d. and supn∈Zd Xn =

A < +∞ Pm - a.s. Then the following results holds.

Proposition 4.3. If ∫
|x|∞≤ 1

2

Aϕ(z)dz − µ = C0 > 0

then the spectrum of H contains energies λ ≥ (1 − ε)C0 for any ε > 0, i.e.
the corresponding point field n(t, G), G ∈ B(Rd) is supercritical Pm - a.s.

Proof. Note that in any unite cube Qn = {x : ||x− n||∞ ≤ 1
2
} the potential

V (x) = −µ < 0 on Qn \ suppϕ(· − n).
For any ε1 > 0

P [Xn > A− ε1] > 0,

i.e. one can find a sequence of arbitrary large disjoint cubes QLN (XN) = {x :
|x−XN | ≤ LN}, LN →∞ such that Xn > A− ε for n ∈ QLN . Consider the
test function

ψN(x) =
IQLn (xN )(x)

|QLn(xN)|i/2
.

Due to the previous construction

(HψN , ψN) = o(1) +
1

|QLn(xN)|

∫
QN

V dz → C0.

The well known Glazman lemma gives that intersection of [C0 − δ, C0 + δ]
with the spectrum of H on QN with Dirichlet boundary conditions ψN ≡ 0
on Q̃N contains at least one eigenvalue.
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In general the following theorem is true.

Theorem 4.4. Let probability density a ∈ L∞. Suppose there exists C0 > 0
and a sequence QLN (xN) = {x : |x− xN | ≤ LN} such that Pm - a.s.∫

QLN

V (x, ωm)dx =

∫
QLN

(b−m)(x, ωm)dx ≥ C0L
d
N

if LN →∞. Then, the process (n(t, G))t≥0 is supercritical.

The next group contains examples of the rates [b(x, ωm), m(x, ωm)].

2a. Consider the partition of Rd onto unit cubes

Rd =
⋃
~n∈Zd

Q~n, Q~n = {y | |x− ~n|∞ ≤
1

2
}.

Take [b(x, ωm), m(x, ωm)] = [βi, µi]i with probabilities pi, i = 1, 2, . . . , N
on Q~n and for different ~n these random vectors are independent (Bernoulli
fields). If βi > µi at least for one i ∈ {1, 2, . . . , N}, then the potential
V = b−m satisfies the condition (B).

2b. Let ξ(x) be a continuous homogeneous ergodic Gaussian field on Rd

(the ergodicity, due to the well-known Fomin-Marujama theorem is equiva-
lent to the continuity of the spectral measure of ξ(·)).

Consider b(x, ωm) = ξ+ = max{ξ(x), 0}, m(x, ωm) = ξ− = max{−ξ(x), 0},
V (x, ωm) = ξ(x, ω). It is well-known that for a ”good” domain D ⊂ Rd (ball,
cube, etc) the support of law of ξ(x), x ∈ D is equal to C(D). Due to the

ergodicity, the property (B) is satisfied P - a.s. Also,
〈
etV (0)

〉
= e

ct2

2 <∞.

2c. Poissonian fields. Let {xi}, {yi} be two independent Poissonian
point fields on Rd and φ1(x), φ2(x) be two compactly supported nonneg-
ative continuous functions. Let φ1(x) = φ2(x) = 0 for any |x| ≥ a and
φ1(x), φ2(x) ≥ ε0 > 0, |x| ≤ a

2
.

Take b(x, ωm) =
∑
{xi} φ1(x− xi) and m(x, ωm) =

∑
{yi} φ2(x− yj). The

fields b, m are non-negative ergodic and independent. It is well-known that〈
etb(0,·)

〉
= eλ1

R
Rd(etφ1(x)−1)dx <∞.

Let us check the condition (B). Consider the cube [−L,L]d = QL and the
partition of QL into disjoint cubes Qi,a with the side a. Let us introduce the
following two events

AL+a
2

= {there is no points {yj} in QL+a
2
},
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BL = {each subcube Qi,a of QL contains at least one point of ωm}.

Then P (AL+a
2
) = e−λ2(2L+a)d > 0, P (BL) = (1 − e−a

dλ1)(
L
a )

d

> 0, and
P (AL+a

2
, BL) = P (AL+a

2
)P (BL) > 0. But events AL+a

2
, BL imply that

b(x) ≥ ε0 and m(x, ωm) = 0 on QL. Hence, V (x) = (b−m)(x) ≥ ε0 on QL.
From the ergodicity of b and m it follows that for any L > 1 there are (P -
almost surely) infinitely many cubes QL+zj = QL,j, where V ≥ ε0 (condition
(B)).
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